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Mirror symmetry between orbifold projective lines
and cusp singularities

Atsushi Takahashi

Abstract.

‘We report on our recent study on the mirror symmetry between
orbifold projective lines and cusp singularities. Both of their homolog-
ical mirror symmetry, an equivalence of triangulated categories, and
their classical mirror symmetry, an isomorphism of Frobenius mani-
folds, are discussed.

§1. Introduction

Let A be a triple of positive integers (a1, az,a3). We can naturally
associate two mathematical objects from completely different geometric
origins; an orbifold projective line P4 := P} . . . an orbifold P' with
at most three isotropic points of orders a1, as,a3, and a polynomial
fa(mi,ze,x3) == 23" +23? +23° —q lz12273, ¢ € C\{0}. At first glance,
PL and f4 are unrelated. However, it turns out by mirror symmetry that
they can be considered as two different geometric realizations of more
intrinsic objects behind them.

Mirror symmetry is a categorical duality between algebraic geometry
and symplectic geometry. One of our motivations is to apply some ideas
of mirror symmetry to singularity theory in order to understand various
mysterious correspondences among isolated singularities, root systems,
Weyl groups, Lie algebras, discrete groups, finite dimensional algebras
and so on. In this paper, we explain some of these correspondences by
taking the case of the mirror symmetry between P4 and f4.

After preparing some necessary notations in Section 2, we discuss
in Section 3 the homological mirror symmetry between P and fa, an
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equivalence of triangulated categories associated to P4, and f4. In Sec-
tion 4, we study the classical mirror symmetry between PL and fa,
an isomorphism of Frobenius manifolds associated to Gromov-Witten
theory for P, and the deformation theory of fa.

§2. Notations and useful elementary facts

Throughout this paper, we denote by A a triple of positive integers
(ay,a9,a3). For the later use, we set

3
(1) pa=2+> (a;i—1),
=1

2) XA:=2+g(aii—1).

The numbers p4 and x4 will appear, for example, as the orbifold Euler
number of P, the total dimension of orbifold cohomology groups of P},
and the orbifold Euler characteristics of P, respectively. Note that one
has

dimC C[xlax2ax3]/ 2%7 gﬁ: s ?)%) if XA > 07

(3) pa=
dime Cl[z1, 22, )] (gl;f,g;g,ggg) if x4 <0.

In the case xa > 0 we regard the polynomial fa as a globally defined
function on the affine variety C3 with several critical points, whereas
in the case ya < 0, we regard it as a germ of holomorphic function on
a suitable small neighborhood of the origin of C* defining an isolated
singularity only at the origin. Therefore, ua can be interpreted as the
Milnor number for fa.

Consider the classification of A with x4 > 0 and x4 = 0. It is
obviously given by Table 1 and Table 2, respectively. If x4 > 0, we
shall mean by type of A the corresponding name given in the “Type”
row of Table 1 and Table 2. It is a name of the weighted homogeneous
singularity (and its root system) related by Orlov’s semi-orthogonal de-
composition of the triangulated category associated to A discussed in
the next section.
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A = (a1,a2,a3) l Type
(p7q71) Apyq (paq Z 1)
(Ira 272) D’I‘+2 (T 2 2)
(3,3,2) FEg
(4,3,2) Er
(57 3a 2) ES

Table 1. The classification of A with x4 >0

A= (a17a27a3) ' Type

1,1
(3,3,3) E%l 13
(4747 2) E’zl,l)
(65 3) 2) ES '

Table 2. The classification of A with x4 =0

§3. Homological mirror symmetry

We associate two triangulated categories to A. On the algebraic
geometry side, the triangulated category to consider is the derived cat-
egory D®coh(PY) of bounded complexes of coherent sheaves on P}. On
the symplectic geometry side, we regard f4 as a globally defined tame
polynomial on C? if x4 > 0 and as a germ of a holomorphic function
defined on a small neighborhood of 0 € C3 if x4 < 0 and then con-
sider the derived category D?Fuk ™ (f4) of the directed Fukaya category
Fuk " (fa). Here, Fuk "(f4) is a directed A-category which can be
thought of as a “categorification” of a distinguished basis of vanishing
cycles in the Milnor fiber of f4. In this paper, we omit the details about
Fukaya categories and refer the interested reader to [28], [29] for Fukaya
categories associated to singularities and to [12] for generality. For the
convenience of the reader, we give a rough definition of Fuk™(f4):

Definition 3.1. The directed Fukaya category Fuk™ (fa) is a strictly
unital Ao -category consists of

o 114 vanishing graded Lagrangian submanifolds L1,...,L,, in
the Milnor fiber of fa together with an ordering of these objects
as (L1,...,L,,) such that

0 if 0> 7,
(4)  Fuk7(fa)(Li;£5) = C-idg, if i=7j,
Gapeﬁmﬁj Cldeg(p)] if 1<,
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where [—] denotes the translation of the complex, deg(p) s

defined by the gradings grp, : L; — R and grp : L; — R

as the largest integer less than or equal to gr(L;)|p — gr(L:)lp,
e the (non-trivial) composition maps

(5) mz : FUk_)(fA)(ﬁin—N‘Cin) ®c - ¢ Fllk‘)(fA)(Ezu £12)
— Fuk™ (fa)(Liy, £3,)[2 =], 41 <o <iin,

defined by the “numbers of pseudo-holomorphic polygons” with
boundaries on L4, ...,L,, and corners on intersection points.

Although Fuk™(f4) depends on many choices other than the initial
data fa, it turns out that after taking the derived category it will be an
invariant of the polynomial f4 as a triangulated category.

3.1. Homological mirror symmetry conjecture

In order to formulate our homological mirror symmetry conjecture,
we recall some terminologies for a quiver and its path algebra.

Definition 3.2. A gquiver Q is an oriented graph. More precisely,
a quiver is a quadruple (Qo, Q1;s,t) where Qo is a set called the set of
vertices, Q1 is a set called the set of arrows and s,t are maps from @1
to Qo which associate the source vertex and the target vertex for each
arrow. An arrow with the source s(a) and the target t(a) is often written
as s(a) - t(a).

Definition 3.3. A path of length | > 1 from the vertex v to the ver-
tex v' in a quiver Q is a symbol (vlay -+ - oylv') with arrows oy, i =
1,...,1 such that s(v1) = v, t(vy) = v and s(ait1) = t(ay), 1 =
1,...,0—=1. A path of length 0 is a symbol (v|v) defined for each vertex
v € Qo. For a path p = (vlay - - q|v'), set s(p) := v and t(p) := v'.
An ordered pair of paths (p1,p2) is composable if t(p1) = s(p2). The
composition of composable paths ((v1]aq -« - ap|vl), (V2|B1 -« - Bm|Vh)) is a
path (vilag - Py -+ Bmlvy).

The path algebra CQ of a quiver Q is then defined as the C-vector
space generated by all paths in Q) together with the associative product
structure defined by the composition of paths, where the product of two
non-composable paths is set to be zero. A quiver with relations is a pair
(Q,I) where Q is a quiver and I is an ideal of CQ.

The homological mirror symmetry conjecture between P} and fa
can be formulated as follows:
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PNy
N

2,1

N
N

®2,a5—1

®l,a1—1

Fig. 1. The quiver with relations (Q4, I). The double dotted
line denotes two linear combinations p; + p3 and ps +
ps of three paths py,ps,ps from e; to e,,, which
generate the ideal I.

Conjecture 1 (cf. [11], [32]). There should exist triangulated equiv-
alences

(6) Dbcoh(PY) ~ D*(mod-CQa/I) =~ D°Fuk™ (fa),
where (Qa,I) is the quiver with relations given in Fig. 1.

The first equivalence DPcoh(PY) ~ D®(mod-CQ4/I) is given by
Geigle-Lenzing [16] more than twenty years ago. The author observed
that Ko(Dbcoh(PY)) together with the symmetrized Euler form is iso-
morphic as a lattice to the Milnor lattice of f4 computed by Ebeling
[10] and Gabrielov [15], which leads him to the above conjecture.

If a; = 1 for some i = 1, 2,3, Conjecture 1 has been already known
in different contexts to some experts including Auroux—Katzarkov—Orlov
[5], Seidel [28], van Straten [31] and Ueda. Also the cases when x4 = 0,
which correspond to simple elliptic hypersurface singularities, are known
(cf. [5], [13], [33))-

3.2. Ouwur result

The following theorem was first stated by the author in 2008. To-
gether with the above known results, it turns out that Conjecture 1
holds for x4 > 0.
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Theorem 2. If a3 = 2, we have a triangulated equivalence
(7) DPFuk™(f4) ~ D®(mod-CQ4/I).

The author’s contribution to this theorem is the idea to relate the
polynomial f4 with the quiver with relations (Q4, 7). He learned from
Seidel that the stable equivalence of the Fukaya categories (Lemma 3)
follows from results in Section 18 of his book [29]. It is also known
by Seidel [28] how to calculate Fukaya categories for curve singularities
based on A’Campo’s divide {3], [4] (see Proof of Lemma 4 below).

Now, we shall give a proof of Theorem 2.

Proof. For simplicity, we set ¢ = 1 here since D°Fuk ™~ (g4) does
not depend on g. Consider the reduction of surface singularities to curve
singularities.

Lemma 3. Assume that ag = 2. Then, we have a triangulated
equivalence

(8) DFuk™(fa) ~ D°Fuk™ (ga),

where ga = ga(z1, T2) := 7' + z5° — J2723.

Proof. Note that fa = ga + (z3 — %.’1311‘2)2. The statement follows
from the stable equivalence of Fukaya categories. See Theorem 2.1 of
[13] and Section 18 of [29] for example. Q.E.D.

The problem is reduced to calculate the Fukaya categories for curve
singularities. The following statement holds:

Lemma 4. Let f' be a curve singularity and p be its Milnor number.
There exists a distinguished basis of vanishing graded Lagrangian sub-
manifolds L, ..., L, in the Milnor fiber of g such that Fuk ™ (f')(Li, £;)
is at most one dimensional complex concentrated in degree 0.

Proof. See Conjecture 8.1 of [28] proven for n = 1 which states
an equivalence between Fuk™(f’) and the Morse category associated
to f’, Section (7A) and the first half of Section (7B) of [28] on the
description of the Morse category for n = 1. We shall explain how
to calculate morphisms and compositions more in detail after the next
Corollary. Q.E.D.

This yields that the derived category D°Fuk ™ (f') of Fuk”(f) is
described by a finite dimensional algebra.

Corollary 5. There exists a quiver Q and relations I such that

(9) D°Fuk™(f") ~ D?(mod-CQ/I).
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Proof. 1t is easy to see that £4,. .., L, forms a strongly exceptional
collection of D*Fuk™(f’). Then, the functor D*Fuk ™ (f")(®i,L;, —)
gives the triangulated equivalence between D*Fuk ™ (f’) and D®(mod-F)
where E is the endomorphism algebra ®;';_; Fuk™ (f')(£;, £;). Since E
is a basic finite dimensional C-algebra, by Gabriel’s theorem (see [14]),
one has a unique quiver @ such that for some relations I the C-algebra

CQ/I ~ E. Q.E.D.

Here, we give a general recipe to construct a quiver with relations
from an A’Campo’s divide [3], [4], which can be obtained by setting
n =1 in Section (7A) of [28].

The quiver @ and relations [ in Corollary 5 can be described as
follows:

(i) Choose a real Morsification h of f’.

(ii) Draw a picture of h=1(0) in R2.

(iii) Put a vertex e to each ordinary double point.

(iv) Put a vertex with a sign @ (&) into each compact connected
component of R2\h=1(0) if h is positive (resp. negative) on
the component.

(v) Draw 1 arrow — from @ to e (from e to ©) if e is on the
boundary of the component for @ (resp. ©).

(vi) Draw 1 dotted line from @ to © if there are 2 paths from &
to ©, which means a commutative relation between them.

Note that the pair (Q, I) depends on the choice of a real Morsification h
of f’. However, it is known that the derived category D?(mod-CQ/I), as
a triangulated category, becomes an invariant of ¢g. Indeed, two different
choices of pairs (Q1,11) and (Q2,I2) are connected by a sequence of
mutations, the braid group action on the set of distinguished basis of
vanishing cycles, which gives the desired triangulated equivalence. See
the first half of Section (7B) of [28] for a typical example of this mutation.

Now, we give a quiver with relations (Q',,I") for g4. First, we
consider the case when x4 > 0. After applying suitable mutations to
(Q'y,I"), we obtain the ertended Dynkin quiver (the extended Dynkin
diagram with an arbitrary orientation) of type A (cf. Fig. 28 and Fig.
30 in [1]). In the pictures below, o denotes the vertex to remove in order
to get the finite Dynkin quiver of type A. It is also known by [16] that
DP’coh(PY}) is equivalent to the derived category of the extended Dynkin
quiver of type A.

* ga=al*+af —jafal, )
_1 .
ha = (1 1a2?)(@2 - 2TTi ) (91 — &) (@2 + 2] 1 (1 — i),
—2<c << <2,
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o ga =z} +a3— 12373, ha = (z2 — 122 +2)(23 — 423 (21 +2)),

Finally, we give an example of a quiver with relations (Q'y,I’) for
ga with x4 < 0. Note that the number of vertices, the Milnor number,
is given by us4 = a; +az +as — 1.

o fa=x + 23+ 22 — 212073 (01 > 6), a > 10:

o @

By applying suitable mutations, one can show that the derived category
D?(mod-CQ',/I") is equivalent to D?(mod-CQ4/I). This finishes the
proof of Theorem 2. Q.E.D.

84. Classical mirror symmetry

In the previous section, we compared triangulated categories. Here,
we study the mirror symmetry as an isomorphism between the Frobe-
nius manifold from the Gromov—Witten invariants of a variety and that
from the deformation theory of another variety (in our situation, a sin-
gularity). It is interesting to study this isomorphism since it provides
quite important information such as the number of curves in the variety
in terms of the periods for the another.
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4.1. Frobenius manifolds
Recall the notion of Frobenius manifolds. The definition below is
taken from [24].

Definition 4.1. Let M = (M, Op) be a connected complex man-
ifold or a formal manifold over C of dimension p whose holomorphic
tangent sheaf and cotangent sheaf are denoted by Tar, L, respectively
and let d be a complex number. A Frobenius structure of rank p and
dimension d is a tuple (n,0,e, E), where 1 is a non-degenerate Ops-
symmetric bilinear form on Tpr, o is an Op-bilinear product on Ty,
defining an associative and commutative Oypy-algebra structure with the
unit e, and E is a holomorphic vector field on M, called the Euler vector
field, which are subject to the following axioms:

(i)  The product o is self-ajoint with respect to n : that is,
(10) n(804d",0") =n(3,d8"0d"), 6,6',6" € Tu.

(ii) The Levi-Civita connection V : Ty ®o,, Tar — Tar with
respect to n is flat: that is,

(11) Vs, V5] =Vse1 6,0 € Tu.

(iii)  The tensor C : Tir o, Tar — Tu defined by Csé’ == 5o &,
(6,8 € Tar) is flat: that is,

(12) VC = 0.

(iv) The unit element e of the o-algebra is a N-flat homolophic
- wvector field: that is,

(13) Ve =20.

(v) The metric n and the product o are homogeneous of degree
2 —d (d € C), 1 respectively with respect to Lie derivative
Lieg of Euler vector field E : that is,

Consider the space of horizontal sections of the connection V/:
(15) TI ={6€ Ty | Vg6 =0forall & € Ty}

which is, due to (11), a local system of rank p on M such that the metric
7 takes constant value on TJ{;. Namely, we have

(16) n(5,8YeC, 66 eTh.
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Proposition 6. At each point of M, there exist a local coordinate
(t1,...,tu), called flat coordinates, such that e = 01, TA’; is spanned by
01,...,0u andn(0;,0;) € C foralli,j =1,...,u, where we denote 8/0t;

The axiom VC = 0, implies the following:

Proposition 7. At each point of M, there exist the local holomor-
phic function F, called Frobenius potential, satisfying

(17) n(alOaj)ak) :n(éiaajoak) :618]akfv i)j7k: ]-a-"nu’
for any system of flat coordinates. In particular, one has
(18) Nij = n(0;,0;) = 010;0; F.

The associativity of the product o implies the following Witten—
Digkgraaf-Verlinde—Verlinde (WDVV) equations:

Proposition 8. One has

M
(19) > 0:0;0.F -0 - 8,040 F

a,b=1

m
= Z 6iakaaf'77ab'8bajal]:7 iajakal - 17'“7/1'7
a,b=1

where (n®®) 1= (Ngp) " *.

Recall the intersection form of Frobenius manifold (cf. Lecture 3 of
(8])-

Definition 4.2. The intersection form of the Frobenius manifold is
a symmetric Opr-bilinear form I on the cotangent sheaf Q}, defined by
the formula

“w

(20) I(dt?, dt?) Z N E(0pOF), i,5=1,...,p.

4.2. Three constructions of Frobenius manifolds

There are essentially three constructions of Frobenius manifolds
from completely different origins; the theory of Gromov—Witten invari-
ants, the invariant theory of Weyl groups and the theory of primitive
forms.
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4.2.1. Gromov-Witten Theory for PY to Frobenius Manifolds For
g € Zso, n € Z>o and 8 € Hy(PY4,Z), the moduli space (stack)
My (P, B) of orbifold (twisted) stable maps of genus g with n-marked
points of degree 3 is defined by Chen—Ruan [6] in symplectic geometry
and later by Abramovich—Graber—Vistoli [2] in algebraic geometry. It is
shown that there exists a virtual fundamental class [M, (P, 3)]*" and
Gromov—Witten invariants of genus g with n-marked points of degree 8
are defined as

P * *
(21) (75 Mg g = /_ S evYI A ... eV Tn,
[Mg,n(Py,8)]"

Yiy---3Y¥n € orb(IP)A’Q)’
where ev) : H}

*o(PL, Q) — H*(Mgy (P4, 8),Q) denotes the induced
homomorphlsm by the evaluation map at i-th marked point. Then, we
consider the generating function

P 1 1?
(22) Foti= 3 = b thgh s, t—Zmz

!
np n:

and call it the genus g potential where {v1,...,7.,} are Q-basis of
H,(PL,Q) and {t1,...,t,,} are the dual coordinates of the C-basis
{71""77HA} Of H:’I‘b( (C) H:rb(Ph’Q) ®Q C

The main result in [2], [6] is the associativity of the quantum prod-
uct, which yields a Frobenius manifold.

Theorem 9 (Theorem 6.2.1 of [2], Theorem 3.4.3 of [6]). One has

1
the WDVV equation for .Fg 4. In particular, there is a structure of a
formal Frobenius manifold Mpy, of rank pa and dimension one where
Mg, is a formal manifold whose structure sheaf On,, and tangent sheaf
A
Tum e defined as the algebra C((e'#4))([t1, ..., tu,—1]] and Ty, =
A
H:rb

the one-dimensional subspace HZ , (P}, Q).

(]P’ﬁx,C) ®c OMH”% where t,,, is a dual coordinate corresponding to

Remark 10. By the divisor aziom of the Gromov-Witten invari-
ants, the “quantum part” of the potential fo

1 P?
> (b ok

n,B7#0

is an element of C[t1,...,t,,—1,€"4]]. Note that this formal series
may not converge and hence, in order to get a Frobenius manifold, we

: SO * 1
have to assume the convergence of it on some domain in H}, ,(P,,C).
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®l,a1—-1 ° ® L ®3,a3-1

®2,a5—1
Fig. 2. The Coxeter-Dynkin diagram T4

In this paper, for simplicity, instead of assuming the convergence
we consider the formal Frobenius structure for the one constructed from
Gromov-Witten invariants.

Howewver, in our case, it turns out that the quantum product do con-
verge (on some domain) due to the mirror isomorphism Corollary 19
since the Frobenius potential from the universal unfolding is holomor-
phic.

4.2.2. Extended Weyl Groups /W?A to Frobenius Manifolds Let Tx
be the Coxeter—-Dynkin diagram given in Fig. 2. Note that it can be
embedded into a sub-diagram of the Coxeter—Dynkin diagram for the
quiver with relations (Qa4,I) in Fig. 1.

Let h4 be the complexified Cartan subalgebra associated to T4.
Denote by aq,...,au,—1 € b%, b% := Homc(h, C) the simple roots and
by af,... :%VLA—1 € b4 the simple coroots. The Weyl group W4 is a
group generated by the reflections

(23) ri(h) :=h—{a;,h) o), he€ba, i=1,...,p0a—1,

where (,) denotes the natural pairing (,) : b% ®c ha — C.
From now on, we assume that x4 # 0. Note that under the as-
sumptlon xa 7# 0 the Cartan matrix for Ty is non—degenerate Set

f) A = bha x C. The affinization WA of W4 acts on !) 4 by

pa—1

(24) (hyp,) = (w(h) + Zmzaz,:cw m; € Z,
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and Z acts on b4 by
(25) (hvm;m) > (h + meaqu —-m), meEL,

where wy,...,wy, ; denotes the fundamental coweights, the elements
of h4 sarisfying <ozi, w]\/> = d;; (where §;; is the Kronecker’s delta).

It is important that WA is isomorphic to the Weyl group Wqg, n
associated to the Coxeter—Dynkin diagram for the quiver with relations
(Qa,I), where <a1, o, A> the entry of the Cartan matrix corresponding
to the double dotted line, is +2. .

Then, WA is defined as a group acting on EA generated by W4 and
Z with the above actions on EA. In particular, one has the following
exact sequence

(26) {1} — Wy — Wy — Z — {1}

By the invariant theory of WA, Dubrovin—Zhang [9] give the follow-
ing:

Theorem 11 (Theorem 2.1 of [9]). Assume that x4 > 0. There
exists a unique structure of Frobenius manifold on MWA = ha/Wa of

rank pua and dimension one with flat coordinates ti, t11,...,t1,0,—1,
12,1, st2.a0—15 131513051, tps = (2mV—1)z,, such that
3 a;—1
0 — G — 0
€= tl_ + , + Xa )
oty’ ZZI le a; 7 815z y Oty

and the intersection form IWA is given by

-1 .
(27) IWA(ai’aj):(ﬁ<ai’a}/>’ h,7=1,...,pu4 —1,

(28) Iy (o5, dzy, ) = Iy (da:MA,ozz):O, i=1,...,p4a—1,
(29) IV’;?A (dx,uA7d$lLA) = mXA’

where we identify the cotangent space of MWA with b © Cdz,,, .

If x4 = 0, then Wévis defined as a certain extension of the elliptic
Weyl group, which is Wa ~ W, n, and /IJ\A = CHA™! x H where
H:= {7 € C| Im(7) > 0}. Kyoji Saito and Satake construct a structure
of Frobenius manifolds on the orbit space. We omit the details here and
refer the reader to [23], [26] for the elliptic root systems, Weyl groups
and the construction of Frobenius manifolds.
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Theorem 12 ([23], [26]). Assume that x4 = 0. There exists a
structure of Frobenius manifold on MWA = ha/Wa of rank pus and
dimension one.

For x4 < 0, the construction has not yet been succeeded and it is
one of most important problems.

4.2.3. Universal Unfolding of f4 to Frobenius Manifolds We refer
the reader to [24] for the introduction to the theory of primitive forms.
We follow the definitions and the terminologies described in [24].

Consider a universal unfolding Fy of fa given by

(30) FA(£17w2)x3;31731,17-"’83,a3—17SMA)
3 ai—l
01 az as -1 § § J
=X F Xyt T3t — 8,,,T1T2T3 + 81 + 8i,5T; s
i=1 j—1

where we identify the parameter g in f4 with the deformation parameter
sua € C\{0}.

Remark 13. Let t1,t1,1,...,t3,a5—1,tu, be flat coordinates associ-
ated to the primitive form (a given below, where t,,, is a flat coordinate
of degree 0. The deformation parameter s, , will turn out to be expressed
as

efra Zf XA > 0,
(31) SMA = t .
etra - s(t) if xa <0,

where s(t) is a convergent power series in t11,...,t3,.45—1,€"4 which is
invertible, is of degree zero (namely, one has Es(t) = 0 for the Euler
vector field E) and, in particular, takes value 1 if t11 = -~ =t3,4,—1 =
0.

Therefore, if xa > 0, we shall always identify the parameter q (and
Spa) With e'a from the first.

In order to define a notion of a primitive form, one needs to con-
struct the filtered de Rham cohomology group Hr,, the Gauss—-Manin
connection V on Hr, and the higher residue pairings Kr, on Hp,.

If xa > 0, this is given by Sabbah [7], [21] since F4 is tame at
any point on the parameter space, namely, there are no critical points
coming from infinity.

If xa < 0, this is a classical result developed by Kyoji Saito [22].
Therefore, it is possible to ask the existence of a primitive form. We
have the following:
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Theorem 14 (Ishibashi-Shiraishi-Takahashi [18]). For the univer-
sal unfolding F4, there exists a unique primitive form (4 € Hp, with
the minimal exponent one such that

1 .
“”2) e ot

where C4 is the residue of the formal Fourier—Laplace dual of (4 along
{Fa =0} and vy is the 2-cycle in the Milnor fiber of Fa corresponding
to the 3-cycle Tg := {|z1| = |z2| = |z3| = 1} C C3.

In particular, if xa > 0, one has

(33) Ca = [egt““‘ dxi A dxo N dxg],

e"tradry Adzo Adzs
_F,

(34) Ca = Resp,—q

Proof. 1If x4 > 0, we can show the statement by the similar method,
counting degrees of higher residue pairings with respect to the Euler vec-
tor field, with some calculations as the one used for the ADE singularities
and simple elliptic singularities (cf. [22]). The details will be given in
[18].

If x4 <0, the statement is an easy consequence of Morihiko Saito’s
existence theorem of primitive forms for germs of isolated hypersurface
singularities [25]. In particular, {4 is uniquely determined by the equa-
tion (32). Q.E.D.

Once we have a primitive form, we obtain a Frobenius manifold.

Corollary 15. For a universal unfolding F4 of fa, there exists a
structure of a Frobenius manifold of rank pa and dimension one on the
base space of the universal unfolding.

Proof. This is obvious from Theorem 7.5 of [24]. Q.E.D.

4.3. Classical mirror conjecture

It is natural to expect the following Conjecture from the homologi-
cal mirror symmetry (Conjecture 1) since the spaces of stability condi-
tions for the triangulated categories D’coh(PY), D?(mod-CQ4/I) and
DPFuk ™ (f4) should be naturally isomorphic and they should also carry
natural Frobenius structures.

Conjecture 16 (cf. [27]). There should exist isomorphisms of
Frobenius manifolds between
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® My, the one constructed from the theory of Gromouv-Witten
invariants for Py,

o My, , the one (that should be) constructed from the invariant
theory of the extended Weyl group /V[7A associated to the quiver
with relations (Qa, I),

o M;y, ., the one constructed from the universal unfolding of
fa by the primitive form (a.

Conjecture 16 is known to hold if a; = 1 for some 7 = 1,2,3 by
Milanov-Tseng [19] and if x4 > 0 by Rossi [20]. The next case to
consider is when x4 = 0, in other words, the case when the polynomial
fa defines a simple elliptic singularity.

4.4. Our results

First, we state our result for the cases when x4 = 0.

Theorem 17 (Satake—Takahashi [27]). Assume that x4 = 0. We
have the following isomorphisms of Frobenius manifolds

(35) JM]PE1 = MWA ~ Myaca

where Mg, denotes the Frobenius manifold constructed from the invari-
ant theory of certain extension of the elliptic Weyl group of the corre-
sponding type in [23], [26].
1
Moreover, the genus zero Gromov—Witten potential ]-"OP 4 and the

1
genus one Gromov—Witten potential .7-'1P 4 are expressed by quasi-modular
forms.

Motivated by the proof of Theorem 17, we obtain the following
uniqueness theorem for Frobenius manifolds. Note that we do not need
any assumptions on y4.

Theorem 18 (Ishibashi-Shiraishi-Takahashi [17]). There ezists a
unique formal Frobenius manifold M of rank pua and dimension one
with flat coordinates (1, t11,-..,t3,a5—1, tua) Satisfying the following
conditions:

(i) The unit vector field e and the Euler vector field E are given
by

a;—1

o} lo} a; — o
=g E=hgy T2 a T 8t” HESET

=1 j=1
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(i)  The non-degenerate symmetric bilinear formn on Ty satisfies

o aN_ (0 0Y_,
Moty o, )~ "ot ot ) ~

?7< 0 3} )* % iy =iz and j2 = ai; — Ji1,
ath,jl ’ atiz,j2 0 otherwise.

(iii)  The Frobenius potential F satisfies EF|¢,—0 = 2F|¢,—0,

]:|t1=0 eC [[tl,h cee ’tlva‘l—l’t2717 cee 7t21a2—1?t3,17 cee ’t3,a3—17 etHA]] .

(iv) Assume the condition (iil). The restriction of the Frobenius
potential F to the submanifold {t; = e'*a = 0} is given as

Floy—etia—o =M +6@ +6®),

where g(’) S (C[[ti,l, - ,ti’aifl]], i=1,2,3.
(v) Assume again the condition (iii). In the frame 8%1, (—9%, cee

__06
Ot3,az—1’

ti=t11=""=1t34-1 = etra = 0. The C-algebra obtained
in this limit is isomorphic to

% of Tur, the product o can be extended to the limit

a a as a
Clz1, 2, z3] /(T122, Tox3, T3T1, G127 — a2x5?, asxy? — a3x3®) ,

where 0/0t11,0/0t21,0/0t31 are mapped to x1,x2,x3, Te-
spectively.
(vi) The term

etva  if a1 =ay=az3=1,
t3716t“A ’Lf 1=a; =as <as,
taatzietra  if 1=a1 <ag,
t11t2,1t3 1€  if a1 > 2,

occurs with the coefficient 1 in F.

Actually, the condition (iv) follows from others if A # (1,2,2) or
A#(2,2,r), r>2. If A=(1,2,2) or A= (2,2,7), r > 3, then we
only have to assume instead of the condition (iv) the weaker and more
natural one

(iv’) If a;, = ay, for some i1,i2 € {1,2,3}, then the Frobenius
potential F is invariant under the permutation of parameters
til,j and ti2,j (] = 1, sy Qi — 1).
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The proof of Theorem 18 is done by solving the WDVV equations
together with the above conditions. Write the Frobenius potential re-
stricted to {t; = 0} as

Flty=0 = Z c(a, m)t¥e™ma,

a:(a1,17'~~7aa3,a3—1)

aq, &3,a3—1
t* =ty oty
Define the length |a| of a multi-index o = (a1,1,...,Q3,4,-1) by |a] :=

oyl + -+ azg,—1. We show the uniqueness of the solution of the
WDVYV equations by induction on the pair (|a|, m).

Theorem 18 enables us to simplify the proofs given by Milanov—
Tseng [19] and Rossi [20] and to generalize them to the case x4 < 0.

Corollary 19 ([18], [30]). We have an isomorphism of Frobenius
manifolds

(36) Mpy, ~ My, c,.

Proof. We check that both constructions satisfy the conditions in
Theorem 18.
For Mp:, , we can easily show the conditions (See Section 4 of [17] for

details). We can choose a Q-basis of HY,, (P, Q) whose dual coordinates

satisfy the conditions (i) and (ii). The condition (iii) is clearly satisfied
by the definition of the genus zero potential .FSP ‘1“. The condition (iv)
is satisfied since the image of degree zero orbifold map with marked
points on orbifold points on the source must be one of orbifold points
on the target PY. The condition (v) follows from the description of the
orbifold cohomology ring. The condition (vi) follows from the fact that
the corresponding Gromov—Witten invariant is one, that is, the fact that
a degree one map fixing three orbifold points is necessarily the identity.
On the other hand, for My, ¢,, we can show the conditions by the
careful study of the behavior of the Jacobian ring and the residue pairing
at the limit et»a — 0. Here, we shall explain the outline of the proof.
The detail is given in [18] for the case x4 > 0 and will be given in [30]
for the case x4 <0 .
Since the Jacobian ideal of F4 is given by
(37) <GE41) — s;jxgxg, Gf) — s;j 123, fo) — s;jx1x2> ,
where

a,—~1

(38) G = a4 Y gsigel Tt i=1,2,3,
j=1
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the Jacobian algebra of F4, a free Oy faria -module of rank p4 with an
Owm; , ,-bilinear multiplication, can be extended to the limit 5, — 0
by choosing the frame {1,:03(@ =1,2,3,7=1,...,a; — 1),s;j$1x2x3}.
This is the key fact for the Frobenius structure on My, ¢, .
The condition (i) is satisfied since we can choose flat coordinates
ti, 81,1, -, 13,451, tp, satisfying the following properties:
® c = 8/881 = 6/8t1 and 8/6751'7]' (’L = 1,2,3,j B 1,...ai - 1)
are eigenvectors of the Euler vector field E given by

3 a;—1

‘81—_‘_22% ’Ja +XASMA88

=1 j=1
e t;; (i=1,2,3,j=1,...a; — 1) are normalized as

381"1'

(39) — 5“'/5]']'/ (tl = tl,l == t3’a3,1 = 0, et“A — 0),

i1 gt
]

e The equation (31) hold.

The condition (iii) follows since F|¢, =o can be extended holomorphi-
cally to s,, = 0, which implies F|¢,—o also can be extended holomor-
phically to ef#a = 0 by the equation (31). The condition (iv) is satisfied
since by putting e’*4 = 0 in the extended Jacobian algebra we have the
quotient algebra of C[[s1,$1,1,.-.,83.a5—1]][Z1, Z2, 23] by the ideal

(40) (3,‘193'2, Tox3, X3y, .’ElGS) — .’I,'2G542), $2GE42) — $3GE43))

again by the equation (31). By the property of flat coordinates (39), we
have exactly the C-algebra in the condition (v) after putting t; =¢11 =
= t3,a3—1 =0.

We can show that the restriction of [(4] € Qp (see [24] for the defini-
tion of Q), to the subvariety of My, ¢, defined by an ideal generated by
§1 =811 =+ = 83451 = 0 is given by [e *au(etra)dzy A dzy A dz3)
due to the homogeneity condition and the normalization (32) for the
primitive form, where u(e#4) is a convergent power series in e’#a of de-
gree zero such that u(0) = 1. Note here that s, = e'»as(e’»4) on the
subvariety, where s(ef#4) is again a convergent power series in ef+a of
degree zero such that s(0) = 1. Therefore, a verification of the condition
(ii) can be reduced to the calculation of the following

¢(£1, o, .’I)3)d£111 A d:Eg AN dxg
(41)  lim [ e ?*aRescsxc/c- dfa 0fa Ofa ,

efra -0 _ == ==

0.’111 (91112 81}3



Mirror symmetry 277

for ¢(z1,22,23) € {l,xf(z =1,2,3,j =1,...,a; — 1), e "azizaz3},
which turns out to be non-zero only if ¢(z1, T2, z3) = e trax zo73. By
the property of flat coordinates (39) together with the relations (37) in

which we put s; = 51,1 =+ = 83 4,1 = 0, we have the condition (ii).
Note that the coefficient of the term e»a (if a; = ay = a3z =
1), t3716t“A (lf 1 =01 = ay < CL3), t271t3,16t”A (lf 1 =a < 02),

t1,1t2,1t3,1€"4 (if ag > 2) is given by the limit

lim e_tuA ____83_}‘_
etra 50 8t'uAaf,MA8tuA

ifa1 :a2:a3=1,
t1=0

lim e tha OF
etha 50 8t,LA8t,LA8t3,1

3
lim (e_t“A o°F

) if1:a1:a2<a3,

ti=t3,1=-"=13,45—1=0

etha 0 Oty ,0t210t3 1

lim evtﬂA 83—]:
etha 50 0t1,10t2,10t3 1

> if1:a1<a2,

ti=ty1="=1t3,a3-1=0

) if ay Z 2,
ti=t1,1=--=%3,a3—1=0

which is always reduced to the calculation of the limit of the reidue

T1Tox3dry N dra N dxs
(42) lim [e*va - e 4 Rescswceor Ofa Ofa Ofa )
e'ra 0 s e =
Ox1 Oxg Ox3
where we use that S~ Fsrr = %y, (i = 1,2,3) and the equations (31), (37)
and (39). We obtaln the condition (vi). Q.E.D.

We also have the following uniqueness theorem, which may be known
for experts. We refer to Theorem 2.1 of [9] and Proposition 5.2 of [26]
for the relevant statements.

Theorem 20 ([30]). A Frobenius manifold of rank u and of di-
mension one with the following e and E is uniquely determined by the
intersection form I :

3 a;—1

0 a; — 0
@ =g Bt 5 g g

=1 j=1

Proof. We use the following relation between the product o and
the intersection form I :
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Lemma 21. Denote by ng the contravariant component of the Levi—
Civita connection for the intersection form I. Then, one has

(44) T =d; - CY,
where d; is a rational number defined by E(t;) = d; - t; and C’,ij =
b bt 1717 Chiab-
Proof. See Lemma 3.4 of [8] and apply d = 1. Q.E.D.

One sees that C,ij can be reconstructed from the intersection form
if dj #0. Since d =1, d; = 0 if and only if j = u. However, we have

m
45 ot = NN Clap = 6 (Kronecker’s delta).
k k
a,b=1

Therefore, C;;;, and hence the Frobenius potential 7 can be uniquely
reconstructed from the intersection form. Q.E.D.

By Theorem 20, it is now possible to give an isomorphism of Frobe-
nius manifolds between Mg and My, ¢, :

Corollary 22 ([30]). Assume that x4 > 0. We have an isomor-
phism of Frobenius manifolds

(46) Mo

Wa — My,ca-

Proof. We only have to calculate the intersection form for My, ¢,
and have to identify it with the one for Mg,

Let b 4 be the complexified Cartan subalgebra of the loop Lie algebra
of type A. Note that, by the results in Section 3, the Milnor lattice of
fa is isomorphic to the affine root lattice in % := Homc¢(ha,C).

Lemma 23. Denote by § € E:’Z‘ the generator of the imaginary root.
Then, one has the isomorphism of affine spaces

(47) hAg{Ee'ﬁAl <5,i§>:1}

which is compatible with the action of the affine Weyl group WA on both
sides, where the action on the LHS is defined by (see (24))

pa—1

(48) hswh)+ > may, m; €Z,
=1

and the one on the RHS is the natural one.
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Proof. Some elementary calculations yield the statement. Q.E.D.

Therefore, by identifying ¢ and the 2-cycle v in the Milnor fiber, we
see that h4 can be identified as the period domain of the period mapping

1 .
(49) (ry=T2 /CA-

Moreover, there is a formula of intersection numbers for cycles in the
Milnor fiber:

Lemma 24. One has

(50) 2\/—)220(/& )-n“b~(anb)<LjéA>

:<ai7a;‘/>a i7j:17"~nu'A“17

where we identified simple roots o, a; € b with the corresponding ho-
mology classes.

Proof. See Theorem 3.4 in [22] (¢(Z=%=1) must be ¢(»=*=1) in the
reference). Q.E.D.

By this Lemma and the identification (49), a part of the intersection
form Iy, ¢, for My, ¢, can be calculated as

o0 s (g (4, ) e (2,

:m<a“ay>=Iﬁ7A(az,aj), i,jil,...,ﬂA—l.

Recall that the coordinates z,, and t,, on Mg are related by t,, =

(2mv/=1)z,,. By Proposition 2 in Section 5.4 of [22], it is easy to check
that

i=1,...,p04—1,

where t,,, denotes the p4-th flat coordinate on My, ¢,.
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It is also easy to see from the definition of the intersection form that

dt, , Atpa
(53)  Ifaca <(27T\/_—.T)’ (2%\/—_1)>

1
T = @ )

This completes the proof of Corollary 22 . Q.E.D.
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