
125. 

1.10. Comparison of Semigroups. 

In perturbation theory one starts from a semigroup S 

and an operator P, which is "small" with respect to the generator 

H of S , and then constructs a perturbed semigroup SP, with 

generator H + P , which is "close" to S. The notions of 

"smallness" of the perturbation and "closeness" of the semigroups 

are intimately related. In particular one can estimate from the 

identity 

that 

St - SPt = Jto ds d (SP S) ds t-s s 

= Jt ds sP P S 
o t-s s 

liSt - s~11 = O(t) , 

as t + 0 , if P is bounded, or 

II (St -S~)all = O(t) 

for all a E D(H) , as t + 0 , if P is relatively bounded with 

respect to H. Our aim is to prove converses to these statements. 

We now begin with two semigroups satisfying the 

estimate (*) , or (**) , and attempt to prove that the corresponding 

generators differ by a bounded, or a relatively bounded, perturbation. 

The difficulty is that these converse statements are not valid for 

general Co-semigroups. Nevertheless they are valid for c~-semigroups, 
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with some slight qualification, and hence for Co-semigroups on 

reflexive Banach spaces. In general another phenomenon of 

intertwining of generators has to be taken into account. We will 

discuss this after describing the basic results on c~-semigroups, 

and their corollaries. 

THEOREM 1.10.1. Let S and T be two c~-semigroups on the 

Banach space B with generators H and K 3 respectively. The 

following conditions are equivalent: 

2. D(H) = D(K) and K = H + P where P is a bounded 

operator from the norm closure D(H) of D(H) to B. 

Proof. 1 => 2. Condition 1 states that there are constants N, 

<5 > 0 such that 

for 0 ~ t < <5. Now for f E D(H) consider the one-parameter 

But the unit ball of B is compact in the weak,Ltopology, by the 

Alaoglu-Birkhoff theorem, and hence there exists a subnet f t which 
a. 

is weak*-convergent, as ta. + 0+ , to a limit g. Now if K*and 

T,~t denote the adjoints of K and Tt' on B1" which exist by 

Lemma 1.5.1, one has 



fe K,.,a) 

( Hf )( a) + g ( a ) 

for all a E DC K,.,) and f E DC H). Since the right hand side is 

continuous in a, and since DC K,.,) is norm-dense in B,., ' one 

concludes that f E D(K) and hence D(H) C D(K) But reversing 

the roles of Sand T in this argument gives D(K) C D(H) and 

hence D(H) = D(K). Furthermore the foregoing identity gives 

Kf Hf + g . 

But Ilgll:s Nllfll and hence K - H extends by closure to a bounded 

operator P from D(H) to B, with IIpll:s N . 

2=>1. 

Therefore 

If f E D(H) then S f E D(H) and 
s 

o :s s :s t} 

oCt) 

as t -+ 0+ because /lSt/l, I/Ttll :s M exp{wt} for suitable 

M, w ::: 0 . o 

Note that in the proof of 1 => 2 one establishes that 

the perturbation P satisfies the estimate 
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Ilpll <: Sup liSt - Ttil/t 0 

t>O 

But in the proof of 2 ~ lone has the converse estimate 

Thus if Sand T are contraction semigroups, or more generally 

The magnitude of the perturbation is measured by the "distance" 

liSt - Ttll/t between the semigroups for small t 

The difficulty in interpreting Condition 2 of 

Theorem 1.10.1 as a perturbation result is that the perturbation 

p = K - H is only defined on the weak"'-dense domain D( H) . 

Although it is bounded as an operator from the norm closure of D(H) 

to B it is not clear that it has a bounded extension from B to 

B. This is the case, however, if D(H) is norm dense. In 

particular this follows if B is reflexive because then the norm 

topology and weak"'-topology coincide. Therefore Theorem L 10.1 has 

the following corollary. 

COROLLARY 1.10.2. Let Sand T be two co-semigroups on the 

refZexive Banach space B with generators H and K respectiveZy. 

The foZZowing conditions are equivaZent: 

1. o ( t), as t -+ 0 + , 



2. Thepe is a bounded opepatop P on B such that 

K = H - P . 

Reflexivity of B means that B* = B* and hence 

weak*-continuity is equivalent to weak, or strong continuity. 

Therefore C~-semigroups are Co-semigroup~ and this result follows 

from Theorem 1.10.1. But it is not generally true without 

reflexivity. Before giving a counterexample and discussing the 

new phenomenon which arises we will, however, describe the 

relative boundedness version of Theorem 1.10.1. 

THEOREM 1.10.3. Let S and T be two c~-semigpoups on the 

Banach space B with genepatops H and K, pespectively. The 

following conditions aPe equivalent: 

1. oCt) as t + 0+ , fop all f E D(H) , 

2. K ::> H + P 

whepe D(P) D(H) and 

IIPfll ::: allfll + bllHfll 

fop all f E D(H) and some a, b ~ a . 

Proof. 1 => 2. First remark that f E D(H) if, and only if, 

II (I-St ) fll = O( t) at t + 0+ , by Exercise 1. 5.2. But then since 

II (I-Tt)f// ::: I/(I-St)fll + //(St-Tt)f// = OCt) 

one must have D(H) C D(K) and one can define P by D(P) D(H) 
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and P K - H . 

Next note that Hand K are both weak"'-closed, and 

hence strongly closed, and consider the graph 

G(H) = {(f, Hf); f E D(H)} equipped with the norm 

II (f, Hf)11 Ilfll + IIHfl1 0 

The graph G(H) is a cJosed subspace of B x B and the mapping 

(f, Hf) r+ Kf is a linear operator from G(H) into B But this 

operator is closed, because if (f , Hf ) 
n n 

converges in G(H) and 

Kfn converges in B then Ilfn - fll ->- 0 , and IIKfn - gil ->- 0 , for 

some f, g E Band g = Kf since K is closed. Therefore the 

mapping is bounded by the closed graph theorem, i.e., there is a 

constant c > 0 such that 

IIKfl1 s c (1Ifll+IIHfli) . 

Consequently 

IIFfII II (K-H)fll 

s cllfll + (c+l)IIHfll 

2 => 1. If f E D(H) then Stf E D(H) C D(K) and 

for all a E B,.,. Therefore 

S t 

Sup 
OSsst 

Sup 
OSsst 



But IIStll, IITtll S M exp{wt} for suitable M, w ::: 0 and hence 

as t ~ 0+ for each f E D(H) . o 

The analogues of Theorems 1."10.1 and 1.10.3 are not 

true for general Co-semigroups because of another effect which is 

illustrated by the following example. 

Example 1.10.4. Let B = COOR) be the continuous functions on 

the real line which vanish at infinity, equipped with the usual 

supremum norm, and let S denote the Co-group of translations, 

for fEB and t E lR. Thus the generator H of S is the 

operator of differentiation with domain the differentiable functions 

f E CO(lR) whose derivatives f' are also in CoOR). Next let 

M be the operator of multiplication by a bounded function m which 

is non-differentiable at some points but is uniformly Holder 

continuous in the sense that 

Im(x)-m(y)I < clx-yl 

for some c . Define W by W = exp{iM} and T by T = WS W- l 
t t 

Since 

one has the estimate 
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But the generator K of T is given by K = WHW-l and 

D(K) * D(H) because m is chosen to be non-differentiable. In 

fact one can choose m to be non-differentiable at a dense set 

of points and then one obtains the extreme case D(H) n D(K) = {a} 

Note that the same construction on LOO(m) does not 

lead to a similar conclusion because the domain of the differentiation 

operator which generates translations is much larger and contains 

functions which are not continuously differentiable. o 

The infinitesimal comparison of Co-groups which are 

close together can be explained by a combination of a per-turbation 

and a twis-t of the type occurring in Example L 10.4-. It is possible 

that this is also true for Co-semigroups but the following proof 

does use the group property in an essential way. It also broadens 

the comparison criterion. 

THEOREM L 10.5. Let Sand T be two Co- or c~-groups on the 

Banach space B with generators Hand K ~ respectively and let 

o < a S 1. The following conditions are equivalent: 

2. there exist bounded operators P 3 W 3 such that W 

has a bounded inverse3 

K W(H+P)W- l 



133. 

and 

Proof. 1 ~ 2. Define 

w 1 foY' ds T S 
s -s r 

where r is chosen sufficiently small that II I - wI! < 1 , 

and hence W has a bounded inverse. This is possible by Condition 1. 

Next introduce 

One then has the identity 

which implies the existence of the strong, or weak'L, limit 

P = Hm (I-UhJ! h 
h+O -, 

and gives -the identification 

Thus P is bounded. Next remark that 

But the right hand side converges for all a E D(H) in the limit 
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t ~ o. Hence Wa E D(K) and 

KWa W(H+P)a. 

Similarly if a E D(K) then W-la E D(H) and 

Thus D(K) = WD(H) and 

But 

K = W(H+P)W-l . 

Finally one has 

s - WS W- l 
t t 

t ~ ws W-l is the group with generator 
t 

-1 
K - WPW -

and hence 

by perturbation theory, e.g., by Theorem 1.9.2. Thus 

2 => 1. Define Q = _wpw- l then H 

is the group generated by K + Q Thus 

-1 and WSW 
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as t -+ 0 by another application of perturbation -theory. But 

and hence 

D 

Exerci ses. 

1.10.1. Prove that if Sand T are two CO-, or C~-, 

semigroups with 

as t -+ 0+ then S = T . 

1.10.2. If S is a Co- or c~-semigroup prove that S is 

uniformly continuous if, and only if, there exist E, 0 > 0 such 

that 

II I - St'l ::: 1 - € , 

1.10.3. If Sand T are two Co- or c~-groups with g~nerators 

Hand K prove that there exist €l' 01 > 0 such that 
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o < t < 01 • 

if, and only if, there exist £2' 02 > 0 and bounded operators 

p, W, such that W has a bounded inverse K = W(H+P)W- l and 

o < t < 02 • 

Hint: Follow the p~oof of Theorem 1.10.5. Note that Exercise 

1.10.2 follows by setting T= I . 


