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INTEGRATION OF CONUCLEAR
SPACE VALUED FUNCTIONS

(dedicated to Professor Igor Kluvanek)

Susumu Okada

In the classical theory of the Lebesgue integral, the space of
integrable functions is introduced as the completion of the space of
simple functions (or of continuous functions), with respect to the
topology of convergence in mean, that is, the uniform convergence of
indefinite integrals. However, if the space of simple functions
taking values in a Banach space X is considered, then its completion
can only be realized as the space of integrable functions with values

in some locally convex space larger than X (see [6]).

In this note, it is shown that the space of integrable functions
with values in a conuclear space Y is sequentially complete with
respect to the topology of convergence in mean. Further, the Y-valued
simple functions form a dense linear subspace. In this case, there is
no necessity to integrate functions taking values in a locally convex
space larger than Y . The class of conuclear spaces includes the
spaces D, D', E, E', S and S' which arise in distribution theory,
as well as the product space and the locally convex direct sum of

countably many copies of the real line.
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1. THE ARCHIMEDES INTEGRAL

The real or complex numbers will be referred to simply as
scalars.

Let Q be a non-empty set. To save subscripts and circumlocution,
subsets of Q will be identified with their characteristic functiomns.
Let A be a o-algebra of subsets of Q . For a subset E of @ s
let EnA = {EnF:FeA} . Let A be an extended real valued non-
negative measure on the o-algebra A and let AX = {BeA : M(E) < =}

Let X be a Banach space with norm |<| . The following lemma is

well-known (cf. [6,Lemma 1]).

LEMMA 1.  Suppose that cje‘X are vectors and Eje A sets, J =1,2,...,
such that
(1) 1 les A (B <=
PN A
and also such that the equality

3

j§-1chj (w) =0

holds for every weQ satisfying the relation
(2) Y e B () <= .
J=1 Jd"J

Then, the equality

AE.) =
j£1c'7 #) =0
holds.

Recall that a strongly A-measurable function f on £ is said to
be Bochner A-integrable if the non-negative valued function |[f| is

A-integrable (cf. [2,Chapter II]).
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According to [4] , a function f:Q-=+X 1is Bochner A-integrable
if and only if there exist vectors cje X and sets Eﬁ eA, 3 =1,2,...,

such that (1) holds and such that the equality

f = ) c.E.(w)
J=1 J J

holds for every we satisfying (2) . For such a function [ , the

indefinite Bochner integral fA :A->X is defined by

(3) (FNVE) = ) eA(E.0E) , EcA .
j__'_l J J

The set function fA is well-defined by Lemma 1, and it is é-additive
by the Vitali-Hahn-Saks theorem (cf. [2,Corollary I.5.10]). Furthermore,
its variation |fA]| is finite.

The proof of the following lemma is omitted because it is proved

similarly to Theorem 3 of [6]

LEMMA 2.  Suppose that f'n :Q>X, n=1,2,..., are Bochner \-integrable

functions for which
LI al@ < .
n=1

Let f:Q->X be a function such that

I o~18

flw) = fn(w)

n=1
for every weQ for which
gllfncuo | <o

n

Then, the function f 1is Bochner M-integrable and

i
lim|fx - } anI(Q) =0 .
Moo n=1
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Let Y be a locally convex Hausdorff space and Y' its dual space.
Denote by P(Y) the collection of all continuous seminorms on Y . A
sequence {Wn};ﬂ of subsets of Y is called unconditionally summable
if, for any choice of wneWn, n=1,2,..., the sequence {wn}:=1 is
unconditionally summable in Y .

A function  f:Q-+Y ' is said to be Archimedes \-integrable if
there exist vectors cjeY and sets EjeA, J=1,2,..., satisfying the
following two conditions:

(i) the sequence {cj)\(EjnA)};=l of subsets of Y is uncondition-

ally summable; and

(ii) if y'eY' , then the equality
©
’ - ’
(' fw) = j£1<y 101 E (W)
holds for every weQ for which

IS
oo -
The indefinite integral fA of such a function f with respect to
the measure ) is defined as in (3). By Lemma 1, the indefinite
integral fA is a well-defined Y-valued set function on A . It is
o-additive by the Vitali-Hahn-Saks theorem and the Orlicz-Pettis lemma.

Let f:Q-Y be an Archimedes A-integrable function. For every

y'eY' , let <y',f> be the function defined by

<y'sf>(“’) = <y',f(w)>, weQ .

For a continuous seminorm p on Y , define

pA(f') = sup|<y',f>)\|(9) s

where the supremum is taken over all vectors y'eY’' satisfying
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|<y',y>] < p(y) for every yeY .

The space of all Y-valued Archimedes A-integrable functions on @
will be denoted by L(A,Y) , and will be equipped with the topology
given by the seminorms Py » P e P(Y) , that is, the topology of
convergence in mean. The set of all Ax—simple functions on Q 1is then
dense in the space L(),Y)

If Y is an infinite dimensional Banach space, then the space
L(\,Y) 1is not always complete. In this case, the space L(X,Y) coincides
with the space of all Y-valued, strongly measurable, Pettis A-integrable
functions on § , which is not complete if A is a non-atomic measure
(see [8,p.131]). Therefore, it is necessary to integrate functions with
values in a locally convex space which is larger than the Banach space Y

needed to accommodate the values of indefinite integrals (see [6]).

2. INTEGRATION OF CONUCLEAR SPACE VALUED FUNCTIONS

A balanced convex bounded subset of a locally convex space will be
called disked.

Let Y be a sequentially complete locally convex Hausdorff space.
The linear space YB generated by a closed disked subset B of Y is a
Banach space, equipped with the gauge of B (cf. [1l,Lemma III.3.1]).

Let C be a collection of closed disked subsets of Y . The
space Y is said to be conuclear with respect to C if, for each set
Be(® , there exists a set (e (C which includes B and for which the

canonical injection from YB into YC is a nuclear map. For the

properties of conuclear spaces, see [7].

THEOREM 3. Let A be an extended real valued non-negative measure on a

o-algebra A of subsets of a nom-empty set Q . Suppose that the space Y
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18 conuclear, with respect to a collection € of closed disked subsets
of Y, which has the property that every weakly compact subset of Y <s
included in a set from C . . Then, the space L(\,Y) <s sequentially

complete with respect to the topology of convergence in mean.

Proof. Take a Cauchy sequence {fh}2=1 from the space L(\,Y) . Then,
for every EFeA , the sequence {(fn)\)(E) }:=1 of vectors is convergent to
-a vector u(E) in Y since Y is sequentially complete. It follows,
from the Vitali-Hahn-Saks theorem and the Orlicz-Pettis lemma, that the
so-defined set function u:A-+>Y is a vector measure. Hence, the range
u(A) of u is a relatively weakly compact subset of Y (cf.[5]). Since
every nuclear map is compact, there exists a set B belonging to C ,
which contains u(A) , such that n(A) is a relatively compact subset of}
YB . Then, the set function :A-*YB is a vector measure; that is, it
is o-additive with respect to the topology given by the gauge of B .
Choose another set ( from ( which contains B and for which
the canonical injection J:Y_-Y, is a nuclear map. There exist , an

B C
absolutely summable sequence {ag.};;1 of scalars, a bounded sequence
{Ej};=l of vectors in the dual of YB , and a bounded sequence {yj};=l
of vectors in YC , such that the equality
W jzlaj<gj’y>yj o Yelpo
holds in Yc (cf. [7, Chapter 1V, Part II]). For every J = 1,2,...,
the scalar measure <Ej,u> defined by <gj,u>(E) = <£j,p(E)> s EchA
vanishes outside the union of countably many sets belonging to AA . Thus,
the Radon-Nikod§m theorem ensures the existence of a scalar valued
» ; ( - -
A-integrable function gj such that \Ej,p> gjx s J 1,2,...

Further, by the Nikodym boundedness theorem, there exists a positive

number M for which
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|ng|(9) <M, §=1,2,...

c

every we® , J = 1,2,... , are Bochner A-integrable, with the property

Now, the functions hj :Q+Y , defined by hj(w) = ajgj(w)yj for

that

Ynal@ <mu ) o] <o .
i=1 7 = Y

Define the function f: Q—>YC , by
F) = ] h.w
g=1 7
for each weQ with
Il <o,
j= 7
and by f(w) = 0 otherwise. It then follows from Lemma 2 that f is

Bochner M-integrable and that

Y @ = ) a(g )@y, =
P PN J

) (E)

]

I
1I'e~18

o e u@)y, = Ju®)

for every EeA .
It is now clear that the function f belongs to the space L(},Y)

[ee]
and the sequence {fn}n=1 is convergent in mean to f .

If A is o-finite, then the arguments in the proof of the above

theorem can be used to prove the following.

COROLLARY 4.  Suppose that the space Y satisfies the assumption in
Theorem 3 and also that Y is quasi-complete (respectively complete).
Then, the space L()\,Y) <is quasi-complete (respectively complete) for

every o-finite non-negative measure X .
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A sequentially complete locally convex Hausdorff space is called a
conuclear space if it is conuclear with respect to the collection of all
closed disked subsets. It follows from [7, Theorem IV.1l, Part II] that
the spaces D, D', E, E'; S and S', used in distribution theory, are

all complete conuclear spaces.

EXAMPLE 5. Let X be the Lebesgue measure in the Euclidean space
o =R" ,m=1,2,... . Let S be the Schwartz space of rapidly decreasing,
infinitely differentiable functions on @ , and let S' be its dual

space equipped with the strong dual topology. Define the Fourier

transform $ of a function ¢eS by
$(0) = fﬂ¢(w)eXp(—i<w,0>)dA(w) ,

for every 6e¢Q . Let f:Q-+S' be the function defined by
<f(w),¢> = $(-w),0eS ,

for every we .

If y dis a locally \-integrable function on § which grows at
infinity more slowly than a polynomial, then the function yf:Q-+S' is
Archimedes A-integrable. Indeed, for every ¢¢ S and every Borel

subset EF of Q ,

[ (Y@ @, 0)drw) = [ (FW,0)ywdr(w) =

£E$(—w)v(w)dk(w)

Since the Fourier transform ¢+ ¢, ¢S , is a continuous linear map
from S into itself and since vy belongs to S' , there exists a vector
measure Wy , which is defined on the Borel o-algebra of Q and takes

values in S' , such that, for every Borel set % ,



289

<u(E),¢> = J'E<yf‘,¢>d>\ , ¢eS .

In view of the proof of Theorem 3, there exists an Archimedes
A-integrable function g :Q-+S' such that u =g\ . Since the space
S, which is the dual space of S' , has a countable total subset, it
follows that +yf is A-almost everywhere equal to g . Hence, yf is

Archimedes A-integrable.

EXAMPLE 6. Let A be the Lebesgue measure, in the space Q =R

equipped with the Euclidean norm [- s, m=1,2,... . Define the function

f:Q>S8" as in Example 5. For every real number ¢ , let
v (@) = (2m) tsintlu| , (£,0) eRxQ

then Example 5 implies that the function th :Q+8' is Archimedes
A-integrable. Moreover, for each real number ¢ , the tempered distri-

bution (y. )A](Q) equals the difference of two oscillatory integrals
t 4

—1ei(<x,w>+t|w|)

o(t,0) = (20" [ (2]u]) di(w) -

- (zw)'”jQ (2i]m|)‘1ei(<x"”> = t1oD g ()

with phase functions (x,w)b><x,w> + tlwl and (x,w)b><x,w> - t[m| .
(x,w) e QxQ , respectively. Let A denote the Laplacian in Q and
60 the Dirac measure at the origin of Q . As noted in [3, Example 7.8.4],

the distribution ¢ 1is a solution of the Cauchy problem

220 - 80 = 0 in Rx0;0(0,+) = 0,3,0 = &, when t =0 .

Finally, the author wishes to thank Brian Jefferies for valuable

discussions concerning conuclear space valued measures.
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