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HOLOMORPHIC REPRESENTATIONS OF SL(2,R) AND
QUANTUM SCATTERING THEORY

J.V. Corbett

1. Quantum Scattering

The notation that we use will be essentially that of Reed and Simon

[11. The Hamiltonian operator that describes a system of

that interact via two-body potentials is
H=Ho +V

In the centre of mass coordinate systenm,

N

Hy = - 2: Aj/2mg + A g I2Me o

J=1

N particles
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on the Hilbert space Ho = L2 (R8(N-1))_ In this work we will impose two

conditions on the Viy

(1) each Vij(y) is Aky - compact
(2) each y-vViJ(y) is Ay -~ bounded.

The first condition ensures that H is self-adjoint on the domain

D(H) = D(Ho). The second condition will be needed later.

As the N particles may be found in a variety of bound subsystems each

moving freely with respect to the others we need some notation.
A cluster decomposition Dk 1is a partition of {1,2, ..., N} into k

subsets ~1CJ}§=1.

Intercluster potential 1Ip is the sum of all potentials Vij linking

different clusters in D.

The cluster Hamiltonian H_ = H - ID

D
Kk
o]
Hp + E: H(Cj)
J=1

0
where HD is the sum of the kinetic energies of the centres of mass

of the k clusters minus the kinetic energy of the centre of mass of
the total system, and for each j, H(Cj) is the sum of the kinetic
energies of the particles in the cluster Cj minus the kinetic energy
of the centre of mass of the cluster Cj plus the sum of all the

potentials V*J that link particles in the cluster C .
i 3
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The total Hilbert space H can be decomposed for each cluster
o]
decomposition Dk into a tensor product of an outer Hilbert space
2 3(k-1)

[o] i 0 i [
H and an inner H , H =H & H , with H =1L (R ) and
D D o D D D

i k
Hﬁ = ng H(Cd) is the Hilbert space of the internal motion of the

cluster CJ.
A channel «, a = {D, ng, By}, 1s a cluster decomposition D
k

o8

3
together with a prescription of the bound state, n, = II .

j=1
k

H(Cj)ni = Ei ni . B, = E: Ei is called the threshold energy of the
J=1

channel «. If a cluster C contains only one particle we take
3

Wave operators

+
A cluster wave operators QD : H+» H is defined as the strong limit,
[e] o]

t
+ . 1Ht —iH
Q = s-lim e e D
D t-¥Fo0
* [¢]
Channel wave operators Q : Hb( , > H are maps from the outer
-4 x o

Hilbert space of the clusters in the channel «, to the Hilbert space

H; they are given by maps

I+
+

@ D(a) «

+
where QD( ) are cluster wave operators
@)

o
i.e. for any u € H .
D(a)

Q = Q u
o a D(ag C) 2)
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Theorem (Hack) [1]
The cluster wave operators n* exist for each cluster decomposition

D if each Vij e L2(R8) + LP(R®) with 2 < p < 3.

Theorem If Q.* exist, then,
1) Ran Q, 1is orthogonal to Ran Qg if « # B8, and Ran Q.*
is orthogonal to Ran Qo if o + B8
2) Qu* are isometries from H(,°® onto H,* = Ran Q,*.
3) eiﬂt(cd_g)go(!) = (?Qai elﬂat
where Hy = Hpo(? + Eq

4) @ (Ran Qy*) < Hac (H).

The problem of asymptotic completeness is to prove that the following
two conditions are satisfied.
1) Hc(H) = Hac(H), i.e. os.c(H) = ¢

2) Hac(H) = @ (Ran Qu*)
x

If a system is asymptotically complete then the Hilbert space H for
the system can be written as

H=HK.p.(H) @ (Ran Q,*)

o4

This result has proved to be very difficult to obtain for a general
N-body system that is capable of supporting non-trivial channels.
However in February 1986 I.M. Sigal and A. Soffer announced in the
Bulletin of the A.M.S. [2] that asymptotic completeness holds if the

two body potentials Vi satisfy
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1) Vv (y) is A - compact
13 v

l+e
2)  (1+ly|?) = (v (y)) are v - bounded for some & > 0.
14 y

3) lylz2 AV (y) are A - bounded
ij v

ns2
4)  (1+]y|2) V. (y) are A - bounded) , p > 1
i3 y

The aim of this paper is to show the usefulness of holomorphic
representations of SL(2,R) in the description of the problem of
asymptotic completeness. The physical meaning of these representations
will be discussed elsewhere. We first quote a theorem that relates
asymptotic completeness to holomorphic representations of SL(2,R) on

He (H) . The second example of their usefulness will be in proving the

existence of asymptotic variables for the N-particle system.

2. Holomorphic representations
The representations of SL(2,R) that interest us here occur when the
metaplectic representation of the sympletic group is restricted to a
subgroup isomorphic to SL(2,R). We will call these representations
Weil or holomorphic representations. The metaplecfic representation of
the symplectic group arises when the symplectic group is considered as
a group of outer automorphisms of the irreducible representations of
the Heisenberg group. A nice account of these matters, and more,
occurs in the review articles of R. Howe [3], the Weil representations

of the symplectic group is presented in the paper of Saito [4].
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For each cluster decomposition D there is a Weil representation of
SL(2,R) on the outer Hilbert space H° of the centres of mass of the
clusters in D. If there are k clusters in D, Hg = L2 (R8¢k-1)) because
the overall centre of mass coordinate has been removed. In general these
unitary representations are complicated to write out but the corresponding

representation of the Lie algebra s1(2,R) of SL(2,R) 1is easy to present.

0 1
The standard basis for s1(2,R) is {X+, X-,Z2}, X+ = { } ,
1] 0

o 0 1 0
X- = {1 o] , and Z = [0 1]. The Lie products are [Z,X:+] = 2%+,
[Z1X-] = -2X- and [X+,X-] = Z. The Casimir operator is (k.
G = X+ X + X-Xs + Z2
G 2 i 4 o

The Weil representation m of the Lie algebra sl(2,R) is

i
70 (Z) = 1iBe = - E Zn (%3 ¢P5 + Pjexj)
J=1

i
70 (X+) = iHo = '5 Zﬂ P;2/my

=1
) i
7o (X-) = iRe = ’2— mJXJ2
=1
1 3 o
where Py = — — , x5 are the self adjoint operators of
1 3%j

differentiation and multiplication by xj, and mj; are positive numbers.
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Furthermore the Casimir operator e is represented by

RoHo + HoR Ao? i
70 (Q6) =——2————4— . =12 + n(n-4)/16

where L2 is the sum of the squares of the generators of the orthogonal
group On, 1is the Casimir operator for On. Thus the irreducible
representations of SL(2,R) that occur here are labelled by the
parameters of the irreducible representations of On. These

representations are holomorphic representations of SL(2,R). [3]

The usefulness of these representations in scattering theory stems from

the fact that for each cluster decomposition Dk there is a Weil

representation mo (g) of SL(2,R) on H = L2(RE(k-1) with
D

Dk k

T o (X+) = =iH o , W o (Z) = ih o and Two (X-) = iR o
D D D D D D
k k k k k

sz is the kinetic energy of the centres of mass of the k clusters
in Dx in the centre of mass frame, Aoﬁ is the corresponding

dilation operator and Rng the corresponding Jacobi metric.

This leads to the following theorem [5].
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Theorem 1

If the channel wave operators Q,° exist as partial isometrics with
orthogonal ranges then the scattering is asymptotically complete if and
only if there is a pair of representations #n*(g) of SL(2,R) on

He (H) such that

b -iH+b
(a) =n* [[: ]] e for all b e R with H* = H - EZEO(PGi .
1

o

® ny*(g)
RanQ* o«

(b) =w*(g) where each mn,*(g) is

RanQ.*

unitarily equivalent to a Weil representation.

Proof I will just give an outline of the proof here. If asymptotic
completeness holds then the conditions (a) and (b) follow from the
properties of the Q,*. If there exists a pair of repfesentations
nt(g) of SL(2,R) and H (H) such that (a) and (b) hold then

Hac (H) = H:(H) and if K* = H:(H)(;) H,* there exists on K* sub-
representation of w*(g) that are unitarily equivalent to a direct sum
of Weil representations and hence X* must be the direct sum of the

ranges of channel wave operators.

Properties of the representatioms m.*(g) H,”
We will only present the results for the representation mny (g) on

Hy-. Those for my*(g) on H,* are similar.
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Proposition 1 For each channel « with cluster decomposition

D = D(a), for all g & SL(2,R) and for ni = [1 t]

0 1

iHt o -4 -iHt - -
e nD(ntg nt Je converges strongly to wny (g) on Hy .

] ]
Note: nn(g) = nD(g) C)ZIHi following the tensor product decomposition
D

[} i
H = HD & HD . We will usually suppress the IHi .
D
Proof For all ¢ & Hy, let £ ¢ H® be such that Qi f = ¢.

" iHt o( —1) -1Ht (a) '
lle n gn e -7
n (o gn, ¢ Lt ol

0 o o o
iHt -iH t o iH t -—iHt iHt -iH % o iH t -1E t
= |le e D nD(g) e D e ¢ - e e D nD(g) e P e % fn,
.o o
iHt —iH t iH t -iE _t

=} o
e e ° nD(g) e P e % fn -Qr- nD(g)fu

iH_ t iHt -iE _t
o

Cle e ¢-e n £
<4

o
iHt iH t -1E t
+ | (e e D e

o
n - Q-) n (gt
-4 @ D
The first term converges to zero as t + « because ¢ = Q. f, the
second goes to zero as t 3> o by definition of Q. Dbecause

o] (o]
nD(g)f € Hb for all g. This proves the assertion.

Let g¢g(s), s € R, be a one parameter subgroup of SL(2,R) and let
[e]
LD be the self-adjoint representative of its generator in the
[}
representation nD and let L.~ be the self-adjoint representative

of its generator in the representation wm,~(g) on Hy .
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Proposition 2 In the limit as t tends to infinity,
o o
-iHt =-iH t _o 1iH t -i{Ht )
e (e D LD e D ®IH1 ) e converges to L, in the
D

strong resolvent sense on H,~.
Proof
This result follows immediately from Trotter's Theorem ([1], vol.I) as
everything happens on the subspace H,~ of H.
It is useful to write out this result for the three basic elements
of s1(2,R)
(1) elHtHpO e-1Ht converges to (H-E,) in the strong resolvent
sense on H,~.
(ii) e*iHY (Ap® - 2tHp®) e-iB' converges to A, in the strong
resolvent sense on H, .
(iii) elHt(Rp® - t Ap® + t2Hp?) e~ iH!' converges to R, in

the étrong resolvent sense on H .

Let D be the space of C'-vectors for the representation mo(g) of
SL(2,R) on L2 (R8(N-1)), It is well known that D = D(Ro) N D(Ho)

equipped with a norm HuﬂD = |Jufl + [[(Ho+Ro)ulfl.

Theorem 2

Let H = Ho + 2: Vijy be such that each Vij(y) is Ay-compact and each

1¢3
(yewViy){(y) is Ay-bounded then for all ¢ ¢ H,- n D,

(a) t‘2(¢,R;(t)¢), (b) (2t)-1(¢,Az(t)¢) (c) (mZ(tw)

all converge to (¢, (H-E,)¢) as t tends to infinity.
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Proof

(c) By the special case (i) of Proposition 2, Hp°(t) converges
to (H-E,) in the strong resolvent sense on H,~. Furthermore if
z€e€C, Imz %0 then

(H-z)-! H,~ < Hy- and so %i& | (Hpo (t) - (H-E )¢l = 0 for all

¢ e He N D(H).
(a) and (b) are proved in similar ways and we will only look at (a).

We first show that for ¢ € Hi- N D, ¢ = Q~f then t-2|(¢,Ro°(t)g) -
(f, elHp0t Rpo e-iHpotf)| 3 0 as t & o . This depends upon the fact

that if ¢ € D then |[Rp® e-iBlg| < C2 (1+lt|2“¢HD and

[[Ap®e-1Ht gl < C1(1+ltI)N¢HD , for the class of Hamiltonians in the

enunciation of the theoren.

Now one uses the identity, that holds on D,

einp tRoe-18g t = Ry 4+ t Ap + t  Hp®
to obtain that in the limit as ¢t 3 «

t-2 (qb,e"“”Rn° e—int¢) (f, HD°f)

]

(¢l (H“Ea)¢)

Each of the three limits has a physical interpretation or consequence.

lin (¢, H (t)e) = (¢, (H-E )¢) for o e H- n DH) > H-n D
t 300 D « o « -
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says that for such ¢, (¢, H¢) < E.llell2, and that in the limit as t
tends to infinity the total energy augmented by the binding energy of

the clusters in the channel « is purely kinetic.

Ap° (t)
2t

%iﬂ (¢, @) = (¢, (H-E)¢) 2 0, means that asymptotically the motion
is outgoing as (¢, Rp°(t)¢) > 0 for t large enough.

Rpe (t)
tz

%i& (¢, ¢) = (¢, (H-Eo)¢) > 0, means that the radial separation

between the clusters in the channel « increases linearly with t for

large enough t.

Let {r. } be the Jacobi coordinates for the centres of mass of the
J i=1
clusters in the channel « , let {PJ } be their conjugate momenta,
J=1

{M;} their masses, then we obta&n as a corollary, the existence of

asymptotic variables in the sense of Enss [6].

Corollary

Let H satisfy the conditions of theorem then for any ¢ € Ho N D

lim f{(gst-r - PyMy~t)ofl = 0
t oo

Proof

By Theorem 2,

Rp® Ap°
lin [cpt, [ o Hn°]¢t] =0
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But the left side is |[(&it-t - PyMy-1)g?2

This corollary together with the three results of Theorem 2 describe
the propagation properties of states in the channels. More work needs

to be done before asymptotic completeness is proven.
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