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A QUALITATIVE UNCERTAINTY PRINCIPLE FOR 

LOCALLY COMPACT ABELIAN GROUPS 

Jeffrey A. Hogan 

1. INTRODUCTION 

It has long been known that if a function f e L2(Rn) and the 

supports of f and its Fourier transform f are contained in bounded 

rectangles, then f 0 almost everywhere. In 1974, Benedicks [2] 

strengthened this result by showing that the supports of f and f 

having finite measure is sufficient to imply that f 0 almost 

everywhere. Amrein and Berthier [1] reached the same conclusion in 1977 

using Hilbert space methods. This result may be thought of as a 

qualitative uncertainty principle since it limits the "concentration" of 

the Fourier transform pair (f,f). Little is known, however, of 

analogous behaviour for functions on locally compact abelian (LCA) 

groups. 

Let G be an LCA group with dual group r. Equip G with a Haar 

measure mG· If 

f is given by 

y e r and f e L 1 (G), the Fourier transform f 

f (y) = f f (x) y (x) dmG (x) • 
G 

of 

We choose a Haar measure mr on r for which the Plancherel identity 

is valid. 

If G is compact, then r is discrete and we insist mG(G) 1. 

With this convention, mr ({ O}) 1. 
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If f,g are measurable functions on G, we define their 

convolution f*g by 

f -1 
f*g(x) = f(xy )g(y)dmG(y) 

G 

whenever the integral exists. with this notation, 

(f*g) "(y) = f (y) g (y) (y e r). 

2 
For f e L (G), let Af = {x e G; If(x)1 > O} and Bf = (y e r; 

If(y) I > OJ. In 1973, Matolcsi and Szucs [5] showed that for all LCA 

groups G,mG(Af)mr(Bf ) < 1 ~ f = 0 ~ - a.e. 

We say that an LCA group G satisfies the qualitative uncertainty 

principle (QUP) if, for each f e L2 (G), 

mG(Af ) < mG(G), mr(Bf ) < mr(r> ~ f = 0 ~ - a.e. 

We show that the satisfaction (or otherwise) of the QUP is determined 

by the "level of connectedness" of the group G. 

Let !Jl be a Hilbert space with inner product ( , ) and T e '1l(!1i) 

(the set of bounded linear operators on !1i). Let {'k} be a complete 

orthonormal set in !Jl. We define the Hilbert-Schmidt norm IITII2 of T 

by 

222 
IITI12 = k IIT'kll = k k I (T'k' ,.) I. 

k k j J 

We say T is a Hilbert-Schmidt operator if IITI12 < 00. Suppose t e 

L2(X x X) where X is a measure space with measure dx. Define an 

2 
operator T on L (X) by 

(T,) (y) 

Then T e '1l(L2 (X» and 

f t (x, y), (x) cix 
X 

(ye X). 

(1.1) IITII s; IITII2 lit II 2 < 00, 

L (XXX) 

where II Til denotes the usual operator norm of T. 
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Now let E and F be orthogonal projections on a Hilbert space 

j{. Let En F denote the unique orthogonal projection onto 9\, the 

intersection of the ranges of E and F. j{ then decomposes as 

.L .L 
j{ = 9\ Ell :K 1 where j{ 1 {'l' E j{; ('l',$) 0 for all oj) E %1 ). Choose 

complete orthonormal bases l<t>k} for :Kl and {v j ) for %.L 
1 . Then 

{<\>k} U {'lI j l form a complete orthonormal basis for :K. Also, for each 

k and j, (E n F)~k = 'k and 

liE n FII~ = r. \I (E 
k 

(E n F)'l'. = O. So 
J 

2 2 
n F)"k ll + r II(E n F)V.II 

j J 

2 
r. 1I<i> kll 
k 

dim %1 . 

Suppose ~ E :Kl . Then E~ = F$ = $ (EFl<\>. In particular, (EF)<\>k 

~k for each k. Therefore, 

(1.2) liE n FII2 S IIEFII 2 • 

If E is a measurable subset of an LCA group G, we denote its 

characteristic function by XE and its complement by E' or G\E. If 

H is a closed subgroup of G, the annihilator A(H) of H, is that 

closed subgroup of r defined by 

A(H) !y E 1', "( (h) 1 for all hE HI. 

2. RESULTS 

PROPOSITION 1 Let G be an LeA group with non-compact identity 

component GO' Let mG denote Haar measure on G and C be a 

measurable subset of G with o < ffiG(C) < =. If Co I: C (mG (CO) > 0) 

and £ > 0 are given, then there exists a E GO such that 

mG(C) < ffiG(C u aCO) < mG(C) + £. 

Proof Define + 
h: GO -> R (= lYE R; y <: 0)) by h(a) ~ (C u aCO)' 

Then h may also be written as 

2 
h(a) II L (a)x c - XCII2 + (L(a)x c ' Xc) 

o 0 
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where we have made use of the continuous unitary representation L of G 

on L2 (G) given by 
-1 

(L Ca) f) (x) f (a x). The strong continuity of the 

representa"tion L implies the continuity of h on GO' 

Choose 0 such "that o < 23 <mG(cO)' By the regularity of Haar 

measure, there exists a compact set K, K !;;; C, with mG(C\K) < Ii. Let 

M 
-1 

KK a compact subset of G. M n GO is then either compact in 

Go or empty and since GO is not compact, we may choose 

GO) . With this choice of a, aK n K is empty and so, 

aCO n K = a«cO n K) u (CO n K') l n K 

(acO n aK n K) u (aCO n aK' nK) 

acO n aK' n K 

I:: a(C n K'). 

Hence 

(2.1) 

Then, heal 

mG(aco n K) ~ mG(C n K') < 8. 

mG (C u aCO) 

fiG «C n K) u (C n K') u (acO n Kl u (aC O n K'» 

2! mG«c n K) u (ac O n K'll 

mG(C n KJ + ffiG(aC O n K') 

mG(c) - mG(c n K') + mG(ac O) - ffiG(aC O n K) 

> mG(c) + mG(aC O) - 25 

(by (2.1) and the choice of K) 

> mG(c) h(O) 

(by the choice of B). 

a E GO \ (M n 

So h is a non-constant continuous function on the connected set GO' 

We may then choose a E GO with 

mG(c) heO) < heal mG(C u aCO) < h(O) + £ mG (Cl + E. o 
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Now let G be an LCA group with dual group r and suitably 

normalized Haar measures mG, mr on G,r respectively. Let 

and B r:: r be measurable subsets with mG(A)mr(B) < =. Define 

projections 

(2.2) 

E 
A 

and F 
B 

on L2 (G) by 

IE f) (x) X (x) f (x) 
A A 

A V v 
(FBf) (x) (:tBf) (x) XB*f(x) 

A r:: G 

where 
v 

denotes the inverse Fourier transform. with this notation, a 

non-compact LCA group G satisfies ·the QUP if, for all such subsets 

2 
A and B f lEA n FBIL (G) {OJ. 

THEOREM 1 If G is an LeA. group with non-compact identity component, 

then G satisfies the QUP. 

Proof Suppose fO E (EA n FBIL2(G) and fO .t O. 

Let AO (x E G; I fO (x) I > 0) (mG(AO) > 0) • Choose + 
NEZ ( In E Z; 

n > 01) with 2mG (AO)mr (B) < N. We define a sequence of measurable 

sets {Ai; 1 ,;; i ,;; N), Ai r:: Ai +1 , by applying Proposition 1 ,~ith 

e = 1/ (2mr (B», C Ai_I' Co AO' For each i, choose a i E GO with 

mG (Ai_I) < mG (Ai _1 u aiAO) < mG (Ai_I) -I- 1/ (2mr IB» 

and se·t Ai = Ai _ 1 u aiAo' A simple calculation shows 

(2.3) f v-I 
(E F f) (x) X (xl)( (xy ) f (y) dmG (Y) 

Ai B G Ai B 

and so, by (1.1), 

(2.4) 
2 

ilEA FBIl2 
i 

f f v -1 2 
IX A (xlxB(xy ) I dmG(y)dlllG(xl 

G G i 

= fiG (Ai)ffir (B) . 

Therefore, by (1,2) and (2.4), 

(2.5) dimlEAN n FB)L2 (G) S mG(AN)mr(B) 

N 
< [mG(Aol + ~lmr(B) 

~ 



(by our choice of N). 
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< N 

Define f, 
~ 

L(ai)fO' so that (filA (y) 

y (ai)fO(y) (y e r). Then FBfi = fi (.0" i ;;; N). Since Am = AO U 

a1AO U ••• u amAO and fi 0 mG- a.e. on (aiAO)', we see that 

E f, f, for 0,. i ,. m. Further E \ f, = 0 for 0,. i ,. m-l 
Am ~ ~ Am Am_1 ~ 

and EA \A f m ., O. 
m m-l 

Therefore, f 
m 

is not a linear combination of 

f O, .•• ,fm_1 andso {fO, •• .,fNI isasetof N+l linearly 

independent functions in (EAN n FB)L2 (G), thus contradicting (2.5). 

2 
We conclude that (EA n FElL (G) {Ol. 0 

A simple argument extends this result to functions in LP(G), I ,. P 

;;; ... 

COROLLARY 1 Let G,r,A,B be as above and 1;;; p ,.~. If f E LP(G), 

f (xl 0 mG-a.e. on A' and fly) 0 mr-a.e. 

mG-a.e. 

Proof If f e LP (G), 1 ,. p ;;; - and f (xl o 

f ELl (G) since 

IIflll f If(x) IxA(x)dmG(x) 
G 

:s; ilill II" II < ~ , 'p "A p' 

on Bf, then f = 0 

mG-a.e. on A', then 

(by Holder's inequality with p'. = pi (p-ll for 1 < P < =, l' and 

=' = 1). So f E Loo(r) and f E L2(G) since 

2 
IIfll2 

A 2 
IIfll2 f A 2 

If(y) I xB(yldmr(y) 
r 

A 2 
;;; IIfll m (B) < 00 

- r 
Applying Theorem 1 we see that f 0 mG - a.e. o 
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Restricting attention for the moment to non-compact groups, we 

might ask whether the conditions given in Theorem 1 for the QUP to be 

satisfied are necessary, i.e., does there exist a non-compact group G 

with compact identity component GO that satisfies the QUJ;'? 

THEOREM 2 Let G be a non-compact LeA group with compact identity 

component GO' Then the QUP is violated. 

Proof The quotient group GIGO is totally disconnected and therefore 

has a compact open subgroup K. let n: G ~ GIGO be the natural 

homomorphism. x is continuous and open and there exists a compact open 

subset C of G such that x (C) K. (See [7], App. B6, A7.) Then 

-1 
G1 = n (K) = CGo is a compact open subgroup of G. Let ffiG (Gl l = a > 

O. If is the restriction of I'-G mG to 
1 

a Haar measure on G1 for which m 
G1 

(G1 ) 

Also, f (1) 

Then, 
A 2 

Iifll2 

2 J 2 IIfll2 = IX G (xl I dmG(x) 
G 1 

L 1I:G (xly (x)dm (x) 
1 G 

f 1 (xl admG (xl 
G1 1 

aXA(G ) (y). 
1 

f iflXA(G) (1) 12 dmr IY) 
r 1 
2 

a mr (A(G1 » . 

G1 then 
-1 

m = a 
"'G G1 1 

= 1. Let f = X 
G1 

Then 

= ffiG {G1 ' = a 

By Plancherel's theorem, 
2 

a=affir (A(G1 )l, so 

this function f, Af G1 , Bf A(G1 ) and so 

l1)-- (A(GI » = 

ffiG (A f ll1)-- (Bfl 

-1 
fl For 

-1 

""" 
hence the QUP is violated. o 

A compact group G satisfies the QUP if, for each 
2 

f E L (G), 

mG{Af ) < 1, mr(B f ) < = ~ f = 0 nc-a.e. 

is 

1, 
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Once again; the connectedness of the group G determines whether or not 

the QUP is satisfied. 

THEOREM 3 If G is a compact abelian group, the QUP is satisfied iff 

G is connected. 

Proof First note that those functions f e L2(G) satisfying ~(Bf) < 

are the trigonometric polynomials, and it is well known that if G 

is connected, the only such function f satisfying mG(Af ) < 1 is 

f O. 

Now suppose G has identity component GO ~ G.There exists an 

opert'subgroup H with GO ~ H ~ G. Since H is open, it is also 

closed and 0 < mG(H) < 1. Let f XH. Then as before, 
2 

IIfH2 = mG(H), 

Af H and fly) = mG(H)XA(H) (y). So Bf = A(H) and the Plancherel 

theorem then implies ~ (Bf ) mG(H)-l < ~, so the QUP is violated.D 

A pair of projections P,Q on a Hilbert space 9l have numerical 

range defined by 

num ran(P,Q) {(x,y) e [0,1] x [0,1] x = 
2 2 

IIPfg , Y = IIQfll for some 

f e 'Jl, IIfll 11. 

For general Hilbert spaces 9l and projections P,Q, num ran(P,Q) was 

studied extensively by Lenard in [4]. If G is an LeA group satisfying 

the QUP and FB,EA are projections on L2(G) defined by (2.2), a 

~loser examination of the operator FBEA allows a fairly complete 

deJcription of num ran(EA,FB) -the only ambiguity being the delicate 

question of whether the points (0,1) and (1,0) lie in num ran (EA,FB) . 

The form of the numerical range (in particular, the fact that it is 
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bounded away from (1,1» furnishes a more quantitative uncertainty 

principle that that established here.The case G = R, A = [-1,1], B = 

[-1,1] is treated in [3] and [4]. 

The same analysis gives some familiar results related to the space 

of ,bandlimited functions, i.e. those functions in the range of FB 

The techniques used in this paper (in particular, the proof of 

Theorem 1) may be applied to give a QUP on a fairly broad class of 

locally compact (not necessarily abelian) groups, similar ,to the type 

considered in [6]. 
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