CALDERON INVERSE PROBLEM FOR THE SCHRODINGER
OPERATOR ON RIEMANN SURFACES

COLIN GUILLARMOU AND LEO TZOU

ABSTRACT. On a fixed smooth compact Riemann surface with boundary
(Mo, g), we show that the Cauchy data space (or Dirichlet-to-Neumann map
N) of the Schrodinger operator A+ V with V € C°°(My) determines uniquely
the potential V.

1. INTRODUCTION

The problem of determining the potential in the Schrédinger operator by bound-
ary measurement goes back to Calderén [7]. Mathematically, it amounts to ask if
one can detect some data from boundary measurement in a domain (or manifold)
Q with boundary. The typical model to have in mind is the Schrédinger operator
P = Ay+V where g is a metric and V' a potential, then we define the Cauchy data
space by

€ = {(uloq, Onulan) € C°(9N) x C(IQ); u € ker P}

where 0, is the interior pointing normal vector field to 0.

The first natural question is the following full data inverse problem: does the
Cauchy data space determine uniquely the metric g and/or the potential V? In a
sense, the most satisfying known results are when the domain 2 C R™ is already
known and g is the Euclidean metric, then the recovery of V has been proved in
dimension n > 2 by Sylvester-Uhlmann [I9] and very recently in dimension 2 by
Bukgheim [5]. A related question is the conductivity problem which consists in
taking V' = 0 and replacing A, by —diveV where o is a field of positive definite
symmetric matrices. An elementary observation shows that the problem of recov-
ering an sufficiently smooth isotropic conductivity (i.e. o = oold for a function
00) is contained in the problem above of recovering a potential V. For domain
of R?, Nachman [I7] used the O techniques to show that the Cauchy data space
determines the conductivity. Recently a new approach developed by Astala and
Paivérinta in [2] improved this result to assuming that the conductivity is only a
L scalar function. This was later generalized to L°° anisotropic conductivities
by Astala-Lassas-Péaivérinta in [3]. We notice that there still are rather few results
in the direction of recovering the Riemannian manifold (€2, g) when V = 0, for in-
stance the surface case by Lassas-Uhlmann [I6] (see also [4l, 12]), the real-analytic
manifold case by Lassas-Taylor-Uhlmann [I5] (see also [10] for the Einstein case),
the case of manifolds admitting limiting Carleman weights and in a same conformal
class by Dos Santos Ferreira-Kenig-Salo-Uhlmann [§].
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The second natural, but harder, problem is the partial data inverse problem: if
I'; and T'y are open subsets of 92, does the partial Cauchy data space

GF1,F2 = {(U@Q,@nuh“l) S C”(@Q) X COO(Fl); u € ker P; u|,99 S Cg"(l“g)}

determine the domain €2, the metric, the potential? For a fixed domain of R", the
recovery of the potential if n > 2 with partial data measurements was initiated by
Bukhgeim-Uhlmann [6] and later improved by Kenig-Sjostrand-Uhlmann [14] to the
case where I'; and I'y are respectively open subsets of the ‘front’ and ‘back’ ends of
the domain. We refer the reader to the references for a more precise formulation of
the problem. In dimension 2, the recent works of Imanuvilov-Uhlmann-Yamamoto
[13] solves the problem for fixed domains of R? in the case when I'y = I's.

In this work, we address the same question when the background domain is a
known Riemann surface with boundary. We prove the following recovery result
under full data measurement:

Theorem 1.1. Let (My,g) be a smooth compact Riemann surface with boundary
and let A, be its positive Laplacian. Let V1,Vy € C*°(My) be two real potentials
and let Cq, Cy be the respective Cauchy data spaces. If €1 = Cy then Vi = V5.

Notice that when A, +V; do not have L? eigenvalues for the Dirichlet condition,
the statement above can be given in terms of Dirichlet-to-Neumann operators.
Since A; = e72¢A, when § = e*?g for some function ¢, it is clear that in the
statement in Theorem [1.1] we only need to fix the conformal class of g instead of
the metric g (or equivalently to fix the complex structure on M). Observe also
that Theorem implies that, for a fixed Riemann surface with boundary (My, g),
the Dirichlet-to-Neumann map for the operator u — —divy(yV9u) determines the
isotropic conductivity v if v € C°°(Mp) in the sense that two conductivities giving
rise to the same Dirichlet-to-Neumann are equal. This is a standard observation
by transforming the conductivity problem to a potential problem with potential
V := (Ayv2)/72. So our result also extends that of Henkin-Michel [I2] in the case
of isotropic conductivities.

The method to reconstruct the potential follows [5l [I3] and is based on the con-
struction of special complex geometric optic solutions of (Ay + V)u = 0, more
precisely solutions of the form u = e®/*(a + r(h)) where h > 0 is a small pa-
rameter, ® and a are holomorphic functions on (M, g) and r(h) is an error term
small as h — 0. The idea of [5] to reconstruct V(p) for p € M is to take ® with
a non-degenerate critical point at p and then use stationary phase as h — 0. In
our setting, one of our main contribution is the construction of the holomorphic
Carleman weights ® which is quite a lot more complicated since we are working on
a Riemann surface instead of a domain of C. We also need to prove a Carleman
estimate on the surface for this degenerate weight.

In [T1], we actually prove a much more general result: on a Riemann surface, we
show that we can identify a C™® potential from partial data measurement. Since
the proof in the present paper is quite simple compared to the partial data case,
we thought that it still has some interest; for instance, we believe it is easier than
the proof of Henkin-Michel [12] and allow to deal with a more general assumption
(potential instead of isotropic conductivity). The smoothness assumption in the
paper is only taken for simplicity of exposition, it will be clear to the reader that
this can be relaxed.
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2. HARMONIC AND HOLOMORPHIC MORSE FUNCTIONS ON A RIEMANN SURFACE

2.1. Riemann surfaces. Let (Mp, go) be a compact connected smooth Riemann-
ian surface with boundary dM,. The surface M, can be considered as a subset of
a compact Riemannian surface (M, g), for instance by taking the double of M, and
extending smoothly the metric gg to M. The conformal class of g on the closed sur-
face M induces a structure of closed Riemann surface, i.e. a closed surface equipped
with a complex structure via holomorphic charts z, : U, — C. The Hodge star op-
erator x acts on the cotangent bundle T M, its eigenvalues are i and the respective
eigenspace Ty (M := ker(x + ild) and Tg ; M := ker(x — ild) are sub-bundle of the
complexified cotangent bundle CT*M and the splitting CT*"M = Ty M & T, M
holds as complex vector spaces. Since * is conformally invariant on 1-forms on M,
the complex structure depends only on the conformal class of g. In holomorphic
coordinates z = x + iy in a chart U,, one has x(udz + vdy) = —vdx + udy and

Ty o M|y, ~Cdz, T5,M|y, ~ Cdz
where dz = dx + idy and dz = dx — idy. We define the natural projections induced
by the splitting of CT™* M
71,0 - CI*M — 7_‘1>':()]\47 70,1 - CT*M — T&lM.
The exterior derivative d defines the De Rham complex 0 — AY — A — A2 — 0
where A* := A*T*M denotes the real bundle of k-forms on M. Let us denote CA*

the complexification of A¥, then the 9 and 0 operators can be defined as differential
operators 9 : CA® — Ty (M and 9 : CAg — T, M by

Of :=modf, 0 :=moadf,
they satisfy d = 9 4+ 0 and are expressed in holomorphic coordinates by
Of =0.fdz, Of =0:fdz.

with 8, := (0, — i0,) and 0 := 3(9, + i0,). Similarly, one can define the  and
0 operators from CA! to CA? by setting

O(w1,0 +won) :=dwp1, O(wio+wo1):=dwig
ifwo € Tg’lM and wi o € Tl*,OM‘ In coordinates this is simply
O(udz +vdz) = v Adz, O(udz + vdz) = Ou A dz.
There is a natural operator, the Laplacian acting on functions and defined by
Af = —2i%00f = d*d

where d* is the adjoint of d through the metric g and * is the Hodge star operator
mapping A? to A? and induced by g as well.

To construct Carleman weights, we will use strongly the Riemann-Roch theorem,
so for the convenience of the reader we recall it (see Farkas-Kra [9] for more details).
A divisor D on M is an element

D= ((p1.m1)s-- .. (pr,ny)) € (M x Z)*, where k € N
which will also be denoted D = Hle pitor D =]y p*®) where a(p) = 0 for all

p except a(p;) = n;. The inverse divisor of D is defined to be D~1 := HpeM p—e®)
and the degree of the divisor D is defined by deg(D) := Zle ng = 3 ,en D).
A meromorphic function on M is said to have divisor D if (f) := HpeMpord(p) is
equal to D, where ord(p) denotes the order of p as a pole or zero of f (with positive
sign convention for zeros). Notice that in this case we have deg(f) = 0. For divisors
D' =T1lenm p®® and D = HpeMpo‘(p), we say that D' > D if o/ (p) > a(p) for all
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p € M. The same exact notions apply for meromorphic 1-forms on M. Then we
define for a divisor D
r(D) := dim{ f meromorphic functions on M; (f) > D},

i(D) := dim{u meromorphic 1 forms on M; (u) > D}.

The Riemann-Roch theorem states the following identity: for all divisor D on the
closed Riemann surface M of genus g,

r(D™') = i(D) + deg(D) — g + 1. (1)
Notice also that for any divisor D with deg(D) > 0, one has r(D) = 0 since

deg(f) = 0 for all f meromorphic. By [9, Th. p70], let D be a divisor, then for any
non-zero meromorphic 1-form w on M, one has

i(D) =r(D(w)™) (2)
which is thus independent of w.

2.2. Morse holomorphic functions with prescribed critical points. The
main result of this section is the following

Proposition 2.1. Let q be a point in M \ My and let O C M\{q} be an open
subset with smooth boundary of the punctured Riemann surface M \ {q} such that
My C O. Then there exists a dense set of points p in O such that there exists a
Morse holomorphic function f on O which has a critical point at p.

We first prove an auxiliary result which states that for any point p € M\{q} one
can find a holomorphic function on M\{p, ¢}, meromorphic on M and with a pole
or zero of any desired order at p.

Lemma 2.1. Let p € M\{q} and n € N. Then there exist meromorphic functions
hiy kn on M such that ky, is holomorphic on M\{q,p} with a pole of order n at p
and hy, is holomorphic on M \ {q} with a zero of order n at p.

Proof. First we claim that there exists Ny € N so that for all N > Ny, there is
meromorphic function on M, holomorphic on M \ {p} with a pole of order N at p.
Indeed, fix a meromorphic 1-form w, then by , we know that for D := p" with
N > g—1, then r(D~1!) > 0. Moreover, if deg(D(w™1)) > 0, one has r(D(w)~1) =0
so we conclude by and that if Ny > g —1 is taken large enough and N > Ny
then 7(D~!) = N — g + 1, which implies that there is a meromorphic function fy
with a pole of order N at p and no other poles. By Riemann-Roch again , one
has r(D™') > 0 if D = p~“¢* with k,] € N and k — £ > g — 1. Thus there exists a
meromorphic function A on M, holomorphic on M \ {¢q}, with a pole of order, say
k' <k, at q and a zero of order, say ¢/ > ¢ at p. By possibly taking powers of h, we
may assume that p is a zero of h of order say N with N > Ny. Then the function
hy == (fn—1h)™ is meromorphic on M, holomorphic on M \ {¢}, and with a zero
of order n at p. Similarly, the function &, := (hy—1fn)"™ is meromorphic on M,
holomorphic on M \ {p, ¢} and with a pole of order n at p. O

Fix k > 2 a large integer, we denote by C*(O) the Banach space of C* real
valued functions on O. Then the set of harmonic functions on O which are in the
Banach space C*(0) (and smooth in O by elliptic regularity) is the kernel of the
continuous map A : C*(0) — C*¥~2(0), and so it is a Banach subspace of C*(0).
The set H C C*(O) of harmonic function u in C*(0) such there exists v € C*(0)
harmonic with u + v holomorphic on O is a Banach subspace of ker A N C*(0) of
finite codimension. Indeed, let {71, ..,yn} be a homology basis for O, then

H =ker L, with L : ker AN C*(0) — CV defined by L(u) := (i/ 8u)
i

Vi =
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We now show

Lemma 2.2. The set of functions u € 3 which are Morse in O is dense in H with
respect to the C*(O) topology.

Proof. We use an argument very similar to those used by Uhlenbeck [20]. We
start by defining m : O x 3 — T*O by (p,u) — (p,du(p)) € T;0. This is clearly
a smooth map, linear in the second variable, moreover m,, := m(.,u) = (-, du(-)) is
Fredholm since O is finite dimensional. The map u is a Morse functions if and only
if m,, is transverse to the zero section, denoted 75O, of 70, ie. if

Image(Dpmy) + Ty, (p) (T6 O) = Ty (p)(T70),  ¥p € O such that m,(p) = (p,0).

which is equivalent to the fact that the Hessian of u at critical points is non-
degenerate (see for instance Lemma 2.8 of [20]). We recall the following transver-
sality theorem ([20, Th.2] or [, 18]):

Theorem 2.3. Let m : X x H — W be a C*¥ map, where X, H, and W are
separable Banach manifolds with W and X of finite dimension. Let W' C W be a
submanifold such that k > max(1,dim X — dimV + dim V). If m is transverse to
W' then the set

{u € H;m,, is transverse to W'}

is dense in H, more precisely it is a set of second category.

We want to apply it with X := O, W := T*0 and W' := T50, and the map
m is defined above. We have thus proved our Lemma if one can show that m is
transverse to W’. Let (p,u) such that m(p,u) = (p,0) € V’'. Then identifying
Tp,0)(T*0) with T,0 © T, O, one has

Dmyy, ) (2,v) = (2, dv(p) + Hessp(u)z2)

where Hesspu is the Hessian of u at the point p, viewed as a linear map from
T,0 to T,;0. To prove that m is transverse to W' we need to show that (z,v) —
(2, dv(p) + Hessy(u)z) is onto from 7,0 @ H to 1,0 @ T,y O, which is realized for
instance if the map v — dv(p) from 3 to T;0 is onto. But from Lemma
we know that there exists a holomorphic function v on M \ {g} (thus on O) such
that v(p) = 0 and dv(p) # 0 as a linear map 7,0 — C, we can then take its real
and imaginary parts v; and vy, both are real valued harmonic smooth function
on O thus in K, and dv;(p) and dvs(p) are linearly independent in T;0 by the
Cauchy-Riemann equation dv = 0. This shows our claim and ends the proof by
using Theorem [2:3] O

Proof of Proposition Let p be a point of O and let v be a holomorphic func-
tion with a nondegenerate critical point at p, the existence is insured by Lemma|2.1
By Lemma there exist Morse holomorphic functions (u;);en such that u; — u
in C*(0, C) for any fixed k large. Let ¢ > 0 small and let U C O be a neighbourhood
containing p and no other critical points of u, and with boundary a smooth circle
of radius €. In complex local coordinates near p, we can consider du and Ou; as
holomorphic functions on an open set of C. Then by Rouche’s theorem, it is clear
that Ou; has precisely one zero in U if j is large enough. This completes the proof..]

3. CARLEMAN ESTIMATE FOR HARMONIC WEIGHTS WITH CRITICAL POINTS

In this section, we prove a Carleman estimate using harmonic weight with non-
degenerate critical points, in way similar to [13]:
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Proposition 3.1. Let (M,g) be a Riemann surface with boundary, with M :=
M UOM, and let o : M — R be a harmonic function with non-degenerate critical
points. Then for all V € L there exists an hg > 0 such that for all h < hg and
u € C§° (M), we have

1 1 -
llull® + 5 lluldell* + [[dull* < Clle™" (Ag + V)e#/ ul? 3)

Proof. We start by modifying the weight as follows: if g = ¢ : M — R is a real
valued harmonic Morse function with critical points {p1,...,pn} in the interior M,
we let ; : M — R be harmonic functions such that p; is not a critical point of ¢;
for j =1,..., N, their existence is inbured by Lemma For all € > 0 we define
the convex1ﬁed weight by ¢, := ¢ — (ZJ o leil?)-

Lemma 3.1. Let Q be an open chart of M and . : Q@ — R be as above. Then for
all w € C§° () and h > 0 small enough, the following estimate holds:

Clull? < flem*e/ aew /) (4)
€

Proof We use complex coordinates z = x + iy in the chart where w is supported
and then integrate by parts so that we have

— a Za’l € £ €
leme/maes /Ml = % (10w + PVt 0, + P2 u?)
B zayapg 9 . OzPe\ 119 1
= 1100 + DByl 160, + PPNl 4wl

where A := —(92+92). Then (uApc,u) = 2(|dpo|*+|dp1[* +..+|dpn |?)|ul?, since
¢, are harmonic, so the proof follows from the fact that |deo|? + |dp1|> +.. + |dpn |?
is uniformly bounded away from zero. O

The main step to go from to is the following lemma which is a slight
modification of the proof in [I3]:

Lemma 3.2. With the same assumption as Proposition[3.1] and if  is a chart of
(M, g) chosen sufficiently small and containing at most one critical point of @, then
we have

(el + oslluldglI? + o luldacd|? + [dul?) < Clle#/* Agere/ Ml (5)
or equivalently,
crl, _ 1, _ 1, _ _
2 (Gl Ml 4 o e Muldi? + 5 lle™e Mulded |2 + lle=# M dul )
< Clle# /" Agul?
forall0 < h< ek 1 and u e CF(M).

Proof. Since, in suitable coordinates (x,y), the metric g is conformal to the Eu-
clidean metric, one has in these coordinates A, = —e?/ (92 + 65) = %A in the
complex coordinate chart z = = + iy for some smooth function f, it suffices to
get the estimate for Fuclidean norms and Laplacian. Clearly, we can assume
u € C§°(M) to be real valued without loss of generality. By we have

He‘“pf/hAe“”‘/huHQ — 4”6—%/’156@6/%—@5/haewe/hUHZ

> E”efsoe/haewe/hu”?
€

_c Ipe 1o
= —[[9u + —=ul".
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Using the fact that u is real valued, we get that
_ c 1 2 2
e/ " A Mul > < (fldul® + o5 uldgeI? + 5 o, udsipe) + 5 By, udyec) )

Using the fact that u is real valued, that ¢ is harmonic and that Z;'V:() |dep;|? is
uniformly bounded below, we see that

| Q

(u, ulpe) > —|lul® (6)

S

2 2
E<8xua Uaa:(Pe> + E(ay/m uay(Pe> =

€
for some C' > 0 and therefore,
- c 1 C
e/ A e Ml > S(ldul® + = luldgdll? + Clhul?)
If the diameter of the chart €2 is chosen small (its size depending only on |Hessgg|(p))
with a unique critical point p of g inside, one can use integration by part and the
fact that the critical point is non-degenerate to obtain

— 1 — c’
/32(u2)8z<p0dxdy’ > 7 /u2 920 dxdy’ > WHUH2
(7)
for some C’ > 0. Clearly the same estimate holds trivially if @ does not contain
critical point of ¢g. Thus, combining with @, there are positive constants ¢, ¢, C"
such that for h small enough (for instance h < €2)

- 1 1
2 2
1Bl + o uloipol I =

—@c/h A o/, 12 ~ € 2, 1 , O 2
lle AefMull® 2 = ([ldull” + 5 lluldpolI” = —5[ull)
d 2 1 2, 1 2
> & (aul® + 5 uldgoll? +  ul?)
Combining the two above inequalities gives the desired estimate. O

Proof of Proposition Using triangular inequality and absorbing the term
[Vul|? into the left hand side of (3], it suffices to prove with A, instead of
Ag+ V. Let v € C§°(M), we have by Lemma that there exist constants
c,c',C,C" > 0 such that

c,1

Z( o= P/ hy)12

(llem o +

e=# Moldgl|2 + 25 e/ Moldi I + e/ du?)

1 1
Sl Sl

drl, 1, _
<3 S (e Mol + g lle = el
J

1., _
+ 23 le M xgulded |2 + e/ Md () 1)

<D Clle™# /" Ay (x;0)|I?
J
< e Agul* + C'lle /Mol 4 C e ]
where (x;); is a partition of unity associated to the complex charts on M. Since
constants on both sides are independent of € and h, we can take ¢ small enough

so that C'|le=%</M||2 + C'||e=¥</"dv||? can be absorbed to the left side. Now set
v = e¥</hy, we have

1 1 1 _
llwl® + S llwldl|* + 5 llwldeel | + [ldw]|* < Clle™ /" Age?e/ M|

Finally, fix ¢ > 0 and set u = et 250 12i* 1y and use the fact that et Zimo19il” i
independent of A and bounded uniformly away from zero and above, we then obtain
the desired estimate for h < e. O
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4. CoOMPLEX GEOMETRIC OPTICS ON A RIEMANN SURFACE

As explained in the Introduction, the method for recovering the potential at a
point p is to construct complex geometric optic solutions depending on a small pa-
rameter h > 0, with phase a Carleman weight (here a Morse holomorphic function),
and such that the phase has a non-degenerate critical point at p, in order to apply
the stationary phase method.

First consider any continuous extension of V' to M, still denoted V' for simplicity.
Choose p € Mj such that there exists a Morse holomorphic function ® = ¢ + it
on O, C* in O, with a critical point at p and where O is chosen like in first section,
ie. such that My C O C M. Obviously ® has isolated critical points in O and thus
by reducing slightly O if necessary, we can assume that ® has no critical point on
its boundary 00. The purpose of this section is to construct solutions v on O of
(A4 V)u =0 of the form

u=e®Ma+r +ry) (8)
for h > 0 small, where a is a holomorphic function on O such that a(p) # 0 and r1, o
will be reminder terms which are small as h — 0 and have particular properties
near the critical points of ®. More precisely, ro will be a Op2(h3/27¢) for all € > 0
and r; will be a Op2(h'~¢) but with an explicit expression, which can be used to
obtain sufficient informations from the stationary phase method.

4.1. Construction of ry. For all ¢ > 0 we want to construct r; which satisfies
e M(A, + Ve (a+ 1) = O(h )

in L? and ||r1||p2 = O(h'™¢). We let G be the Green operator of the Laplacian on
the smooth surface with boundary O with Dirichlet condition, so that AG =1d
on L*(0). In particular this implies that 00G = £+~ where x~! is the inverse of
* mapping functions to 2-forms. First, we will search for r; satisfying

e 2W/h g2/ — —_9G(aV) +w + O (') (9)

with w a holomorphic 1-form on O and ||r1||z2 = O(h'~¢). Indeed, using the fact
that ® is holomorphic we have

e_q’/hAgeq’/h = —2ixJe/hge®/h
= —2i % e WD) ger (2-2)
= —2i % Je 2W/hge2w/h

and applying —2i % 0 to @, this gives
e M A, +V)e My = —aV + Op2(R17°).

The form w above, will be chosen as a correction term to optimize the use of the
stationary phase later, this is why we need the following

Lemma 4.1. Let {po,...,pn} be finitely many points on O and let g be a continuous
section of T{ (O. Then there exists a holomorphic 1-form w on O such that (g —
w)(p;) =0 foralli=0,...,N.

Proof. First by Riemann-Roch formula , there exists a meromorphic 1-form
v on M, holomorphic on O, which has a zero of order greater or equal to 1 at
all p1,...,pnN, so using Lemma [2.1, we can multiply it by a meromorphic func-
tion f; on O, holomorphic on O\ {p;}, with a pole of order exactly n; at p; if
n; is the order of p; as a zero of v, so that v; := f;v is a holomorphic 1-form on
O with no zero at p; and zeros of order larger or equal to 1 at all other p; for
k # j. Now since T7 ;O is a complex line bundle, there is a complex number ¢; € C

such that g(p;) = ¢;jv;(p;). Thus it is clear that w = Zjvz1 c;v; satisfies the claim.[]
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With this lemma, we will choose w to be a smooth holomorphic 1-form on My
such that at all critical point p’ of @ in My, the form b := —90G(aV') + w with value
in T (Mo vanishes at p'.

We will construct ry = ry1 + 71,2 in two steps. First, we will construct ry; to
solve equation @ locally near critical points of ® by using coordinate charts. Then
we will construct the global correction term 7 » away from critical points.

Let p’ be a critical point of ® and U(p’) be a complex coordinate chart z
containing p’ but no other critical points of ®. In local coordinates one has
—0G(aV)4w = b(z)dz for some C'*° function b vanishing at p’. Let x1 € C§*(U(p))
such that x; = 1 in a neighbourhood of p’ and let x € C§*(U(p’)) with x = 1 on
an open set containing the support of ;. Define for z € U(p’)

r1,1(2) = x(2)e 2V R R(e2V/ My b)(2) (10)
where Rf(z) := (2mi) ! [o. 2 o (€,€)de A dE for f € L™ compactly supported
is the classical Cauchy- Rlemann operator. Extend r; trivially outside of U(p’).
Then . 4

e 2W/hg(e2V My 1) = x1(—0G(aV) +w) + 17

with 7 := e "2/ R(e2¥/" y1b) A Ox
where the form 7 makes sense globally on O since dx is supported in U(p'). Note
that n is a C°° form with value in 77 ;0. Now the support of dx, thus of n, is

contained in the complement of the support of y;. By stationary phase and the
fact that b = 0 at all critical points of ®, one has

e < Ch?*  and  [|An] < C. (12)

(11)

The term 74 1 is supported in U(p’) for a fixed critical point p’ and depends on p/,
let us write it 7 ; instead, but since our discussion did not depend on the choice of

/
p/, we can sum the r{ | over the critical points p’ to define a term 7 ;.

Next we define r; o by the equation
11200 = h( —n+ (1= x1)(~9G(aV) + w)).
so that
e ety 5 = 9r g — 4 (1 — x1)(—0G(aV) + w). (13)
There is a well defined C*° function 7 » satisfying this equation since both 0 and
the right hand side have values in the bundle 77 ;O and moreover the right hand

side has support which does not intersect the critical points of ®.
We now derive the asymptotic properties of r; ; and 71 2

Lemma 4.2. For all € > 0, the following estimates hold
[rialle SCRYS rielle < Ch  and  [|Ary o]l < Ch.

Proof. The first estimate is a local result and comes from classical properties of
R as proved in Proposition 2.6 of [I3]. The ones involving 7 o follow directly from
(12). Moreover 1,3 = hv + Op~(h?) for some smooth v = (1 — x1)(—9G(aV) +w)
independent of h. O

Lemma 4.3. With r; := 111 + 71,2 constructed above, then for all e > 0

e A+ Ve (a4 1) = Op2(h17F).
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Proof. First, we write
. ) 1
e~ P/ hge®/hpy = =22V Py 1) + (0 + > OP)ro.

and by and this implies
e~ ge®/Myr) = —0G(aV) 4+ w + Fr1 o
and applying —2i x 0
e~ /M Ae®Mpy = —aV + Ary .
The proof is complete since we know from Lemma [4.2| that [|Ary oljee < Ch. O

4.2. Construction of ry. The goal of this section is to complete the construction
of the complex geometric optic solutions by the following proposition:

Proposition 4.1. For all € > 0 there exist solutions to (A + V)u = 0 of the
form (@ with 71 = 71,1 + 11,2 constructed in the previous section and ro satisfying
|rallL2 < Ch3/2=¢

This is a consequence of the following Lemma (which follows from the Carleman
estimate obtained above)

Lemma 4.4. Let V € L*°(0) and f € L?(0). For all h > 0 small enough, there
exists a solution v € L? to the equation

eIM(A, +V)e ¥/ hy = f
satisfying
lollze < ChE | f] 2
Proof. The proof is the same than Proposition 2.2 of [I3], we repeat the argument

for the convenience of the reader. Define for all h > 0 the real vector space A :=
{u € H}(0); (Ay+ V)u € L*(0)} equipped with the real scalar product

(u,w)q = /o e~ 2 Ayu + V) (Agw + Vw)dg.

By the Carleman estimate of Proposition the space A is a Hilbert space
equipped with the scalar product above and so the linear functional L : w —
/. e~?/" fwdg on A is continuous and norm bounded by h%\|f||L2 by Proposition
3.1} and by Riesz theorem there is an element v € A such that (.,u)4 = L and
with norm bounded by the norm of L. It remains to take v := e‘*"/h(Agu + Vu)
which solves e?/"(A, + V)e~#/"y = f and which in addition satisfies the desired
norm estimate. U

Proof of Proposition We note that (A + V)e®/"(a + ry 4+ r2) = 0 if and
only if

e A+ Ve iy = —e7M(A 4 V)e® M0+ 1)
By Lemma [£.4] one can find such an 75 which satisfies

lIrallze < ChEle®/M (A + V)e (a + 1) 12 < R/~

where the last inequality comes from Lemma [£.3] O
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5. IDENTIFYING THE POTENTIAL

We now assume that Vi, Vo € C°°(Mj) are two real valued potentials such that
the respective Cauchy data spaces €1, €y for the operators Ay +V; and Ay + V5 are
equal. Let p € My and O with My C O C M\ {¢} such that, using Proposition
we can choose a holomorphic Morse function ® = ¢ + ity on O, C* in O for some
large k € N, with a critical point at p. By reducing slightly O if necessary, we can
assume that ® has no critical points on O and finitely many critical points in O.

Proposition 5.1. If the Cauchy data spaces agree, i.e. if 1 = Co, then Vi(p) =
Va(p).

Proof. By boundary identifiability (see for example [8]), one has Vi = V5 on dM,
to second order and therefore we can extend Vi, V, to be C* to O such that they
agree outside of OMy. Let a be a holomorphic function on O with a(p) # 0 and
a(p’) = 0 for all other critical point p’ of ®. The existence is insured by Lemma
as follows: by Riemann-Roch, we can find a holomorphic function on M \ {q} such
that a(p’) = 0 for all p’ # p. Either at p this function does not vanish and we have
our function a, or there is a zero of order say N, in which case one can multiply it
by a meromorphic function on M, holomorphic on M \ {g,p} with a pole of order
exactly N at p (the existence of which is proved in Lemma . Let u; and us be
H? solutions on O to
(Ag+Vj)u; =0

constructed in Section [d] with @ for Carleman weight for u; and —® for us, thus of
the form

up = e®Ma+ri+rd), ug=e M a+r?+12)
and with boundary value u;|gon, = f;. Since u3 is also a solution, we can write by
Green formula

/ uy (Vi — Vo)uzdv, = —/ (Aguiuz — ui.Aguz)dvy
My

Mo
= _/ (anuLE - f1~anU72)dVg
oMy

Since the Cauchy data for A, 4+ V; agrees with that of A, 4 V5, there exists a
solution v of the boundary value problem

(Ag+Va)v=0, vlom, = f1
satisfying 0,v = d,u; on OMy. This implies that

/ uy (Vi — Va)uzdvy, —/ (Agui.uz — u1 Aguz)dvy
M, My

- / (anulg - flan@)dvg
O My

- / (Onv fo — vO,1U3)dv,
Mo

= —/ (Agvaag —vAguz)dv,
Mo
=0
since Ay + Vo annihilates both v and us. Then by using the estimates in Lemma
and Proposition [£.1] that we have, as h — 0,

/ 2/ a2 (Vy — Vo)dvy + / 2V @t + ard) (Vi — Va)dvg + O(h*/>7€) = 0
Mo

Mo
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for all € > 0. By stationary phase the first term can be developed as follows

/M M af* (V= Vo)dvy = /o eI af? (Vi=Va)dvy = Ch(Vi (p) ~Va(p)) + O (h?)
0

for some C # 0. Therefore,

Ch(Vi(p) — Va(p)) + / /M @rt 4 ar?)(Vy — Va)dvy + O(R*/?7¢) = 0.
V]

It suffices then to show that

/ ein/h(ﬁ’r% + CLE)(Vl — Va)dv, = o(h).
Mo

This can be accomplished by the following argument: let us deal with the ar{ term

since the other one is exactly similar, then we localize near critical points and by

stationary phase,

/ M ar (Vi — Va)dvg = / 2/ xart (Vi = Va)dvg + O(h?)
° p'€0,dd(p)=0" UP)

where U(p’) is a small neighbourhood of p’ that we used to define r; ; in the Subsec-

tionand Xp the smooth cutoff functions supported in that neighbourhood. First

we observe that by stationary phase and the fact that 7"}2 € hC>(My) + Or(h?)
(proof of Lemma [£.2)), we have

/"u( )emw/hxp/dri(vl —W)dv, = /u( )ezw/hxp/(z(ril +719) (Vi = Va)dvy
D’ D’
B / e2w/th’E”’%,1(V1 = Va)dv, + O(h2)
U(p’)

The complex coordinates are denoted z = = + ¢y in these charts and the vol-
ume form is written \/det(g)(z)dxdy. For each critical points p’ using the local
representation in U(p’) of r{ in (and the same notations for R and b), we
obtain

/ M xpart (Vi = Va)dvg
U(p’)
- / 2y pirt (Vi = Va)dvy + O(h?)
u(p’)
= / XR(e?/"xab)a(Vy — Va)y/det g dady + O(h?)
R2
= /2 e?/hy bR (Xd(V1 — Va)+/det g) drdy + O(h?).
R

where R* is the adjoint of R on L? compactly supported functions in R?, which
has the same mapping properties as R on C*° (its integral kernel being of the same
form). Since b and R*(x,a(Vi — V2)y/det g) are C> in and b vanishes at p/,
we obtain by stationary phase that the above integral is O(h?), which completes
the proof. O

Proof of Theorem By combining Proposition [5.1] and the Proposition [2.1
we show that V3 = V5 on a dense set of M, so by continuity of Vi, V5 they agree
everywhere. O
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