I LINEAR ALGEBRA

A. Filelds.

A field 1s & set of elements in which a pair of opera-
tions called multiplication and addition is defined analogous
to the operations of multiplication and addition in the real
number system (which is itself an example of a field). In each
field F there exist unique elements called o and 1 which, under
the operations of addition and multiplication, behave with res-
pect to all the other elements of F exactly as their corres-
pondents in the real number system. In two respects, the ana-
logy is not complete: l)multiplication is not assumed to be cam-
mutative in every field, and 2)a field may have only & finite
mmber of elements.

More exactly, a field is a set of elementa which, under
the above-mentioned operation of addition, forms an additive
abelian group and for which the elements, exclusive of gero,.
form & multiplicative group and, finally, in which the two
group operations are connected by the distributive law. Fur-
thermore, the product of o and any‘olement is defined to be o.

If multiplication in the field is coomutative then the
field 1s called a commutative field.

B. Yector Spaces.
If V is an additive abelian group with elements A,B,...,

F a field with elements a,b,..s, &and 1f for each acF and AeV
the product aA denotes an element of V, then V is called a



(left) vector space over F if the following assumptions hold:
1) a(A + B) = aA + aB

2) (a +b) A=aa + bA

3) a(bA) = (ab) A

4) 1A = A
The reader may readily verify that if V 1s a vector space over
F, then oA = 0 and a0 = O where o 1s the zero element of P and
0 that of V. For example, the first relation follows from the
equationss

aA = (a + 0) A =aA + oA

Sometimes products between elements of F and V are

written in the form Aa in which case V is called a right vestor
space over F to distinguish it from the previous case where mul-
tiplication by field elements is from the left. If, in the
discussion, left and right vector spaces do not occur simul-

taneously, we shall simply use the term "vector space."

C. Homogeneous Linear Equations.

If in a fleld F, a1y 1=1,2,...,m, J=1,2,...,,n are m.n
elements, i1t 1s frequently necessary to know conditions guaren-
teeing the existence of elements in F such that the following

equations are satisfied:

‘11‘1 + ‘12X2 ¥ ocoe0 ¢+ ‘mxn =0

(1)
8p1X] ¥ 8ueX2 + eeo + 8ppXp = 0.
The reader will recall that such equations are called linear

homogeneous equations, and a set of elements, X3, X2, eee,Xpn
of ¥, for which all the above equations are true, is called a

solution of the system. If not all of the elements Xj,Xp,«e,Xn



are o the solution is called non-trivial; otherwise, it is
called trivial.

THEOREM .1: A system of linear homogeneous equations
always has & non-trivial solution if the number of unknowns ex-
ceeds the number of equations.

The proof of this follows the method familiar to

most high school students, namely, successive elimina-
tion of unknowns. It is, of course, obvious that one
homogeneous equation 81Xy + 85Xo + o0 + X =0 n>1,
has a non-trivial solution. 1Indeed, if one of the a's
is 0, say &) = 0, then xj =1, X3 = Xz = .00 = X, = 0
will serve as a solution;y otherwise, x) = &g, Xp = -8y
and X3 = X4 = ..o = X = 0 18 a solution.

We shall proceed by complete induction. Let us
suppose that each system of k equations in more than k
unknowns has a non-trivial solution when k<m. In the
system of equations (1)‘ we assume that n>m, and denote
the expression &11X) + «ee + 83X, by Ly, 1=1,2,...,m.
We seek elements X3, ..., Xn not all o such that
L} =Lz = ¢eo =Ly =0. If 835 =0 for each 1 and §,
then any choice of Xj,.e., X, Will serve as a solution.
If not all a4y are o, then we may assume that 8,# 0,
for the order in which the equations are written or in
which the unknowns are numbered has no influence on the
existence or non-existence of a simultaneous solution.
We can find a non-trivial solution to our given system
of equations, if and only if we can find a non-trivial



solution to the following system:
In=o0

L, - %1:[ L, =o
For, 1f Xj,+e.,X, 18 a solution of these latter equa-
tions then, since I’l = 0, the second term in each of
the remaining equations is o and, hence, Ly = Lz = ...
= Ly = o. Conversely, if (1) is satisfied, then the
new system is clearly satisfied. The reader will
notice that the new system was set up in such a way as
to "eliminate™ x; from the last n-1 equations. Further-
more, if a non-trivial solution of the last n-1l equa-
tions, when viewed as equations in x5,...,X,, exists
then teking x; = - "%l.' (810X # 813Xz + oo + 811X)
would give us a solution to the whole system. However,
the last n-1 equations have a solution by our inductive
assumption, from which the theorem follows.

Remark: If the linear homogeneous equations had
been written in the fom uja” =0, 1=1,2,...,n, the
above theorem would still hold and with the same proof
although with the order in which terms are written
changed in a few instances.

D. Dependence and Independence of Vectors.

In a vector space V over a field F, the vectors Al,...,ln
are called dependent if there exist elements Xj,...,xp not
all o of F such that xjA) + XpAp # «eo + XpA, = 0.  If the



vectors

maximum

&

Aj,.ee,An are not dependent, they are called independet.
The dimension of a vector space V over a field F is the
number of independent elements in V. Thus, the dimen-

sion of V 1s n if there are n independent elements in V, but no

set of more than n independent elements.

A system Aj,...,Ay of elements in V 1s called a genera-

ting system of V if each element A of V can be expressed linear-

ly in terms of Al,eee,An, 1.0., A = %niAg for a sultable cholce
i=1

of a4, 1=l,...,m, in F.

THEOREM 2: In_any generating system the maximum number

of independent vectors is equal to the dimension of the vector

space.

Let Aj,...,Ay D6 a generating system of a vector
space V of dimension n. Let r be the maximum number of
independent elements in the generating system. By a
sulitable reordering of the generators we may assume
Aj,¢+¢yAp independent. By the definition of dimension,
it follows that r £ n. For each J, A),«..,Ap, Arﬂ are
dependent, and in the relation

81A) + 8gAg + .eo + BphAp + 8py g Apyy =0
expressing this, arsd # o, for the contrary would assert
the dependence of Ay, s.e, Ap. Thus,

Al‘#J o ‘:q-j [‘lAl + 82A0 + oo + %],

It follows that A, ..., Ap 18 also a generating system

since in the linear relation for any element of V the
terms involving Ansj, § #0, can all be replaced by linmesr
expressions in Ay, «ece, Ape

Now, let B, «.., Bg be any system of vectors in V



where t>r, then there exist a; 4 such that
By =1§1a11 Aq, J=1,2,...,t,8ince the Ay's form a genera-
ting system. If we can show that By, ..., By are de-
pendent this will give us r 2 n, and the theorem will
follow from this together with the previous inequality
r € n. Thus, we must exhibit the existence of & non-
trivial solution out of F of the equation
X1B) # XgBp + «ee + XBg = O. To this end, it will be
sufficient to choose the x3's so as to satisfy the
linear equations le ‘11 xjy = o, 1=1,2,...,7,8ince
these expressions will be the coefficients of Ag1 when
in ,151 xjBy the By's are replaced by 121 813 Ay and
terms are collected. A solution to the equations
121113 xy = o, 1=1,2,...,r, always exists by Theorem 1.
Remark: Any n independent vectors Aj,e..,Ap in an
n dimensional vector space form a generating system.
For any vector A, the vectors A, Ay,+.., A, are de-
pendent and the coefficient of A,in the dependence re-
lation, cannot be zero. Solving for A in terms of

A}, ¢se, Ap, exhibits Ay, ..., Ap &8s a generating system.
A subset of a vector space 1s called a subspace 1if

it 1s a subgroup of the vector space and 1f, in addition, the
multiplication of any element in the subset by any element

of the field is also in the subset. Ir A:I_,...,As are
elements of a vector space V, then the set of all elements of
the form ajAq + ... + aghy clearly forms a subspace of V. It
is also evident, from the definition of dimension, that the
dimension of any subspace never exceeds the dimension of the

whole vector space,
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An s-tuple of elements (&y,...,85) in a field F will
be called a row vector. The totallity of such s-tuples form a
vector space if we define
a) (al,az,oooga!) = (bl’bB""bs) if and Only 1f
ai= bi, 1= 1,...,3,
B) (al,az,...,as) + (bl,bz,...,b‘) = (al-l- by,a5* by,
c-a'a’+ b‘)
7) b(al)az""las) = ‘balgb‘z,o-o,bﬂs), for b an
element of F.

a
When the s-tuples are written vertically, 1

a
they will be called column vectors. s

THEOREM 3. The row (column) vector space F of all
n-tuples from a field F is a vector space of dimension n overF.

The n elements
e, = (1,0,05000,0)

82 = (0,1,0,.-.,0)

e, = (0,0,0..,0,1)
are independent and generate F?. Both remarks follow
from the relation ("1"2"""n) = Zayey.
We call a rectangular array

..11‘12 eee ‘ln
te1tas-2an

8m1 *m2* * * *am
of elements of a field F a matrix. By the right row rank of a

matrix, we mean the maximm number of independent row vectors
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among the rows (an,... 'ain) of the matrix when multiplication
by fleld elements is from the right. Simllarly, we define left
row rank, right column rank and left column rank.

THEOREM 4. In any matrix the right column rank
equals the left row rank and the left column rank equals the

right row rank., If the field is commutative, these four num-
bers are equal to each other and are called the rank of the

matrix.

Call the columm vectors of the matrix (:1,....0.':n
and the row vectors Ry,...,R;« The colum vector O is

and any dependence Cyxy ¢ Coxp +e0s + Cpxpn = 0

Oe s 0O

1s equivalent to a solution of the equations

811%) ¥ 819%Xp * eos * 8ypxy = 0

(-

8% Y apXo tees ta X =0,
Any change 1in the order in which the rows of the
matrix are written gives rise to the same system of
equations and, hence, does not change the column
rank of the matrix, but also does not change the row
rank since the changed matrix would have the same set
of row vectors. Call c the right column rank end r -
the left row rank of the matrix. By the gbove re-
marks we may assume that the first r rows are indep-
endent row vectors. The row vector space generated
by all the rows of the matrix has, by Theorem 1, the

dimension r and 1s even generated by the first r
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rows. Thus, each row after the rth i1g linearly ex-
pressible in terms of the first r rows. Consequent-
1y, any solution of the first r equations in (1) will
be a solution of the entire system since any 61’ the
last n-r equations 1s obtalnable as a linear combina-
tion of the first r. Conversely, any solution of (1)
will also be a solution of the flrst r equations.
This means that the matrix

f11%12° %10

rl..rzu . oam

consisting of the first r rows of the original matrix
has the same right colum rank as the original. It
has also the same left row rank since the r rows were
chosen independent. But the column rank of the am-
putated matrix cannot exceed r by Theorem 3. Hence,
¢ £ r. Similarly, calling c' the left colum rank
and r! the right row rank, ¢! € r'. If we form the
transpose of the original matrix, that 1s, replace
rows by colums and columns by rows, then the left
row rank of the transposed matrix equals the left
column rank of the original. If then to the trans-
posed matrlix we apply the above considerations we

arrive at r € ¢ and r' £ ¢!,

E. Non-homogeneous Linear Equations.

The system of non-homogeneous linear equations
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831Xy + ay0%o L TR 4 a3 X, = b1

213:1 * cosesseccse + LI = b

(2)

;mlxl # cesscesccee * &mnxn = b

has a solution if and only if the column vector bl lies
by

in the space, generated by the vectors a3 secey 2,

om) fmn
Tihls means that there 1s a solution i1f and only 1if the right
cclum rank of the matrix 81700087y 1s the sams as the

%1+ **%un
right column rank of the augmented matrix 837¢0087,bp
8]« * *8mnPpy

since the vector space generated by the original must be the
same as the vector space generated by the augmented matrix and
in either case the dimension is the same as the rank of the
matrix by Theorem 2.

By Theorem 4, this means that the row ranks are
equal. Conversely, if the row rank of the augmented matrix is
the same as the row rank of the original matrix, the column
ranks will be the same and the equations will have a solution.

If the equations (2) have a solution, then any rela-

tion among the rows of the original matrix subsists among the
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rows of the augmented matrix. For equations (2) this merely
means that like combinations of equals are equal. Conversely,
if each relation which subsists between the rows of the orig-
inal matrix also subsists between the rows of the augmented
matrix, then the row rank of the augmented matrix i1s the same

as the row rank of the original matrix. In terms of the

equations this means that there will exist a solution 1if and

only if the equations are consistent, 1.e., if and only if

any dependence betwecn the left hand sides of the equations salso
holds between the right sides.
THEOREM 5. If in equations (2) m = n, there exists a

unique solution if and only if the corresponding homogeneous

equations

811%) * 812%p * e.t8yp¥y < 0

. alllxl+a212+ ...+am%= o

have only the trivial solution.

If they have only the trivial solution, then the
colum vectors are independent. It follows that
the original n equations in n unknowns will have a
unique solution 1f they have any solution, since the
difference, term by term, of two distinct solutions
would be a non-trivial solution of the homogeneous
equations. A solution would exist since the n indep-
endent column vectors form a generating system for
the n-dimensional space of column vectors.

Conversely, let us suppose our equations have
one and only one solution. In this case, the homo-

geneous equations added term by term to a solution
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of the original equations would yleld a new solutic
to the original equations. Hence the homogeneous

equations have only the trivial solution.



