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Phase Transitions, Minimal Surfaces and
A Conjecture of De Giorgi'

O. Savin

1. Introduction

A central problem in the area of PDEs is the study of global solutions,
that is solutions defined in the whole space. This problem arises naturally for
example when one studies the possible types of behaviors a solution might
have at a given point. Focusing near such a point by dilating the picture more
and more, we end up with a PDE in the whole space. In other cases we might
have a differential equation with oscillating terms on a small scale depending
on a parameter €. In order to understand the behavior at unit scale as the
parameter ¢ — 0 we often need to dilate the picture and solve some PDE in
the whole space. As a consequence, the study of global solutions is crucial
when dealing with singularities, local behavior and homogenization limits of
PDEs.

In this paper we present symmetry results for global solutions to certain
semilinear (or fully nonlinear) elliptic equations of the type

A= f(u)

which arise in the theory of phase transitions.

Let us briefly introduce the typical physical model for a phase transition.
Imagine in a domain €2 we have a two-phase fluid whose density at a point
x we denote by p(x). Assume its energy density is given by a double-well
potential W (p(z)) say with minima at p1, ps i.e.

Wip1) =Wi(p2) =0, W(s) >0 if s pi,p2.

The densities p; and ps correspond to the stable fluid phases. Then the
energy of the fluid is given by the integral
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This is not a satisfactory physical model since any density function p(x) that
takes only the values p; and py minimizes the density energy. In particular
the stable phases p; and po could coexist along any complicated interface!
The reason for this is because we ignored the kinetic energy term that takes
into consideration interactions at small scales (such as friction) which pe-
nalizes the formation of unnecessary interfaces. The energy associated with
the fluid in this case would be of the form

2
£
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with € a small parameter. This is the typical energy modeling the phase sep-
aration phenomena within the van der Walls-Cahn-Hilliard theory (see [12]).

The presence of the gradient square term in the energy prevents in-
stantaneous jumps from a region of density p; to a region of density po,
and in general this stable states are only asymptotically attained by p. The
transition region between the two phases occurs in a thin region of width
comparable to €. If we try to understand this transition at length-scale ¢
we need to dilate the picture by a factor of 1/e. Then the rescaled density
u(z) := p(ex) minimizes the energy

1
/2|W|2 W () da

and hence solves the Euler-Lagrange equation
Au = W'(u),

in the large domain ©/e. On the other hand, we shall see in Section 2 that
if we let € — 0 in the original domain (2, the transition region converges
to a minimal surface inside 2, i.e. a surface of least area. This fact was
already known to the school of De Giorgi in Pisa in the late 1970’s, and
De Giorgi conjectured that global solutions to the Euler-Lagrange equation
above should have similar properties to something apparently unrelated,
global minimal surfaces.

The goal of this paper is to present several results in both settings, phase
transitions and minimal surfaces, together with their common underlying
ideas. Special interest is given to flatness theorems and their application to
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FiGURE 1. Double-well potential
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1D symmetry of global phase transitions and in particular to De Giorgi’s
conjecture. See Section 3 for the precise formulation of this conjecture.

We conclude our introduction with a brief description of the theory of
minimal surfaces, with special emphasis on the ideas of De Giorgi.

Finding the surface of least area (minimal surface) among all surfaces
bounded by a given curve is known as the Plateau problem. It is one of the
oldest problems in mathematics and it has received a great deal of attention
from the mathematical community. Plateau problem was solved indepen-
dently by Douglas [27] and Rado [53,54] in the 1930’s. Later, the theories
of De Giorgi on perimeters [21—24], the one of Federer and Fleming [33,35]
on rectifiable currents and the one of Almgreen [2, 3] on varifolds were de-
veloped to deal with the higher dimensional case.

Let us explain the approach of De Giorgi. The key idea is to look at
hypersurfaces in R” as boundaries of sets. Precisely, for any measurable set
E, we can define the perimeter of E in a domain Q@ C R™ (or the area of OF
in ) as the total variation of the characteristic function of E, xg, in 2

/ div g dx
E

where the supremum is taken over all vector fields g € C}(2) (with compact
support in ©) with |g| < 1. From Green’s theorem we see that this notion of
area of OF coincides with the usual one whenever OF is a C! hypersurface.
The advantage of defining the perimeter for a larger class of sets is the com-
pactness in L' of sets with finite perimeter. Then it is not difficult to show
existence to the Plateau problem in this context of minimal boundaries. It is
much more difficult to prove that the sets so obtained are actually smooth
hypersurfaces except possibly for a closed singular set of small Hausdorff
dimension.

One understands the behavior of such a minimal surface in a neigh-
borhood of a point zy by using the blow-up technique explained at the
beginning. Dilating the picture more and more we end up with a limiting
minimal surface defined in the whole space. What can be said about global
minimal surfaces? Simons [59] proved that the only global minimal surfaces
are the hyperplanes in dimension n < 7. Moreover, Bombieri, De Giorgi and
Giusti [11] showed that the symmetric cone in R®

)

Po(F) :/ |Vxg| = sup
Q lg|<1

{z € R®: 2] + a3 +a3 +a] =2} +af +22 +13}

known as Simons cone is minimal. This is the first example of a minimal
surface that has a singularity (at the origin). Going back to the original
picture, Simons result says that at least in low dimensions the minimal
surface is approximated well by a plane (it is flat) in a small neighborhood of
2. On the other hand, a theorem of De Giorgi that holds in any dimension
says that flat minimal surfaces in B,(zo) are analytic in B, 5(zo). This
“flatness theorem” gives smoothness near the points that have a planar
blow-up limit. Thus, minimal surfaces are always smooth in dimension n < 7.
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In higher dimensions, it was shown by Federer [34] that they are smooth
everywhere except on a small singular set of Hausdorff dimension n — 8.

Minimal surfaces that are graphs in some direction are called minimal
graphs. It turns out that minimal graphs are smooth in any dimension.
The question wether the only global minimal graphs are planar is known
as the Bernstein problem, due to Bernstein [10] (1915) which answered
affirmatively the question in R?. Bombieri, De Giorgi and Giusti [11] showed
that the graph assumption gains one extra dimension with respect to the
minimal surface results mentioned earlier: minimal graphs are planar in
dimension n < 8, and there are non-planar minimal graphs in R?.

The paper is organized as follows. In Section 2 we give the precise relation
between minimal surfaces and level sets of minimizers of J.. In Section 3 we
state the conjecture of De Giorgi together with other related problems. In
Section 4 we prove density estimates in both settings. In Section 5 and 6 we
give a new proof of the flatness theorem of De Giorgi for minimal surfaces
which is based on Harnack inequality. In Sections 7 to 9 we extend these
ideas to phase transitions and obtain the corresponding flatness theorem.
In Section 10 and 11 we discuss 1D symmetry for global phase transitions.
Finally in Section 12 we present similar results that are available for fully
nonlinear equations.

2. Phase transitions and minimal surfaces

We consider the Ginzburg-Landau energy functional
1
J(u, Q) = / 5|Vuy2 +W(u)dz, |ul<1
Q

with W a double-well potential with minima at 1 and —1 satisfying

W e C%([-1,1]), W(-1)=W(1)=0, W >0on (—1,1),
W'(-1)=W'(1)=0, W'(-1)>0, W"(1)>0.

The classical double-well potential W to have in mind is

1

W(s) 1

(1— %2

We mention that all the results of this paper apply also to more general
potentials W that do not necessarily satisfy the conditions above. Such an
example is the discontinuous potential W(s) = x(_1,1)(s), where x )
represents the characteristic function of the interval (—1, 1). In this case the
physical motivation comes from a problem associated with jet fluid flows
(see [4]).

In this section we explain the close relation between minimal surfaces
and level sets of minimizers of J.
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Consider a minimizer u of J which is bounded by —1 and 1. We say that
u is a minimizer in the (possible unbounded) set € if its energy increases
locally under any compact perturbation, i.e. for any open set A relatively
compact in €,

J(u, A) < J(u+p,A) Vo € HY(A).

A minimizer in whole R" is called a global minimizer.
The behavior of v in large domains is given by the behavior of the
rescaled functions u. in B,

If v minimizes J in the ball B1 then u. minimizes the rescaled energy
JE in Bl

1
Je(v, By) == / %|Vu|2 + -W(v) dx.
By €

We continue with a heuristic discussion about minimizers of .J.. For a
given function v, the main contribution in J.(v) comes from the potential
energy which is minimized when v equals either 1 or —1. Instant jumps from
a region where v = 1 to a region where v = —1 are not allowed since the
kinetic energy [ £|Vv|* would become infinite. However, it is useful to notice
that if instead of the Dirichlet integral we would have the BV norm [ ¢|V|
then such jumps are allowed and in this case the energy is minimized when
the jumps occur along a minimal surface.

Clearly

1
/ E|Vv|2 + -W(v)dx > V2W (v)|Vv| dz,
By 2 g Bi
and using the co-area formula

Vol dz = dpn—1({p=s})ds

the inequality becomes

1
Je(v) > /_1 V2W (s)H" ({v = s}) ds.

The energy J. is then minimized by the function v if every level set is a
minimal surface and we have equality in the inequality above i.e.

Vol = %x/QW(v).

This last equality gives

3

v(x) = go <dr($)> :
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FIGURE 2. One-dimensional solution

where dr(z) represents the sign distance to the 0 level set I' := {v = 0} and
go is the solution to the ODE

90 = V2W(g0), g0(0) = 0.

The function gq is in fact the unique minimizer of J in 1D which is increasing.

In general the level sets of a function v as above cannot be all minimal
surfaces. However, if for example the 0 level set I' is minimal then the s-
level sets are essentially minimal as long as s is not too close to £1 and ¢
is small. On the other hand when s is close to +1 the weight /2W (s)ds
becomes negligible. Thus such a function is “almost” a minimizer for J..
This suggests that the level sets of minimizers of J; converge to a minimal
surface as € — 0.

The asymptotic behavior of u. was first studied by Modica and Mor-
tola [51] and by Modica [45] within the framework of I'-convergence. Later
Modica [47], Sternberg [60] and many authors [6,36,43,49,52,61] gener-
alized these results for minimizers with volume constraint.

Here we present the result of Modica in [45].

THEOREM 2.1 (Modica). Let ue be minimizers for the energies J-(-, B1).
There exists a sequence ue, such that

Ugy, — XE — XEc N Llloc(Bl)

where E is a set with minimal perimeter in By. Moreover, if A is an open
set, relatively compact in B, such that

/ Dzl =0,
0A

'\ V(=g o (/2)

FIGURE 3. Approximate minimizer
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then

(2.1) lim J., (ue,, A) = P4(E) /_ 11 V2W (5)ds.

m—00

Let us recall the notion of perimeter Po(F) and minimal perimeter that
appear in the theorem above. The perimeter of F in 2 C R” is defined as

/ div gdx
E

where the supremum is taken over all vector fields g € C3(Q) with ||g]| < 1.
When (2 is the whole R we use the shorter notation

P(E) = Ppn(E).

Po(E) = sup

9

We say that F is a set with minimal perimeter in ) or shortly OF is a
minimal surface in € if, for every open set A C €, relatively compact in 2

PA(E) < Pa(F),

whenever E and F' coincide outside a compact set included in A.

From the heuristic discussion before the theorem of Modica we see that
the converse is also true at least in the case when the minimal surface OF is
unique i.e. given a minimal surface OF we can find a sequence of minimizers
ue converging to xg — Xcg. Therefore minimal surfaces and minimizers of
J. should have similar properties at least for small ¢.

In Section 4 we obtain density estimates for level sets of minimizers. As
a consequence, the convergence of u., in Theorem 2.1 is in fact stronger
than Lllo . i.e. the level sets of u,, converge uniformly on compact sets to OE.

If the functions u, are all rescalings of a global minimizer u of J, then
the blow-down sets

{ue, =0} = ex{u =0}
converge uniformly to a minimal surface. It is a difficult problem to un-
derstand how well the original level set {u = 0} can be approximated by a
minimal surface. For example in the case when 0F = {z,, = 0} it is not clear
wether or not {u = 0} stays at a bounded distance from JF. Conversely,

F1GURE 4. Convergence of ..
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given a nontrivial global minimal surface JF it is not evident if there exists
at least one minimizer for which {u = 0} stays at a bounded distance from
OF. Such an example was given by Del Pino, Kowalczyk and Wei [26] in di-
mension 9 which is the first dimension for which a nontrivial global minimal
graph exists.

3. De Giorgi’s conjecture

In view of the connection between minimal surfaces and minimizers of J,
De Giorgi [20] made in 1978 the following conjecture about bounded solu-
tions of a global semilinear equation:

CoNJECTURE (De Giorgi). Let u € C?(R") be a solution of
Au=ud —u,
such that
lul <1, g, >0

i whole R™. Is it true that all the level sets of u are hyperplanes, at least if
n <8¢

The conjecture is sometimes referred as “the € version of the Bernstein
problem for minimal graphs”. This relation with the Bernstein problem is
the reason why n < 8 appears in the conjecture.

De Giorgi’s conjecture is often considered with the additional natural
hypothesis which is coherent with the phase transition setting
(3.1) lim w2, x,) = £1.

Tn—100

The monotonicity u,, > 0 implies that the level sets of u are graphs
in the e, direction whereas the condition (3.1) says that these graphs are
defined over whole R"~!. Under the much stronger assumption that the
limits in (3.1) are uniform in 2/, the conjecture is known as the Gibbons
conjecture. In this case the level sets of u are bounded graphs in the z,
direction.

Gibbons conjecture was first proved for n < 3 by Ghoussoub and Gui
in [37] and then for all dimensions n independently by Barlow, Bass and
Gui [7], Berestycki, Hamel and Monneau [9] and Farina [29].

The first positive partial result on the De Giorgi conjecture was estab-
lished in 1980 by Modica and Mortola [50]. They proved the conjecture in
dimension n = 2 under the additional hypothesis that the level sets {u = s}
are equi-Lipschitz in the x5 direction. Their proof used a Liouville-type the-
orem for elliptic equations in divergence form, due to Serrin, for the bounded
ratio
Yay

o=
Uy
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In 1997 Ghoussoub and Gui [37] proved De Giorgi conjecture for n = 2.
They used a different Liouville-type theorem for o developed by Berestycki,
Caffarelli and Nirenberg [8] for the study of symmetry properties of positive
solutions of semilinear elliptic equations in half spaces. This theorem does
not require for o to be bounded, but rather a compatibility condition be-
tween the growth of o and the degeneracy of the coefficients of the equation.
Using similar techniques, Ambrosio and Cabre [5] extended these results to
dimension n = 3. Also, Ghoussoub and Gui showed in [38] that the conjec-
ture is true for n = 4 or n = 5 for a special class of solutions that satisfy an
anti-symmetry condition. We shall discuss the methods described above in
Section 11.

In 2003 the conjecture was proved by the author in [55] for n < 8 under
the additional hypothesis (3.1). One of the goals of this expository paper is
to explain the main ideas of [55] (see Sections 7-10). The methods developed
do not depend so much on the particular dimension but rather they allow
one to obtain rigidity results for global phase transitions as a consequence
of the results for minimal surfaces.

Recently, Del Pino Kowalczyk and Wei [26] gave a counterexample to
the De Giorgi’s conjecture in dimension 9. This counterexample satisfies
also the limiting assumption (3.1). The construction is based on careful
perturbations of the level sets around the nonplanar minimal graph in R
constructed by De Giorgi, Bombieri and Giusti.

De Giorgi’s conjecture refers to one analogy between phase transitions
and minimal surfaces, i.e. the Bernstein problem. There are many other sim-
ilar questions that can be posed. For example, is it true that minimizers of J
are one-dimensional at least for n < 77 If the level sets are Lipschitz graphs,
is it true that the solution must be one-dimensional in any dimension? What
if the level sets satisfy only a one-sided bound? What happens if we consider
a fully nonlinear equation instead of the semilinear one? We answer these
questions in Section 10-12.

Referring to the questions above, when the level sets are assumed to be
Lipschitz graphs, it was first shown by Barlow, Bass and Gui [7] that u is
one-dimensional with probabilistic methods. Different proofs were given by
the author in [55] and by Caffarelli and Cordoba in [18]. Also, we mention
that Cabre and Terra in [13] are investigating the existence of nontrivial
symmetric global minimizers in dimension 8, which are analogous to Simons
cone.

There are further similarities between the theory of phase transitions and
the theory of minimal surfaces besides the rigidity of global solutions. For
example level sets of minimizers of J satisfy uniform density estimates (see
next section). Also, there is a monotonicity formula for minimizers which is
due to Modica (see [48]) and reads

_ JIB.(u)

rnfl

o(r)
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is increasing in r. However, this monotonicity formula is not as powerful as
the one in the minimal surface case since ® is not scale invariant and it is
not constant for the one-dimensional solutions.

Caffarelli and Cordoba developed in [17] a theory for phase transitions
similar to the one of De Giorgi for Lipschitz minimal graphs. Also, as we
will see in Section 7, phase transitions satisfy an improvement of flatness
theorem which is key in our analysis and corresponds to De Giorgi flatness
theorem for minimal surfaces.

4. Density estimates

In this section we prove density estimates for minimal surfaces and phase
transitions. These are crucial in both theories since they allow us to pass
from convergence in measure (L' convergence) to uniform convergence.

4.1. Minimal surfaces. Let E be a measurable set in R".
We say that 0 € OF (in measure sense) if for any € > 0 we have

IB.NE|>0, |B.NCE|>0,

where CE denotes the complement of E and |E| the Lebesgue measure of
E. 1t is not difficult to see that 0F in measure sense is a closed set.

THEOREM 4.1 (Density estimates). Assume that E has minimal perime-
ter in By and 0 € OFE. There exists a constant ¢ > 0 depending only on the
dimension n such that for all r € (0,1)

|[ENBy| >cr™, |CENB,|>cr".
PROOF. Minimality implies

Pp,(E) < Pp,(E\ By)

or
Pg,(E) <H" YENJB,)
hence
P(ENB,) <2H" Y ENJB,).

We denote V(r) = |B, N E| and we use the isoperimetric inequality

V(r) < P(ENB,)
to obtain

V()" <V (r)

or
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FIGURE 5. Density estimate

Here we used that V(r) > 0 for all » > 0 since 0 € OE. We integrate the
last inequality and obtain the first density estimate. The second estimate
follows by considering CE. 0

Next we recall the standard compactness theorem for sets with minimal
perimeter. A proof can be found in the book of Giusti [40].

THEOREM 4.2 (Compactness). If E, is a sequence of minimal sets in
then there exists a subsequence E,, that converges to a minimal set E i.e.

The density estimates imply that the minimal surfaces OFj converge in
Hausdorff sense to JF on any compact set of 2. Indeed, if for some large k
there exists a point xg € 0F) at distance ¢ from JF, then from the density
estimates we find

/ IXE, — XE| > ¢|Bs,
Bs(xo

and we contradict the convergence of Ej to F in Llloc.

As we explained in the introduction, an important example occurs when
Q = R" and the limiting minimal surface OF is planar, say OF = {x,, = 0}.
Then, the uniform convergence implies that for any € > 0

OEr, N By C {|zn| < e}
for all large enough k.

4.2. Phase transitions. Next we present density estimates for level
sets of minimizers

1
J(u,Q)—/QQ|Vu]2+W(u) do, lul <1.

which were obtained by Cordoba and Caffarelli [17]. In this setting the
domain € is large and the density estimates hold for large enough balls.
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FIGURE 6. Density estimate for u.

Before we state the precise statement we first give a bound for the growth
of J(u, By).

PROPOSITION 4.3. Assume r > 1 and By1o C 2. Then
(4.1) J(u,B,) < Cr" L,
where C' depends on n and W.

ProOF. We compare u with the compact perturbation

v =min{u,h} with h(z) = min{(|z| —r)* - 1,1},
and obtain
J(u, By) < J(u, {u < v}) < J(h,{fu < v}) < J(h, Brys) < Cr" L.
O

THEOREM 4.4 (Caffarelli-Cordoba). Given a« > —1, 8 < 1, if u is a
minimizer of J in Br and u(0) > «, then

{u> B} N B > er™

forr > ro(a, B), where ¢ is a constant depending on n and W.

PRrROOF. The proof consists of two steps. In the first step we prove a
weaker version when o and ( are close to —1 and in the second step we
extend it to the general case. The ideas are similar to the minimal surface
case but the proof is more involved. Let A\g be close to —1 so that W is
increasing in the interval [—1, \g].

Step 1. Let —1 < A < A\g. We prove the theorem with o =142\, § = A
and with the constant ¢ depending also on \.

For each » > 1 denote by

V(ir):=H{u>A}NB,|, alr):= : W (u) dx.
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We want to deduce a discrete differential inequality involving V' and a that
resembles the one for minimal surfaces. We use as comparison function in

B, the radially symmetric function
vi= —1+ 2l

The test function v was chosen such that v = 1 on 0B, and satisfies

Vo < C(W(0) + xpus0y) < CW(0) + Xgomap),

for some constant C' depending on W.
Denote by K the closure of the open set {u > v}, and clearly
J(u, K) < J(v, K).

As in Section 2, the coarea formula gives

/1 H  ({w = s} N K)\/2W (s)ds < J(w, K),
~1

for any function w with values in [—1,1].
For each s € (—1,1) denote (see Figure 7)

Es :={v<s<u}.

We have
OFs = {u=s}U{v=s})NK

and by the isoperimetric inequality
By <H" ' {u=s}NK)+H"({v=s}NK).

.
v>s o
N

FI1GURE 7. The set E;



72 O. SAVIN

Multiplying with /2W (s) and integrating in s we obtain

/1 |7 /2W (5) ds < J(u, K) + (v, K) < 2J (0, K).
~1

When s < A, we have the inclusion {u > A\} N B, C E; thus
V(r)=|{u>A}NB,| <|Es|.
The above integral inequality implies
V()T < J(, K),

with ¢(A\) > 0 a small constant that depends also on A.
Also J(u, K) < J(v, K) gives
a(r) < J(v, K),
hence
n—1

cN)(a(r)+V(r) ») < J( K).

Next we estimate the right hand side J(v, K) by splitting K into two
domains

Ky =B, rtNK, K, ::KQ(BT\BT_T),
where T' is a large constant to be made precise later. Clearly,
J(w,K) < J(v,B,_1) < Ce Trnt,

For the second integral we use the inequality on |Vuv|? together with
v <won K and W increasing on [0, A]:

J(v,Ky) <C W (v) + X{v>a} dx
Ko

<C W(u) + X{u>\} dx
K>

<CWV(r)=V(r=T)+a(r)—a(r=1T)).
In conclusion

cN)(a(r)+ V() » ) <V(E) +alr)— (Vir=T)4alr = T)) +e Trn L,

From the Euler-Lagrange equation for the minimizer we find that u is
Lipschitz in B; with the Lipschitz norm depending only on W. Since

u(0) > a=1+2A

we find that V(1) > po(A). This and the inequality above easily implies that
the sequence

di == a(kT) + V(kT)
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satisfies a discrete differential inequality
n—1
c(Nd," <dppr —di + e TTHTE dy > po(N).

The coefficient of k"' tends to 0 as T — oo. It is straightforward to
check that

dp > pi k"

for some small p;(A) provided that T is chosen large depending on A. This
gives

V(r)+a(r) > c(\)r".
The energy bound (4.1) implies a(r) < Cr"~!, thus
V(r) > cNr" ifr>1,

and Step 1 is proved.

Step 2. We remove the assumptions on «, § and ¢ by increasing the
initial radius r > r1(«, ).

Since u(0) > a we can find a small A depending on o with —1 < XA < Ag,
and A < (a—1)/2. By Step 1 there exists ¢(a) > 0 such that for all » > 1

{u > A} N By| > c(a)r™.
On the other hand, the energy bound (4.1) gives,
HB>u>ANB,| <C\B)J(u,B,) < C\B)r 1,
hence
(4.2) {u> B} 0 B| > cla)™

for all 7 > ro(a, B).

Finally we remark that in (4.2) we can take the constant to be indepen-
dent of v by possibly increasing ro(a, 3).

Indeed, by (4.2) we know that there exists a constant C'(«) > 0 and a
point g € Bg(q) such that u(xg) > 0. Now we can apply (4.2) with o = 0
by taking xp to be the origin, and obtain

H{u > B} N By(xo)| > er™
for all » > ro(3), where ¢ depends only on W. In conclusion
H{u> B} N By| > er™

for all r > r1(«, §) and the theorem is proved. O
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4.3. Asymptotic behavior. As a consequence of the density esti-
mates we obtain that the level sets of u are asymptotically flat at oo at
least in low dimensions. If u : R™ — [—1,1] is a global minimizer then, by
Modica’s theorem, the rescalings

ue, () = u(z/ep)
satisfy
Ue, — XE — Xcp in Lj (R"),
with OF a global minimal surface. Then the density estimates imply, as in
the minimal surface case, that the level sets

{ue, = 0} = epfu = 0}

converge uniformly on compact sets to dF. Since OF is a global minimal
surface, then OF is a hyperplane if n < 7, say

OF = {z, = 0}.

Then {u = 0} is asymptotically flat at oo, i.e. there exist sequences 0y, Iy
with [ — o0, 0/l — 0 such that

{u=0}N By, C{|zn| <O}

5. Flatness theorem of De Giorgi

In next two sections we give a new proof of the flatness theorem of De
Giorgi that we mentioned in the introduction. The methods seem to be quite
general and they can be applied to other equations or variational problems.
Later we will use the same ideas to prove the corresponding flatness theorem
for phase transitions.

The precise statement of the flatness theorem is the following.

THEOREM 5.1 (De Giorgi). Assume E is minimal in By, 0 € OF and
0FNB; C {‘In’ < 80}

with eo(n) small depending only on n. Then OF is an analytic surface in
B1/2.

The difficulty of this theorem lies in the fact that F cannot be written as
a graph. De Giorgi’s proof relies on the monotonicity formula for minimal
surfaces and the approximation of OF by harmonic functions (see [40]).
We will give a proof based on Harnack inequality and viscosity solutions
methods. First we give a different version of the theorem above known as
improvement of flatness.

THEOREM 5.2 (Improvement of flatness). Assume E is minimal in By,
0 € OF and

OEN By C {|zn] < €}
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FIGURE 8. Improvement of flatness

with € < eg(n). Then there exists a unit vector vy such that
€
OEN By, C {\aﬁ-ml < 57’0},

where ro is a small universal constant.
This theorem implies that OF is a C1® graph in Bj /4 To see this we
apply the theorem inductively and we obtain unit vectors vy such that

£
aEﬂBT;Oc C {|xyk| < QTTIS}'

This gives
£
Vi1 — vil < C(ro) 5
hence v, — v(0) and moreover

g
v~ w(0)] < O
We obtain
080 By  {2-v(0) < C ok = Cer17))

which implies that OF is a differentiable surface at 0 with normal v(0).
Applying this argument at all points in £ N Bz /4 we see that OF is in fact

a OC'b* surface.

Once the surface is a C%* graph, we apply Schauder’s estimates (see
[39]) for the minimal surface equation satisfied by the graph and obtain
that in By /y, OF is smooth and in fact analytic.

We will derive the improvement of flatness theorem from the following
weaker result.

THEOREM 5.3 (Harnack inequality). Assume E is minimal in By and
OEN By C{|zy| < e}
with € < eq1(n). Then
OEN Bz C{lzn| <e(1 =n)},

where n > 0 is a small universal constant.
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Before we proceed we need to introduce the notion of viscosity solutions
for boundaries of sets.

DEFINITION. We say that the boundary of a set OF satisfies the mean
curvature equation

M(D*v,Vv) == (1 + |Vu>)Av — (Vo) D?*v Vo =0
in the viscosity sense if for any smooth function ¢ which has the subgraph
S = {z, < ¢(2')}
included in F' or CF in a small ball B,(Y") around some point
Y =(/,yn) €OF NOS
we have
M(D?*p, V) < 0.
If we consider the supergraph of ¢ then the opposite inequality holds.

LEMMA 5.4. If OF is a minimal surface then OF satisfies the mean
curvature equation in the viscosity sense.

A proof of this lemma can be found in [16]. The idea is that if F' contains
the subgraph of ¢ and M (D?p, V¢) > 0, then we can decrease the perimeter
by adding to E the small domain

{p(a') < zn < p(a') +€* — el P}

Next we explain why Harnack inequality gives the improvement of flat-
ness theorem. The main reason is that Harnack inequality allows us to ap-
proximate a flat minimal surface by a harmonic function.

Theorem 5.3 implies Theorem 5.2

The proof is by compactness. Assume by contradiction the statement of
Theorem 5.2 is not true. Then we can find a sequence of minimal surfaces
OFE), which satisfy the hypothesis

0€ 0E,N By C {|zy] < er}

with e, — 0 for which the conclusion does not hold.
At each point zg € JE; N By ; we apply Harnack inequality in By j5(wo)
and obtain that

OEy N Bya(zo) C {l(z — w0) - en| < 2e(1 —n)}.

We apply Harnack inequality repeatedly as long as the hypothesis is satisfied.
We obtain that for all m > 2 such that

ex2™(1 —n)" 2 < g1(n)
we have the inclusion

OF), N By-m(x0) C {|(x — x0) - en] < 2ex(1 — 7)™ 1}
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Clearly we can take m — oo as e — 0.
We strech this picture by a factor 5,;1 in the z,, direction. The sets

Ay = {(x’, i—:)] (2',2,) € OF; N Bl}

are included in {|z,| < 1}. Moreover, for each m as above
AN {|a:' —xzp| < 21_m} C {|(:U —x0) - en] < 2(1 — n)m_l} .

This gives a Hélder modulus of continuity of A outside a Cs;l neighbor-
hood of 0. By Arzela-Ascoli theorem we can assume that as e — 0, by
passing if necessary to a subsequence, A converges in Hausdorff distance to
the graph of a Holder continuous function (2/,w(z’)) in {|z/| < 1/2}.

Next we show that w is harmonic in the viscosity sense, that is w cannot
be touched by below (above) at an interior point by a strict subharmonic
(superharmonic) quadratic polynomial.

Assume P(z') is a quadratic polynomial whose graph touches by below
the graph of w at some point. Then Aj touches a translation of P which
implies that OFE}) touches the graph of e, P(2’) + ¢ at some interior point.
Clearly OFj satisfies the minimal surface equation in the viscosity sense
hence

M(exD*P,exVP) = e, AP + &} (|[VP|?PAP — (VP)T D?PVP) <0
at the contact point. We let €, — 0 and obtain
AP <0.
Since w is harmonic, w(0) = 0 (since 0 € Ay) and |w| < 1, we find that
/ / o . ’
lw(z') — " - Vw(0)] < i if |2’ < 2r,
provided that rg is chosen small, universal. This easily implies
’ 3 / To
AN <2 < Srof € {\mn—m - Vw(0)| < g}
for large k hence,
0E, N B,, C {\x cy| < %To} for some |yi| = 1.

Thus 0F}, satisfies the conclusion of the Theorem and we reach a contradic-
tion. Il
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FicUre 9. Convergence of Ay,

6. Harnack inequality

In this section we will give a proof of Harnack inequality, Theorem 5.3.
The ideas come from the proof of the classical Harnack inequality for uni-
formly elliptic second order linear equations due to Krylov and Safonov [44].
Let us briefly explain the key steps in their proof. First, they obtain an es-
timate in L°° from one point to a set of points of fixed positive measure.
Then, they iterate this step using Calderon-Zygmund decomposition and
obtain L estimates on a set of almost full measure, from which Harnack
inequality can be deduced.

Of course these results do not apply directly in our case. The mean
curvature equation M (D?v, Vv) = 0 is not uniformly elliptic since the el-
lipticity constants depend on |Vu|. Moreover, the set 9E cannot be written
as a graph of a function v. However, the measure estimates still hold. This
is because the set on which L* estimates hold is obtained as a contact set
with a family of paraboloids that lie below the graph of v. Due to the flat-
ness assumption, at the contact points the gradient of v is small, and the
equation becomes uniformly elliptic. Also, the minimality and flatness of OF
imply that from the measure point of view, OF is almost a graph. Below
we give the details. A systematic treatment of estimates for flat solutions to
general elliptic equations can be found in [57].

First we prove a measure estimates for a general elliptic equation in R™.

(6.1) F(D*»,Dv) =0, wv:DB; —R,
with
F:SxR" =R

where S denotes the space of n X n symmetric matrices. We assume that
F is uniformly elliptic only in a neighborhood of (0,0) € S x R™. Precisely,
assume there exist § > 0 small and A, A such that if [p| < § and N > 0 is
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positive symmetric then
F(0,p) =0,
NN| < F(M + N,p) — F(M,p) < AIN| if |M], |N| <6,
0< F(M+ N,p)— F(M,p) if |[M| <.

Clearly, these hypotheses are satisfied by the mean curvature equation.

We prove our estimates for supersolutions v of the equation above. That
is we assume v is continuous, and any quadratic polynomial P that touches
v by below at an interior point x( satisfies

F(D*P,DP(x)) < 0.

PROPOSITION 6.1 (Estimate in measure). Let v : By — R, v > 0 be a
viscosity supersolution to equation (6.1). Given p > 0 small, there exist ¢
small and M large depending on p and n,0, A\, A such that if

v(0) <,
then
{v > Mv(0)} N Byjs| < .

In this section positive constants depending on n, A\, A and § are called
universal constants.

For a small number a > 0, we consider the paraboloids with center at
y € By and opening —a, i.e.

a 2
_5’3; — y|* + const.

We slide them vertically from —oo till they touch the graph of v. We denote
the set of interior contact points with D, (see Figure 10). Precisely,

D, = {z €B|Tye B st ouz)+ g|z —y)? < w(2)
+ %]m —y)? Vze Bl}.
We prove Proposition 6.1 by estimating the size of D,. Notice that
v(z) <v(0)+2a, Vze D,.

First we obtain an estimate of the contact set of z’s in terms of the set
of centers y that we start. This is a variant of Alexandrov-Bakelman-Pucci
estimate for uniformly elliptic equations.

LEMMA 6.2 (ABP estimate). Let a > 0 be small, a < 6/2, and let
F C By be a closed set. For each y € F, we slide the paraboloid of opening
—a and center y by below till we touch the graph of v for the first time.
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FIGURE 10. Sliding paraboloids

Suppose the set of all contact points, denoted by E, is included in a compact
set of B1. Then

|E| > | F],
with ¢ > 0 a small universal constant.

PROOF. Let us assume for simplicity that v is smooth. Otherwise one
needs to regularize v using a standard in f-convolution.
At a contact point z, the corresponding center y(z) is given by

y(z) =z + 2Dv(z).
Since y, z € By we see that |Dv(z)| < 2a < . The differential map is
D,y=1+ 2D27}(2’)
and moreover, since v has at z a tangent paraboloid of opening —a by below,
D?v(z) > —al.
Now we claim that the equation implies
D?*u(2) < Cal,
with C a large constant depending on n, 4, A, A. Indeed, otherwise
D*v(z) > Cae ® e — al,
for some unit vector e hence
F(D%v(2), Du(z)) > F(Cae ® e — al,p) > A\(C — 1)a — (n — 1)Aa > 0,

and we contradict that v is a supersolution.
In conclusion
0< D,y <ClI,

which gives

T2 :/ | det D,y|dz < C|E.
E
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LEMMA 6.3. There exist positive universal constants C, ¢ such that if
a<C7 1§ and

Do N By(xg) #0
for some ball B,(z0) C By, then
|Dca N By g(wo)| > er™.
PRroOOF. Let
21 € Br(xo) N Dy,

be a contact point and denote by y; € Bj the center of the tangent parabo-
loid
|2

)

a a

P(z,y1) = —5lz — nl? +v(z1) + SlE =

that touches v by below at z;. First we find a point x; € BT/M (o) such that
(6.2) v(x1) — P(zy,y1) < Car?,  C universal.

Let ¢ : By — RT be the radially symmetric continuous function

o Yol —1), 1/16< el <1

P(x) =
a 1(16% - 1), |z| < 1/16.

where « is a large universal constant. Construct a function ¢ (see
Figure 11) by adding a rescaling of the above function to the tangent pa-
raboloid P(z,y;) i.e.

¥(z) == P(z,y1) + ar’e <$ — m0> :

r

We claim that 1) is a strict subsolution of our equation in the annular region

T<| | <
— r — X T.
16 0

Indeed,
|Dy| < [DP|+|D¢| < Ca <9,
and, by choosing « sufficiently large,
F(D*p, D) = F(—al + aD?¢, p)
>AMla+ 1)t 2 —1) —A(n—-1)1 4+t >0
where

_ |z — o

1
t ., —<t<l.
r 16
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Xy

X0
FicUure 11. The function v

Now we slide the graph of ¥ from below till we touch the graph of v for the
first time. In other words we look for the point 1 where the minimum

min (v — 1),

Br(xo)

is realized. Notice that the minimum value is negative since

v(z1) = ¥(z1) = P(z1, 1) — ¥(21) = —ar?¢ <M> =

,
This implies that z1 does not belong to 0B, () because
v(z) = ¢(x) = P(z,y1) — P(z,y1) =0 if v € B, (x0).

Since ¢ is a strict subsolution in the annular region above we conclude that
71 € B, 16(70) and

v(xy) < Y(z1) < Play,y1) + Car?

which proves (6.2).
Now we slide from below the family of paraboloids

P(z,y1) — C”g]ac —yl* 4y, with |y —z1| < r/64,
till they become tangent to the graph of v. The opening of the above parab-
oloid is —(C” + 1)a and the center
c’ i 1
o +1Y T e

The centers range over a ball of radius cr as y € B, js4(21). From (6.2) we
find

¢y < Car® + C”%(r/64)2.
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If |z — 21| > r/16 and C is sufficiently large,
P(z,y1) — C’g\x —yl* +e, < Plz,yr) — C'%(r/32)2 + Car? + C”g(r/64)2
< P(z,y1) <wv(x).

Thus, the contact points are inside B,./16(71) C B, /3(70). From the previous
lemma we obtain

D¢ 11)a N Byryg(@o)| > er™,
with ¢ small universal, and the lemma is proved. O
Next we prove a simple measure covering lemma.
LEMMA 6.4 (Covering lemma). Assume the closed sets Fy, satisfy
FoCFR CFy---CByyy, Fo#0
and for any x, r such that
B,s(x) C Byys,  By(x) C By,
Fy N By (x) # 0,
then
[Flot1 N Byyg(@)| = cr™.
Then
[Bijs \ Fi| < (1—c1)¥[Bys]
for some small constant c¢1 depending on c.
PROOF. Let 29 € By/3 \ F and let
r = dist(xo, Fy).
We first prove that
(6.3) | Flot1 N Byyz(20)| = c1]Br(xo) N Byysl.

Let (see Figure 12)
r X9
T i=T0 — ——,
and it is easy to check that
B, 6(x1) C B, j3(x0) N B3, Bz e(x1) C By.
Since
dist(zy, F) <1+ %,
we apply the hypothesis and conclude
|Fi1 0 By jg(@1)] > er™ > e1| By (o) N By s,

which proves (6.3).
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Ficure 12. Covering of CFj,

For each x € By3 \ F), we let r = dist(z, F},). From the family B, ()
we choose a Vitali subcover, i.e. balls By, (z;) that cover B3\ Dy, for which
B,., /3(w;) are disjoint.

We have

|Bi/3 \ Fi| < Z | By, (i) N By
<N e By s(xi) N Fega] < o [Frn \ Fil,
which implies

|B1/s \ Frey1l < [Biys \ Fi| = [Fes1 \ Fi| < (1 —e1)|Byyz \ Fil.

PROOF OF PROPOSITION 6.1. Let
a = 200(0),
and define
Fy := Doro N B3,

where C' is the constant from Lemma 6.3. Since v > 0 in By, the paraboloid
of opening —a and center 0 touches the graph of v for the first time in B /3
hence Fy # (). Moreover, by Lemma 6.3 the hypothesis of the Covering
lemma are satisfied as long as C*a < §. Thus

|Bij3 \ Dong| < (1= c1)¥[Byjs|, if C*a <.

In the set D, the function v is less than 3C*q, and we prove the proposition
by first choosing k large depending on p and then v(0) < e small, so that
20C%e < 6. 0
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Finally we can give the proof of Theorem 5.3 by applying the results
above to the mean curvature equation in R”~!.

PROOF OF THEOREM 5.3. Let OF be a minimal surface in B; with
0 € 0F C{|zn| <€}

Assume without loss of generality that in B; the set E contains {z, < —¢}
and is contained in {z, < c}. We view OF as a multivalued graph over the
2’ € R"! that satisfies the mean curvature equation in the viscosity sense.
We denote by Bj.(z') the n — 1 dimensional ball of center z’ and radius r
and by m, the projection along e, in R* 1.

It suffices to prove that

OF N Bl/lO C {xn > _5(1 - 77)}

for some small constant 7 > 0 depending on n. Assume by contradiction
that there exists

z € OEN Byjip, with 2, < —e(1—n).

Then we can use the argument in Proposition 6.1 to show the existence of
a subset D of contact points (see Figure 9)

D cOEN{la" -7 <3/10, x, < —ec+ Mne}

with
H* H(ma(D)) 2 (1= w)H" 1 (By10(2),
with 4 a small universal constant to be made precise later. We choose 7
sufficiently small depending on p such that Mn < 1/2. Then D lies below
the plane =, = —¢/2.
Next we use Lemma 6.2 to find another closed subset of contact points
in OF (see Figure 13),

A C 8EﬂBl/loﬂ{xn Z —8/2}

so that

H* ! (mn(A)) > co
with ¢y > 0 a small constant depending only on n. For this we slide para-
boloids

a
Ty, = 5]&:’ — /|2 + const

of opening a = 103¢ and centers |y/| < 1072 by above till they touch OE.
Since 0 € OF, it is easy to check that the contact set A is included in the
set

{l2'] <1/10, —e/2 <2, <e}.
The bound on H" !(m,(A)) follows from the measure estimate of Lemma
6.2 because the family of centers 3’ projects along e, into a set of fixed
positive measure.
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B 172

FIGURE 13. The contact sets A and D

The sets A and D are disjoint since they lie on different sides of the
plane z, = —e/2. Moreover, they both project along e, in Bé/lo(z’). We
choose p small universal such that

H ! (m(A)) + H (7a(D)) 2 H L (BY0(2)) + co/2

This implies that the projections m,(A) and m, (D) have an intersection of
at least ¢o/2 measure. This gives

Pp, ,(E) > H" " 1(Bj ) + co/3.

On the other hand, by comparing E with {z, < —¢} in B/, we find
from the minimality of E that

Py, ,E <H"(B]) + Ce,

and we reach a contradiction if € is small. O

7. The flatness theorem for minimizers

In the next three sections we prove the analogue of Theorem 5.2 for
phase transitions, i.e. minimizers of the energy

1
J(u,Q):/QQ|Vu2+W(u)dm.

The corresponding flatness theorem is the following.

THEOREM 7.1 (Improvement of flatness). Let u be a minimizer of J in
the cylinder

{la’| <1} x {Jzn| <1},
and assume that

0€ {u=0yn{lz'| <1} C {|an| < 0}
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FIGURE 14. Improvement of flatness

Given 6y > 0 there exists 1(0p) > 0 depending on n, W and 6y such
that if

<e1(6p), 6o <4

then

{u=0}n{[mex| <mal} C {|z- & <mb},
for some unit vector £, where 0 < n1 < my < 1 are constants depending only
onn. (m¢ denotes the projection along §)

The theorem is valid for any level set s with |s| < 1, but it was stated
for s = 0 for simplicity. As a consequence of this flatness theorem we obtain
the following important corollary:

COROLLARY 7.2. Let u be a global minimizer of J in R™. Suppose that
the 0 level set {u = 0} is asymptotically flat at 0o, i.e. there exist sequences
of positive numbers 0y, l;, and unit vectors &, with l — oo, lelzl — 0 such
that

{u = 0} N Blk C {|.%' . fk;’ < Gk}

Then the 0 level set is a hyperplane and u is one-dimensional.

By saying that w is one-dimensional we understand that v depends only
on one direction &, i.e. u = g(x - §) for some function g. In our case, g is a
minimizer in 1D and can be computed explicitly from W. The function g is
unique up to translations.

PRrOOF. Without loss of generality assume u(0) = 0. Fix 6y > 0, and
choose k large such that le,zl <e <e1(bp).

If ), > 0y then we apply Theorem 7.1 and obtain that {u = 0} is trapped
in a flatter cylinder. We apply Theorem 7.1 repeatedly till the height of the
cylinder becomes less than 6.

In some system of coordinates we obtain

{u=0}n ({1 <l} x{lynl <U}) < {lynl < 6;},
with 6y > 6). > m16y and H;Z;C_l < Hkllzl < g, hence

m
1> L0,.
k=00
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Ficure 15. Harnack inequality

We let ¢ — 0 and obtain that {u = 0} is included in an infinite strip
of width 0y. We then let # — 0 and obtain that {u = 0} is a hyperplane.
Similarly, all the level sets are hyperplanes which implies that u is one-
dimensional. O

This corollary gives one of our main results: the uniqueness up to rota-
tions of global minimizers in low dimensions (see Section 10).

The proof of Theorem 7.1 is quite involved. The idea is to reproduce the
arguments from the minimal surface case given in the previous two sections.
We present the proof of Theorem 7.1, with the exception of a number of
technical lemmas that can be found in the original paper [55].

Again we will prove the improvement of flatness from a version of Har-
nack inequality.

THEOREM 7.3 (Harnack inequality for minimizers). Let u be a minimizer
of J in the cylinder

{l'] <1} x {Jzn| <1}
and assume that
0€ {u=0}C {|z,| <0}

Given 0y > 0 there exists €9(6g) > 0 depending on n, W and 0y, such
that if

0171 < eo(Bp), 6o <6,
then
{u=0} N {l'| <mol} C {lwn| < (1—mno)0},
where ng > 0 4s a small constant depending on n and W.

In the remaining part of this section we show that Theorem 7.3 implies
Theorem 7.1. We start by introducing some notation.
Notation. We denote points as follows
X = (l‘)xn-&—l) = (xlyxn,$n+l) € R"H
XeR"™, 2 eR™ z2eR™, |z, <l
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We use the following notation:

B(x,r) is the ball of center z and radius r in R";

B(X,r) is the ball of center X and radius r in R"*1;

Z(v1,12) € (0,7) is the angle between the vectors v and v»;
mX = X — (X - v)v is the projection along v;

P, is the hyperplane perpendicular to v going through the origin;
T 1= Te;, Py = P,.

Constants depending on n, and W are called universal and we denote
them by C, ¢, C;, ¢. We write C;, & for constants that we use throughout
the paper and by C, ¢ various constants used in proofs that may change
from line to line.

In the proof we often construct radial barriers

Tpy1 = g(|z| =),

from an increasing real function ¢ : I — [—1,1] from some interval I con-
taining 0. In order to check wether or not such a barrier is a subsolution or
supersolution we have to check inequalities involving g, ¢’ and ¢”. In this
cases we consider s = ¢ as the new variable and we define a new function
on [

dg

(s) = (%

=50

Straightforward computations give
g/ — \/ﬂ’ g// — K

and now the inequalities involve only h and h’ in I. We can reconstruct g
from h (up to a translation) since

g} (s) = g7 (0).

s 1
H(s) .:/0 Wd{ =

In particular, if we define

ho(s) = W(s),
s 1
Ho(s) = /0 mdQ
and
go(t) == Hy ' (t)
then we find

90 (t) = ho(go(t)) = W' (g0),

thus, go is the one dimensional solution of our semilinear equation.
First we show that the 0 level set of a minimizer satisfies in some sense
an equation in the viscosity sense.



90 O. SAVIN

PROPOSITION 7.4. Let u be a minimizer of J in {|2'| <1} x {|x,| < 1}
and assume that uw(0) = 0 and v < 0 below the graph of the quadratic
polynomaial

0
[y = {xn = Py(a') = g2’ My + S € - l‘/} ;

where My is a (n — 1) x (n — 1) symmetric matriz. Also assume
1M <671, gl < 67
for some small § > 0. There exists o(6) > 0 small, such that if
0I7t < 5(0), 6>,

then
tr M1 S 0.

As a consequence of this proposition we end up with a version of the
Theorem of Modica in the viscosity sense. This can be viewed as the analogue
of Lemma 5.4 to the case of minimizers of J.

PROPOSITION 7.5 (Modica theorem - viscosity sense). Let u be a min-
imizer of J and assume that uw(0) = 0. Consider the graph of a quadratic
polynomial

1
= {mn = P(2) = 2.T/TMLUI} ,
that satisfies
(7.1) AP =tr M > 6| M|, [|M|<d",

for some 69 > 0 small.

Then T' cannot touch by below {u. = 0} at 0 in a 50(AP)_%5% neigh-
borhood, if € < o¢(dg) where o¢(dg) > 0 depends on &y and the universal
constants.

By “T" touches by below {u. = 0} at 0 in a 50(AP)_%E% neighborhood”
we understand

{ue = 0} N {zn < P(@)} N {|z] < Go(AP) 2e2} = 0.

Proposition 7.5 says that {u. = 0} satisfies the mean curvature equa-
tion in some weak viscosity sense in which we have to specify the size of
the neighborhood around the touching point. The size of the neighborhood
depends on both the polynomial P and e.

If P is fixed and € — 0 then the radius of the neighborhood converges
to 0. In particular, if {u. = 0} converges uniformly to a surface, then this
surface satisfies in the viscosity sense the mean curvature equation.

One way to interpret the above proposition is the following;:

Suppose that P has positive mean curvature and let §y be small such that
(7.1) holds. In order to obtain a contradiction that P touches {u. = 0}
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by below at the origin we have to ensure that it stays below in a whole
neighborhood. The size of this neighborhood is given by the first radius for
which P separates at just one point at a distance dpe from x,, = 0. Indeed,
if » denotes the radius of this neighborhood then,

HMHr2 > 200 = 12> (50HMH_1€ > (58(AP)_1

Hence, if £ < 0¢(dp) then P cannot touch by below {u. = 0} at 0 in the
r neighborhood.

Next we show that Proposition 7.5 follows from Proposition 7.4.

Assume by contradiction that for some

2,9

e < oo(do) == (Z)
I' touches {u. = 0} by below at 0 in a do(AP)™ 2e2 neighborhood. By
rescaling we find that

{xn = Ech’Tlec’}
2
touches by below {u =0} at 0 in a Jo(AP)~ 273 neighborhood.
We apply Lemma 7.4 with

1 62

)
| = 20(tr M) 2e7z, §= ZO’ M, = (tr M)™'M, ¢=0,

and )
5= %
T4

thus,

Iy = {xn = %x’TM:c'}.
Since

1My = (e M) M < 650 <57,
do 52
o1t = D(tr M)zez < et < o(0) = 0(0)
2 4
we conclude

(52757‘M1:1

which is a contradiction.

Next we show that Theorem 7.3 implies Theorem 7.1. The proof is by
compactness and is similar to the one from minimal surfaces. Assume by
contradiction that there exist ug, 0y, i, & such that uy is a local minimizer
of J, ug(0) = 0, the level set {ur = 0} stays in the flat cylinder

{l2'] < le} x {]zn| < Ok}

0 > 6y, Okl,zl — 0 as k — oo for which the conclusion of Theorem 7.1 doesn’t
hold.
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Let Aj be the rescaling of the 0 level sets given by
(@', 20) € {ug = 0} = (¥, yn) € Ai
y = 27 Yn = azne,;l.

CrLamM 1. Ay has a subsequence that converges uniformly on |y/| < 1/2
to a set A = {(¢¥,w(y')), |y| < 1/2} where w is a Holder continuous
function. In other words, given e, all but a finite number of the Ax’s from
the subsequence are in an ¢ neighborhood of A..

ProOF. Fix y, |yp| < 1/2 and suppose (y(, yx) € Ai. We apply Theorem
7.3 for the function uy in the cylinder

{|:U/ — lky(l)| < lk/Q} X {|xn — kak| < 29k}

in which the set {uy = 0} is trapped. Thus, there exist a universal constant
1o > 0 and an increasing function €(#) > 0, €9(#) — 0 as § — 0, such that
{up = 0} is trapped in the cylinder

{l=" = lwyol < nole/2} x {|xn — Opyr| < 2(1 — n0)0i}

provided that 40kl,;1 < €0(260k). Rescaling back we find that

A 0 {ly = ol <mo/2} € {lyn — yl < 2(1 —m0)}-

We apply the Harnack inequality repeatedly and we find that

(7.2) A 0l = yol <n6'/2} € {lyn —yrl < 2(1 —no)™}
provided that
40,1 < i eo(2(1 — 10)™0k).

Since these inequalities are satisfied for all k large we conclude that (7.2)
holds for all but a finite number of k’s.

There exist positive constants «, § depending only on 7, such that if
(7.2) holds for all m < mg then Ay, is above the graph

Yn =gk — 2(1L —m0)™ ' —aly’ — )|’

in the cylinder |y/| <1/2.

Taking the supremum over these functions as y, varies we obtain that
Ay, is above the graph of a Holder function y, = ax(y’). Similarly we obtain
that Ay is below the graph of a Holder function y,, = by(y'). Notice that

(73) b —ap < 4(1 — T]o)moil

and that ay, by have a modulus of continuity bounded by the Holder function
at?. From Arzela-Ascoli Theorem we find that there exists a subsequence
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ay, which converges uniformly to a function w. Using (7.3) we obtain that
br,, and therefore Ay, converge uniformly to w. O

CLAIM 2. The function w is harmonic (in the viscosity sense).

PROOF. The proof is by contradiction. Fix a quadratic polynomial
L _ _
i =PW) =5y My +&, M| <! gl <o

such that AP > 6, P(y') + §|y'|* touches the graph of w, say, at 0 for
simplicity, and stays below w in |y/| < 24. Thus, for all k large we find
points (yx', Yk,,) close to 0 such that P(y’) + const touches Ay by below at
(yr', yk,,) and stays below it in |y — /| < 6.

This implies that, after eventually a translation, there exists a surface

O 1 0

n = moa’T Ma' + 2Eg, al b (6] < 267
I7 2 U

that touches {u; = 0} at the origin and stays below it in the cylinder

|2'| < 0li. We write the above surface in the form

520, 520,
n = M / 5—1 e
{x 2060, " * Sl S x}7

and we contradict Proposition 7.4 since 05 > 6, lelzl — 0 and AP > 6.
Since w is harmonic, there exist 0 < 71 < 72 small (depending only on
n) such that

lw—&-y| <m/2 for |y| <2ny .

Rescaling back and using the fact that Ax converge uniformly to the graph
of w we conclude that for k large enough

{uk = 0} N {]a:'| < Blkng/Q} C {]wn — lelzlf . a:'| < 39k771/4}-

This is a contradiction with the fact that u; doesn’t satisfy the conclusion
of the Theorem 7.1. U

8. A family of sliding surfaces

We prove Theorem 7.3 following the strategy of Section 5. The key step
is to obtain estimates in measure. Since the level sets do not satisfy any
equation on their own, one needs to look at their full collection.

In this section we introduce a family of sliding surfaces. These are ro-
tation surfaces in R"*! which we denote by S(Y, R). We say that the point
Y is the center of S and R the radius. These surfaces are perturbations of
the one dimensional solution. Roughly speaking they are obtained by first
rotating go(¢) around the axis t = —R, and then modifying it outside the s
level sets with |s| < 1/2, so that the resulting surface is a supersolution in
the set {|x,41| > 1/2}.
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The surfaces S in our setting play the same role as the paraboloids in
Section 5. The key property that S satisfies is the following: Suppose that for
fixed R, some surfaces S(Y, R) are tangent by above to the graph of w. Then
the contact points project along e,, into a set with measure comparable with
the measure of the projections of the centers Y along e, (see Proposition
8.1).

We proceed with the explicit construction of S.

For |yn+1| < 1/4, we define S(Y, R) as

(8.1) S(Y,R) :== {zn+1 = gy, 1,rR(Ho(yn+1) + |z —y[ — R)},
where the function g, g, respectively hg, r, Hs, r associated with it, are
constructed below for |so| < 1/4 and large R. For simplicity of notation we
denote them by g, h, H.
Denote
C=1+8(n—1)max VW,
and let ¢ be such that
1 - 1 Co
V2p(s)  /2ho(s) R
where Cj is large enough so that the following holds
©(s) < ho(s) —2CR™', if s € [-3/4,—1/2]
©(s) > ho(s) +2CR™Y, if s € [1/2,3/4].

(S - 80)7

Let sg near —1 be such that ho(sg) = R~!, hence 1+ sp ~ R™3. We define
hso.r : [Sr, 1] — R as

ho(s) — ho(sg) — CR™ (s — sg) if s € [sg, —%}

h(s) =< o(s) ifse(-1/2,1/2)
ho(s) + R-I+CR™Y(1—s) ifse[i,1].

FIGURE 16. The profile of S(Y, R)
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For R large, h(s) > ¢(1+ s)(s — sg) on [sg, 0], thus h is positive on (sg, 1].
Define

Hg, r(s) = Ho(so)

), v

and for R large enough

H(sr) > Ho(so) — i e Cl)(C = sR)dC > —Clog R
1
H(1) < Hy(so) + ! d¢ < C'log R.

so Vel =02+ R1
Finally we define gs, r as

S ift < H( )
9so,R(t) = }f_l(t) if H(sg) §Rt < H(1).

Now we list some properties of the surfaces S(Y, R) (see Figure 16).
1) We have

h(s) > ho(s) —2CR™ > ¢(s), ifs€[-3/4,—1/2],

h(s) < ho(s) +2CR™! < p(s), if s € [1/2,3/4],

and

H(s) = Ho(s) — 2%(3 C s if|s| < 1/2,

H(s) > Hy(s) — QC—R(S —s50)% if1/2 < |s| < 3/4.

Let ps,.r be the function whose graph is obtained from the graph of gg
by the transformation

Co
(t,s) — <t - ﬁ(s - 50)2,s> for |s| < 3/4.

From the formulas above we obtain that g = p for |s| < 1/2, and g < p at
all other points where p is defined. In other words, if S(Y, R) is the rotation
surface

S(Y7 R) = {xn-f—l = pyn+1,R(H0(yn+1) + ‘:L' - y‘ - R)}7

then, S(Y, R) coincides with S(Y, R) in the set |z,4+1| < 1/2 and stays below
it at all the other points where S is defined.
Notice that

S(Y, R) C {[znt1| < 3/4}

and it is defined only in a neighborhood of the sphere |z — y| = R which is
the yn41 level set of S(Y, R).
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2) We remark that S(Y, R) is constant sp when
|zt —y| < R—ClogR,
and grows from sg to 1 when
R—ClogR < |z —y| < R+ ClogR.
3)If s € (sp,—1/2) U (1/2,1), then on the s level set of S
AS <h/(s) +2(n —1)R™1\/2h(s)
<hy(s) — CR™' +4(n — 1)R™"/h(s) < hi(s),

hence, S is a supersolution on its s level set. Moreover,

lim H'(s)< lim H'(s), lim H'(s) < oo,
s—+1/2— s—+1/2F s—1—

thus S(Y, R) is a strict supersolution for |z,41| > 1/2, that is S(Y, R) cannot
touch by above the graph of a C? subsolution at a point X with |z,11] > 1/2.
4) If |s| < 3/4, then

|¢'(s) — ho(s)| < CR™.
If vg denotes the function with graph S(Y, R) defined above, one has
|Avg — hy(vs)] < Ol — hy| +CR™' < CR™Y,

hence vg is an approximate solution of the equation with a R~! error.
Next proposition is quite surprising and is the key tool in proving The-

orem 7.3. It is the analogue of the ABP estimate (Lemma 6.3) of Section 5.
Recall the notation P, := {z,, = 0}.

PROPOSITION 8.1 (Measure estimate for contact points). Let u be a C?
subsolution i.e.

Au > hi(u), |u] <1.
Let A be a closed set in
Pp 0 {|znia] < 1/4}.

Assume that for eachY € A the surface S(Y +te,, R), R large, stays above
the graph of uw when t — —oo and, as t increases, it touches the graph by
above for the first time at a point (contact point). If B denotes the projection
of the contact points along e, in Py, then,

fol Al < | B

where fig > 0 universal, small and |A| represents the n-dimensional Lebesgue
measure.
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PROOF. Assume that S(Y, R) touches u by above at the point X =
(x,u(z)). From the discussion above we find |u(z)| < 1/2.
Denote by v the normal to the surface at X, i.e.

! (—=Vu,1).

v=0 vpi1) = —————
s vni1) V14 |Vul?

For any contact point X the corresponding center Y is given by

/

Id

Y(X)=(r+ —0,2p41 +w) =F(X,v),

where
w = Ry /|t = Hy(ansn))
C
o= —ﬁwQ + H0($n+1) — Ho(.ilfn_l,_l + w) + R.

The function F' is smooth defined on
(X eR"™ |z <172} x v €eR"™ 2 [y = 1,60 < g1 <1 —c1}.

The differential DxY is a linear map defined on Ty, the tangent plane at
X, and

DxY = Fx(X,v) + F,(X,v)Dxv = Fx(X,v) — F,(X,v)II,

where I1, represents the second fundamental form of v at X. Writing the
formula above for the surface S(Y, R) at X, we find

0= Fx(X,v)— F,(X,v)lIg

thus,
DxY = F,(X,v)(IIs — IL,).
From (8.2) and (8.2), it is easy to check that

IR, (X, )] < CR.
Since S touches u by above at X, we find that
D?vg(z) — D?*u(z) > 0,
where vg is the function whose graph is S. On the other hand, from (8.2),
Avg < hy(xpi1) + CR™ = Au4+ CR™!
which implies
ID?S(2) — D*u(z)|| < CR™

or
|[Is — IL[ < CR™,
This gives

IDxY| < C.
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The centers Z for which X € S(Z, R) describe a rotation surface, around X.
Note if S(-, R) is above u, then its center is above this surface. The normal
to the surface at Y'(X'), which we denote by 7, belongs to the plane spanned
by v and e,11, and c2 < 7,41 < 1 — co. Thus, we have

|7 en| < Clv-ey
(notice that the tangent plane to the surface at Y (X) is the range of
FI/(Xa V)N‘) -
Let B be the set of contact points, A the set of the corresponding centers,
B = m,B and A = m,A. Remark that m, is injective on A and B by

construction. From above, we know that A belongs to a Lipschitz surface.
One has

|A| = / IT(Y) - epldY < / |T(Y) - en|| DxY|dX
A B
< c/ W(X) - endX = C|BI,
B
which is the desired claim. O

9. Proof of Theorem 7.3

In this section we prove Harnack inequality for minimizers of J. The
main step is to show that if the 0 level set is close to the bottom {z, = —0}
at one point, then the minimizer u is close to the one-dimensional solution
go(xn, +0) in a set of large measure. This set is obtained as the contact set
between surfaces S(Y, R) and the graph of u. The measure estimate for the
contact set comes from Proposition 8.1.

We estimate the size of the contact set by the Lebesgue measure of its
projection along e,. It is often convenient to think of the graph of u as a pos-
sibly multivalued graph over the set P, = {x,, = 0}. Since the contact points
occur only in the strip {|x,+1| < 1/2}, we introduce the sets L and Q; C L

L= Pu0 {lons] <172},
Qi =Ln{|z| <1}
Let us suppose we have a minimizer of J defined in a cylinder of size 21,
{|2] < 21} x {|zn| < 21}

such that the 0 level set stays above {z, = 0} but close to it at one point
above the origin

{u=0}n{]2'| <2} C {z, > 0},
(079) € {u - 0}7 0 > by,

for some fixed 6y. We denote
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Then the following result holds.
PROPOSITION 9.1. There exist universal constants Cy, [i, ¢, such that if
Cre <@, 1>C(b)
then the set of points
(2, u(@)) € {J2'] <1} x {|rnss] < 1/2}

that satisfy
wn < CLO + Ho(u())

projects along e, into a set of measure greater than (1 — (1 — )*)|Qyl.

The inequality above says that the point (x,u(z)) stays at distance less
than C*6 in the e, direction from graph of the one dimensional solution
go(an).

This proposition is the analogue of Proposition 6.1 for minimal surfaces.
The proof involves a number of technical lemmas that we describe below.
We refer the reader to the original paper [55] for their proofs.

Since (0, #) is close enough to the plane {x, = 0} we expect to find inte-
rior contact points with the sliding surfaces S(Y, R) for appropriate centers
Y and radius R. This is explained in the next lemma. We remark that this
step is straightforward in the case of minimal surfaces. The case of minimiz-
ers is more delicate since the bound on the 0 level does not guarantee that
the contact points cannot occur on the boundary of the cylinder.

LEMMA 9.2 (Initial contact set). If e < ¢a, then the points (x,u(x)) with
the following properties

1) |2 <, |u(z)| < 1/2
2) there is a surface S(Y, Ry) that stays above u in the cylinder |2'| <
l and touches its graph at (x,u(zx)), where

12 -
Ry = 7 I > Cilog Ry

8) £ (v(), &) < IRy

4) zp, < (14b)0+Hp(u(x)), b <1 is a positive fived number project
along e, into a set of measure greater than Eg(l\/l;)”*l provided
that 1 > C(b, 6p).

Let Dy, represent the set of points on the graph of u that have by above a
tangent surface S(Y, RC~*), where C is a large universal constant. Suppose
that we have control on the e, coordinate of these sets and denote by Dy =
7n(D},) their projections along e, into L.

Recall that S(Y, RC~*) is an approximate solution of our equation with
a CKR™! error. If S(Y, RC~%) touches u by above at X then, from the
classical Harnack inequality for uniformly elliptic equations, the two surfaces
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stay C¥R™1 close to each other in a neighborhood of Xy (see Lemma 9.3).
Thus, if we denote

Ey={ZeL/ dist(Z,Dy) < Ci},

then we control the e, coordinate of a set on the graph of u that projects
along e,, into Fj. Proposition 9.1 states that, in measure, Ej almost covers
@ as k becomes larger and larger.

Looking at the graph of a solution between —1/2 and 1/2 we see two
different behaviors depending on the size of the neighborhood on which we
focus our attention. Up to unit scale we see a Laplace equation and this is
the reason why near a contact point the solution and the sliding surface stay
very close to each other (see Lemma 9.3). At larger scales, the graph looks
more like a minimal surface and the contact set behaves as in the minimal
surface case. Lemma 9.4 below says that near (large scale) a point Z € Dy,
we can find a set of positive measure in Dy, 1. Using a covering argument
we show that the sets E}. “almost” cover (); as k increases.

Next we state the two lemmas that describe the different behaviors. We
use the following notation:

Vu
v(z):= Vul

We assume that there exists a surface S(Yp, R) that touches the graph of a
solution u by above at a point Xo = (zg, u(xp)) with

L(v(zo), en) < /4.

(x) e R™.

LEMMA 9.3 (Small scale measure estimate). Given a constant a > 1
large, there exists C'(a) > 0 depending also on a such that for each point
Z € LN B(mpXo,a) there exists © with

1) mp(z,u(z)) =Z, |z —x0| < 2a,
2) (x — o) - v(wo) < Ho(u(x)) — Ho(u(zo)) + C(a)R.
Next lemma corresponds to Lemma 6.3 in the minimal surface case.

LEMMA 9.4 (Large scale measure estimate). Suppose that u is defined
in the cylinder {|2'| < 1} x {|zn| < 1} and satisfies the hypothesis above with

|zon| <1/4, |xgl=q, q<l/4
There exist constants C1, Cy, such that if
¢>C1, R>I1C;, 1>CilogR
then the set of points (xz,u(x)) with the following four properties

1) |2'| < ¢/15, |z — 0| < 2q, |u(x)] < 1/2,

2) there is a surface S(Y, R/C3) that stays above u and touches its
graph at (z,u(x)),

3) Z(v(z),v(x0)) < CrqR™,
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4) (z—x0)-v(xo) < Cr1* R~ + Ho(u(x)) — Ho(u(o)), projects along
en into a set of measure greater than ¢"~1/C1.

REMARK. The term Hy(u(z)) — Ho(u(xg)) that appears in property 2 of
Lemma 9.3 and property 4 of Lemma 9.4 represents the distance between the
u(z) level surface and the u(zg) level surface of a one dimensional solution.

Now we state the covering lemma that links the two scales.

LEMMA 9.5 (Covering lemma). Let Dy, be closed sets, Dy C L, with the
following properties:

1) Don@Q;#0, Do C Dy C Ds...
2) if Zy € DN Qo, Z1 € L, |Z1 — Zp| = q and 21 > q > a then,

|Diy1 N B(Z1,q/10)| > p1|B(Z1,q) N L]

where a > 1 (large), p1 (small) are given positive constants and
[ > 2a.

Denote by E}, the set
Ey,:={Z e L/ dist(Z,Dy) < a}.
Then there exists ;1 > 0 depending on n, py such that
Q1 \ Ex| < (1—w)*|@Qul.

The proof of Proposition 9.1 follows from the lemmas above by showing
that the sets Dy and E}, satisfy the hypotheses of the covering lemma above.
The initial set Dy is given by Lemma 9.2.

PROOF OF THEOREM 7.3. We assume that « is a local minimizer of J
in the cylinder

{l2'| <20} x {Jan| < 21},
and
u>0 ifz, >0, u<0 ifz,<—-60, u0)=0.
We show that if the 0 level set is close to x, = —6 at a point in |2/| < [/4

then the energy of u is large and obtain a contradiction.

First we apply Lemma 9.2 upside-down and obtain that there exists a
small universal constant ¢; such that the points (z,u(x)) with

1
2

IN

0 l
tn >~ + Ho(u@), | <5, fu(@)

project along e, in a set of measure greater than ciI" !, provided that
01~ < £9(6p) is small.
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On the other hand, from Proposition 9.1 we find universal constants C,,
i such that if

{u=0}n{l2'| <1/4} N {zn < (1 +C;70/4)0} £,
01" < e3(60, ko)

then the set of points (x,u(x)) with
l

0

N =

project along e, in a set of measure greater than (1 — (1 — ﬂ)ko)\Ql/2|. We
show that if we choose kg large, universal such that

al™™ > 2(1— 1)™|Q

and € small enough, then we obtain a contradiction.
As in Section 2 we use

<;]Vu\2 + ho(u)> dz'dz,, > \/2ho(u)|up|dz'dz.,
= \/ 2h0($n+1)dl',dl‘n+1.

Denote by
Ay = {12 <1} x {|zn] < 1}

Project along e,, the points (z,u(x)), with |z,| < I. From above we find
that there exists a set of measure ¢1/"~!/2 included in Q, /2 in which these
points project twice. Using barrier functions it is not difficult to show that
the projection covers the band

{lzns1] <1—=c(l), |2'| <1}, and c(l) — 0asl— oo.
Hence we can find two small universal constants ¢z, c3 > 0 such that
(9.1)
T, Ay) = /Al SIVul? + ho(u)d
1—co

> wnflln_l \/ 2h0($n+1)dl‘n+1 + ﬂ( min Qho(s))ln_l

ca—1 2 '|s|<1/2
1

> wn_lznl/ V/2ho(s)ds + c3l" L,
—1

where w,,_1 represents the volume of the n — 1 dimensional unit sphere.
Assume by contradiction that there exist numbers I, 0, with
akllzl - 07 9k > 907

and local minimizers u;, in Ay, satisfying the hypothesis of Theorem 7.3,
and therefore also inequality (9.1).
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Denote by e, := ;' and vy () := ug (e, *z). From (9.1) we obtain
J&‘k (vka Al) Z (uk‘a )

> wn_l/ \/2h0($)d8+03.
—1

On the other hand, as £ — oo we have

’l}k—>XE—XEc 1n LlOC(Al)’
where E' = Ay N {x, > 0}. By Theorem 2.1 one has

1 1
klim Jep (U, Ay) = PAlE/ \/2ho(s)ds = wn_l/ v/ 2ho(s)ds
—00 —1 —1

and we reach a contradiction.
With this Theorem 7.3 is proved.

10. One-dimensional symmetry of global solutions

In this section we use the results of Section 7 and obtain 1D symmetry for
phase transitions from the 1D symmetry of global minimal surfaces. Recall
Corollary 7.2.

COROLLARY. Let u be a global minimizer of J in R™. If the 0 level set
{u = 0} is asymptotically flat at oo, then w is one-dimensional.

At the end of Section 4 we used the minimal surface theory to show that
the level sets of minimizers of J are asymptotically flat at oo in dimension
n < 7. Using the corollary above we obtain

THEOREM 10.1. A global minimizer of
1
J(w) :/2|Vu|2+W(u) do
s one-dimensional if n < 7.

Next we prove the following version of De Giorgi’s conjecture.

THEOREM 10.2. Let u € C?(R™) be a solution of

(10.1) Nu=W'(u),
such that
(10.2) lu| <1, Opu >0, lim w2, x,) = +1.

Then u is one-dimensional if n < 8.

Before we prove this Theorem we show that the +1 limit assumption
implies that v is a global minimizer in R".

LEMMA 10.3. If u satisfies (10.1), (10.2) then w is a global minimizer
for J.
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FiGure 17. Sliding the graph of u

PRroOF. It suffices to show that in Br, u is the unique solution of
Av=W'v), |v|]<1l, v=wu ondBg.

Since
lim (2, z,) =1,
Ly, — 00

we conclude that the graph of u(a’,z, + t) is above the graph of v for
large t. We slide this graph in the e, direction till we touch v for the first
time (see Figure 17). From the Strong Maximum Principle we find that the
first touching point occurs on dBpg. Since u is strictly increasing in the e,
direction, we can slide the graph of u(a2’,z, + t) till it coincides with the
graph of u, hence u > v. Similarly we obtain u < v which proves that u is a
global minimizer in R™. O

PROOF OF THEOREM 10.2. Assume u(0) = 0 and define u.(z) =
u(e~'z). Modica’s theorem says that

Ue), — XE — XCE

holds for some sequence g — 0. Moreover, u,, > 0 implies E° is a subgraph,
hence OF is a so-called quasi-solution in the e, direction (see chapters 16,
17 in the book of Giusti [40]). Then OF is a hyperplane if n < 8 and the
theorem follows from the corollary above.

g

If we assume that the 0 level set is a graph in the z,, direction which has
a one sided linear bound at oo then the conjecture is true in any dimension.

THEOREM 10.4. If u satisfies (10.1), (10.2) and
{u=0} C{z, <C1+ |x'\)}
then u is one-dimensional.

PROOF. As above, u is a global minimizer. Then the limiting minimal
surface has a linear bound by above and again we can conclude (see Giusti
[40]) that that JF is a hyperplane in any dimension. O
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11. De Giorgi’s conjecture in 2D and 3D

In this section we present proofs to De Giorgi’s conjecture in 2D and
3D which were first obtained by Ghoussoub and Gui [37] and Ambrosio and
Cabre [5] respectively.

Our approach is due to Farina [30,31] and it is based on a calculation of
Sternberg and Zumbrun [62,63]. We follow it here since it closely resembles
the one for minimal surfaces.

11.1. Minimal surfaces in 3D. Assume for simplicity that OF is a
smooth minimal surface in R™. Denote by v, the normal to the surface at x
and let ¢ be a function on JF with compact support. If we perturb OF by
a map

T+ ep(x)vy
then the area increases. By letting ¢ — 0 we obtain (see Giusti [] for example)
that the mean curvature is 0 at any point in 0F and moreover

/ (IVe]? = ¢?s%) dH" ! >0,
OE

where x? represents the sum of the squares of the principal curvatures at
x € JF.

A smooth surface whose area increases under small local perturbations,
i.e. has 0 mean curvature and satisfies the inequality above, is called a stable
minimal surface.

One can obtain that a global minimal surface is a plane in R3 by choosing
appropriate test functions ¢. Indeed, if we choose ¢ with compact support
in Br as

Lo fzf <1
¢r(7) := 1 R

gl 1<z|<R
log R °8 || 21 <

then
/ Vor|* dH? < (logR)—2/ 2|72 dH2.
oL OENBR
From the minimality of OF we find that
H2(OENB,) < Cr?
hence

/ |z|"2dH* < Clog R.
OENBR

In conclusion
/ |Vér|?dH* -0 R — oo
oOF

which gives k = 0 in 0F N By. This implies kK = 0, i.e. JF is a plane.
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We remark that Simons’ proof that global minimal cones are planar up
to dimension 7, uses the stability condition by taking a test function ¢(z)
of the form s (z).

11.2. Monotone solutions. First we check that monotone solutions of
Au =W (u),

are stable, i.e. the energy increases under small compact perturbations. Pre-
cisely, we show that

/|w12 + W"(w)p?de >0, Vi € CHRM).

Indeed, assume u is increasing in the e,, direction, i.e. u, > 0. Differen-
tiating the equation we find

DNy, = W (u)uy,.

We multiply by 4?2 /u,, and integrate:
wz " 2 _
V—u Vuy, + W (u)y®de =0,

or

2
dz > 0.

/\V¢|2+W”(u)¢2dx:/‘vw—:iVun

As in the minimal surface case, we would like to perturb the level sets
in the normal direction infinitesimally by a function ¢(x). This corresponds
to taking 1 := ¢|Vul in the stability condition, i.e.

[ IV@ITa? + W )6 Tuf do > .
We obtain
JIVOPIVaP + ST EV(TuP) + RITIVaDP + W @]Vl ds > 0,
We integrate the second term by parts and use the equations for uy,
/;w?vqw?) i = —/ ¢2A(%]Vu\2) do
_ _/ & (ID%ul® + W (u)|Vu?) d.

By choosing a convenient system of coordinates it is not difficult to check
that

ID?ull? = [V|Vul* = &2|Vul* + [V Vul
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where Vr represents the tangential gradient along the level sets of u and
#?(x) represents the sum of the squares of the principal curvatures on the
level set of u at x. In conclusion the stability inequality above simplifies as

/ (IVo|* — ¢*k?) |Vul* dz > 0.

This is precisely the stability condition for the minimal surface in which
the dH" ! measure on OF is replaced by the weight |Vu|?dx.
If the weight grows quadratically with the radius R in Bp i.e.

/ |Vu|?dz < CR?,
Br

then the same function ¢r gives as in the minimal surface case k = 0, that
is u is one-dimensional.

This inequality is always true in R? since L> bounds for Vu hold for
bounded solutions under quite general assumptions on W, say for example
W is Lipschitz. Therefore in R? we obtain one-dimensionality from stability
which, as we saw above, is a weaker condition than monotonicity.

THEOREM 11.1 (Ghoussoub-Gui). Bounded stable global solution of
Au=W'(u), inR?
are one-dimensional.

Ambrosio and Cabre proved that the quadratic bound holds also for
monotone solutions in R3. As a consequence they obtain De Giorgi’s conjec-
ture in R3:

THEOREM 11.2 (Ambrosio-Cabre). Bounded monotone global solution
of
Au=W'(u), inR3

are one-dimensional.

We sketch the proof. From (4.1) we see that the quadratic bound for the
energy holds for minimizers in R3. Hence, if the limits are +£1 as x3 — %00
then we are done by Lemma 10.3. Otherwise, denote by u(z’), @(z’) the limits
of u(z', z3) as x3 — +oo. It turns out that u and @ are stable solutions of the
same equation in R?, and by the theorem above they are one-dimensional.
From this the bound for the energy follows.

We finally mention that the quadratic growth cannot hold in dimension
n > 3 since it fails for the one-dimensional solution.

12. Fully nonlinear equations

The methods developed in Sections 7-10 are quite general and can be
applied for other types of nonlinear, possibly degenerate elliptic equations.
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With Valdinoci and Sciunzi we proved in [66] the same theorems for the
energy

1
T (1, Q) = / Lvu + w(u) de
Qb
and the corresponding p-Laplace equation
Npu=W'(u), Apu:=div(|VuP~2|Vul).

In this section we present 1D symmetry results for global solutions to
fully nonlinear reaction-diffusion equations. We consider the equation R"

(12.1) F(D?*u) = f(u),
where F' is uniformly elliptic with ellipticity constants A, A, F'(0) = 0, and
feci(-11), fEH=0, f(=1)>0, f(1)>0.

The main assumption on F' and f is that there exists a smooth increasing
function go : R — [—1, 1] (one dimensional solution) such that

im go(t) = 1,

and gg solves the equation in all directions &, that is

F (D*(go(a - €))) = / (g0(z - ©))

for every unit vector & € R™. In other words, the compatibility condition
says that the values of F' on the subset of rank one matrices g{(¢) ® &

equals g(go(t))-
For example if F' is the maximal Pucci operator

F(M) = Mya(M) := /\IlgliéAtr(A M),

and f(s) = max{A(s® — s), A\(s® — 5)} with

t
go(t) = tanh 7
One difficulty of the problem is that, unlike the semilinear case, there
is no variational formulation of the problem. Another difficulty consists in
the fact that it is not clear whether the blow-downs of {u = s} satisfy any
equation. We will see that in general the level sets satisfy at large scales a
curvature equation depending on F, f.
Together with De Silva we proved in [25] that De Giorgi’s conjecture
holds in two dimensions for these nonlinear equations.

THEOREM 12.1 (De Silva-Savin). Let u € C(R?) be a viscosity solution
to (12.1) such that |u| <1 and uz, > 0. Then u is one-dimensional.
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The condition u,, >0 can be relaxed to m monotonicity in the zo direc-
tion i.e.
u(z) < u(z +mey), for some m > 0.

The main step consists in proving that the sets {u < 0} and {u > 0} are
convex. This is achieved by comparing u with appropriate explicit barriers.
Then one can deduce that the 0 level set is included in a strip of arbitrarily
small width.

The higher dimensional problem was analyzed in [58]. As in the semilin-
ear case, we considered monotone viscosity solutions of (12.1) which “con-
nect” the constant solutions —1 and 1 at oo,

(12.2) Ug, >0, lim wu(z',z,) = +1,
T, —to0

Next result is a nonlinear version of the theorem of Modica. It says
that if the blow-downs of the level sets converge to a limiting surface then
this surface satisfies a curvature equation. This possible nonlinear curvature
equation can be computed explicitly from F' and f.

THEOREM 12.2 (Limiting equation). Let u be a solution of (12.1), (12.2)
and suppose that for a sequence e, — 0, ex{u = 0} converges uniformly on
compact sets to a surface 3. Then, there exists a function G depending on
F and gg such that

Glvs, ITs) =0
in the viscosity sense where vs(z), Ilx(x) represent the upward normal and
the second fundamental form of ¥ at a point x € X. The function G(&, )
1s defined on the space of n x n symmetric matrices M with M& = 0, is
homogenous of degree one, and uniformly elliptic.

The function G is linear in the second argument and it depends on the
derivatives of F' on the n dimensional cone £ ® £, £ € R™.

If F' is invariant under rotations and F' € C' then G(&, M) = trM, i.e.
> is a minimal graph as in the semilinear case. If for example F' = M;\r A
then G is nonlinear, G(,-) = M} ,.

The methods developed in Sections 7-9 generalize to this setting. Due to

the monotonicity assumption, the Harnack inequality requires only a one-
sided bound.

THEOREM 12.3 (Harnack inequality). Let u be a solution of (12.1),
(12.2) with
{u=0}n{]z'| <1} C {x-& > 0},

for some unit vector

o] =1, Z(&,en) <[ <m/2.

Assume
(0,0) e {fu=0}, 6>6
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for some fized 0y. If 01 < e(6p) then
{u=0}n{la'] <1/2} C{z- & < K0},

where the constant K depends only on X\, A, n, f, go, B and the constant
£(6p) > 0 depends on the previous constants and 6p.

As a consequence of Harnack inequality we obtain a Liouville theorem
for the level sets.

THEOREM 12.4. If {u = 0} is above (in the e, direction) a plane {x-§ =
0}, then u is one-dimensional.

A consequence of Theorem 12.4 is a proof of the Gibbons conjecture for
equation (12.1). We recall that the conjecture states that global solutions
are one-dimensional if the limits in (12.2) are uniform in 2’

If we assume more regularity on the operator F' then we can use
Theorem 12.3 and show the improvement of flatness for the level sets.

THEOREM 12.5 (Improvement of flatness). Let u be a solution of (12.1),
(12.2). Assume that F € C' and

0 fu=0}n{la| <1} C {le- &l < 6},

&0l =1, Z(&o,en) < B <m/2, 6>6bp.
If 0/l < e(bp) then, for some unit vector &

{u=0}n{l2’] <ml} C{Jz- &l <mb},

where the constants 0 < 1y < ny < 1 depend only on A, A, n and the constant
e(0o) depends on F, f, B and 6.

As a consequence of the theorem above we obtain 1.D symmetry of global
solutions which have one Lipschitz level set.

THEOREM 12.6. Assume that F € C?, u solves (12.1), (12.2) and {u =
0} is a Lipschitz graph in the e, direction. Then u is one dimensional.
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