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1. Introduction

A Galton-Watson process Z, can be thought of in the following way. There is
one cell alive in generation zero. This cell dies and gives birth to a random
number Z, of baby cells in the first generation. Each of these cells dies and gives
birth to a random number of cells in the second generation. The number of cells
in the second generation is Z,. The process continues; Z,, is the number of cells in
the nth generation. The number of daughters born to a cell is allowed to be a
random variable whose distribution depends upon the generation of the cell in
question. In this paper the following questions are answered under certain
conditions.

(1) What are the mean and variance of Z,?

(ii) Does Z,./E(Z,) converge to a nonzero and nonconstant random varia-
ble W?

(iii) If the answer to (ii) is yes, what are the mean and variance of W?

(iv) What is the behavior of P(Z, = 0) for large n?

If X and Y are random variables and A and B denote events, then E(X) is
mean of X, Var (X) is the variance of X, E(X|Y) is the conditional mean of X
given Y, P(A) is the probability that A happens, and P(4|B) is the conditional
probability that A happens, given that B occurs. This paper is the first chapter
of [1].

2. Definition of Z,, the probability generating function of Z,,
and the Markov nature of Z,

First, Z, is defined inductively. Let X, 4, forn =0,1,2, --- ,k=1,2, ---,
be a family of independent nonnegative integer valued random variables such
that, for n fixed, X, 1, k = 1, 2, - - -, are identically distributed. Define Z, = 1,
and having defined Z,, define

k=1
0 if Z, = 0.
159

Zn
> X, ifZ, 21,
(1) Zops = { '
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This definition may be expressed more simply by allowing the equation
0
(2) Z ay = 0
k=1
to be true for any sequence a;. This convention will be followed throughout the
rest of this paper. With this convention,
Zn
(3) Zn-l-l = kzl Xn,k, Zn g 0,
forn=0,1,2,.-..

In the rest of this paper, s will denote an arbitrary number such that
0<s=1.Let

@ 1u(8) = 3 P(Xas = )5
forn =0, 1,2, --- . Then f,(s) is called the probability generating function of
X 1. The probability generating function of Z,, will now be determined. Let

(5) £ =3 f*(s) = f(fa(s))

ProrosiTioN 1. The probability generating function of Zn is fa(s).
Proor. Let f.(s) be the probability generating function of Z,. Evidently
Proposition 1 is true when » = 0. Assume Proposition 1 is true when n = k:

(6) FH(s) = E(s%+)
— i;o E (SZ;’"-l X

Z; = m) P(Z; = m).
Now since the X;,; are independent of Z;,

™ frae) = ¥ B () P@ = m).
Since the X;,; are themselves independent,

®) o) = & (BEE9)"P & =m)

= f*(fi(s)) = f*(s)

by the induction hypothesis and (5). Thus, Proposition 1 is true. Let Z,,, = 1,
and having defined Z, z, let

Znk
) Znpn = ‘Z‘b Xtk
=
Now Z,x, fork =0, 1, 2, - -+, may be interpreted as follows. One cell is alive

in the nth generation; this cell dies and gives birth to a random number, dis-
tributed as X, 1, of baby cells. Each of these cells dies and gives birth, inde-
pendently of one another, to a random number, distributed as X,1,1, of baby
cells. This process continues for & generations, giving rise to Z, x (» + k)th gen-
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eration cells, having started with one nth generation cell. Notice that Z, x is the
same as Z;.
Forn =0,1,2, ---,let fat*(s) = s, and having defined f3*(s), let

(10) JRHIE(s) = i (fean(s))-

ProrosiTiON 2. The probability generating function of Z, x s fr+*(s).

Proor. The proof of this proposition is practically the same as for Proposi-
tion 1.

ProrosiTioN 3. Let Znij,j = 1,2, -+, be independent and identically dis-
tributed random variables, distributed like Z, ; and independent of Zpy Zp—y, + - -,
Zy, Zy. Then Z 4 ts distributed like

Z’l
(11) X Zar
7=0
or, what amounts to the same thing, for each nonnegative integer k,
(12) f"(f:+k(s)) = fﬂ+k(s): n=0,1,2.--.

Proor. Certainly (12) is evident when ¥ = 0. Assume (12) is true when
k = {. Then, by (10),

(13) ARt s)) = frL (fare(8))]-
By the induction assumption,

(14) LA Fare( )] = FH(fare(s))-
By the definition of f*+*!(s),

(15) I fura(8)) = f*51(s).

Thus, (12) istruefork =0,1,2, ---.
CoROLLARY 1. The branching process Z, is a Markov chain.
Proor. Letm, ---, n; be less than n, and let
(16) n; = max {ng.
0sis<)

By Proposition 3,
(17) P(Z" = ‘ﬂlzm = ‘{m; ) Zni = ‘cn;)

Z,
=P (Evl Zpin—nig = t,,lZ,,l = (7'1’ oy 2y = ‘ﬂl)

Zaj
=P (§l Zm,n—n,-,i = ‘6n|an = ‘ni))

since the Znnnyi @ = 1, 2, -+ - , are independent of Z,, Zy,, - , Zn;. So Cor-
ollary 1 is true.

Note that Z, is not necessarily a stationary Markov chain. It would be sta-
tionary if the X, were identically distributed for all n and all k, in addition to
being independent; however, in that case, Z, would be the ordinary Galton-
Watson process studied in [2] and in [3].
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3. The mean and variance of Z,; the convergence of Z,/EZ,

In the rest of this paper, products of the form
(18) Gy - G, = JI a;
=0
will frequently be used. For simplicity, the convention
-1
(19) Il a; =
i=o0

will be adopted for all sequences a,.
Much of the theory concerning the asymptotic behavior of Z, (as n — ) will
now be developed, frequently using the methods in [2]. Let

(20) mn, = E(X, 1), n=012---,

and suppose from now on m, < ©.
ProrositioN 4. The expectation

n—1

i=0
and

ntk—1
(22) Ezn.lc = H m;

I=n
fork=0,1,2, --- .,

Proor. Equation (21) will be proved. The proof of (22) is very much the
same. When n = 1, equation (21) is true because

(23) E(Z,) = E1 = 1.

Now assume (21) is true when n = k. Then
Zx

(24) E(Zu) = B (-21 Xk,j) = E(Z)EX..),
"=

since Z; is independent of the X; ;. Thus, Proposition 4 holds.
" Let

Zn —-4 . o0

(25) W, = m» n=01,2,
Here and from now on it is assumed the m, > 0.

ProrosiTioN 5. The random variable W, is a martingale.

Proor. By (21),
E(ZniilZy).

nt+k—1
IIL m;
i=0

(26) EW.u|W,) =
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Thus, by Proposition 3,

Z‘
E (}: z,,,k,,-lz,.)
(27) E(Wn+lc]Wu) = ::l?—l
II m;
i=0
_ ZnE(Zn ),
ntk—1
m;
i=0
Thus, by (21) and (22),
Z,
(28) EWu|W,) = Bz Wa.
Moreover, by Corollary 1, W, is a Markov chain; hence,
(29) EW,s|Way Woay -+, Wo) = E(Wosi| Wa).

So W, is a martingale, which was to be proven.

CoroLLARY 2. The random variable W, approaches a random variable W al-
most surely as n — o ; moreover, EW < .

Proor. For all n,

(30) E|W, = EW, = 1.

The martingale convergence theorem (see, for example [5], p. 396) may now be
applied to W, to yield Corollary 2.

Unfortunately, it is possible for W to reduce to zero almost surely. For exam-
ple, this is the case if the X, ; are independent and identically distributed with
mean less than or equal to one (see [2], pp. 7-8; in this vein, also see [2], p. 14).

Now, necessary and sufficient conditions will be developed for the convergence
of W, to W in quadratic mean as n — «. These conditions will then be easily
seen to guarantee that W is not almost surely equal to zero.

Let

(31) o2 = Var X,.1, n=012 .

It will be assumed from now on that ¢ < .
ProposiTioN 6. The variance

-1 2n—1 2
(32) VarZ, = (nII m;) %» n=0,1,2 .-,
i=0 k=0 mg ,IIO my
,E

Proor. First, formulas will be determined for the first and second derivatives
f*'(s) and f*'’(s), respectively, of f»(s):

(33) f(8) = = (faa(8))fn-1(s),
(34) F2(8) = 21 (faa(8)) (Fa-1(8))? + 7 (far(8))ful1(s).
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Now if X is a nonnegative integer valued random variable with probability
generating function g,
(35) EX =4'(1),
(36) Var X = ¢g"(1) + ¢’'(1) — (¢'(1))?

whenever the quantities on either side of these equations are finite.

Due to the finiteness of m,, and o7, it can be seen inductively that the quantities
in (33) and (34) are finite. Upon substituting s = 1 in (34) and using (21), (35),
and (36), it is seen that forn =1,2, .--,

37) VarZ, = (Var Zs— 'ff[: m; + (’ff[: m,')z) i
i= j=

2 2 n—2 n-—-1 n-—1 2
+ (02 — Mpy + mz-1) II m;+ II m; — (H mj) .
i=0 i=0 i=0
So, upon simplifying this equation,

n—2
(38) . Var Z, = mi-1 Var (Z,1) + 021 'Ho m;.
J=
Thus,
@) ple  Yorlem y —ci
I m; II m; mi_y1 II m;
i=0 i=0 i=0

Hence, since Var Z, = 0, summing both sides of this equation yields

Var Z, L H
(40) G = P —
j= i=
Finally,
n—1 2n—1 2
(41) Var Z, = (110 m,-) = —r—
J= = m2 II m’_
=0
‘which was to be proven.
CoroLLARY 3. The variance
) n—1 2
(42) VarWo = 3 —o—
R i=
Proor. .
43) | Var W, = Var n_Zl" = YarZ,

n—1 2
II m; ( II mj)
i=0 =0
and Corollary 3 follows from Proposition 6.
LemMA 1. The expected squared difference

(44) E(Wais — Wa)?) = EWiix) — E(W3).
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Proor. We know
(45) E((Wn-He - Wn)z) = E(W?Hk) - 2E(Wn+kWn) + E(Wﬁ)
Now

(46) E(WaiWs) = EEWnpsWa|W.)).
So by Proposition 5 and Corollary 1,
47 E(W.uW,) = E(E(W3W.,)) = E(W3).

Thus Lemma 1 is true.
The following theorem is a consequence of Corollary 3 and Lemma 1.
TaeoreM 1. The following statements are equivalent:
(i) W, converges in quadratic mean to W, with EW = 1 and

© 2
(48) Var W = kgo —-—ko—;k-l—— < o;
Mg 'Ho m;
J=
(ii)
@ 2
(49) lim Var W = ¥ —o— < .
n—w k=0 mz .IIO m;
]=

Proor. Statement (i) certainly implies (ii). Assume now that (ii) is true.
Then by Corollary 4 and Lemma 1, W, converges in quadratic mean to a random
variable W* with E(W*?) < «, using the L; completeness theorem (see, for
example [5], p. 161). Thus, there is a subsequence W,. of W, such that W,
converges almost surely to W*. But it is known from Corollary 2 that W, ap-
proaches W almost surely as n — «. Hence, W and W* coincide almost surely.
The mean and variance of W will now be determined. By the triangle inequality,

(50) EW, — E\W, — W| < EW < EW, + E|W. — W|.

Thus, EW = 1, since EW,, = 1 for all n, and the L, convergence of W, implies
the L; convergence of W, (see, for example [5], p. 164). By the Minkowski
inequality,
(51) (Var W.)% + [E(W, — W)H)]*%
2 (Var W)¥ = (Var W,)% — [E(W, — W)?)]*.
Notice that the finiteness of the left side for n sufficiently large follows from
the facts that Var W, < « and E((W, — W)?) — 0 as n — . Thus, it is valid

to apply Minkowski’s inequality for n sufficiently large. By letting n — « and
squaring in (51), it is seen from Corollary 3 that

2

(52) VarW=3 — 2 — <
. k=0 mg I m;
:=

which was to be proven.
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CoroLLARY 4. If (ii) in Theorem 1 is true, then W is not almost surely equal
to zero. Moreover, if in addition, o2 > O for some n, then W is not a constant almost
surely.

Proor. If (ii) is true, then EW = 1, so W cannot be equal to zero almost
surely. If in addition o2 > O for some n, then Var W > 0, so W cannot be a
constant almost surely.

4. Rate of convergence of Z, to zero in probability when m, — 1asn — «

In what follows, it will be assumed that the series in (ii) of Theorem 1 diverges,
that is Var W, — « as n — «. Sufficient conditions on the f,.(s) will be deter-
mined to allow

n ~1
A — frH(e) - ((l -9 I ""')
Va.r Wn.,.l

uniformly in s, for0 < s < 1.

The methods used to establish (53) will be the same as those in [2] (see pp.
20-21), except that some preliminary lemmas will be needed. Also the assump-
tion of a third moment (that is f’(1) < «) is dropped. Equation (53) is analo-
gous to Lemma 10.1, equation 10.1 of [2] (see p. 20). Presumably, the methods
in [4] (see p. 515) can also be modified to yield (53) under appropriate conditions.
In [4] the condition that f”'(1) < « was dropped. Under the conditions imposed
on f,(8), it will then easily be seen that P(Z, # 0) behaves like 2/Var W, as
n — . Thus, Corollary 4 is about as good as can be expected, as far as the
nondegeneracy of W is concerned.

The conditions on f.(s) are that for some B < « and some probability gen-
erating function f(s), with f’(1) = 1 and f"/(1) < o,

(a) B>m, = 1foralln, and m,—1asn— «;

(b) B> o2 > 1/B for all n, and there is a function, O.(s), bounded on
0 < s £ 1 uniformly in n, where

(83)

-

as n-— x

DO =t

On(s)
(54) 1 — s —0
as s increases to 1 uniformly in », and
(55) 1 — fa(8) = ma(l — 8) — 33’ (YA — 8)? + Ou(s);

(e) fu(8) — f(s) as n — « uniformly in s; and

(d) 1 — £,(0) = 1/B for all n.

TaeoreM 2. If (a), (b), (c) and (d) are true, then so is (53).

It can be seen from the proof of Theorem 2 and the proofs of the preliminary
lemmas that (a) through (d) are not the only possible set of conditions needed
for (53). The basic idea of these conditions is to force fu(s) to behave eventually
very much like f(s).

For the rest of this paper assume (a) through (d) hold and let f®(s) be the
k-fold iterate of f(s).
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LemMma 2. For each n,
(56) ¢ = lim f14(0)

exists.

Proor. The probability that Z,, ; is equal to zero is fr7*(0). Evidently, from
the inductive definition of Z, ., this probability is nondecreasing as k increases.
Hence, f27*(0) is a nondecreasing sequence in k, bounded above by 1. Hence,
lim f2+%(0) exists. Notice that g, may be interpreted as the probability that the
branching process Z,; dies as k — «. None of the assumptions (a) through (d)
are needed for Lemma 2. However, under these assumptions, Theorem 2 yields
the fact that ¢, = 1 for all n. Now a weaker result will be proven using (c).

LemMA 3. Let ¢ > 0 be given. There is an N, independent of s such that k,
n = N tmplies

67 0=<1—fith(s) = e
Proor. For all n and k,
(58) ‘ 1—0) 21— fat¥is) 2 0.
Thus, it suffices to establish (57) when s = 0. Now when j = £, for all »,
(59) fAH0) = f2140)

as was seen in the proof of Lemma 3. By Theorem 6.1 of [2] (see p. 7), choose
N such that

(60) 1 — () < %

By the uniform continuity of f@(s) forj =0,1,2, -+ ,N;— 1land0 s < 1,
choose dy,. > 0 independently of j such that |s — t| < 8y,. implies

(61) 10 = 190 S 53

forj=1,2,---,N;;0 < s, ¢t = 1. Also, from (c) choose N; independently of s,
so large that n = N, implies

(62) [£a(8) = ()] < Bme

for0 < s £ 1. Then forn = N,,

(63) |fars(fatfia(s)) — F(fRER())] < dnier
80

(64) FOGREE) — FH (O] S 537

for0 <38=<1,0=<j7=<N:— 1,andn = N.. Hence, forn = N,

©) IO = 900)] = | £ SOGREO) ~ S (R 0)
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Thus, forn = N,,

(66) 1 — fi*™(s) £ 1 — f¥(0) + |f2*™(0) — fM(0)| < e
Let

(67) - N = max {N,, Nj}.

From (59) and (66) with N; = k, j, n = N implies

(68) e21—ft0) = 0.

So Lemma 3 is true.
Lemuma 4. There is a constant d such that for all k and for 0 < s < 1,

(69) E —fksz(l—in’;gl b PF P
Proor. We know ‘
1 —fi(s) —me(l — ) = pri(l — §7)
(7}(1’) m(l = 5) =l i =
where
(71) P = P(Xia = j).
Thus,

(72) e el ) _ +]2:1 f,f; (%, s‘)

and the left side of this equatioh increases to

me _
(73) -1+ i 0
as s increases to 1. Hence for all k£ and for 0 <s < 1,

by (a), (b), and (d). So Lemma 4 is true for

1
7

(75) d=1-—
Lemma 5. If0 £ s < 1, then

(76) .
1 L3 i
5
1—fm*4(s) (1 — s II mj k= omkﬁm,
i=0 i=0

_§ i) I p— 1(s))

k=0 n+1 9 ko k=0
(l - k+1(8)) My 'IIO m; (1 - k+1(8))mk II m;
j=

where ar = f¥(1)/2; di(s) is bounded uniformly in k for0 = s < 1,
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dk(S)
1—3s

(77) —0

as s increases to 1, uniformly in k, and O.(s) is as described in (b).
Proor. By (b),

(78) » 1 —fk(s) = mk(l - 8) - ak(l - 8)2 + Ok(s).
Thus,

1 _ a(l — ) Ox(s) -1
@ g = [ma -9 - 200 - R )]
Or,for0 <s<1,

1+ a(l —s)  Ox(s) dis

(80) 1 mx mk(l—s) + My ,

1- fk(bs) me(l — ) mi(l — 8)

where di(s) has, as shall be seen, the required properties. Equation (80) holds
since for all k,
a(l — s)
——— — Ou(s)
m _1—fi(s) —mu(l — o)
81) mi(l — ) me(l — ) <d<l

for0 < s < 1, by Lemma 4. (Here 0. (s) is as described in (b).) To see that di(s)
has the required properties, notice that

(82) d%‘ff;)=j:2ui= lifu,
where
_a(l—9) O(s) _ _1—fi(s) —m(l—39)
(83) u= : me - mk(; - S) - kmk(l - ;) z 0.
Thus, for0 < s < 1,
a(l —8) - Ou(s) \?
(84) di(8) . i ( M mi(1 — s))

1—-s7% A—=dy(l—ys)

by Lemma 4. The right side approaches zero uniformly in k as s increases to
one, by (a) and (b). Moreover, these assumptions also allow the right side to be
bounded uniformly for 0 < s < 1 and all k.

Now, multiply both sides of (80) by 1/ (IIJ ¥23 m;), plug in f31i(s) for s, then
add the resulting equation for k =0,1,2 .. ,n After cancellation, it is seen
that Lemma 5 is true.

LemMa 6. Let A, be the second term on the right side of (76). Then

_ﬁ_ —
Va.r Wﬂ+1 2

|-

(85)

as n— o,
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Proor. By Corollary 3,
i mk mi
k=0, II m
A,  VarW.n + i=0
Var W,.+1 - 2 Var Wn+l 2 Var Wn+1 ;

and the second term approaches zero as n — « by a special case of the Toeplitz
lemma (see, for example [5], p. 238), since Var W, — e,

(86)

87) B kio (m,, ll'i mj)_‘ = Var W,..H 2 Z (m,c ﬁ m,-)_1

i=0 i=0

by Corollary 4 and (b), and m; — 1 as k — « by (a). Hence, Lemma 6 holds.
Lemma 7. Let

. Oufitle)  d(fiks)
(88) Du(s) = %, - 33
S 11wt - i T
Then
D.(s)
(89) Vor Wo Wn+1_)0 as n—ow

uniformly in s, for0 £ s < 1.
Proor. Let & > 0 be given. Choose ¢ > 0 so that 0 < 1 — s < ¢ implies

Ox(3) dk(s)
1—3s2 1—3s

(90)

for all k. Let N be chosen as in Lemma 3. Let B; < « be an upper bound for
the quantity on the left side of (90). Then, for0 < s < 1,

N n—N P n Bl
Oy ID@ISE —F—+ T ——+ _B
mb II mJ k=N+l m H m’ kﬂﬂ—N'f‘l mk H m’_

i=0 i=0 i=0

for n = 2N. The truth of Lemma 7 now follows by dividing both sides of this
inequality by Var W41 and letting » — o, since § > 0 was arbitrary.

From Lemmas 5, 6, and 7, it is clear that Theorem 2 is true.

CoROLLARY 5. Under the hypotheses of Theorem 2,

(92) P(Z,#0)VarW,—2 as n— o,
(93) Z,—0 almost surely as n— o,

and W = 0 almost surely.
Proor. The result (92) follows 1mmed1ately from (53), upon plugging in
s = 0. Also for every £,

(94) P(Z,—0asn—®) 2 P(Z,=0) =1— P(Z; #0).

So (93) follows from (92), since Var W, — o asn — . Also, for each k,
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(95) PW =0)z P(Z: =0) =1— P(Z, #0),
so using (92) as before, P(W = 0) = 1.
ExampLE. The geometric probability generating functions
n
2n +1
n+1
=i
provide an example where 1 — f*(0) can be computed explicitly. Assume X, ;
has the probability generating function f.(s). Then forn =1,2, ---

(96) Jaa(s) =

n=12 ..,

o7) may = 212
and
(98) R

From [7] (see pp. 46-47), after some calculations, it can be seen that

©9) 0 =1- (1 +3 knl )_l (1 +E T 1)_1
m;

forn=1,2, ..., Also,
(2k+ 1)+ 1)

0'?-, n-—l k2
(100) Var W, = Z =1 PET
Omk H m’ k=0 (___) k
i=0
_onzl 2k4 1

ZRETD - =kt + it El ok + S

Hence, (1 — f(0)) Var W, — 2, confirming (92).

From the proof of Lemma 5, it seems as though the behavior of iterates of
geometric probability generating functions really ought to determine the behav-
ior of iterates of wide classes of probability generating functions. This suggests
that the theory in [7] might play a role in proving theorems like Theorem 2. It
should be pointed out that the importance of the geometric probability gener-
ating functions was also noticed in [4] (see p. 515).

It is anticipated that results concerning the limiting behavior of Z,, given
that Z,. does not approach zero as n — «, may be determined by methods in
[2] or [4]. Reference [6] also contains a good survey of these methods.
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