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1. Introduction

This work is motivated by the following problem: which Banach spaces
are isomorphic (linearly homeomorphic) to a complemented subspace of
I?(= I7[0,1]) for 1 < p < 0, p # 2, and what are their linear topological
properties? (A linear subspace A of a Banach space B is said to be complemented
if there exists a bounded linear operator P on B with range 4 such that P?> = P;
such a P is called a projection onto 4.) It is well known that ¢ 2 4P L2 L0,
e’ e-- *)p» and of course L” itself, are examples of such Banach spaces.
As usual, £? denotes the Banach space of sequences of scalars (x,) such that
(Z]x,|?)? = ||(z,)]| < ©; given Banach spaces By, B,,"--; we denote by
(B; ® B, @ - - *), the Banach space of all sequences (b,) such that b, € B, for
all n and ||(b,)|| = (Z|b4]|?)!/? < . Given a sequence (b,) of elements of a
Banach space B, we denote by [b,] the closed linear span of its terms; if B = L?
of some probability space, then [b,] is denoted also by [b,],.

To see that Hilbert space, that is, £2 is an example, one may consider a sequence
(f,) of two valued, symmetric, independent random variables; it follows from
Khintchine’s inequalities that [f,], is isomorphic to Hilbert space. Moreover,
the 2 and p norms are equivalent on [f,],, and orthogonal projection onto
[f.)2 = [f.], shows that [f,], is complemented.

Now let 2 < p < o, and let (f,) be a sequence of independent, nonzero
random variables belonging to L?, each of mean zero. We proved in [11] that
[ £.], is isomorphic to a complemented subspace of L?, and that [ f, ], is isomor-
phic to exactly one of four Banach spaces: £ 2,47 £% @ /P, or a new space which
we denote as X,. We showed moreover that if the f, are three valued, symmetric,
then [ f,], is complemented in L? by means of orthogonal projection, with [ f,],
thus complemented and isomorphic to ([ f,],)*, the dual of [ f,], (throughout, p
and q used together, denote reals satisfying 1/p + 1/g = 1). We thus obtained
that X, (defined as the dual of X,) is isomorphic to the span of a sequence of
independent random variables in L?, providing the starting point for the present
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paper. Since the isomorphism structure of the spans of sequences of independent
random variables in L? is completely determined for p > 2, by the results of
[11], we investigate here the span of a sequence of independent random variables
(gn)in L for 1 < p < 2.

The main result of the present paper, from the standpoint of Banach space
theory, is that [g,], is isomorphic to a subspace of X . (See Corollary 4.3.) Thus,
in particular, /" is isomorphic to a subspace of X, forallp < r < 2.(The number
of possible isomorphism types of [g,], is uncountable, since #" is such a type for
all p < r < 2; the classification of these spaces up to isomorphism appears
difficult.) From the standpoint of probability theory, our main result is that for
0 < p £ 2, every infinitely divisible, symmetric random variable with a finite
absolute pth moment may be approximated in p mean by sums of independent
three valued, symmetric random variables (Theorem 4.1). It is easily seen that the
span in L” of a sequence of independent random variables, each of mean zero,
is isomorphic to the span of a sequence of symmetric, independent random
variables (if p = 1). We prove in Theorem 4.2 that given any sequence (X,) of
symmetric, independent random variables and 0 < p < 2, there exists a sequence
(Y,) of infinitely divisible, symmetric, independent random variables and a
sequence (f,) (respectively, (,, ,)) of functions valued in the nonnegative reals,
such that for any sequence (c;) of scalars, Zc;X; converges a.e. (respectively, in
L?) if and only if Z¢;Y; converges a.e. (respectively, in L”) if and only if
Z fulltea]) < oo (respectively, Zf, ,(|tc,|) < o) for some ¢ > 0.

Our main results are contained in Section 4; Section 3 is devoted to pre-
liminaries concerned with distributional equivalents to convergence in LP of
sequences of random variables, and Section 2 to definitions and some standard
facts. The remainder of the introduction is devoted to a summary, in greater
detail, of some of the results of [11]; we shall also use the notation given below
in the sequel.

The result of most interest to probability theory is probably the following.

TuEOREM 1.1. Let 2 < p < co. Then there is a constant K, so that for any
sequence (X,) of independent random variables belonging to L7, each of mean zero,

and for any integer n,
n 1/p n 1/p n 1/2
(1.1) (E Y X, v) < K, max {( E|x,.|v> ,(z E|x,.|2) }
j=1 Jj=1 i=1
and

v

1 n i/p n 1/2
5 max {( 2 E|Xj|”> ’ ( ) EIX;'|2) }
2 j=1 j=1

If moreover the variables are three valued and symmetric, then there is a linear
projection P from LP onto [X,], such that P* is a projection from L? onto [X,],,
with |P|| < K,

This has, incidentally, an immediate corollary.

n i/p
(1.2) E( Y X; P)
ji=1
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CoroLLARY 1.1. Let 2 < p < o and let (X,) be a sequence of independent
random variables, each of mean zero. Then X, converges in L? if and only if
ZE|X,|* < © and ZE|X,|P < co.

The proof of Theorem 1.1 uses standard inequalities as well as the following
possibly new lemma.

LEmMa 1.1. Letl <p < wandlet X, -, X, be nonnegative, independent
random variables. Then
(1.3) (E(ZX,)?)'/? < 27 max {(ZEXP)'?, ZEX,}.

For the proofs of these results, see Lemmas 1 and 2 and Theorems 3 and 4
of [11].

Now, given a sequence w = (w,) of positive scalars, 2 < p < 0, let X, ,
denote the Banach space of all sequences of scalars (a,) such that

(1.4) [(2) | = max {(Z|e,[*w?)"?, (Z]a,|?)'/P} < 0.

By the natural basis of Xp w» We refer to the sequence of elements (e”) of X, ws
where e} = 9§, ; for all j, n. It follows easily from Theorem 1.1 that if (f,) is a
sequence of 1ndependent random variables with E|f,|? = 1 and Ef, = 0 for all
n, then [f,], is isomorphic to X, ,,, where

B A 1/2
(1.5) w, - ||J;I| ;w

for all n. (In fact, there is an invertible bounded linear map T from [ f,], onto
X, ., such that Tf, = e" for all n.)

Let a sequence w = (w,) of positive reals be given and fix2 < p < oo. If (w,)
satisfies

(1.6) inf w, = 0, Y wiPP~P = o0 foralle > 0,
n wn<eg

then we proved that X, ,, is isomorphic to X,,. Precisely, we showed in Theorem

13 of [11] that if w and w’ satisfy (1.6), then X, , is isomorphic to X, ... The

symbol X, denotes the one Banach space (up to isomorphism) thus represented

X, or any of its representatives X, ,, are defined by duality; X, = X, X,w

Xp w If (w,) fails (1.6), there are exactly three possibilities; elther mf w, > 0

or T w2PlP=2 < oo, or the positive integers N split into two infinite sets N, and

N with Z,ey, w,f""‘"z) < o and inf,.y, w, > 0. In these three cases, we have

that X, ,, is isomorphic either to £2, £7, or £ @ ¢ respectively.

It is easﬂy seen that X, is 1somorphlc to a subspace of £? @ ¢?2; we proved in
[11] that X, is not a continuous linear i image of /7 @ ¢2. This enabled us to
show that there is a subspace 4 of £? isomorphic to £?, but uncomplemented in
¢P for all 2 < p < o (see Theorem 6 of [11]). The existence of such an 4 is
known for 1 < p < % and is open for p = 1 and for $ < p < 2. Actually, the
fact that Xp is not a continuous linear image of /7 @ £ 2 follows from the results
of the present paper. For it is known that " is not isomorphic to a subspace of
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£9@ ¢£*forany q < r < 2, yet by Corollary 4.2, £ is isomorphic to a subspace
of X, for all ¢ < r < 2. It seems surprising that X, should be so rich in sub-
spaces, when it is isomorphic to a quotient space of 7 @ £2, a space seemingly
poor in its variety of subspaces. It also follows from our results and the results of
[2] that a great many of the Orlicz sequence spaces are isomorphic to subspaces
of X, and that every subspace of L? with a symmetric basis is isomorphic to a
subspace of X, 1 < g < 2 (see the first remark following Corollary 4.2).

For other applications of probability theory to the theory of the Banach spaces
associated with L spaces, we refer the reader to [2] and [3]; for the theory of
these spaces themselves, see [1] and [8]. We wish to thank S. Bochner and
L. Le Cam for stimulating conversations connected with this paper.

2. Definitions, notation, and standard facts

Since this paper may be of interest to readers not completely familiar with
the standard terminology in Banach space theory or in probability theory, we
give here a rather thorough exposition of that terminology. For standard facts in
Banach space theory, see [4] and [5]; for standard facts in probability theory,
see [9].

Only real Banach spaces shall be considered (£ denotes the set of real
numbers). The assertions we make concerning isomorphic properties of Banach
spaces carry over to complex Banach spaces as well (for example, that £ is
isomorphic to a subspace of X, forall 1 < p < r < 2). Given a Banach space B,
we denote by B* its dual, the space of all bounded linear functionals on B. Let B
be a Banach space and (b,) a sequence of elements of B. We say that (b,) is normal-
ized if ||b,| = 1 for all n. It is said to be a basic sequence if for each x € [b,],
there exists a unique sequence of scalars (z,) such that x = Zx,b,, the series
converging in norm. The sequence (b,) is called a basis for B if it is a basic
sequence with [b,] = B. It is called an unconditional basic sequence if it is a
basic sequence such that arbitrary subseries of Zx,b, converge whenever Xx,b,
converges. (For various facts concerning unconditional bases and convergence,
the reader may consult [4].) Two basic sequences (a,) and (b,) in Banach spaces
A and B, respectively, are said to be equivalent if for all sequences of scalars (x,),
Xx,a, converges if and only if Zx,b, converges. It is well known and easily seen
that (a,) is equivalent to (b,) if and only if there is a bounded bijective linear
operator T': [a,] — [b,] with Ta, = b, for all n.

Given a basic sequence (b,), a sequence (y;) is said to be a block basis of (b,)
if there exists a sequence (B;) of disjoint finite subsets of the positive integers,
witha < bifaeB;and b e B;and i < j, and if there exist scalars 4, for n € B,
such that y; = Z,.5 4,b, for all j. Every block basis is a basic sequence in its
own right.

It is a theorem of Banach that, if (b,) is a basic sequence, then there is a constant
K such that ||o,x;|| < K| 2%, ajz;| for all i and for all convergent series Zox;;
let us call K the biorthogonal constant of (b,). Suppose that (b,) is & normalized
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basic sequence with biorthogonal constant equal to 1, and suppose that (a,) is a
sequence in B such that £2 ;[|la, — b,|] < 1. Then it is known (see [1]) that (a,)
is a basic sequence equivalent to (b,). In fact, we have the following lemma.

LEMMA 2.1 (perturbation lemma). The operator T defined on the linear span
of the b, and satisfying Tb, = a, for all n extends (uniquely) to an invertible
opemt(l)lr T: [b,,] - [a,] satzsfymg IT| €1+ éand |77 £ (1 — )™, where
0 = Zla

Proor. All the assertions follow from the fact that if « is in the linear span
of the b,, then ||Tx — x| < é||z|. (For details and related results, see [1].)

By a probability space (2, P) we mean a set Q and a probability measure P
defined on some o-algebra & of subsets of Q; (Q, P) may also be denoted
(Q,%, P). When Q = [0, 1], we take P to be Lebesgue measure with respect to
the Lebesgue measurable subsets of [0, 1]. For the sake of definiteness, we
usually state results on [0, 1]; all results stated as holding on the probability
space [0, 1] also hold on any atomless probability space (Q, P). By a random
variable, we mean a real valued function X defined on some probability space
such that X () is measurable for all Borel sets E. By a distribution, we mean a
probabz'lity measure on the Borel subsets of #. Given n random variables
Xy, -, X,; by dist (Xl, .-+, X,), we mean the measure u defined on the Borel
subsets of #" by (& P[(X 1>+, X,) € E]. Given a random variable X de-
fined on a proba.blhty space (2, P)and 0 < r < o0, E(X) = jX (w) dP(w) and
X\, = (B|X|")'". If X has p as its distribution, we denote the chamcteristic
function (ch. f.) of X (also called the ch. f. of p) by f2; thus, A(t) = E(e"*) =
f‘” e"X du(x). The variable X is said to be symmetric if X and —X have the
same distribution. Given distributions u and v, we denote by u*v the unique
distribution with (u*v)" = 9.

By L'(Q), we mean the space of equivalence classes (under equality a.e.) of
random variables X on Q such that || X|, is finite; L denotes L' [0, 1]. We follow
the usual notation for the most part. For example, if X,,, X are random variables
and 0 < r < o0, we write X, — X if X, converges to X in probability, X, =% X
if X, converges to X with probability one, and X, — X if X, — X in r mean,
that is, if ||X,, - XII, — 0.

One final observation: as noted in [11] (p. 278, Lemma 2 and the remarks
following it), it follows from [9], p. 263, that if (X,) is a sequence of nonzero
independent random variables, each of mean zero, all belonging to L? for some
fixed 1 < p < o0, then (X,) is an unconditional basic sequence in L”. It also
follows that the biorthogonal constant for (X,,) is one. (Thus, the perturbation
lemma applies.)

3. Preliminaries

Our main general interest is convergence in L of sequences of random variables
(for1 £ r £ 2). Inthis section, we first state some known results concerning this.
We then give a proposition which shows, among other things, that a random
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variable X defined on [0, 1] which may be approximated in distribution by
simple random variables of a certain form, may be approximated a.e. by a
sequence of such variables of the same form. (The point is that it is not necessary
to consider another random variable ¥ with dist ¥ = dist X.)

Let A, A, 4,, - - * be finite positive Borel measures on #. We say that 1, - 4
if | ¢dA, — | ¢dA for all bounded continuous ¢ on . It is well known that if
1. 4, are distributions (that is, probability measures), then 4, < 1 is equivalent
to 4, — A uniformly on compact sets, which is equivalent to {¢dA, — [¢di for
all continuous functions ¢ on # vanishing at infinity, and is also equivalent to
the existence of random variables X, X, on [0, 1] with 4 = dist X, 4, = dist X,,
for all n with X, 2> X. Given 0 < r < o0, we say that 4, > 1if 4, 5 4,

3.1) f|x|'dln(x) < oo foralln,
and
(3.2) f |z|” dd,(x) — f || dA(x) < .

It is easily seen that 4, > 4 if and only if 4,5 4 and [, |z|" dAn(x) — O
uniformly in n as K — o0. We have that if A, A, are distributions, then 4, = A if
and only if there exist random variables X, X, in L'[0, 1] with A = dist X, and
A, = dist X, for all n, such that X, - X. For, we may choose random variables
with these distributions such that X, — X a.e. Since 1, > 4,

1 1
(3.3) [ixlrae— [ |xpae
0 0

whence, by a well-known consequence of Egorov’s theorem, (3 | X, — X|"dt — 0.

In the sequel, we shall have need of the following proposition.

Prorosition 3.1. Let X, X,, - - -, X, be simple (that is, finite ranged ) random
variables defined on some probability space, and let Y be a random variable on
[0,1] such that distY = dist X. Then there exist simple random variables
Yy, -, Y, on [0,1] such that dist(X, X, -+, X,) = dist(Y, Yy, ---, T,,).

This proposition is, in turn, a simple consequence of the following lemma.

LeEMMA 3.1.  Let v be a probability measure on a finite set F, with v{f} # 0
all fe F. Let o be a Boolean subalgebra of the subsets of F, and let t: of — &
be a measure preserving Boolean transformation, where & equals the Lebesgue
measurable subsets of [0, 1]. Then there exists T: 2" — & such that T is a measure
preserving Boolean transformation with T| o/ = .

Here, 2F denotes the set of all subsets of F. Our hypotheses on © mean simply
that (/) is a subalgebra of &, and 7 is a measure isomorphism between the
measure algebras (., v) and (t(&/), m) as defined in [6], page 67 (where m de-
notes Lebesgue measure).

ProoF. Since F is finite it suffices to prove that if £ is a subset of F, then t
can be extended to a measure preserving transformation defined on the algebra
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of sets generated by &/ and E, which we shall denote by &/’. Let E,, - - - , E; be
the atoms of /. Since &/ is finite, &/ is generated by E,, - - - , E;; but then &/’
is evidently generated by E, NE, E,NE',-- -, E,nE, E, nE' (where £’ denotes
the complement of E). Now by standard results (see [6]), we may choose for
each i, a set G; = 7(E;) such that @; is Lebesgue measurable and m(G;) =
m(t(E;)nE). (If E;nE is empty, let G; be the empty set.) Then, defining
TE,NE)= G, T(E;nE') = 1(E;) — G;, we have that T extends uniquely to a
well defined measure preserving Boolean transformation on /.

Proor oF ProposiTion 3.1. We may of course assume that the variables

X, X,, -+, X, are defined on a probability space (¥, v) such that F is a finite set,
with v{f} # 0 for all fe F. Let
(3.4) o = {X~{r}: ris in the range of X}.

Since Y and X have the same distribution, it follows that there is a measure
preserving Boolean transformation t: o/ — & suchthatt*X = Ya.e., wheret*
is defined by

k k
(3.5) t#< Z riIE.) = Z rid ey

i=1 i=1
where E |, - - -, E, are the distinct atoms of &« and r,, - - -, r, are arbitrary real
numbers. By Lemma 3.1, 7 extends to a measure preserving Boolean transforma-
tion 7: 2F — & :since Textends 1, we have that t* X = Y a.e. also. We now merely
define Y¥; = ¥#X, forall 1 < i < n; it is immediate that

3.6) dist(X,X,. -+, X,) =dist (F*X.t*X,. -, t*X,) =dist (Y. Y,. . 1,).

Q.E.D.

CorOLLARY 3.1. Let X and Y be random variables with dist X = dist ¥ with
X defined on some probability space (Q, P) and Y defined on [0, 1]. Assume that
(X,) is a sequence of simple random vamables defined on Q such that X, > X for
some 0 < r < oo (respectively. X, £, X). Then there exists a sequence of simple
random variables defined on [o, 1], such that dist ¥, = dist X, for all n, and
Y, 5 Y (respectively, Y, N Y).

Proor. Throughout, let us use the notatlon “Zn.— 7 tostand for “Z,> Z"
for some fixed 0 < r < o0, or tostand for “Z, 5> Z”. We may choose a sequence
(gx) of simple, real valued, Borel measurable functions, defined on the real
numbers, such that g, (Y) — Y. Then since dist ¥ = dist X, we have g, (X) — X.
Now by Proposition 3.1, for each k we may choose Y, on [0, 1] such that
dist (Y. g, (Y)) = dist (X. gx(X)). Then of course dist ¥, = dist X, for all k.
Since g,(X) — X and X, — X, we have g, (X) — X, — 0; whence, g,(Y) —
Y, — 0, whence Y, » Y. Q.E.D.

REMARK 3.1. Proposition 3.1, Lemma 3.1, and Corollary 3.1 all hold for
countably valued random variables rather than merely simple random variables.
In fact, one obtains that if (Q, S, P) is an atomless probability space and if X,

-.X,, Uy, -+, U, are countably valued random variables defined on some
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probability space, and Wy, - - -, W,, are variables defined on Q with dist (U, - - -,
U,) = dist (W, -, W,), then there exist variables Y, - - - , Y, defined on Q with
(3.7) dist(Yy, -+, Y, Wy, , W,) =dist(X, -+, X,,, Uy, -+, Up).

Moreover, it follows from results of Maharam (Lemmas 1 and 2 of [10]) that
this holds with no restriction at all on the cardinality of the range of the random
variables X,,---, X,, U, -, U,, provided that (Q, &, P) is a homogeneous
nonseparable probability space (for example, the one obtained by taking the
product measure on uncountably many copies of [0, 1]). For it can be deduced
from her results that if (S, %, v) is a separable probability space (that is, L' (S)
is separable), if o is a o-subalgebra of #, and if 7: & — & is a measure pre-
serving Boolean transformation, then there exists a measure preserving Boolean
transformation 7: 4 — & extending t. (For an application of this, see Remark
4.2))

4. The main results

DxriniTiON 4.1. Let & denote the set of all distributions y, such that there
exist k and k-independent three valued, symmetric random variables X, - - -, X;
such that p = dist(X; + - - + X)).

We note that ye & if and only if there is a k£ and positive real numbers
71, Tk B, B with B; < 1 for all 4 such that

k

(4.1) i) =TI [1 — B:(1 — cos rx)].

i=1

Let0 < r £ 2and let F, (respectively, F) denote the set of all distributions y such
that there exists a sequence u, € & with u, > pu (respectively, with u, 5 p).
The next proposition follows from the results of Section 3.

ProrosiTioN 4.1. If u € F, (respectively, F), then for any random variable X
defined on [0, 1] with dist X = p, there exist three valued, symmetric random
variables X, for 1 S k < k,, n =1,2,--- such that for each n, X, , X, 1,

*, X1, are independent with Tk, X, , — X (respectively, Thn, X, , =5 X).
To see this, we have by Corollary 3.1 that if X is on [0, 1] and dist X = p, then
there exist random variables X, on [0, 1] such that dist X, € S for all » and
X, 5 X (respectively, X, 2*> X). But by Proposition 3.1, it follows that for each
n, we may choose X, i, * -, X, ;, independent, three valued, symmetric random
variables such that X, = X, X, .. (Of course it is trivial that if X satisfies the
conclusion of Proposition 4.1, then dist X € F, (respectively, dist X € F).)

W come now to our main result from the standpoint of probability theory.

THEOREM 4.1. Let p be a symmetric, infinitely divisible distribution. Then
u € F. If, moreover, [|x|" du(x) < oo for some 0 < r < 2, then p€ F,.

We are indebted to S. Bochner for showing us that every symmetric, infinitely
divisible distribution belongs to F.

To prove Theorem 4.1, we first require two lemmas, whose proofs use known
techniques. (For the definition and standard facts concerning the infinitely divi-
sible laws, see [9]; the main result we use here is the explicit representation of
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their characteristic functions given on p. 309 of [9].) The first lemma shows that
the classes F, and F are closed under the obvious operations.

LemMaA 4.1. Let 0 < r £ 2. Then if peF, (respectively, € F) and A > 0,
U, € F, (respectively, € F), where p,(E) = u(AE) for all Borel E. If u, veF,
(respectively F), then u*v € F, (respectively, F). Finally, if u, € F, (respectively, I’
and p, > p (respectively, p, — p), then p e F, (respectively, u € F).

Proor. The first assertion is evident; for if we choose p, € & such that
M — p (respectively, y, = ), then (p1,), — p, (respectively, (,), = (4);), and
of course ve & = v, € &. To see the second assertion, we may choose indepen-
dent random variables X and ¥ on [0, 1] such that 4 = dist X, v = dist ¥, and
sequences of random variables (X,), (¥,) such that for all n, X, and Y, are
independent, and dist X,, dist ¥, € &, with X, — X and Y, > Y (respectively,
X,>5 X and Y, 25 Y). But then X, + ¥, > X + Y (respectively, X, +

Y, 25 X + Y). Of course, dist (X + ¥) = pv and dist (X, + ¥,) € S for all .
The final assertion follows from our initial remarks. For we may choose random

variables X, and X on [0, 1] such that u, = dist X, for all n, 4 = dist X, and
X, 5> X (respectively, X, %X ). By Proposition 4.1, we may choose for each =,
a random variable Y, with dist ¥, € S, such that |¥, — X,||, < 1/ (respectively,
such that d(Y,, X,) < 1/n, where d denotes the usual convergence in probability
metric, d(Y, Z) = E(|Y — Z|/(1 + |Y — Z|)) for any random variables ¥ and
Z). Then Y, X (respectively, Y, 5x ), so of course pu € F, (respectively,
ueF). QE.D.

Parts of the next lemma are certainly known, but we are unaware of suitable
references for all of its assertions.

LemMa 4.2. Let p, u, be symmetric, infinitely divisible distributions, and let
A, A, be the unique finite symmetric measures on the reals such that

) 1 2
fi(x) = exp{— J (1 — cos yx) -;/-23/ dl(y)},

-

(4.2)

© 2
fnl) = exp{— J (1 = con yo) 2 dw)}.
Then p, <> pif (and only if) 4, <> A. Furthermore, if 0 < r < 2, then [|zx|" du(x) <
oo if and only if_[ |z|" dA(z) < o0, and p, 5 pif (and only if) A, — A.

Proor. We delete the proofs of the two parenthetical “only if’s”, since we
have no need of these assertions in the sequel. If 4, 5 A, then trivially 4, — fi
pointwise ; whence, g, = g, since the p,, and p are distributions.

If {x? du(x) < o, then

d*p .2 — f(y) — Ai(-y)
2 = —| —F =1
(4.3) f 22 dp(x) < dx2> (0) = lim "
_ 2
— lim 2 1 c;)s yx 1 +2x )
y—0 Y x

> f(l + x?) dA(x)
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by Fatou’s lemma; whence [2? dA(x) < 0. If conversely [x? dA(x) < o, then
f1 is twice continuously differentiable and so u has a finite second moment (see
page 199 of [9]). We thus have that

(4.4) f 2* du(z) = f (1 + x?) dA(),
which shows immediately that if A, 2 A then y, > p.
Now fix 0 < r < 2. We have that

© _ © 1 =
(4.5) |x|’ = C,j 1 — coszy dy, where C;! = J ol J dy.

e |yll+r e |y|l+r

Now assume that | |x|" du(x) < 0. Since p is symmetrie, A(y) = [%,, coszy dy;
thus, substituting for |x|" by using (4.5) and changing the order of integration,
we have that

“ 1 - Ay)

(4.6) crt flxlr du(x) =[ P dy < 0.
Now choose § such that 1 — fi(y) = —% log fi(y) for all |y| < 6. Then
s
1 —
4.7) © > 2J‘ #dy
-5 |yl
J © 1 — 1 2
2 j J cl(fryx +zx dA(x) dy
-8 J— |y| z

[\

4 1 — cosyx ) 1+ z?
7 dy dA(x)
jlxln (J—o ly[** x?

2
> K J el L% aaa),
x
]x]>1

where

® 1 —cosy
(48) K=Jéwdy>0

Thus, | |x|" dA(x) < 0. If conversely | |z|" dA(x) < oo, then since 1 — fi(y) <
—log f(y) for all y,

L' 1—-4 1 1 ] —cosyx 1 + 2
4.9) J #dy < j j 1+ry 2 dA(x) dy
-1 |?/| 1 |3/|

-1 x

1 1 —cosyx 1 + «?
+ . dA(x) dy
J 1 J‘|xl>1 ly['*r 2

1 1 _
gf (f 1 - cosyx ) +x2)d/1(x)>|y|“'dy
1

2,.2
-1 y'x

1 2
+ C;! || +z di(x) < ©0;
N [FE x?

whence by (4.6), [ |z|" du(x) < 0.
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Now suppose 4, — 4,0 < r < 2. Then u, = y, since 4, — A; hence for all y,
fin(y) = fi(y). To show that p, > p, we need only show (by (4.6)) that

(4.10) r L= Ay g, r ll_ rY) 4

1+r 1+r
—o Y] I

This in turn will follow if we show that the sequence of functions
[1 — A.(»)V/|y|**" is uniformly integrable near 0. Let ¢ > 0. We shall prove
that there is a 6 > 0 such that

s
1 —
(4.11) f ﬁdy < ¢ forall n,
-5

and thus, be done with this lemma.
Fix 6, », and N with N > 1. Then

0 1 - ﬁn(y)
4.12 —_—
( ) j_é |y|1+r dy

©® 1 —cosyxl + x?
< j_,, J Pk 2 V@) dy

N —
J ( f 1 - cosyz g 4 42 dln(x)) |y|* " dy
s\J-n ¥

® 1 — cosyx )1 + a?
+ d da,
flxl>~<£a ™ %) 2 @)

]
gsupak(ge)zvzf ly|' " dy
k -$

+ supj C’,“|ar:|’l +
k |x|>N

Now choose N so that

2
T A ().

1

(4.13) supJ C; Yl di(x) < %e;
k Jixi>N

then choose 6 so that

s
(4.14) sup Ak(.%)sz lyftrdy < 4.

. -

Q.E.D.

ProOF oF THEOREM 4.1. We first show that the “‘symmetric Poisson” distri-
butions belong to F,; that is, if there is a real z, and a real A with A > 0 such
that fi(t) = exp {—(1 — cos xyt)A}, then pu € F,. By Lemma 4.1, we may assume
xo = 1. Let u, be the distribution such that f,(¢) = [1 — A(1 — cos ¢)/n]". If n
is such that n > A, then y, € &, and of course u, — u. Moreover, sz du, —
fx% dy; in fact

2
(4.15) fxz du, = —-(Zﬁ") 0) =A= Ixz du for all n.




160 . SIXTH BERKELEY SYMPOSIUM: ROSENTHAL

Next we have that the Gaussian distributions belong to F,. Of course by
Lemma 4.1, it suffices to prove that u € F, if A(t) = exp { —3t*}. But if p, is the
distribution

(4.16) Da(t) = exp {—[l — cos (%)] nz},

then g, %> u, and again, | 2? du,(t) = 1 = [ 2? du(?) for all n, so p, > p, and
thus, u € F, by Lemma 4.1.

Now let u be a symmetric, infinitely divisible distribution, and let A be the
unique symmetric measure on the reals related to u as in Lemma 4.2. We may
assume, without loss of generality, that x4 has no Gaussian part, that is, that
{0} = 0. For if y had a Gaussian part, we could write 4 = p, *u, with u; a
Gaussian distribution and pu, Gaussian free. Then of course, we would have
automatically that p, is symmetric and infinitely divisible with {|x|"du, < o
if [ |x|"dpu < o0, by Lemma 4.2. Thus, since y, € F,, we would have that u € F
ifu,eFand uekF, if u, € F,, by Lemma 4.1.

Now it is easily seen (for example, by passing to Riemann sums) that there
exists a sequence of symmetric measures (4,) on £ such that for all , the support
of 4, is a finite set not containing 0 with A, > A, with the additional property that
§lz|" dA, — [ |x|" dAif [ |x|" dA < oo.Fix n, and let p, be the distribution related
to A, as in Lemma 4.2. Then for each n, g, is a convolution of a finite number of
symmetric Poisson distributions; hence, u, € F, by Lemma 4.1. Thus, y, 5 u
by Lemma 4.2, so 4 € F by Lemma 4.1. If | |x|" du < oo, then p, > p by Lemma
4.2, so again p € F, by Lemma 4.1. Q.E.D.

Our next result shows that for 1 < r < 2, the span of a sequence of indepen-
dent, infinitely divisible, symmetric random variables in L7, is arbitrarily close
to a subspace of the span of a certain sequence of three valued, symmetric random
variables. (The result as stated is trivial for r = 2.)

CoroLLARY 4.1. Letl £ r < 2andlet X,, X,, - - - be a sequence of nonzero,
independent, symmetric, infinitely divisible random variables such that B |X:|" <
for all i. Then given ¢ > 0, there exists a sequence Z,, Z,, - * - of independent,
symmetric, three valued random variables, and a block basis (Y,) of (Z,) such that
there is a unique invertible linear operator T: [Z,], — [X,], with |T|| |T~!| <
1 + ¢and T(Y,) = X, for all n.

Proor. We may assume, without loss of generality, that E|X,|" = 1 for all
n. We may also assume that X,, X,, - - - are defined on [0, 1]®, the countable
infinite product of the unit interval with itself (endowed with the product
measure), so that X, depends only on the nth factor, for all n. That is, there exist
random variables X, X,, - - - defined on [0, 1] so that X,(t) = X,(t,) for all n
and ¢ = (t,) € [0, 1]°. Now choose ¢ < 1 such that (1 + &)/(1 — &) <1 + &
By Theorem 4.1 and Proposition 4.1, we may choose for each n, three valued,

symmetric, independent random variables X1, X, defined on [0, 1]
such that )
n 8’
(4.17) Y X,-X| < >
ji=1 r
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Then for each n and j with 1 < j < k,, define X,, ; by X, ;(¢) = X’,,,j(t,,) for all
t € [0, 1]®; let 7 be the unique one to one correspondence between {(n,j): 1 <
JS kyn=12 -} and the positive integers such that t(n,j) < t(n',f) if
n <n'orifn = n' andj < j, and define Z,and Y, foralln by Z, = X, and
Y, = X4, Z, ;- Then the variables Z,, Z,, - - - are independent, (¥,,) is a block
basis of (Z,), and | Z, — X, |, < &/2" for all n. The final assertion follows from
the perturbation lemma, Lemma 2.1., Q.E.D.

CoroLLARY 4.2. The space £" is isomorphic to a subspace of X, for all
l<g=r=2

Proor. Letq < r < 2,andlet X, X,, - - - be independent, identically distri-
buted, stable, symmetric random variables of exponent r, such that E|X,|? = 1.
Thus, letting u be the distribution of X;, A(x) = exp {—c|x|'}, where c is the
fixed constant (depending on g and r) determined by [ |x|? du(x) = 1. (As is
well known and also a consequence of Lemma 4.2, such random variables have
a finite absolute gth moment.) Then [X,], is isometric to ¢". Indeed, given n
real numbers ¢y, ‘- -+, ¢, not all zero, we have that

(4.18) [chf (¢, X; + -+ + ¢, X,)] (@) = exp {—c|(Z|c;]") =]},
whence the distribution of Z¢,X; equals u; where ™! = (Z|c;|")!/"; whence,

(4.19) E|Zc.X,|* = f|1x|" du(x) = A9;

and thus, |Z¢,X||, = 4 = (Z|c;|")!/. Therefore the linear span of the X, is
linearly isometric to a dense linear subspace of £; this isometry uniquely extends
to an isometry of all of [X,], with £".

By Corollary 4.2, [X,], is isomorphic to a subspace of [Z,], for a certain
sequence (Z,) of symmetric, three valued, independent random variables, but by
the results of [11], [Z,], is isomorphic to a complemented subspace of X,.
(Actually, [Z,], will be isomorphic to X, in this case, since the other possible
isomorphism types of [ Z,], cannot contain an isomorph of ¢".) Finally, /¢ @ ¢2
is isomorphic to a subspace of X , so the cases r = g, r = 2 are taken care of
also. Q.E.D.

RemARK 4.1. A basis (b,) in a Banach space is said to be symmetric if for all
permutations ¢ of the positive integers and sequences (x,) of scalars, Xz, b,
converges whenever Zx,b, converges. Let 1 < q < 2 and let B be a closed linear
subspace of L? with a symmetric basis. Then by our results and the theorems of
[2], B is isomorphic to a subspace of X,. Indeed, it follows from the results in [2]
that either B is isomorphic to £ or there exists a sequence (X,) of i.i.d., infinitely
divisible, symmetric random variables belonging to L? such that B is isomorphic
to [X,],. In either case B is thus isomorphic to a subspace of X, by Corollary
4.1 and the results of [11]. It is also proved in [2] that there exists a convex
function f with domain and range the nonnegative reals with f(x)/z* equivalent
(near zero) to a decreasing function and f(x)/x? equivalent to an increasing
function, such that B is isomorphic to the Orlicz sequence space ¢, ; and con-
versely given any function f satisfying these conditions, /, is isomorphic to a
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subspace of L? (and consequently to a subspace of X, by our results). Finally,
it is also proved in [2] that the above spaces include (isomorphically) all reflexive
subspaces of L! with a symmetric basis.

The definitions of the terms used above are as follows. If g and & are two
functions with domain and range the nonnegative reals, g and 4 are said to be
equivalent near zero if there exist positive constants a, b, ¢, d and 6 such that
h{ax) £ b g(x) and g(cx) £ d h(x) for all 0 £ = £ 4. If g is convex, vanishing
at zero, ¢, refers to the space of all sequences (x,) of scalars such that
Eg(|tx,,|) < oo for some ¢ > 0, under any norm equivalent to the norm

(4.20) I, = inf{%: t > 0 and Zg(|tm)) < 1}.

REMARK 4.2. The first part of our argument for Corollary 4.2 (valid for
r = 2 also) shows that /" is isometric to a subspace of L7 foralll £ p < r £ 2.
Actually, by the results of [3], L' is isometric to a subspace of L? for all
1 £ p < r £ 2. An explicit proof of this may be obtained by applying the last
remark of Section 3 as follows. Let (Q, P) be the probability space obtained by
letting P be the product measure on Q, an uncountable product of unit intervals.
Let X, ; be a stable, symmetric random variable of exponent r, defined on Q,
with E|X, 4|? = 1.Let n = 0, and assume that 2" independent, identically distri-
buted random variables X, , - - -, X, ;» have been defined, such that X, , =
2?2, X, ;. By the last remark of Section 3 since X, ; is thus symmetric and
stable of exponent r, we may choose i.i.d. random variables X, . 1 1, ", X,4 1, 2n+1
such that for each j with 1 £j < 2" X, ; = X,41,2j-1 + Xus1,2j-

We now define a linear operator 7 from the linear combinations of the indi-
cators of the dyadic intervals on [0, 1] into L?(Q) as follows: given » = 0 and
scalars ¢y, " ' *, Can, put

2n 2n
(4.21) T( ) CJ'I[(J‘°1)/2",J'/2"]> = Y ¢Xn;-

j=1 j=1
Then the definition of the X,, ; shows that 7' is a well defined map; the argument
of Corollary 4.2 shows that 7 is an isometry (since E|X, ;|¢ = 27"); whence,
T extends uniquely to an isometry from L'[0, 1] onto B, the closed linear span
of {X,:1£j£2"n=0,1,2,-- -} in L(Q). Finally, since B is a separable
subspace of L4(Q), it follows easily that B is isometric to a subspace of L[0, 1].

Our final theorem reduces the study of the span of sequences of independent
random variables to the span of sequences of symmetric, infinitely divisible
random variables.

THEOREM 4.2. Let (X,) be a sequence of independent random variables, each
possessing a nonnegative characteristic function. Let (Y,) be a sequence of inde-
pendent random variables such that for all n the ch. f. of Y, equals
exp {— %, (1 — cos yx) du,(x)}, where p, is the distribution of X,, and let
0 < r < 2. Then £X, converges a.e. if and only if LY, converges a.e., and XX,
converges in r mean if and only if LY, converges in r mean. Moreover, there exists
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a sequence of functions (f,) (respectively, (f,,,)) with domain and range the non-
negative real numbers such that for all n, f, respectively, f, ) depends only on
the distribution of X, (respectively, on the distributions of X, and on r), and such
that for any sequence of scalars (c;), Lc;X; converges a.e. (respectively, in r mean)
if and only if there is a t > 0 such that £, fi(lte;|) < oo (respectively, such that
B, (Jte;]) < ).

Proor. Given a symmetric random variable X with characteristic function
h, define

ity = {IOg 1/h(t) if h(t) > 0 and log 1/A(f) < 2
Lit) =

2 otherwise,
(4.22) gi(t) = 1 — h(t).
Now define
1
. . . t
(4.23) fily) = L gx(yt)dt,  fx.(y) = L gfl(fr)dt

fory 2 0,i = 1, 2. (The definition of these functions was suggested by Lemma
4.1 of [12], where the integral defining f3 is given for X symmetric and infinitely
divisible.) We shall prove that for i = 1 or i = 2, £X, converges a.e. (respec-
tively, in r mean) if and only if there is a & > 0 such that £f} (§) < o
(respectively, X fi ,(6) < oo). This suffices to prove all the assertions of Theorem
4.2; in view of the obverations that g}, = g%, (and thus f} = f3 and f} , =
f2 ) for all n, and fix(y) = fi(|c|y) and fix ,(y) = fx..(lc|y) for any random
variable X, scalar ¢, i = 1, 2.

To simplify the notation, let us put gk, = ¢, fx. = fi, fx.., = fi,, and let
h, = ch.f. X, for all n. In what follows, we make constant use of the elementary
identities

l—t< log% forall ¢ = 0,
(4.24)

<t

1A

log% =21 —%) for all ¢, 1,

DO |

as well as the result that a series of independent random variables converges
a.e., if it converges in probability (see p. 249 of [9]).

Now assume that ZX; converges a.e. Then II;Z, 4;(#) converges uniformly
on compact subsets of the real line. In partlcular we may choose a ¢ such that
1 — ), hj(x) < 3forall 0 £ « < 4. Then X log 1/h;(t) converges uniformly
for 0 < ¢ < 8. Since then gZ(t) < gi(t) = log 1/h,(¢) for al n sufficiently large
and all such ¢, it follows that Z7, j' 3 g%(x) dx < oo, and, after changing vari-
ables, we have that Zf/(§) < oo for i=1,2

Conversely, fixi = 1 or 2 and assume that £, j;,'((S < oo for some § > 0.
Again, after changing variables, we have that 22 ; [ gi(¢) d¢ < co; whence by
the Beppo-Levi theorem, Zgi(f) < 00 a.e., 0 < ¢t < 4. But then by Egorov’s
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theorem, there exists a closed subset £ of [0, 8] of positive measure such that
Zg. converges uniformly on E; the continuity of the g}, implies then that there
exists an N such that g;,(x) < 4 for all » = N. Thus by (4.24),

(4.25) Z logh CE <2 Z gi(x) < oo forallz ek,

=N =
and so I}, A,(x ( ) converges to a nonzero limit on a set of positive measure.
Then (by 4°, pp. 197-198 and also B, p. 251 of [9]) -y X;, and hence, X5, X;
converges in probability, and thus a.e.

Now suppose that ZX; converges in L. Then applying (4.6) of Lemma 4.2,

(4.26) lim E

n— o

dt < o0.

r J‘ao 1- l_—[ hj(t)

n— oo
Now since ZX; converges in probability, ITh; converges uniformly on compacta;
whence, we may choose a § > 0 so that 1 — IT7_, h;(x) < § for all || < 5,
all n. Now we have by (4.26) that

(4.27) lim | —2>1 —di < 0;

o )_s [t

il o

whence by (4.25), n
Z log 1/h;(t)
(4.28) lim | &2 dt < o0;

N t1+'
n—o Jo

so by the monotone convergence theorem,

ij“ log 1/h;(t)
ji=1J0

tl +r

(4.29) dt < o,

and hence =%, fi ,(8) < oo fori =1, 2.
Suppose, converse]y, that fixing i = 1 or 2, %, fi ,(8) < co. Then

(4.30) Z f 1+, ©;

whence, Zgi(x) < o0 a.e., 0 £ x < §. As we proved above, this implies that
XX, converges a.e.; consequently, Ik, converges uniformly on compacta and
we can choose &, 0 < &' < 6 so that k, = 3 on [0, §'] for all n. Thus by (4.24)

¥ = log l/h,
(@31) J y 08 ey < o
0 n=1 x
and hence
1 = 1—[ hj(x)
(4.32) lim J — I dx < .
n>o Jo x
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Then, taking into account the symmetry of the z; and the monotone convergence
theorem,

0

l_[ hj(x) s 1 — H hj(x)
4.33) lim J —’—,—dx = j — = dr
( o | g | |1+ s |xl1+r
But

nhm 1 — [ A=)
4.34 lim — 2l gz = — 2 g,
(4.34) Jm J;x|>a EG Jlxl>6 [t x

by the dominated convergence theorem. Thus letting X = ZX; and observing
that the ch. f. of X equals ITk;, we have by (4.6) that

r Joo 1 - l—[ hl(x)

(4.35) E|Y X — e dx
j=1 -® ||
@0
I 1;[1 h;()
—»C,J_w I-’LIH’ dx

=E|X|’ as n — 00;

whence, 2%_, X; 5> X. QE.D.

Let 2 < p < o, 1/p + 1/g = 1. Let us call a basis in X, a standard basis,
provided it is equivalent to the natural basis of X, ,, for some w satisfying (1.6).
(By the results of [11], given any w satisfying (1.6), then the natural basis of
X, is equivalent to some basis of X ,-) Then let us call a basis (b,) in X, a
standard basis, provided its dual (b;) is a standard basisin X, (where b, (b;) = 5,, j
for all j). Again, it follows from the results of [11] that a . basis (by) in X is a
standard basis if and only if there exists a sequence (X,) of three valued, sym-
metric random variables (seminormalized in L) such that (b,) is equivalent to
(X,) (in L%). Actually, any standard basis (of either X, or X,), is equivalent to a
block basis of any other standard basis. For if w and w’ are given satisfying (1.6),
then by Lemma 7, p. 288 of [11], the natural basis of X, ,, is equivalent to a
block basis (y;) of the natural basis of X, .-, and there is an “orthogonal” pro-
jection P from X, - onto [y;]. The range of P* is then the closed linear span of
a block basis of the natural basis of X, ., and this block basis is also equivalent
to the natural basis of X, ,,.

Our final result shows that all the spaces considered here are isomorphic to
the spaces spanned by block bases of any standard basis of X, and also reveals
the lack of gain in generality (for our purposes) in considering nonsymmetric
random variables.
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CoroLLARY 4.3. Let 1 < r < 2, and let (X,) be a sequence of independent,
nonzero random variables belongmg to L', each of mean zero. Then there exists a
sequence (Z,) of independent, three valued, symmetric random variables such that
(X)) is equivalent to a block basis of (Z,) (in L'). If 1 < r, then (X,) is equivalent
to a block basis of any standard basis of X,.

Proor. Let (X,) be a sequence of independent random variables sym-
metrizing the X,,. Precisely, let X, X7, X}, X7, - - - be a sequence of independent
random variables such that for all n, dist X, = dist X, = dist X,, and put
X, = X, — X/ foralln. Then fixing1 £ r < 2, (X,)is equlvalent to (X,,) (in L").
Indeed, when scalars (c;) are given, if Zc;X; converges in L’, then Z¢,X; and
2c¢;X{ converge, hence, Zc,(X; — X;') converges. Conversely, if Zc¢;(X; — X/)
converges, then since (X}, X7, X3, X3, - - -} is an unconditional basic sequence
(see Section 2), Z¢;X; converges; whence, Zc;X; converges.

Now, of course, if k, = ch.f. X,, then |A,|> = ch.f. X, for all n. Hence, by
Theorem 4.2, there exists a sequence (Y,) of independent, symmetric, infinitely
divisible random variables such that (X,) is equivalent to (Y¥,). (The association
X, — Y, of Theorem 4.2 is homogeneous; that is, if X, — Y, then tX, — tY,).
By Corollary 4.1, (Y,) (and consequently (X,,)) is equivalent to a block basis of
some sequence (Z,) of symmetric, three valued independent random variables,
and thence, if » > 1, to a block basis of any standard basis of X,, by our remarks
above. Q.E.D.

REMARK 4.3. It is well known (and a consequence of Lemma 4.2) that ran-
dom variables which are stable of exponent r, 0 < » < 2, fail to have absolute
rth moments. The preceding results show that if (X, ) isa sequence ofi.i.d. random
variables possessing absolute rth moments, then the closed linear span of the
X, in I’ cannot be isomorphicto " for 1 < r < 2.Let X, be the ‘“‘symmetrization”
of the random variable X, — EX, for all » (as defined in the preceding proof).
Then [X,], is isomorphic to [X,], (provided the latter is of infinite dimension).
Now if f is the characteristic function of X,, then letting Jor = fx as defined
in the proof of Theorem 4.2, we have that

Y1 —f¢
(4.36) forly) =y L T;-f-,g——) dt = o(y’) asy >0

and Zc;X; converges in r mean if and only if Zf; ,(|tc;|) < o for some ¢ > 0.
This shows that the basic sequence (X,) is not equivalent to the usual basis of
¢", while every subsequence of (X,) is equivalent to the whole sequence. Hence,
[X.,], is not isomorphic to ¢”, since ¢ has only one ‘“‘subsequence equivalent”
basis (up to equivalence).

In a sense we have studied here the richness of the spaces spanned by sequences
of independent, three valued, symmetric random variables by working with
infinitely divisible distributions. In light of our final corollary, it is now possible
(in theory, at any rate) to turn this around and study the spaces spanned by
arbitrary sequences of independent random variables, by studying block bases
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of sequences of independent, three valued, symmetric random variables, that is,
of any standard basis of X,.

Fix1 < g < 2, and let (X,) be any sequence of three valued, symmetric, inde-
pendent random variables such that w satisfies (1.6), where w, = || X,[|,/X.|»
for all n. (Since X, is three valued, w, = || X,| /| X.|,.) Also, assume that (X,,)
is normalized in L?. Thus, (X,) is equivalent to an arbitrary standard basis of
X,. As we mentioned in [11], it can be shown that for any sequence of scalars
(¢j), Zc;X; converges in L? if and only if

(4.37) Y. min {cfw,;'z, 3 |c,,|“} < .

It follows that given any sequence (¥,) of independent random variables in L,
each of mean zero, and given any sequence w = (w,) satisfying (1.6), there exists
asequence B, B,, - - - of disjoint finite subsets of the integers, and there exist, for
each j, scalars A, for n € B;, such that for any sequence of scalars (c;), the series
Zc;Y; converges in L? if and only if

@

(4.38) Y Y min {c}l&w;2,§|cj|"|l,.lq} < .

Jj=1 neB;j

REFERENCES

[1] C. Bessaca and A. PeLczy®ski, “On bases and unconditional convergence of series in
Banach spaces,” Studia Math., Vol. 17 (1958), pp. 151-164.

[2] J. BrETAGNOLLE and D. DACUNHA-CASTELLE, “Application de I’étude de certaines formes
linéaires aléatoires au plongement d’espaces de Banach dans des espaces L?,”” Ann. Sci. Ecole
Norm. Sup., Vol. 2 (1969), pp. 437-480.

[3] J. BRETAGNOLLE, D. DACUNHA-CASTELLE, and J. L. KRIVINE, ‘Lois Stables et espaces L?,”
Ann. Inst. H. Poincaré, Sect. B, Vol. 2 (1966), pp. 231-259.

[4] M. M. Day, Normed Linear Spaces, Berlin, Springer-Verlag, 1958.

[5] N. Duxrorp and J. T. ScHwARTZ, Linear Operators I, New York, Interscience, 1958.

[6] P. R. HaLmMos, Measure Theory, Princeton, Van Nostrand, 1950.

[7] J. LinpENsSTRAUSS and A. PELCZYRSKI, “Absolutely summing operators in &, spaces and
their applications,” Studia Math., Vol. 29 (1968), pp. 275-326.

[8] J. LinpENsTRAUSs and H. P. RosENTHAL, “The %, spaces,” Israel J. Math., Vol. 7 (1969),
Pp. 325-349.

[9] M. LogvE, Probability Theory, Princeton, Van Nostrand, 1962.

[10] D. MaHARAM, “On homogeneous measure algebras,” Proc. Nat. Acad. Sci. U.S.4., Vol. 28
(1942), pp. 108-111.

[11] H. P. RoSENTHAL, “On the subspaces of L? (p > 2) spanned by sequences of independent
random variables,” Israel J. Math., Vol. 8 (1970), pp. 273-303.

[12] K. UrBanik and W. A. WovczyNski, “A random integral and Orlicz spaces,” Bull. Acad.
Polon. Sci. Sér. Math., Astronom. Phys., Vol. 15 (1967), pp. 161-169.



