RANKING LIMIT PROBLEM

MICHEL LOEVE
UNIVERSITY OF CALIFORNIA, BERKELEY

1. The problem

Let (2, 4, P) be our probability space and let X, with or without affixes, denote a
measurable function [a random variable (r.v.) when finite] on this space. £2(X) will
represent the (probability) law of X defined by its distribution function (d.f.) F or its
characteristic function (ch. f.) f with the same affixes as X, if any. A law degenerate at ¢
is represented by _£(a); if @ is finite, it is the law of a r.v. which reduces to & with prob-
ability 1; (=) represents the law of any measurable function which is infinite with
probability 1.

Distribution functions and, more generally, monotone functions, say, # on R =
(— », + =), will be continuous from the left: k(x — 0) = k(x), x € R. A sequence 4, of
monotone functions, say, nondecreasing ones, converges weakly to k on R, and we write
b 25 h, if b, — h on the continuity set of & (it suffices that 4, — % on a set everywhere
dense in R); k., converges completely to k,and we write k, s h,if, moreover, z,(F ) —
h(F ). A sequence of laws £2(X,) converges weakly or completely to a law 2(X) if
F, — F weakly or completely, respectively.

Convention 1. Throughout this paper, and unless otherwise stated,

(a) To any probability  we make correspond the probability ¢ = 1 — p with the
same affixes, if any.

®b)n=12,--;k=1,2, -+, k,, with b, — o ; all limits are taken for n — .

(c) X represent r.v.’s independent in % for every fixed #. For every w € Q, the
nondecreasingly ranked numbers X,..(w) are denoted by

(1) X3 (@) S XE@S - S X3 (o)

they are values of nondecreasingly ranked r.v.’s X%, r = 1,2, - -, ko, of rank r and rela-
tive rank p = r/k, (with the same affixes as 7, if any), corresponding to the r.v.’s X,;.
The nonincreasingly ranked r.v.’s are denoted by *X,,, s = 1, 2,- - -, k., of end rank s,
so that *X,, = X5 tntie

Let the X, be uniformly asymptotically negligible, that is, 2(X.x) — £(0) uni-
formly in k. We know that if 2 (E X,,;‘) A L(X), then L(X) is infinitely decom-
k

posable. We recall that a law £(X) is infinitely decomposable, that is, f'/# is a ch. f.
for every # if, and only if, for every # € R

(2) log f (#) =iau—-§u2+[;n(e‘“—l—% dL (x)
+o iz 1Ux
+_/+0 (e —1-{) (@),
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where @, b € R, and the nondecreasing functions L on (—«, 0) and M on (0, + =)
satisfy the conditions

-0 +1
(3)y L(—w)=M(+x) =0, f xzdL(x)+f x2dM (x) <.
-1 +0
The pair (L, M) is the “P. Lévy function” of the infinitely decomposable law £2(X).

One of the most awaited and beautiful results of probability theory is the normal con-
vergence theorem which, in P. Lévy’s form, says that if 2 (z X ,.,,) 5 L(X), then
k

LX) is normal if, and only if, _£(m:1x | Xax|) = L£(0) or, equivalently, 2(X5,) —

L(0) and L(*X,;) — L(0). Since the infinitely decomposable law A2(X) is normal

if, and only if, its P. Lévy function (L, M) vanishes identically, one may expect some gen-

eral relationship between the asymptotic behavior of /2 (E X, ,.k) and of 2(X7%,) and
k

L(*X,1). In fact, the foregoing result is a particular case of the following immediate
consequence of the Central Extrema Criterion (see p. 315 in [3]).

e (E X,.k) Ay (X) , then L(X) has P. Lévy function (L, M) if, and only if,

(4) LX) —->L(X*, LC*X,)—L(*X)
with

(5) F*(x) =1—eI®or1, *F(x) =0o0r 4@,

according as x < 0 or x > 0.
This proposition connects the problem of limit laws of sums Z Xni—the Central
k

Limit Problem, with that of limit laws of ranked summands—the Ranking Limit Prob-
lem. There exists a huge literature about the last problem (see, for example, the bibli-
ography in [5]). However, the results are not suited to the general Central Limit Problem,
for they appear to be confined essentially to the normed and identically distributed case:
Xoak = Xi/bn — @ny kn = n, the r.0.’s Xy, having a common and fixed d.f. F, so that F,i(x)
= F(a, + bnx). Thus, the situation is similar to that of the Central Limit Problem in
1925, when it was confined to the same case.

The foregoing connections and similarities lead to the research of limit laws and of
convergence conditions for general ranked r.v.’s. However, as stated, the problem is so
wide that it has no content. For, any law _2(X) of a r.v. may be such a limit law. For
example, take, for every n, £(X.) = L(X) and L(Xn) = L(n) for k> 1; then
clearly, £2(X7x,) — L£(X). This indicates the need for some “natural” restriction. Uni-
form asymptotic negligibility seems to be a reasonable one. Yet, a look at its “raison
d’étre”” shows it to be unnaturally restrictive. It has been introduced into the problem
of limit laws of sums for a double purpose. On the one hand, these limit laws are to be
essentially characterized as being those of an infinitely increasing number of summands
so that no one of them may play a privileged role in the formation of the limit laws.
This is ensured by their uniform asymptotic behavior. On the other hand, these limit
laws are to be laws of r.v.’s, that is, no positive probability may escape to infinity. To-
gether with the preceding requirement this leads to uniform asymptotic negligibility.
However, in the ranking problem the no escape requirement does not lead to asymptotic
degeneracy of the X, Furthermore, we shall find that in this problem it is more con-
venient not to impose a priors that the limit laws be those of r.v.’s.
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This leads to uniformly asymptotically distributed r.v.’s X,i: there exist d.f.’s F, such
that F,; — F, — 0 uniformly in %; observe that we may then take F,= (1/k,) E F.
k

Uniform asymptotic negligibility is obtained by adding the condition that F,(x) — 0
or 1 according as x < 0 or x > 0. Finally, we may state our problem as follows.

Ranking Limit Problem.

(H) Let X3, be ranked r.0.’s corresponding to independent and uniformly asymptoti-
cally distributed r.v.’s X .

(i) Find the class of all possible limit laws for the X 5.

(i) Find conditions for convergence to any specified element of the class.

Convention II. Throughout this paper, we set

(6) L= Fu, M= {Fu—1};
k k

(7) gr,,= ' Tn nr, [N T nay, )
\/ZFuk(l —Fu)
k
. . . I,—EI,
(8) 1”=;1w In—;lnk, I==72,
with

where the right-hand sides are indicators of the subscript events.

The obvious relation
(10) [X}<z] =[I, ()2 r]

will play a basic role in this study (observe that it shows that the functions X}, on Q as
defined in convention I are r.v.’s). This relation defines a type of inversion for random
functions (r.f.’s) I, on R. An investigation per se of such inversions for large classes of
r.f’s will be presented elsewhere. The present inversion problem is characterized by
the fact that the r.f.’s I, are sums of independent indicator functions I,; which are
nondecreasing in x € R and whose (random) values are uniformly asymptotically dis-
tributed for every fixed x.

2. The individual ranking limit problem

The limiting behavior of individual ranked r.v.’s of fixed or variable ranks will be de-
duced from the corresponding behavior of P{X% < z} = P{I.(x) = r} for fixed values
x of the argument. We require the following elementary lemma.

LEmMMmA 1. Let J, = E Jnk be sums of independent indicators for every fixed n. Set
puk = EJpx = P{Jpx = lk}, so that
(11) Elo= 20 pu,  n= 2 pugu,
and set Jo = (J, — EJ,)/ 0T .
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If 6%, — =, then L[(Jo — EJ,)/aJ}— N, 1).
If pur— p uniformly in k, then
(i) EJ,—> N LJ.)— L(X); more precisely, either

(12) El,—A<oo ) —P 0N,

and p =0, or

(13) EJ,m oo f(J.) = L (=).
(i) o¥,— o2 L) — L(X'); more precisely,

(14) oty oo L(J) - N0, 1),

(15) oty ot <o f(J,) = L(X)

of Poisson or degenerate (at +1, —1, or infinity) type.

Proor. (a) The two propositions below are immediate consequences of, say, the Cen-
tral Limit Theorem, but the direct proof is so simple that we give it.

If 0%, — =, then, for » sufficiently large,

(16) log Ee™ = log [1+ (pse™¥/™nk - gy ¢ bk — 1))
= — 4o B,

where o(1) = O(1/¢J,) — 0 uniformly in %, so that log E exp (inJ,) = —[1 + o(1)Ju?/2
and, hence, £2(J,) — #(0, 1).
If pnr— O uniformly in %, then, for # sufficiently large,

(17) log E¢™* =1log [14 pm (e — 1)1 = [1+4 0 (1)] pe (™~ 1)

where o(1) = O(pn) — O uniformly in %, so that log E exp (iuJ,) = [1 + o(1)]EJ,
[exp (iu) — 1] and, hence, EJ,— A < = o £(J,)— P(N).

(b) Let par— p uniformly in k. If p = 1, then EJ, ~ k,— = and, for every fixed
integer m,
(18) P{L.zmz ] pm—1,

h=1
so that A2(J,) — L(x). If p <1 and EJ,— o (necessarily if 0 < p < 1), then
2 Prknk ~ ¢ Z Pnk — o, so that for any given pair a, b € R,
k k

(19) L~ VBT,
and, for # sufficiently large,
a—EJ,
=P > —t3/2
(20) P{J.Za) {Jz - } P{JZb}—»\/Z  e—tids,

By letting b — o, it follows that 2(J,) — £(«).

What precedes, together with (a), proves assertion (i) provided we can show that
LU.)— L(X) implies EJ, — \. This is proved upon taking sequences {m} and {m’}
of integers such that A = lim EJ,, = lim inf EJ, and N’ = lim EJ,y = lim sup EJ,.

m n m’

For, either A = o so that A’ = « and hence EJ,— ®, or A < ® while M’ £ » so
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that 2(X) = /() and also 2(X) = A(\’) or L£(=) leading to a contradiction unless
N = X and hence EJ, — N < =. Thus, the proof of assertion (i) is complete.

(c) Let pnr— p uniformly in kand let 6%/, — 0? < »,sothat p = 0or1.If p = 0,
we have EJ, ~ ¢2J,— ¢? < . Then, either ¢ > 0 and hence, by (i), .£(X’) is of
Poisson type, or o2 = 0 and, given ¢ > 0, for » sufficiently large
(21) P{J.< —1—¢}=P{J, <0} =0
while

(22) P{J.< —14¢} =P{J,=0} =[] (1 = pw) = e~lrom1 &y

k
and hence 2(X’) = £(—1). Similarly if p = 1. Proceeding as above or reducing to
what precedes upon replacing Jax by 1 — Jax, we find that £(X’) is either of Poisson
type or is £2(+41). What precedes, together with (a), proves assertion (ii) provided it
can be shown that £2(J,) — _£(X’) implies 627, — 2, and this is proved as the corre-
sponding assertion in (i). This terminates the proof.

The following “simplifying argument” will be used, without further comment, to prove
various statements under supplementary assumptions which do not, in fact, restrict the
generality.

Let {s,} be an arbitrary numerical sequence. Since we accept infinite limits, this se-
quence is compact. Thus, to prove that s, — s, it suffices to show that every convergent
subsequence {s,} € {s.} converges to s. In turn, this will follow if we show that some
subsequence {s,”} € {s.} converges to s.

THEOREM 1. Let the 7.9.’s X o be suck that Fax(x) — Fa(x) — O for a given x € R, uni-
formly in k.

(i) For fixed ranks r,

Ly g1

= * p— —_  _ p—t
(23) A, =P{X*<ax} fo =37 ¢ 140,
and
24) L (x) —>L(x) c__.,P'{X*<x}___)-/-14(:r:)tr__l_ e—tdt
( " " ,  G=D1¢ %

If lim sup L.(x) < o, then P{X’fn < x} — O for variable ranks r,— .
L
(i") Stmilarly for end-ranks s and s., upon replacing X*, r, L, f by X, S, - M,
0

+o
f , respectively.
-u

(ii) For variable ranks r,— © withs, = kn+ 1 —r,— o,

- i +o
= * —— —tf2
(25) A, P{Xrn<x} o a,.”(z)e dt—0,
and
26) (2) g (2) SP(X2 <2} oz [ emomay
( 8, 1) 8T - V2 Jow ° ’

If lim sup |gr(x)| < ®, then oI,(x) — © and
27) P{X*<z}—>0, P{*X, <z}—1

for fixed ranks r and end ranks s.
Proor. (a) We have

(28) P{Xr<axz}=P{I, ()2 r}.
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To prove the first assertion in (i), we can assume, because of the simplifying argument,
that A,— A, L,(x) — L(x), and F,(x) = F(x). Then lemma 1 applies to I,(x) since
Fou(x) = P{I.u(x) = 1} > F(x) uniformly in % and EI,.(x) = L,(x) — L(x). There-
fore, for L(x) < ,

el L" L tr—1
* -L —_— _— et
(29) P{X}<z}l—oe ghg /0. G=D1° %
and, for L(x) =
30) P{xz<s)o1= [ e
( nr v/ (r—1)! ’

Thus A = 0, the first assertion in (i) is proved, and the second follows from it.
Similarly for the last assertion in (i): We can assume that P{an <z} —>p and
L,(x) — L(x) finite [since lim sup L,(x) < «]. Then, any fixed rank r < 7, from some
n on, and hence
L (z) ir—1 Lr (x)
* < * —t
(31)  P{X}<x)SP{X}<z)- [ e R ot

By letting » — o, we find that p = 0 and the assertion follows.
(b) We have

(32) P{X}<az}=P{I () zr}=P{[[(nZg (»}

To prove the first assertion in (ii), we can assume, because of the simplifying argument,
that A, — A, gr.(x) — g(x), Fu(x) — F(x), and 0% ,.(x) — o2
Let ¢2 = . Then, by lemma 1, for g(x) finite

(33) P{X}<a}o—mm f e—rdt,

while for g(x) = +© or — = (so that the foregoing integral is O or 1), given ¢ € R,
for sufficiently large »

(34) P{X;<x}§1>{f”(x)ga}orépgin(x)ga},

so that, by letting #— « and then ¢ — 4 or — =, we find that P{X* <z}—0
or 1. It follows that A = 0, and the first assertion in (u) is proved when ¢2 = 4+ .

Let ¢ < «. Then F(x) = 0 or 1, for otherwise ¢2[,,(x) ~ E.Fo(x)[1 — Fp(x)] > .
If F(x) = 0, then L,(x) ~ ¢*[(x) = 62 < © and g.,(x) = [r.(x) — La(x)]/ol.(x) >
4+, while if F(x) =1, then Mu(x) ~ —o¥,(x) > —0*> —» and g,(x) =
[—Ma(x) — Sa}/ela(x) > —». But L(x) < © or M(x) > — = implies, by the last
assertion in (i), that P{X} < x} —0 or 1, while g(x) = 4+ or —« implies that
f (;m exp (—#/2)dt = 0 or 1. It follows that A = 0 and the first assertion in (ii) is
p:oved also when ¢? < ©.

The next assertion in (ii) follows from the first one. The last but one assertion results,
ab contrario, from the foregoing discussion of the case ¢? < o, and the last one in (ii)
results from the last one in (i) by L.(x) = ¢*I.(x) — » and by the interchange in (i’).

THEOREM 2. (Individual ranking limit theorem.) Under (H)

1. For fixed ranks r
(i) The class of limit laws of ranked r.v.’s X, is that of laws L(X7}) with d.f.’s

r—1
(35) —f =Ty ¢
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where the functions L on R are nondecreasing, nonnegative, and not necessarily finite.
These laws are laws of r.v.’s if, and only if, L(— o) = 0, L(+ ®) = + .

(36) (i) Ft 2> Flol, 2> L.

I'. For fixed end ranks s
(i") The class of limit laws of ranked r.v.’s *X ., is that of laws L(*X,) with d.f.’s

+o 8 —
(37) o= [ g et

where the functions M on R are nondecreasing, nonpositive, and not necessarily finite.
These laws are laws of r.v.s if, and only if, M(— ) = —o , M(+=) = 0.

(38) (i) *F,,,‘—’}MF. o M—'I—:—> M.

I1. For variable ranks r,— o withs, =k, + 1 —7,— o
() The class of limit laws of ranked r.v.’s X7_is that of laws with d.f.’s

1 +o0 .
e — _’/2
(39) o \/21r>[ e—t'2dt

where the functions g on R are nonincreasing, and not necessarily finite.
These laws are those of r.v.’s if, and only if, g(—©) = + o, g(+ ) = —

(40) G Fr—=Frog, —>g.

ProoF. The second part of assertions (i) follows from the first one. Assertions (ii) and
the fact that limit laws are of the form stated in assertions (i) follow from theorem 1.
It remains only to show that given L or given g and r,, there exist d.f.s F,; of r.v.’s

such that L, —2> L or g, —> g. Take Fpy = F, with k= 1, -, kp—> o.
Given L, if there exists an ¢ € R such that L(x) is finite or infinite according as
x < aorx > g, then, for n sufficiently large, it suffices to select F, such that F,(x) = 0
forx < —n, = L(x)/kufor x € (—n, @), = 1 for x > a. If L(— =) = 4+ =, and hence
L = 4 =, it suffices to select F, such that F,(x) = 0forx < —n,1forx > —un.
Given g and 7, — o, take &, such that s, = k, + 1 — 7, — =, and observe that
the relation

F.
(41 VA Ve

determines F, uniquely and that 0 < F,(x) < 1 for g(x) finite while Fu(x) = 0 or 1
according as g(x) = + o or — . It suffices to select F,(x) such that F,(x) = F.(x)
for x € (—n, +n), = 0 for x < —n, and =1 for x > n. This completes the proof.
Remarks. 1. The foregoing proof shows that all our limit laws are also limit laws of
ranked r.v.’s corresponding to r.v.’s X, with common d.f. F,. However, for general
functions L, M, g, we are not in the normed identically distributed case, that is, with
F.(x) = F(a,+ b.x), x € R, where F is some fixed d.f. In fact, various authors, and es-
specially Gnedenko [2] and Smirnov [6], determined the particular functions L and g
which may occur in this special case. It would be of interest to determine the class of
functions L and g which may occur in the general normed case Fnr(x) = Fi(an + bnx).
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2. The foregoing theorems solve the problem of limit laws of ranked r.v.’s whatever
be the asymptotic behavior of the ranks. In fact, set r, 4+ s, = %k, + 1 and observe that
if, say, r, — r finite, then r, = r from some # on while s, — «. Thus, the individual
theorem solves the problem in the case 7,— 7 < » with 5,— 5 < o, In the case
ro -+ r finite or not, the sequence r, has distinct lower and upper limits ' < 7. If
r < © and 7’ < «, then by I(i) the limit d.f. (if it exists) is such that

L r'—1 _ _ L -1 _ , ”
(42) ‘/o‘ W [4 ‘dt——/‘: W—:ﬁ' (4 tdt, 1 4 #f ’

so that L can take at most two values 0 and 4+ « and the limit law is degenerate. If
r' < @ and v = 4 », then, by part (i) of theorem 1, for every x for which L(x) < o,

L (z) r'—1
(43) ./0. '(f,—_l)—| e~ tdt=0 y
so that the same conclusion holds. Thus, in all cases not covered by the individual theo-
rem the limit laws are degenerate.

3. According to the last assertion in part (i) of theorem 1, if L on R is finite [or, equiva-
lently, if, for a fixed r, 2(X%,) — £(X) not a.s. bounded on the right], then 2(X ’fn) —
L(+ =) for r,— ». Similarly, if M on R is finite [or, equivalently, if, for a fixed s,
L(*X ) = L(X) not a.s. bounded on the left], then 2(*X, ) — L(— ) for s, — .
Also, according to the last assertion in part (ii) of theorem 1, if g on R is finite [or,
equivalently, for an 7, — @ with s, = kb + 1 — 7, > », L(X})— L(X) with X
a.s. bounded neither on the right nor on the left], then A2(X%,) — A(— ) and
L(*X,,) = L(+ =) for fixed 7 and s.

4, The limit laws of “p,-quantiles” are those of ranked r.v.’s with p, = r,/k, — p,
0 < p < 1. The following propositions are immediate consequences of II.

If pa—pwith0 < p < 1, then

(44) F*_Z’_>_F, Py ::n—Fn /—k" w g,

and then F,(x) = L.(x)/n— p whenever g(x) is finite.
If, moreover, p,— p, then nondegenerate limit laws of p,-quantiles and p,-quantiles are
the same if, and only if, (on — p) V'E,— 0.
From II follows also that (here we do not assume that p,— p with 0 < p < 1)
If, for some a € R and every e > 0,

(45) (Ha) Minf[Pn—Fn(a—e)]>0) limsup[Pn_Fn(a+€)]<0:

then X7, —Ii>- a.

It suffices to observe that under (H,) 7,— ®,s5, = b, +1 — r,— o ,and g (x) —
— o or -+ according as ¥ < a or ¥ > a.

The same proposition can be proved directly and, at the same time, completed as
follows.

Under (Ho), if 3 1/B2 < «, then X, ““> a.

For, take a for the origin of values of x and observe that (H) implies existence of a
& = 8. > 0 such that, for » = »n, sufficiently large,
(46) Pn_Fn(—'e) >4é, Pn'—Fn("‘é) < —39.
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Then, by the Markov inequality, for any a > 0,
47) P IX;] >e} éP{X:‘< —¢} +P{Xf’: = —¢}
=P{I.(—€¢ = 1.} +P{I.(+¢) <r,.}

S 5o B1 T (=9 ~EL (=9 |*+E|L.(+9 —EL(+9 4.

Since, for every x € R, I,(x) = E I.x(x) where the summands are independent
k

indicators, it follows at once that there exist finite constants ¢; and ¢, such that the
above bracket is bounded by ¢k, and by c4 k% for a = 2 and 4, respectively. There-
fore, for every ¢ > 0,

(48) {IX*|>E}<82k—>0

so that X’,"n—£>— 0, and, ifz 1/k: < o, then

(49) D P{IXX] >e _642k2<m

n

so that X7, 2% .

3. The joint problem

We examine now the joint asymptotic behavior of ranked r.v.’s. The method of at-
tack is the same as for the individual problem. To avoid trivial exceptions, we include
within the Poisson and the normal type, laws which are degenerate at a finite or in-
finite number. We say that a random function (r.f.) on S € R is L-Poisson, where L is
a function on S, if its values at every x € S are Poisson r.v.’s with parameter L(x).
We say that a sequence of laws 2(X$) of r.f.’s X&) on S converges to the law _2(X5)
of a rf. X on S, and write A(X®) — L(Xy), if A(X®)— L(Xs ) for restrictions
X® and X of these r.f.’s on every finite subset §' c S.

We require the following elementary lemma.

LemMaA 2. Let J, = 2 Jui be sums of indicator functions Jnr on S € R, independent
k

in k and nondecreasing in x € S, such that EJ = par— p on S uniformly in k. Let
= 2 Je where Jop = 1 — Jor, and let J, = (J, — EJ,)/eS, with covariance vn
k

onS X S.
(50) @ EJ,—N on S L) —L )
where J on S is an L-Poisson r.f. with independent increments; similarly for J;.
The r.f.'s J and J*¢ are independent (when they exist).
(i) If o¥n— o, then LTn) ~ LUIN) where the TN on S are normal r.f.’s with co-
VariaNnce Y,
(51) a—m o, Yoy LT —L )

where J on S is a normal r.f. with covariance .
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The r.fs J and J or J¢ are independent; in fact, the three r.f.’s J, J, J° are independent
(when they exist).

Observe that independence of, say, J and J° means asymptotic independence of J,
and J&.

Proor. To avoid repetition, it is to be understood that asymptotic relations are writ-
ten for » sufficiently large. Also we use the fact that degeneracy implies independence
from any family of r.v.’s. Furthermore, according to the definition of convergence of laws
of r.f.’s, we may and shall take their domain .S to be a finite set. The method of proof
being the same whatever be this finite set S, to simplify the writing, we take S to be
composed of two points x < %', drop “(x),” and replace “(x’)”’ by “’”’. Thus, we have

two sums of indicators J, = 2 Jety Jn = z Jog, With Jox < Joe. Hence EJn; =
k k

Dot S Pt = EJ i, With pai— p, pre— ', uniformly in Z.

(a) We prove assertion (i). Let 2(J,) and £(J,) converge so that, by lemma 1,
EJ,— X\, EJ,— X\'. Conversely, let EJ,— \ and EJ, — N so that, by the same lem-
ma, L(J.)— A(\) and L(J,)— PA(N). If X and/or N are infinite, then the corre-
sponding limit laws are degenerate and convergence of the joint law follows from that
of the individual ones, and conversely.

Thus, let A and N’ be finite and hence p = p’ = 0. Since Jux(Jax — Jaz) = 0, it fol-
lows that

(52) logE exp [iuJ,, +iu, (J,, —J,)]
=log [1+p,, (e —1) + (., — p,,) (e —1)]
=[140M1)]I[p, (e —1) + (P, — D) (e —1)]
where 0(1) — 0 uniformly in k. Therefore
(53) log E exp i J, +iu, (J,—J,)]
=[1+0 (1)]EJ, (es—1) + (EJ,—EJ) (e —1)]

S (e —1) + (V=) (ema—1)
and hence

(54) log E exp (iuJ +iu'J)) =log Eexp [i (u+u') J +ivw' (J,—J)]
—A(e*—1) 4N (e —1).

This completes the proof of the if, and only if, assertion in (i). Similarly for (J;%, J2).
As for the last assertion in (i), from

(35) EJ +EJ:=EJ.+EJ, =k >,

it follows that individual limit laws such as _2(J,) and £(J) cannot both be nonde-
generate. Thus it suffices to prove asymptotic independence for those r.v.’s whose limit
laws may be nondegenerate, say, J, and J,¢. Because of the relation J.xJni = 0, rela-
tion (53) holds with J,¢ and lim EJ,* in lieu of J, — J, and M’ — X, and the assertion
follows.

(b) We prove assertion (ii). Dropping momentarily the subscripts “nk,” we have

(56) Eexplin (J—p) +iu(J' —p)) = [14 (peratgevr—1) e’
+ (P e+ g e — 1) emw (1 — em9) (% — 1))
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If ¢2J,— ® and o2/, — o, then, restoring the subscripts, summing over , replacing
u and «’ by u/¢J, and '/ ¢J,, and expanding, we find that

(57  logEexp GuJ,+it'J) = — 140 (1)] (%3+7,.uu'+“7’2)

where v, = EJ,J, = oJ./0J,. This proves the first assertion in (ii). Furthermore, the
right-hand side converges necessarily to — (#%/2 + yus’ 4+ 4'%/2) if, and only if,
vn—> 7. But convergence of 2(/,, J.) to L£(J, J’) where J and J’ are normal r.v.’s im-
plies that individual laws converge to normal ones and hence, by lemma 1, that ¢%7, —
®, ¢2J, — . This completes the proof of the if, and only if, assertion in (ii).
As for the last assertion, let, say, J and J’ be nondegenerate. From o2/, — « and
(56) with p = 0, it follows that )
2

(58)  logEexp Gul,+iw'T) = [1+0 (DI[E], (ev—1) 2],

and hence J, and J, are asymptotically independent. Similar but longer computations
show that, say, the three r.v.’s J,, Ja, J.° are asymptotically independent. This con-
cludes the proof.

In what follows we use the same simplifying argument as in section 2.

THEOREM 3. Let the rv.’s X, be such that Foy — Fn— 0 0n S = {x;,j = 1,---, h},

uniformly in k.
(i) For fixed ranks r;,
(59) An=Pr;,\ [X,f,.i<x,-] "‘PQ [If (z)=Z rj] =0

where IP on S are L,-Poisson r.f.’s with independent increments.
If lim sup La(x;,) < ® for some x;, € S, then for any ranks r,; with some rn;,— ©,

(60) Po (X7 <z]—0.

(i') Similarly for end ranks s; and s.;, upon replacing X*, r, L by *X, s, — M, respec-
tively.
(ii) For variable ranks r,j— © With Spj = ks + 1 — 1,;— o,

(61) A=PQ (X}, <zl —PQ LY (%) Z g, (x,)] 0

Tnj

where IN on S are normal r.f.’s with covariance .
Iflim sup |g, . (xi,)| < @ for some x;, € S, then for any ranks r,; with some r,;, fixed,

nlo

(62) PO Xy <z —0.

If lim sup |g.,.(x;)| < « for all x; € S, then for fixed end ranks s;,
(63) POy [*Xns; < %] —1.
ProoF. (a) We have
(64) PQXm<x] =PQ [L.(x) 2 7).
To prove the first assertion in (i) we can assume, because of the simplifying argument,

that A,— A, L,— L, and F,— F on S. Then lemma 2 applies to the r.f.’s I, so that
L(1,)— L) where I on S is an L-Poisson r.f. with independent increments, while
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clearly £2(IP) — A(I). Thus A = 0, and the assertion is proved. The next assertion in
(i) follows, by the corresponding assertion in part (i) of theorem 1, from

(65) QX3 <wzlelXh, <al.

Similarly, (i’) results from

(66) n (* X, <] = R L (x) <s5l.
(b) We have

(67) PQ X, <a) =PQ L. (%) Z gr,;(x)].

To prove the first assertion in (ii) we can assume, because of the simplifying argument,
that 8, — 4, g, . — g, Fa—> Fon S, and y,—yon S X S.

If some g;(x;) = 4+« or — =, then the probabilities of the corresponding events
x7, ; < xj]and [Talx;) 2 gr,;(%;)] have the same limit O or 1. In the first case, both terms
of A, converge to 0 and hence A = 0. In the second case both events can be dropped at
the limit. Thus, it suffices to prove the assertion for finite g;(x;). But then, according to
part (ii) of theorem 1, ¢%I, — = on.S so that lemma 2 applies, and hence A = 0. The as-
sertion is proved. The following assertions in (ii) result from the last one in part (ii) of
theorem 1. This completes the proof.

THEOREM 4. (Joint ranking limit theorem.) Under (H)

1. For fixed ranks r1,- - -, ra
(i) The class of joint limit laws of ranked r.v.’s X n,,," - -, Xney, 15 that of laws L(X7,," -+,
X f,.) with d.f.’s defined by

(68) P{X} <y, , Xpo<m}=P{I(x)Z ry, ,I(m)Zn},
xlr”'ythR’

with I on R an L-Poisson r.f. with independent increments where the functions L on R are
nondecreasing, nonnegative, and not everywhere finite.
In particular, for two fixed ranks r < r’,

* x _ _ L(z") . t (t—1) r’—r-—l. {'r—1 ,
(69) P{X? >z x1<s)= [ " d:’fw =i =11 ¢}

or =0, according as x < x' or x > x'.
(70) () Lo—>Leo L (X5, Xo) —> L (X}, -+, X3

I'. Similarly for fixed end ranks, upon replacing r, X*, I, L by s, *X, I°, — M, replac-
ing nonnegative by nonpositive, and interchanging x and x'.

I1. For variable ranks r.; such that pn; = r,j/kny —p; with 0 < p; < 1 for every
i=10h

(i) The class of joint limit laws of ranked r.v.’s X, ", X.np 15 that of limit laws
L0, -, X30) with d.f.’s defined by

(71) P{X:l”‘<x1; ’X::h<xh} =P{I_(x1) Z gi(x), - )j(xh); g (a) },

%, ", WER,
where

(a) the funciions g; on R are nomincreasing, not necessarily finite, such that g; < gy
for p; < pj, and whenever gi(x) and g;(x") are both finite then p; = p;y and
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(Puj — Pnj ') ‘\/—k—n
Vi (1—p5)

(72) gi(x) — g; (') = ¢jj»=1lim

are constants independent of x.
(b) The r.f. I on R is normal with a triangular covariance defined by

(73) v (%, %') =-B—(ﬁ)—, % =min (%, ), % =max (%, 1),
B (x2)
where the function B on R is nonnegative, nondecreasing, not necessarily finite, and such
that 8%(x) = p;j/(1 — p;) whenever g;(x) is finite. When the defining ratio is undetermined,
set y(x, ') = 0.
In particular, for two limit relative ranks p, o,

(74) P{X}' <z X¥ <u«'}

1 +o +o 1 1
T 2V1— 42 (x, %) ’[(z) ja.'w) exp { T 21—y (x, &)

(2= 2y (x, &) 8+ 7] } didt

if y(x,2") < 1, and
-
(75) P{X} <z X} <y}= T/l: f e—*2dt
2w ,
. max [g(z), 9'(z")]
if vz, o) = 1.
(76) (i) L(Xny ) Xa) —>= LXIN , X3 =g, > g,
j=1,-, k.

IIL The vf0s { X5, r=1,2,--}, {(*X,, s=1, 2,---}, {X79, 0< p < 1} are in-
dependent (when they exist).

Proor. (a) In I, assertion (ii) follows from assertion (i). The form of the limit laws in
(i) follows from theorem 3. To prove that every law of the form stated in (i) is a limit
law, it suffices to observe that the construction for a given L in the proof of the in-

dividual theorem applies. Finally, the particular case in (i) for x > «’ results from
P{X}, = x, X} < «'} = 0 while for x < «’ it results from

(17 P{X¥z x, XV <a'}=P{I(x) <r,I(z)Z r'}

r—1
=2 P{I(®) =4} -PIG) —I(x) 27— )

=0

« Li(x) § ~= (L (") —L(x)]*
= —L(z) —L(z')+ L(z)
T2 TR

r—1 : , .
_ Li(x) L(z')— L(z) yri—i—t _
-X55 4 G —7=D1° "

=0 :

Le) (A Li(x) [t—L(x)]7—i1
f(,, %,Z_; T = =D

L
L(z") ¢ (= p)r—r1 fr—1
—t . ’
fu,) ¢ ‘”[fu,) GT=r=D1 (r=1D1 ‘”] .

This completes the proof of I. Similarly for I'.

e"z dt
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(b) In 11, assertion (ii) follows from assertion (i). As for assertion (i), let 2(X% , -,

Tn1?
) —> L. Then the individual laws converge and, by the individual theorem, g,;— g;
for every ji=1--,h
If p; < ps then, from some # on, 7,; < r,; so that
Tnj _Lns ¥ 'nj’ _Ln =
ol, = oI, Brmirs

(78) Brpi =

and hence, by passing to the limit, g; < gy. If g;(x) and gy(x) are both finite, then
F,(x) — pj and F,(x) — pj so that p; = p; and

(Pm Pni’) '\/k_n
» Vpi(1—p))

is independent of x. Thus, the g; must fulfill the conditions asserted in (a) of part (i).

Furthermore, according to theorem 3, convergence to 2(X) is equivalent to con-
vergence (weak or complete) of the d.f.’s with values a, = P{IN(x;) Z g, (21, ",
IN(x») Z g.,,(x1)}, where every r.f. IN is normal with covariances v, of the r.f. I,.
Select a subsequence F,,— F as m— . Then elementary computations show that
Ym—> v with y(x, 2') = B(x)/B(x") forx < 2’ and B = {F/(1 — F)}2, unless the ratio
is undetermined [that is, unless either F(x) = 1 and hence F(x’) = 1, 0or F(z’) = 0 and
hence F(x) = 0]. Therefore, lim a,, assumed to exist (except perhaps on a countable
set in R*), is of the form stated in IL. Since finiteness of g;(x) or of g;(x") implies that
F.(x) — pjor F.(x') — pyand since 0 < pj, pj# < 1, it follows that in such cases v(x, ')
is determined. Thus indeterminacy of the ratio can happen only if, say, g;(x;) is infinite
and z;is x or «’. If g;(x;) = + =, then P{IN(x;) = g, (x;))} — Oand P{I(x;) = g-,(»)}
= 0 so that the limit value of the probability of the whole compound event under
consideration as well as of its stated limit value is 0. If g;(x;) = — =, then P{IN(x;) =
gr,;(x))} — 1 and P{I(x;) Z g-/(%;)} = 1 so that the corresponding events may be left
out of the whole compound events. Therefore, when the ratio is undetermined, the value
of v(x, «’) is immaterial and, to fix the ideas, we may take it to be 0. This completes
the proof of the form of the limit laws . Conversely, given £ with 7,;, g;, and I fulfill-
ing the required conditions, it follows easily that the set of equations

(79) gi(x) — g (%) =

= ijl

(80) \/%—‘_ﬁ\/_ 8i i=1,---,k,

determines uniquely the functions F, on R which in turn determines d.f.’s F,; = F,
of r.v.’s by the construction in the proof of the individual theorem. The particular case
results at once from the properties of nonsingular and singular two-dimensional nor-
mal d.f.’s and similar expressions can be written for & limit relative ranks.

Finally, III follows from independence of the r.f.’s I, I¢, I (when they exist), which
results from the last assertion in lemma 2. This terminates the proof.

Remarks. 1. It would be of interest to give multi-integral forms, similar to the one given
in the particular case in I, for any finite number of fixed ranks. Also to examine the
case of variable ranks such that the limit relative ranks may be O or 1.

2. Since X* and *X, are independent, it follows that 2(*X,, — Xn,) = L(*X, —
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XY = L(*X.) » L(—X?). In particular, the limit law of the “range” is obtained
upon taking s = 1,7 = 1.

4. Ranking and summation

We can now return to the ranking problem within the setup of the Central Limit
Problem {4]. To begin with, the r.v.’s X, under consideration are to be uniformly
asymptotically negligible (u.a.n.). This leads to the following complements to the pre-
vious results.

1. Under the u.a.n. condition

(i) Forrelativeranks p, = tn/knsuchthat 0 < lim inf p, < limsup p, < 1, X ’fn-i)- 0

and if, moreover,z 1/k2 < « then X7, 55 0.

(ii) Every limit function L equals + = on (0, + ) and every limit funciion M equals
— o on (— =, 0) or, equivalently, every X is a.s. nonpositive and every *X, is a.s. non-
negative.

The first assertion results, by u.a.n., from the last two propositions in section 2. The
second assertion results, by u.a.n., from the definition of L and M.

Furthermore, the Central Limit Theorem and the limit theorems for normed sums
yield at once the following precisions about the limit functions L and M.

II. Let 2 (Z X,,k)-—>_£ (X) where the r.v.’s X are w.a.n. and X is a r.v., neces-
k

sarily infinitely decomposable, with P. Lévy function (Lx, Mx).

(1) The limit functions L and M of the ranking theorems exist and L(x) = Lx(x) or + =,
M(x) = —« or Mx(x), according as x < 0 or x > 0.

(ii) In the case of normed sums, L and — M are convex functions of log |x| on (— =, 0)
and (0, + =), respectively.

(iil) I the identically distributed normed case, L(x) = B|x|~ on (— =, 0) and M (x) =
—B8"on (0, +=), where B, 8’ 2 0 and 0 < v < 2, with 8 = B’ = 0 if, and only if,
LX) is normal.

The hypothesis of IT implies, by I, IT and the ranking limit theorems, that the limit
laws A(XF,r=1,2,--+), L(*X,, s = 1, 2,- - -) exist. The question arises as to the con-
vergence of joint laws of 2 X.rand of ranked r.v.’s, and as to the form of limit laws

k

(if they exist). In the case of relative ranks p, = 7./ks— p with 0 < p < 1, the u.a.n.
hypothesis alone implies limit degeneracy at 0 of 2(X fn’,, j=1,---, k) and the prob-
lem is trivial. Thus we consider only fixed ranks and fixed end ranks.

Let (C) denote the following assumption: The u.a.n. independent summands X,

are such that /2 ( Z X )— L infinitely decomposable with ch. {. f defined by
k

iUy

Tty

+o oy _ ,“‘y
+f+o (ev 1 —155s) M )

with @, b real and (L, M) a P. Lévy function or, equivalently, by the Central Limit
Theorem,

(81) log f () =iau——zE u2+f_(;<e"“"—- 1— dL (y)
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€ L-=2~L, M, Z-M,
(Cy) E o* Xn— b* aswe let #— o and then e—0 ,
%

(82) T -T
(Cy) gEX,.k—»a<f>=a+f_7 Jyr dL () /:miq_y?dL(y)

3 _ +o
+f e - [T,

where —7 and <4+ are continuity points of L and M, respectively. (The right super-
scripts for X denote truncation at € and at 7.)

Let =F and *f be the d.f. and the ch. f. of =X, that is, of a r.v. X given that X < x
(with same subscripts for F and X, if any). If the conditioning event is of positive prob-
ability, that is, F(x) > 0, then #F(y) = F(y)/F(x) or 1 according as y< x or y = x
and hence

(83) *f(u) = F‘(lx_) fo " ¢wdF (y) .

We require the following lemma.
LeMMA 3. Under (C), for every x > 0,

(84) | Rt

k

where *f is an infinitely decomposable ch. f. defined by
z h2 -0
@®5)  log®f (u) =i=au——g— wt [ (e""”—l ”‘y )d=L (9)

to my ) z
+Lo (e v — 1 — d=*M (y)
with

+
(86) a—a—fz 1+ ——dM(y), =b=b, =L=L,
and *M(y) = M(x) or 0 according as y < x or y = «.

Proor. Let x > 0. Since the X, are u.a.n. independent summands, the same is true
of the =X,;. Since F,x(x) — 1 uniformly in %, all F,i(x) > O from some % on. Then,
by (Cl)7

@ Tom T E Gy
and o
: =S ey —1
(83) M) = 2 =5y — M)

for continuity points y < x of M, while 2M,(y) = 0 for y = x. Similarly, by (C2), upon
taking € < x (which we may)
2 €
zy32 _ 2z (4 (Xﬂ 2
(89) b,.—zk:a CXu) = e —b
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as we let # — « and then e — 0. Finally, for r £ x,

z — z xrT — E (X:]‘) — — te y
(90) a,.u)-ZE(XM)—;m—m(f)— a (r) f T35 M )
[the same limit is obtained also for e > x since then %a(r) = a(x)].

Thus, for every fixed # > 0, the Central Limit Theorem applies to H *fak, and the
k

lemma is proved.
In what follows g is a Borel function on R.
THEOREM 3. Let the F,;, be continuous from some n on. Under (C) with M(+0) = + o,

1) L( 3 X *Xu)— L (X, *X),
k
with ch. f. f defined by
+c
(92) 7, o) =exp[ [T 5f ) etrintrd *Fy () |

where the d.f. *F, of *X, is defined by *F, = exp (M) on (0, + =),
Proor. Let us observe that, under (C), M(40) = +« is equivalent to the con-
tinuity of *F; at 0. Because of the continuity assumptions, we have (from some 7 on)

\93) fa(u, v) =E exp iuz X tiv *X,,l)
k

E {eXP (1142 Xutiv *an) lenk-*xmlg
%

+

z ewdF,; (y) | eeti@dF,, (y)
11/,

ik T T

A
j;+ [].—.[zf"j (%) ] eiuz+ivg(z) [H Fp; (%) ] dFu () +Ja(u, v),

0 ik i<k

©
(o=}
[--]

™ M 14

where, by the individual ranking theorem and II of this section,

00 170G 0 1= f S 4[] P (0) dFs () } =P(* X <0} 0.

k %k

As for the remaining sum, observe that, by lemma 3, H *fni— *f for every x > 0
i

while

(95) | TT=fw— TT*fwi| S 1 sm— 1100
F) ik

uniformly in &, and

(96) S Fu) |8 ) = *Fu ()

ik
with *F, —S> *F,. It follows, by elementary computations, that the remaining sum
and hence

+o
O falt, ) =5, 1) =exp[ f 7 2f (W) enetined *Fy () ]

This proves the theorem.



194 THIRD BERKELEY SYMPOSIUM: LOEVE
Remarks. 1. The same method yields the joint limit law of (E X ks *X,‘.> for any
k
fixed end ranks and of ( E X,.k) g (*X,,) [replace # by ug(x) and v by 0]. Lengthier
k
computations yield the joint limit laws of E X and any number of ranked r.v.’s of
- .

fixed end ranks. Similarly one obtains limit laws of E X with ranked r.v.’s of fixed
k

ranks.
2. In the normed identically distributed case, the expressions of *f and M (or L)
are sufficiently simple to enable us to find simpler forms for limit ch. {.’s. In particular,

we can obtain the forms of the limit law of (3 Xu) / * X due to Darling [1].

3. It would be of interest to investigate the problem of this section without the
continuity assumptions.
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