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Abstract. This paper surveys and compares some recent approaches 
to stochastic infinite-dimensional geometry on the space Y of config
urations (i. e. locally finite subsets) of a Riemannian manifold M  un
der Poisson measures. In particular, different approaches to Bochner- 
Weitzenbock formulas are considered. A unitary transform is also intro
duced by mapping functions of n configuration points to their multiple 
stochastic integral.

1. Weitzenbock Formula under a Measure

Let M  be a Riemannian manifold with volume measure d.r, covariant derivative 
V, and exterior derivative d. Let V* and d* denote the adjoints of V and 
d under a measure p on M  of the form ji( dx) =  dx. The classical 
Weitzenbock formula under the measure // states that

d j d +  d d j =  v ; v  + R -  Hess 0 ,

where R  denotes the Ricci tensor on M.  In terms of the de Rham Laplacian 
H r =  d* d +  dd* and of the Bochner Laplacian H B =  V^V we have

H r =  Hb R  — Hess (j).

In particular the term Hess </> plays the role of a curvature under the measure

* Permanent address: Universite de La Rochelle, 17042 La Rochelle, France.
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2. Probability: Poisson Space

In this section we recall some facts on random functionals on Poisson space. 
The Poisson probability measure on N can be introduced by considering N  
independent {0, l}-valued Bernoulli random variables X i. . . . .  X N, with para
meter X/N,  A > 0. Then X 1 +  • • • +  X N has a binomial law, and

P ( X 1 + --- + X N = k)
N
k

X_
N

k x_
N

N - k

\ k
converges to e A as X  goes to infinity. This defines a probability measure 
tta on N as

Let X  be a metric space with a cr-finite Borel measure a. The measure 7ta 
has the convolution property 7ta * 717 =  7rA+M, which allows to construct the 
Poisson measure 77 with intensity a on

s k = n

r  =  \ 7 =  ; Xl ’ • • • ’ x n G n e N U  {oo}
 ̂ k =  1

by letting
7TCT({7 g r ; 7 (Ai) =  fci,. . .  ,7 (An) =  fcn})

(7( A )
kA

<7(A \fc„

k I

where A x, . . .  , A n are disjoint compact subsets of X.  This measure is charac
terized by its Fourier transform

j  A L  d7r(7 ) =  exp (^ j ( e i/w -  1) d a ( x ) ) .
r v

If 7  € T is finite with cardinal 7 ) =  n we write
i = n

1  = ^  •
i = 1

For a given compact subset A we consider F: T —> M such that F( 7 ) — 
A (7 fl A), and written as

OO DC

^(7 ) =  F {l  n A) =  e<j(A)/2 ^  l{|7nA|=n}«!/n(^l, ■ -- ,Xn) = Y  Jn(fn)
n = 0 n = 0

where f n is a symmetric function with support in A", with

Jn{fn){l)  =  Jn{fn){l  H A) =  n! 1 {|7nA|=n} e^ 72 f n(xx, . . .  , 2 7 ), n > 1 .
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The multiple Poisson stochastic integral of f n is defined as

In(fn) = j fn(x i , . • • X n ) { l  -  cr)(da:i) • ■ • (7 -  cr)(dxn)
(xi ,...,xn)ex

x , ^ X j ,

and extends to f n 6 L 2a{X )on via the well-known isometry

/ I n  ( f n ) I m  (̂9m')d ,7T T l \ l { r o = r a }  ( f n  i Qrn) L 2a ( X ) ° "  5

r
f n e L l ( X ) ° \  gm e L 2a(X)

We introduce a combinatorial transform K  which has some similarities with 
the K -transform, cf. [6] and references therein. The transform K  identifies the 
functional Jn( fn), which makes sense only in finite volume, to In( fn) which 
is defined for all square-integrable f n.

Proposition 2.1. The operator K  defined by

K J n{fn) =  In(fn) , fn symmetric in Cc{kn) , n e  N,

is unitary on (T). Moreover, K  satisfies
oo ( _ l ) k  r

KF(l) =  £ £  V "  /  F(?7 U {?/!,...,  2/fc})a( dr/i) • • • cr( dr/fc).
77C7 fc=o

Proof: We have

J Jn(fn') Jmfim) d7T
r

=  n \ 2 l { n = r n } e a(A)  / l { h r A \ = n } f n ( X l ,  ■ ■ ■ X n ) g n ( x u  ■ ■ ■ X n )  d 7 r ( y )

r

=  ^ eCT(A)vr. ( | 7 n A l = n ) { f n,gn)L2 (X)®"

T l W { n = m }  ( f n  y g n ) L ^ , ( X ) ® n i

which shows the first statement. On the other hand we have

n = m

KJn{fn)(l)
r/C7nA k = 0

x  a i d y f i  ■ - - a i d y k )
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k=n | ___  .

k=0 k\

k=n /
= E(-1n

k=0 V

ijCinA x
\rj\=n—k

E
x i  , . . . ,x ri._ fee 7 n A x

fn ({^1 > • • • ) %n — k iVli • • • ) 2/fe })

x  a ( d ^ )  • • - ( r ( d y k )

= In{fn){l)  ,

the last relation follows e. g. from Prop. 4.1 of [9]. □

If A is compact and F  (7 ) = F  n  A) we have

OO ^  

n=0
J F(7 ) dyr(7 ) =  e a(A) Z ~\ / ’ ' ' /  • • •, Z nM  daq) • • • cr( d x j  .

X X

In the particular case X  =  IR+ with a the Lebesgue measure, the standard 
Poisson process is defined as

^ ( 7 )  = 7 ( [ 0 , t ] )  =  5 ^ 1 [Tfc, o o ] ( t ) ,  *  >  0 ,

k= 1

i. e. every configuration 7  e T can be viewed as the ordered sequence 7  =  
(Tk)k> 1 of jump times of (Nt)tm+ on M+. Let f n G Cc([ 0, A]n) be symmetric. 
Then

A A

J f n ( T i , . . .  , T n ) d i r ( - f )  =  e  / n ( ^ i ,  • • • A M  d t i )  • • • c r (  d t fe)

r k=n 0 0
A tk  i i

Z  e A / / • • • / /n(*l> • • • ,tn M d ti) • • -a(d 4 )
k=n

= E .-A

0 0 0 

(a -
__ A t„00 /. / \ x \k—n r- f

J (k — n)\ Jk=n 0 v ' 0 0
OO 1,,. 12

=  J  e_t" J■ ■ ■ J fnih, . . .  , 0  dti • • • d£„ .
0 0 0

fn( t i , ■ ■. ,fn)a (d f1) • ■ -cr(dfn)

This formula extends to /  bounded and measurable.
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3. Geometry

We recall the construction of [1,2] in the case of 1-forms, see also [3] for the 
case of n-forms. We assume that X  is a Riemannian manifold. The tangent 
space at 7  G T is taken to be

L 2 ( X - T X , y ) = < S xe,TxX .

A  differential form of order n maps 7  G T into the antisymmetric tensor product

An(T7T) =  An(®xe~/TxX ) .

Bochner and de Rham Laplacians on differential forms over configuration 
spaces are then constructed from their counterparts at the level of the manifold 
X.  Let d;v be the exterior differential on X ,  let V:;v, A:)' be the natural covari
ant derivative and Bochner Laplacian on the bundle T ^ ^ u ^ T  y G 0 ljX, 
where (97)X is an open set in X  such that 6 ~,.x n (7 \  {:/;}) =  0. The covariant 
derivative of the smooth differential 1-form W  is defined as

(VxfLx(7 ,x ))xG7 G T7T <8> T7T,

where Wx(7 , y) = W (( 7  \  {x}) U {y}), x, y G X.  The Bochner Laplacian H B 
on T is defined as

H b W ( 1 ) = - Y , ^ W x(i , x ).
xE-f

The exterior derivative dr is defined as

xG'y J/G7

where ^ ( 7 , x)y is the component of H7.,. (7 . x) of index y G 7 , with adjoint

dr' W  = Y . Y ,  d ? 'W * (7 ,sk »  ,
2:67 yG7

where Wx( j , x ) X:V is the component of Wx( j , x )  of index (x,y)  and d,f* is 
the adjoint of d^ under the volume element a on X.  A Weitzenbock formula 
is stated in [1,3] as

H r = H b + R ,  (3.1)

where H R is the de Rham Laplacian H R =  dr dr * +  dr * dr and the curvature 
term

R h )  = J 2 R (^ ,x )
x£7
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has the explicit expression
d

■, x ~) (V(^f)y) 1 {x=y} 'y ] (x)^i i )x }
i,j = 1

where ( e ^ ) ^  is an orthonormal basis of T ,X .  Fonnula (3.1) can be viewed 
as the lifting to T of the Weitzenbock formula on X.
Note that in the above construction the curvature tenn in (3.1) is essentially 
due to the curvature of X ,  in particular it vanishes if X  = M.d and no curvature 
tenn is induced from the Poisson measure itself.
In this paper we present a different geometry on the infinite-dimensional space 
T, in which the Ricci curvature tensor under the Poisson measure appears to 
be the identity operator when X  — M+, see [8] when X  is a more general 
Riemannian manifold.

Lifting of Differential Structure

Let S  denote the space of cylindrical functionals of the form

F('t) = f ( T u . . . , T n), f  e  C“ (R "). (3.2)

Let U denote the space of smooth processes of the form

ui i x )  = ^ Fi{i )hi{x ) , (7 ^ ) e r x i + ,

hi € C,
i = 1 (3.3)

■) F, (E S i =  1 , . . . ,  n .

The differential geometric objects to be introduced below have finite dimen
sional counterparts, and each of them has a stochastic interpretation. The fol
lowing table describes the correspondence between geometry and probability.

Geometry Probability

7 element of T point measure on M+
Cc°°(M+) tangent vectors to F test functions on R+

a Riemannian metric on F Lebesgue measure
d gradient on T stochastic gradient
U vector fields on F stochastic processes
d u exterior derivative of u E l i two-parameter process

bracket of vector fields on f bracket on LI x U
n curvature tensor on T trilinear mapping on U
d* divergence on f stochastic integral operator
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Divergence Operator

The definition of the following gradient operator goes back to [4],

Definition 3.1. Given F  e S, F  — / ( T i , . . . ,  Td), let
k= d

d,F(7) = - E (i)̂ /(T„ ... ,Td), t> 0.
k = 1

The following is a finite-dimensional integration by parts formula for d.

Lemma 3.1. We have for F  — f (T 1, . . .  ,Td) and h 6 Cc(M+):

( k = d  r̂ d \

^ 2  h(Tk) -  J  h(t) dt j d7r(7).
fc=i o /

Proof: All C°° functions on A d — {( f i , . . . ,  fd); 0 < t 1 < • • • < td} are 
extended by continuity to the closure of A d. We have

J (<iF{y),h)LHm+)dTr('t)

= -E
i O O  i ci t2 t k

f  n-td. f
k - 1

/i(s) ds<9fc/ ( f i , . . . ,  td) dfi . . .  dtd
o 0 0 0

oo td t2

h f d f i k , -  ■ ■ , td)dF . . .  d td
0 0 0

oo td ts t 2

- /  e~td J " ’J  J  h(s)dsf(t2, t2, ■ ■ ■ , td)dt2 • • ■ dtd 
0 0 0 0 
k = d  f  ^

I — I I L (4- \ £ (4- 4- \ J J- J J.
d

U ,4 OO v d 12
f t --- U  rt A

+ J2  e~td / •  • 7  h f k ) f ( t i ,  ■■■fd) d f i . . .  df0
fc=2 0 0 0
OO t<l t  (l 12

-  J  e~td J  h(s) ds J • • •J  f ( t i , . . . ,  fd) df i . . .  d td
0 0 0 0
k — d _1 00 td tfe+1 tfc-1 *2

0 0 0 0 0

tfe+1

J  h(s) d s f  (tl 5 ffc-i 5 f fe+1 ) f fc+1 J • 1 t d) dfi . . .  d tfc+i dffc_i . . .  dfd 
o



Weitzenbock Formulas on Poisson Probability Spaces 389

OO l,d
f t --- L i n  n

+u / e'7 -
id tk tk — 2 t 2 tk

h ( s ) d s f  (ti, . , tk- 2, t k , t k , . , td) d f . . .  d td
k~ 2 0 0 0 0  0 0

k = d  j
■.-td£

fc=i
, - - -, td) d t i . . .  d td

0 0 0

OO t d, t d, t “2

~td-  / e /i(s)ds / • • • / / ( t i , . . .  , t d)dt! . . .  dtd
0 0 0 0 

7 = d  Td

=  /  F (t ) 5^  -  J  h (t) dt d7r(7) •
r> \  fc = l n /

□
The following definition of the divergence coincides with the compensated 
Poisson stochastic integral with respect to (Nt — t)teR+ on the adapted square- 
integrable processes.

Definition 3.2. We define d* on U. by
OO

d*(/iCr) =  J h(t)(y( dt) — dt) — (h, dfj)^2(K+) , G <E S , h <E L 2 (j$L+) .
o

Using this definition, an integration by parts formula can be obtained indepen
dently of the dimension.

Proposition 3.1. The divergence operator d* : L 2(T x R +) —> L 2(F) is the 
closable adjoint o f  d, i. e.

J F d l u d n f )  = j  ( d F , u ) L2{R+)d 7 r ( f  , F e S ,  u £ U .  (3.4)
r  r

Proof: Given Lemma 3.1 it suffices to notice that if k > d,
OO tk td 12

J F ( f h ( T k)d7r f )  = J e~tkh(tk) f ( t 1 , . . . , t d) d t 1 . . . d t k
r  o o o o

OO t/e td 12

=  j  e~tk J h(s) ds  j ■ • •J ■ ■ ■J f ( t u . . . ,  td) d f . . .  dtk
0 0 0 0 0

OO t k— 1 tk — 1 td 12

- J  e~ tk~ 1 j  h(s)ds J ■■■ J ■■■ J f ( t 1, . . . , t d) d t 1 . . .  dffc_i
0 0 00 0
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T k

= j  F {l) j  h{t )dtdn{i) ,
r  Zfc-i

in other terms the discrete-time process

k = n Tu T k
----  10 n

Y  h (Tk) -  J  h{t) dt
. k = 1 n >

h(t) d(JV, -  <)
0 / f c>l  \ 0  / k > 1

is a martingale. Hence relation (3.4) also implies that for F , G  G 5,

J ( dF, /^G)l2(m+) d7r(7) =  J ( d(FG), h)L2{R+) -  F ( dG, /i)l2(k+) dyr(7 )
r  r

= f  F  I G  f  h( t )( j (dt )  -  dt) -  {h, dG)L2(R+) j d7r(7) 
r  V o J (3.5)

= j  Fd;(hG)dn(7).
r

□

Covariant Derivative

Given u £ U we define the covariant derivative in the direction u e 
L2(IR+) of the vector field n =  Fihi G G as

V'uv(t) =  Y  hi(t) d -  FiM*) /  w(s) ds , t e (3.6)
Z=1

where
duF  — (df,M )£2(K+) , F  E <S.

We have

VuF(vG) =  F v d uG +  FGVuv, M7 e C c°°(M+), F , G e S .  (3.7)

We also let

Vau(i) =  -  Fi/ii(t)l[o,i](s), € "+ 5
i = 1

in order to write

Vuv(t) =  j  u(s)Vsv (t) ds , t G M+ , u,v  .
o
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Lie-Poisson Bracket

Definition 3.3. The Lie bracket {u,v} of  u ,v  G Q°(M+), is defined to be the 
unique element o f  C£°(M+) satisfying (d u d„ — d„ dU)F  =  dWF, F  G <5.

The bracket {u, v } is defined for u. v G U with

{F u , Gv}(x) =  FG{u,  v}(x)  +  v{x)F  dUG — u{x)G dvF  , x  G M+ ,

Uj v G C f  (M+), F y G G S .

Vanishing of Torsion

Proposition 3.2. The Lie bracket {u, v} o f u ,v  G U satisfies

[ U y v} =  Vuv -  Vvu y

i. e. the connection defined by V has a vanishing torsion. 

Proof: We have F{7 ) = Tn. If u, v G C^°(M+) we have

t , t ,

( d u d w d ^  d u ) T n v(s) ds +  d,, /
0 0

T, T,

0 0

0 \  0 

d v uf — Vvifd-'n ■

Since d is a derivation, this shows that

du d-y — d„ dM =  dvuV-v„u , u, v G U . 

The extension to u, v G U follows from (3.7). □

Vanishing of Curvature

Proposition 3.3. The curvature tensor Ll o f V vanishes on U, i. e.

fl(u, v)h := [Vu, Vv\h — V{u,v}h =  0 , u, v, h G U 

and U is a Lie algebra under the bracket
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Proof: We have, letting u{t) =  — Jq u ( s ) ds:

_ r'n _ m  _ O  _ O
[Vu, Vv]h — u \/vh — vVuh — u v h  — v uh — —uvh +  vuh ,

and ^
^{u,v}h =  Vuv-vuh =  (uv — vu)h =  (uv — vu)h ,

hence Q,(u,v)h =  0, h ,u ,v  G C£°(M+). The extension of the result to U 
follows again from (3.7). The Lie algebra property follows from the vanishing
of a  □

Exterior Derivative

The exterior derivative du of a smooth vector field u G U is defined from

{ d u ^ i  f \ h 2)l2(r+)/\l‘i{r+) =  (V^u, /i2)l2(k+) — (Yf^w, /zi)l2(m+) ,

/ i i , h2 G ZT. We have

where

o o  o o

II<MI!2(m+)al2(m+) =  2 / / ( d u ( s , f ) ) 2 d s d f ,
0 0

du(s, t)
1
2

(Vsu(t) -  Vtu(s)), s, t  G M+ , u E l l .

(3.8)

Isometry Formula

Lemma 3.2. fffe /zave ydr u G £7:

j ( d » 2 d7r(7 ) =  J  | M | 2 2 ( K + )  dvr(7 ) +
OO o o

0 0
Vsu(t)Vtu(s) d s d t  d7r(7 ) .

(3.9)

Proof: (cf. [8,7] and the proof of [5] for path spaces over Lie groups). Given 
u — G IA we have

: ( h i F i ) d : ( h j F j ) d w ( ' 1) =  J  F ^ d K h j F ^ d ^ - y )
r

= J Fi dh. (Fj d l (hj)  -  dhjF ^  d7r(7 )
r

= J {F iF j dh, dlhj  +  Fi d l{hj) dhiFj -  Ft dhi d d 7 r ( 7 )
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— J hj}L2(R+) +  F i F j  dl (Vhihj) +  i7) d* (hj) dh . F j

-  / '; dh. d/); F,

— j  { F i F j { h l } h j )  L 2 ^R+) +  d y h_h.(FiFj) +  <!/,,( F, d /)( I ) )

d/j. dkl. Fj

— J ( F i F j { h i ,  / i - j } L 2 (M+ ) +  d V ; , , h:j { F i F j )  +  d h . F i  d h . F j  +  F i {  d ^ .  d k i F j

d/v, d^ . Fj

— J ( F i F j { h i , h j ) L 2(R+) +  dV/l.h,j { F i F j )  +  d;,. I )  d/,, /•}

+  F i  d V V: , //,  /' j

-  J  (F,F3 {h„ fcj W +, +  Fj d +  F, dv,,„,F>

+ d/, /•’, d/;, Fj
oo oo

F i F j  {hi, h j ) ^ ^ )  +  F 3 / dsF, / Vth3 {s)h%{t) dt ds
0 0

o o  o o

FFi  dtF,’i J  U f j - j  y  \  s i i l y i ) i i j \ S  \

0 0 
OO OO

+  / /ii(t)d tFj / /ii (s)d sFi d sd tJ  d7r(7),

where we used the commutation relation satisfied by the gradient d:

du d >  =  d*Vuv + (u ,v )L2(K+) , t / , r G C “ ( l+) ,  (3.10)

which can be proved as follows:

du d >  =
oo Tk / • \

- J 2 v { T k) J  u{s)ds = - d ;  U (-) j  u{s)ds
k = 1 n \  n S

oo t

J  v{t) j  u { s ) d s d t =  dl{Vuv) + ( u , v ) L 2 { r+)

0 0

□
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Finally we state a Weitzenbock type identity on configuration space, that can 
be read as

dd* +  d* d — V*V +  Idx,2(R+),
i. e. the Ricci tensor under the Poisson measure is the identity Id/,2fP } on
L 2 ( R + ).

Theorem 3.1. We have for u E U:

y ' ( d » 2 d7r(7 ) +  J  ||du||22(E+)AL2(E+)d7r(7 )

'  , r , (3-11)
— J  l|w||!2(K+)d7r(7) +  J  || V u |||2(E+)(glL2(K+) d7r(7). 

r  r

Proof: Relation (3.11) for u = YTi=\hiFi e U follows from (3.8) and 
Lemma 3.2. □
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