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Abstract. In this paper, we will report a recent study about moduli
spaces of branched and complete minimal surfaces in Euclidean space
of genus one with two ends and total curvature —4r.

1. Introduction

The purpose of this paper is to report recent results on moduli spaces of certain
minimal surfaces and their geometric properties [5].

A complete conformal minimal immersion X from an open Riemann surface M
to the Euclidean space R™ of finite total curvature is an immersion such that M
can be compactified conformally. Moduli spaces of these minimal immersions
have been studied from several viewpoints (cf. Pérez and Ros [7, 8], Ros [11],
Yang [12], Kusner and Schmitt [2], Pirola [9, 10], and Moriya [3]).

The Riemann surface M can also be compactified conformally in the case where
X: M — R?/T(v) is a branched complete conformal minimal immersion of
finite total curvature, where T'(v) is the discrete group of isometries generated
by a translation by v € R? (Lemma2.1). We will call a branched complete
conformal minimal immersion X : M — R?®/T(v) of finite total curvature a
minimal surface of algebraic type, or simply, an algebraic minimal surface.

Xiaokang Mo studied a moduli space of Weierstrass data for algebraic minimal
surfaces in R? in terms of divisor spaces and Kichoon Yang introduced it in
his book [12].

We will call an algebraic minimal surface of genus 0 with two puncture points
an algebraic minimal annulus. In Moriya [4], an example of a moduli space of
Weierstrass data for algebraic minimal annuli is investigated in terms of divisor
spaces and the defining equations of the moduli space is obtained.
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In the paper [5], we discussed concrete examples of moduli spaces of Weier-
strass data for algebraic minimal annuli in terms of linear systems.

Let us denote by P a pair of integers (P, P,,) which belongs to the set [ :=

{(3,3),(2,3),(3,2),(1,3),(2,2),(3,1)}. We will denote by W(P,v) the set

of Weierstrass data for algebraic minimal annuli from C \ {0} to R*/T(v)

satisfying the following conditions:

1. The Gauss map g(z) = z.

2. The order of the puncture point O and that of the puncture point co are
equal to P, and P, respectively.

We will define the sets of Weierstrass data YW (v) and W by
W) = U W(P,v), W= U U W(P,v).

pel Pel veR?

Our main result is that WV has a structure of a 3-dimensional smooth manifold

with a Hermitian metric satisfying the following conditions:

1. The scalar curvature is a positive constant.

2. Each W(v) (v € R?) is a totally real submanifold in W.

3. A point in W is a helicoid if and only if it is a point in W((0, 0, v3)) (vs # 0)
which attains the maximal value of the scalar curvature of W((0,0, v3)) with
respect to the metric induced from the Hermitian metric on W.

4. The curve in VW which corresponds to an associated family of a minimal
annulus in W is a geodesic.

2. A Classification of Weierstrass Data

In this section, we will overview the minimal surface theory briefly and classify
Weierstrass data for algebraic minimal annuli by the orders of the branch points
and those of the puncture points. For more details, see Hoffman and Karcher
[1], Moriya [3,4], and Yang [12].

For a divisor D on a compact Riemann surface M, we will denote by mult,, D
the multiplicity of D at p and by supp D the support of D:

supp D := {p € M; mult, D # 0} .
Let us define two nonnegative divisors D, and D_ on M by

D, := ) max{mult, D,0} - p,
peM
D_ = Z max{—mult, D,0} - p.

peM
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Then, we can see that D = D, — D_.

For a triplet ¢ = ({1, (2, (3) of meromorphic one-forms on M, we will define
the divisor (¢) of ¢ by

€)= 3 (min,ord, ) - p.

peEM

where ord, ; is the order of (; at p (i = 1,2, 3).

Let X: M — R3/T'(v) be a branched complete conformal minimal immersion.
When v # (0,0,0), we will assume that there exists a branched complete con-
formal minimal immersion X : M — R®, where 7: M — M is a holomorphic
covering, M connected, and IT: R? — R3/T'(v) the natural covering such that
X oIl = mo X. We will identify X with X.

We will denote by W¥; the holomorphic one-form on M defined by V¥, :=

(0X,;/02z)dz, (i = 1,2,3), where z is a holomorphic coordinate on M. We
will modify the Chern-Osserman theorem as follows:

Lemma 2.1. Let X : M — R?/T(v) be a branched conformal minimal immer-
sion. Then the following two conditions are equivalent:

i) The Riemann surface M is a certain compact Riemann surface M with
finitely many points {p1,...,p,} removed, M is complete, and X is of
finite total curvature.

ii) There exist a compact Riemann surface M and a triplet U = (U, U5, Us)
of meromorphic one-forms on M such that supp(V)_ = {p1,...,p,} and

that \sz M = \Ijz (7, = 1,2,3)
Definition 2.1.
1) We will call a point p; a puncture point of X, i =1,...,r. Assume that

(U) =3 B;-b;— X0, P,-pi (B; >0,P > 0).

2) We will call B, the order of a branch point b;, j = 1,...,l and P; the
order of a puncture point p;, (1 =1,...,7).

3) We will call B = 2221 B; the total order of branch points of X and
P .= Soi_, P; the total order of puncture points of X.

We can see that the set of points {b;, ..., } coincides with the set of branch
points of X.

Assume that M = CP' = C U {oo} and the set of puncture points is {0, 00}.
Then we can show a representation formula as follows:
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Lemma2.2. Let X: C\ {0} — R*/T(v) be an algebraic minimal surface.
Then the triplet ¥ = (U, Wy, W3) of meromorphic one-forms satisfy the fol-
lowing conditions:

(U @ Uy) 4 (P ® Uy) + (U5 ® Ws) =0, (2.1)
I
(@)= _B;-b;—Py-0— Py -0, (2.2)
j=1
— 27 Im Res(¥;;0) = v;, (2.3)

where B; (j =1,...,1), P, >0, Py, > 0 and Res(¥;;0) is the residue of ¥,
at Q.

Conversely, if there exists a triplet ¥ = (U, ¥,, ¥3) of meromorphic one-
forms on CP! satisfying the conditions (2.1), (2.2), and (2.3), then we can
obtain an algebraic minimal annulus X : C\ {0} — R*/T(v) by integration

X(z):= Re/\If,

where zy € C\ {0}. If we choose another base point in the integral, the image
of the map shifts by a translation in R3,

Definition 2.2. We call the condition (2.1), (2.2) and (2.3) the conformality
condition, the divisor condition and the period condition of VU respectively.

A triplet ¥ = (U, U,, ¥3) of meromorphic one-forms on CP' satisfying the
conformality condition (2.1) and the divisor condition (2.2) is equivalent to a
pair (g,n) consisting of a meromorphic function g on CP' and a meromorphic
one-form 1 on CP! by the relation

U, _
= — ¥
(9777> <\Ill—i\112’ 3>)
- - 1 /1
(\Ifl,\IJQ,\If?,):(——g,l(—+g),2)9.
g g 2

Hence, the following relation holds among (W), (g), and (7):
(V) =—(9)+ — (9)- +(n).

Then the divisor condition (2.2) becomes

l
—(9)+ = (9)-+ ) =3 B b =P 0= Py o0 (2.4)
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where (g) is the divisor of ¢g. Thus, a pair (g,7n) corresponds to an algebraic
minimal annuli if and only if (g, n) satisfies the condition (2.4) and the triplet
U of meromorphic one-forms on CP! equivalent to (g,7) satisfies the period
condition (2.3). We will call the pair (g, n) associated to an algebraic minimal
annulus X : C\ {0} — R3/T(v) Weierstrass data of X.

Let W(P,v), W(v), and W be the sets of Weierstrass data defined in Section
1. We will denote by A(P,v) the set of algebraic minimal annuli whose
Weierstrass data belong to W(P,v). The notation X ~ Y for X and Y in
A(P,v) means that X + 2z = Y for some € R®. Summarizing the above
discussion, we can prove the following lemmas:

Lemma 2.3. There exists a bijective correspondence between the set

A(P,v)/~ and the set W(P,v).

Lemma 2.4. The set VWV is equal to the set

{ (z co?® + (c1/V2)z + ¢,

22

dz) : (co,c1,09) € CP\ {O}} )

Lemma 2.5. The set W(v) consists of each element (z,n) of W satisfying the
following conditions:

1
— 27 Im Res <<— —z) Q,O) =,
z 2

1
— 27 Im Res <i<—+z> g,o) = vy, (2.5)
z

— 27 ImRes(n,0) = vs.
Lemma 2.6. The relations among the total order of branch points B, the order

of each puncture point Py and P,,, and the values of ¢y, ci, and ¢y become as
Table 1, where x means any complex number.

Table 1. The relation among (P, Px ), B, and (co,c1,02)

Py P B Co C1 C2
3 3 2 #£0 % £0
2 3 1 £0 £0 0
3 2 1 0 #0 #0
1 3 0 £0 0 0
2 2 0 0 £ 0 0
3 1 0 0 0 £ 0
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We will consider the set S! := { e'; t € R} as a Lie group. Let y: WxS' — W
be the map defined by

p((z.m), e") = (2. (e")n).

Then, p is an action of S' on W. This action is transitive and effective. The
orbit of an element (z,7) € W is the set of Weierstrass data for the associated
family of a minimal annulus produced by 7.

Definition 2.3. We will call the orbit of (z,n) € W by i the associated orbit
of (2, n).

We will recall that an unbranched complete minimal annulus in R® with total
curvature —47 is a catenoid (Osserman [6]) and a helicoid is the conjugate
surface of a catenoid. Then we can prove the following lemmas:

Lemma 2.7. 4 point (z,m) € W((0,0,0)) corresponds to a catenoid if and
onlyifn=rdz/z (re R,r #0).

Lemma 2.8. 4 point (z,m) € W((0,0,v3)) (v3 # 0) corresponds to a helicoid
if and only if n = —ivzdz/z.

3. Geometry of Moduli Spaces

In this section, we will describe geometric properties of moduli spaces W,
W(v), and W(P).

We can consider W as C® \ {0} with holomorphic coordinates (cq,ci,cs).
Let us denote by .J, the complex structure. We will define real coordinates
(U1,...,us) on W by u; := Recg, us := Imcy, us := Recy, uy := Imey,
us := Re s, and ug := Im c,.

Theorem 3.1. The set W(v) is a 3-dimensional connected real algebraic
smooth submanifold of VW defined by

W<U> = {(u17 Uz, U3, _\/57)37 —Uy — 27}27“2 —+ 2’01) & W} . (3].)

Let W(P) be the subset of W defined by W(P) := U,crs W(P,v), where

Theorem 3.2. The set W(P) is a (B + 1)-dimensional algebraic complex sub-
manifold of (W, Jy) where B is the total order of branch points corresponding
to P as in Lemma 2.8.
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Let p = (p1,...,p7): W — R be an immersion such that
Ug
Po(Upy .. ug) = o (a=1,...,6), pr(ug,...,us) = logu,

where u = (320_, u2)'/2. Then, p(W) is a high-dimensional cylinder, that is
p(W) = S° xR, where S° is a 5-dimensional sphere.

Let go be the metric on WV induced from the standard Riemannian metric on
R by p. Then,

1 6
u a=1
We can calculate geometric quantities of V) and obtain the following:

Proposition 3.1. The scalar curvature of (W, go) is equal to 20.

Proposition 3.2. An associated orbit of an element of VW is a geodesic in

(WagO)'

Next, we will describe the geometry of WW(v). We will denote by g; the metric
on W(v) induced from g, by the inclusion map. We can calculate geometric
quantities of W(v), too. Then, we obtain

Proposition 3.3. The scalar curvature o, of (W(v),g1) is 2 if and only if
v = (0,0,0).

The moduli space W((0,0,0)) and a helicoid are characterized as follows:

Proposition 3.4. The submanifold W(v) of (W, go) is totally geodesic if and
only if v = (0,0,0).

Theorem 3.3. 4 point in W((0,0,v3)) (vs # 0) corresponds to a helicoid if
and only if the point attains the maximum value of the scalar curvature o, of

(W((0,0,v3)), g1)-

Let J be the tensor field on W which is an endomorphism of the tangent space
T, WV at every point u of W such that

Jélzég,, J62:é47 Jé3:éG7
Jé4:—é2, Jé5:—é1, Jéf;:—ég,
where (é1,...,&) is the dual frame of (9", ..., 6%).

Lemma 3.1. The tensor field J is an orthogonal integrable complex structure

of W.
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Remark 3.1. The metric go is a Hermitian metric on (W, J). On the other
hand, g, is not a Kdhler metric.

By Theorem 3.1 and Lemma 3.1, YW(v) is a 3-dimensional real submanifold
of a 6-dimensional Hermitian manifold (W, go, J). Moreover, we can see the
following theorem holds:

Theorem 3.4. The submanifold W(v) is a totally real submanifold of
(W7907J>'

A real submanifold in a Kdhler manifold is called Lagrangian if it satisfies
the following conditions:

1. The real dimension of the submanifold is equal to half of the real dimension
of the ambient Kéhler manifold.

2. The submanifold is a totally real submanifold of the ambient Kidhler mani-
fold.

It is an interesting problem to find a Kéhler metric on YW which makes W (v)
Lagrangian. We will mention a sufficient condition for a Kdhler metric on W
to make W(v) Lagrangian.

Theorem 3.5. Let g’ be a Kdihler metric on (W, J) = R°\ {0} conformal to
the standard metric g of R®. If (W, ¢', J) makes W(v) Lagrangian, then ¢’ is
homothetic to g, that is ¢ = cg where c is a positive constant.

Remark 3.2. The metric cq gives a good geometric property to YW(v). How-
ever, this metric does not distinguish moduli spaces {WW(v)} by their curvature.
Hence, it is impossible to characterize a helicoid and a catenoid by the curva-
ture of the moduli space. Thus, we can find that this metric is not so useful to
obtain geometric properties of each individual minimal annulus.

Finally, we will mention the geometry of W(P). We will denote by g, the
metrics on W(P) induced from g, by the inclusion map.

Proposition 3.5. The submanifold W(P) is a totally geodesic submanifold of
(Wa gO)
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