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1. Introduction

The theory of geodesics began by Bernoulli and Euler. Due to this problem the
variation calculus has started. Geodesics are extremals of lenght on surfaces and
also on Riemannian and pseudo-Riemannian manifolds. Detailed description of
this problem can be found in [1–6, 9, 13–19].
Lagrange obtained new properties of geodesics on surfaces, e.g. he proved that
ideal rubber (spring) on surface has a position of the geodesic, [8].
It is well-know that there exist one and only one geodesic going throught given
point in given direction. This statement is valid for surfaces where Christoffel
symbols are diferentiable. The proof follows from analysis of ordinary differential
equations.
On the other hand, if the Christoffel symbols are continuous, then geodesics exist
for above mentioned. We demonstrate an example of connections which compo-
nents are not differentiable, but geodesics have common properties, that is there do
not exist bifurcations.
Further, in this paper we obtained example of surface of revolution where exist
more than one geodesic going through given point in given direction, i.e., a geo-
desic bifurcation exists.
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In [20] the authors have studied the geodesic bifurcations from a different point of
view.
Mappings of surfaces of revolution which preserved geodesics were studied in [7,
10–12, 19].

2. Geodesics

Let (M,∇) be a manifold M with affine connection ∇. In local chart (U, x) the
connection∇ is defined with its components Γhij(x).
The curve γ(t) onM is called geodesic if its tangent vector γ′(t) is reccurent along
it, i.e., the vector∇tγ′ is parallel to tangent vector γ′, therefore

∇tγ′ = ρ(t) γ′

where ρ(t) is a function of parameter t, see [4, 5, 9, 13–16, 18, 19].
Locally, on the geodesic γ exists canonical parameter s for which satisfy

∇sγ̇ = 0. (1)

In this case vector field γ̇(s) is parallel along γ.
In the chart (U, x) equation (1) has following the form

ẍh(s) +
n∑

i,j=1

Γhij
(
x(s)

)
ẋi(s) ẋj(s) = 0 (2)

where xh = xh(s) are coordinates of geodesic γ in the chart (U, x).
Often, we call geodesic those curves that satisfy equations (2), see [2] and discus-
sion [14, pp. 88–91].
These equations (2) can be written in the following form of ordinary differential
equations of first order, respective uknown functions xh(s) and λh(s)

ẋh(s) = λh(s), λ̇h(s) = −
n∑

i,j=1

Γhij
(
x(s)

)
ẋi(s) ẋj(s). (3)

Here λh(s) is a tangent vector of γ(s) at the point xh(s).
Initial conditions of equations (3)

xh(s) = xh0 , and λh(s) = λh0 (4)

satisfy, that geodesic goes through point xh0 in direction λh0 (6= 0).
From general theory of ordinary differential equations follows that equations (3)
with initial conditions (4) have solution if Γhij(x) are continuous functions. If
functions Γhij(x) are differentiable, then solution of Cauchy problem (3) and (4)
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is unique. Moreover, last mentioned applies even if functions Γhij(x) satisfy Lips-
chitz condition.
In the following exercises we analyze solvability of equations (3) and (4).

3. Example of Existence of Geodesic with Continuous Connection

We give an example of affine connection ∇, for which components Γhij are only
continuous and only one geodesic passes through given point xh0 in given direc-
tion λh0 .
Let∇ be an affine connection which is defined in coordinate neighbourhood (U, x)
by following continuous components

Γhhh = fh(xh), h = 1, . . . , n (5)

the other components are vanishing. Here and after we do not use Einstein sum-
mation convention.
We verify, that geodesics in space with above mentioned connection ∇ have usual
properties, i.e., only one geodesic goes through given point in given direction.
The system of equations (2) of geodesic γ(s) has the following form

ẍh(s) + fh
(
xh(s)

)
·
(
ẋh(s)

)2
= 0, h = 1, . . . , n (6)

where s is a canonical parametr of the geodesic.
First, we solve problem of existence of geodesic which goes through given point
xh0 ∈ U in given direction λh0 , i.e., we find solution of equations (6) for the Cauchy
initial conditions (4).
We show that the equations (6) with Cauchy initial conditions (4) have only one
solution.
Let us rewrite equations (6) into the following forms

ẍh

ẋh
= −fh(xh) ẋh

i.e.,
d

dt
(ln |ẋh|) = −fh(xh) ẋh

and

ln |ẋh(s)| = −
∫ xh(s)

xh0

fh(τ) dτ + ln |Ch0 |.

Apparently,

ẋh(s) = Ch0 exp

(
−
∫ xh(s)

xh0

fh(τ) dτ

)
.
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For s = 0, we obtain Ch0 = λh0 , and

ẋh(s) = λh0 exp

(
−
∫ xh(s)

xh0

fh(τ) dτ

)
. (7)

This solution is also acceptable for λh0 = 0, i.e., for trivial solutions.
Rewrite (7) in following form

exp

(∫ xh(s)

xh0

fh(τ) dτ

)
ẋh(s) = λh0 . (8)

We integrate (8) with respect to s and get∫ xh(s)

xh0

exp

(∫ w

xh0

fh(τ) dτ

)
dw = λh0 s+ ∗Ch0 . (9)

If xh(0) = xh0 then from (9) follows ∗Ch0 = 0.
Finally, we obtain an implicit equation of solution of the geodesic∫ xh(s)

xh0

exp

(∫ w

xh0

fh(τ) dτ

)
dw = λh0 s.

This solution is unique for the Cauchy problem (6) and (4). It is unique in the
whole neighbourhood U and exists in certain neighbourhood of point xh0 . Let us
remind that fh(x) are not differentiable.
This statement coresponds with more general theory. From this follows that we
can find torse and curvature tensors. Their components in coordinates (U, x) have
following form

Shij(x) = Γhij(x)− Γhji(x)

and

Rhijk = ∂jΓ
h
ik − ∂kΓhij +

n∑
α=1

(Γαik Γhαj − Γαij Γhαk). (10)

Elementary, for (5) we obtained that S and R are vanishing and space is locally
affine.
In our case, all components of R exist even if functions fh(xh) are not differen-
tiable. That is because in formulas (10) appear derivatives ∂kfh, where k 6= h, and
because functions fh do not depend on xk then ∂kfh = 0.
In locally affine manifold there exists affine coordinate system where components
of affine connection are vanishing and from that follows linear form of geodesic
equations. Property, that through one point in given direction goes one and the
only one straight line, is basic.
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4. Example of Geodesic Bifurcation

Bifurcation of geodesic is studied in [20]. There, bifurcation is described as situ-
ation where (different) geodesics go through one point and have different tangent
vectors. We show bifurcation of geodesics on surfaces of revolution, where two
different geodesics go through the same point and have the same tangent vector.
Let S2 be a surface of revolution given by the equations

x = r(u) cos v, y = r(u) sin v, z = z(u) (11)

where v is a parameter from (−π, π), u ∈ I ⊂ R and I = 〈u1, u2〉.
In these equations we exclude meridian corresponding to coordinate v = π. Natu-
rally, we also exclude “poles" which correspond to r(u) = 0.
Rotational surface S given by equations (11) has following metric form

ds2 =
(
r′

2
(u) + z′

2
(u)
)

du2 + r′
2
(u) dv2.

Let us choose parameter u as a lenght parameter of forming curve (r(u), 0, z(u))

then r′2(u) + z′2(u) = 1. In this case, the metric on the surface S is simplified to

ds2 = du2 + r2(u) dv2.

If we introduce the function f(u) ≡ r2(u), then the metric get the following form

ds2 = du2 + f(u) dv2 (12)

i.e., nonzero components of metric and inverse tensors are

g11 = g11 = 1 and g22 = (g22)
−1

= f(u).

Non-vanishing Christoffel symbols of first kind are

Γ122 = Γ212 =
1

2
f ′(u) and Γ221 = −1

2
f ′(u)

and nonzero Christoffel symbols of second kind are

Γ1
22 = −1

2
f ′(u) and Γ2

12 = Γ2
21 =

1

2

f ′(u)

f(u)
·

Further, let u ≡ x1 and v ≡ x2. The equations (2) of geodesics on surface S can
be written in following form

ü = 1
2 f
′(u) v̇2, v̈ = −f

′(u)

f(u)
u̇ v̇. (13)

Because s is parameter of lenght, tangent vector of these geodesics is unitary, i.e.,
first integral applies

u̇2 + f(u) v̇2 = 1. (14)
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Trivially, we verify that u-coordinate curves (u = s, v = const, i.e., "meridian")
are geodesic. In general, same does not apply for the v-coordinates, v-curves are
geodesic if and only if f ′(u) = 0 (they are also called gorge circles).
Further, let us study geodesics, which are none of the mentioned above. Suppose
that v(s) 6= 0, i.e., v̇(s) 6= 0. Then we can rewrite second equation of (13) in form

v̈

v̇
= −f

′(u)

f(u)
u̇.

After modification and integration by s we get

v̇ =
C1

f(u)
, C1 ∈ R (15)

By using (15), from (14) we get u̇2 + f(u)
C1

2

f2(u)
= 1 therefore

u̇ =

√
1− C1

2

f(u)
· (16)

Finally the equations (15) and (16) determine system of differential equations of
first order.
Now we construct example of rotational surface S, where above mentioned bifur-
cation exists.
Example
Let S be a surface of revolution with functions

r(u) =
1√

1− u2α

(
⇒ f(u) =

1

1− u2α

)
, u ∈ (−1, 1).

The function r must to be differentiable so the Christoffel symbols exist and equa-
tions of geodesics can be written. On the other hand, the Christoffel symbols can
not satisfy the Lipschitz condition and, of course, can not be differentiable (there
would be an unique solution and bifurcation would not exist).

Theorem 1. On above mentioned surface of revolution S exist geodesic bifurca-
tions for α ∈ (0, 1).

Proof: The statement can be proved by existence of geodesics given by the equa-
tions:

I. u = 0, v = s

II. u =
(
(1− α) s

) 1
1−α , v = s−

(
(1− α) s

) 1+α
1−α

1 + α
·

(17)

We can verify that curves given by the equations (16) are geodesics by direct sub-
stitution to fundamental equations (13).
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These two geodesics go through same point (0, 0) and have same tangent vec-
tor (0, 1). The consequence is that through this point in this direction goes infinite
number of geodesics and the gorge circle (mentioned above) is one of them. �

Remark 2. If we set

f(u) = − 1

1− u2α
then metric will be indefinite and the equations (17) describe a geodesic bifurcation
on a pseudo-Riemannian space.

Because spaces with the metric form (12) admit a nontrivial geodesic mappings
[12–14, 19], then projective corresponding spaces preserve above mentioned geo-
desic bifurcations.
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