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Abstract. The gauge invariant phase difference between superconducting
electrodes is a dominating dynamical degree of freedom in the Josephson
junction. This rapport concerns the influence of the curvature of the junction
on the dynamic of this field variable. The effects of curvature are discussed
in the long and large area junctions. In particular the dynamics of the fluxion
and the kink front are studied.
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1. Introduction

The Josephson junction is a device that consists of two superconducting electrodes
separated by a very thin layer of insulator or other material. For example, in the
case of a dielectric barrier this thickness is in the range 10-20 Å. The leading effect
that determines the operation of this device is tunnelling of Cooper pairs from one
to the other electrode. The effect was first predicted by Josephson [17] and then
observed experimentally by Anderson and Rowell [2]. As far as the dimension of
the junction is considered we can classify the junctions in the following way

• Large area Josephson junction, which is two dimensional system.
• If one of the transverse dimensions is smaller than the Josephson length then

there is no dynamics in this direction and we have one dimensional system.
• If both transverse dimensions are smaller than the Josephson penetration

depth than we have zero dimensional system called point contact.

The analysis of this system can be performed on the background of the Maxwell
equations with Landau-Ginzburg current of Cooper pairs. In case of superconduct-
ing electrodes we also use the Londons equation that relates the electric field with
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time change of the current. Each of the superconducting electrodes is described by
the many-particle wave function. The modulus of this function describes the square
root of density of Cooper pairs in the superconducting electrode. Inside the super-
conductor (in the low energy regime) density of Cooper pairs is almost constant.
The same situation we have in both (top and bottom) electrodes. Because the thick-
ness of the dielectric layer is very small those two electrodes are not independent
quantum systems. In the low energy regime the only nontrivial dynamical variable
that describes the system is the gauge invariant phase difference ϕ. This quantity
is a measure of the magnetic flux. The outcome of these considerations is the non-
linear wave equation that describes the dynamics of the field ϕ. This equation has
the form of the sine-Gordon equation [5], [28]. The properties and applications
of this model are described in many texts [1, 14, 16, 23, 24, 30]. The properties of
the Josephson junction are modified in the curved junctions. The studies concern
constant and also position dependent curvatures [12, 13]. For example, in case of
quickly varying curvatures this equation takes the form

1

c̄2
∂2
t ϕ+

γ

c̄
∂tϕ+

β

c̄
cosϕ ∂tϕ− ∂2

s (F ϕ) +
1

λ2
J

sinϕ = Ib. (1)

Here λJ is Josephson penetration depth, which tells how much the magnetic field
penetrates the junction

λJ =

√
~c2

8πeλJ0
(2)

and c̄ is Swihart velocity, which determines the maximal speed of propagation of
electromagnetic excitations in the junction

c̄ =
c√

4πλC
· (3)

According to the standard notation ~ is the Dirac constant, e is the elementary
charge, c is speed of the light in vacuum, J0 is critical Josephson current, C is
capacitance per unit area and λ = 2λL + w, where λL is Londons penetration
depth and w is a width of the dielectric layer. Additionally

γ =
σ0
c̄ C

, β =
σ1
c̄ C

(4)

where σ0 and σ1 are appropriate conductivities of the junction. The first conductiv-
ity is connected with the quasiparticle tunnelling current and the second describes
a quasiparticle pairs interface current. Usually, the constant γ is small quantity and
β is even smaller and therefore they are commonly neglected. The second term
in the equation 1 is responsible for the dissipation in the system. The curvature
effects are described by the function

F =
1

aK(s)
ln

(
2 + aK(s)

2− aK(s)

)
(5)
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where K(s) is a curvature of the junction identified with the curvature of the curve
located in the center of the dielectric layer. Moreover, the quantity Ib describes the
externally controlled, by the experimentalist, bias current.
In particular case of slowly varying curvatures the equation that describes the dy-
namics of the fluxion can be obtained in much faster way. In this regime the dy-
namics of the fluxion can be obtained by the dimensional reduction of the 3+1
dimensional sine-Gordon model to curved lower dimensional subspace identified
with the Josephson junction.
In the next sections we use the differential geometry formalism that appears in
description of many physical and biological systems [4, 9, 21, 22, 25–27, 31], in
order to obtain the reduced models that describe the dynamics of the magnetic flux
in the long and large area Josephson junctions.

2. Long Josephson Junction and its Possible Technical Applications

First we presume that the external bias current is absent in the system and we
neglect the effects connected with the quasiparticle tunnelling (γ = 0) and a
concomitant destruction and creation of pairs on different sides of the junction
(β = 0). In case of slowly varying curvatures the effective model that describes
the dynamics of the gauge invariant phase difference can be obtained by dimen-
sional reduction of the 3+1 dimensional sine-Gordon model to 1+1 dimensions
[8]. This procedure starts from the Lagrangian density

L =
1

2
(∂tϕ)

2 − 1

2
ηijE (∂iϕ)(∂jϕ)− V (ϕ) (6)

where V (ϕ) = 1 − cosϕ and ηijE = diag(+1,+1,+1) is Euclidean metric.
Moreover we use dimensionless coordinates xi → xi

λJ
and t → ωP t, where ωP is

plasma frequency. First we rewrite the second term of the Lagrangian density in
curved coordinates defined in the neighborhood of the curve located in the central
plane

L =
1

2
(∂tϕ)

2 − 1

2
Gαβ(∂αϕ)(∂βϕ)− V (ϕ). (7)

Here the curved coordinates consists of one coordinate that parameterizes the curve
denoted by s and two normal coordinates to the curve ρj i.e. ξα = (ξ1, ξ2, ξ3) =
(s, ρ1, ρ2) = (s, ρ, u). The points on the curve are indicated by the vector field
X⃗(s). The coordinates are connected with the local frame that consists of tangent
vector to the curve t⃗ = X⃗, s ≡ ∂

∂sX⃗ and two normal vectors (n⃗j) = (n⃗1, n⃗2) =

(n⃗, b⃗). In fact, the first vector is normal to the curve and the second is binormal.
Additionally, the normal vectors are normalized to unity

n⃗in⃗j = δij , n⃗jX⃗,s = 0. (8)
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Because it was shown [8] that in case of long Josephson junctions the torsion has
no impact on dynamics of the fluxion we consider torsion free curves. In case of
plane curves Frenet - Serret formulas have the simple form:

∂st⃗ = ∂sX⃗,s = X⃗,ss = Kn⃗, ∂sn⃗ = n⃗,s = −Kt⃗, ∂s⃗b = b⃗,s = 0 (9)

where K(s) is a curvature of the curve. Having the implicit relation between Carte-
sian and curved coordinates

x⃗ = X⃗(s) + ρjn⃗j(s) (10)

one can calculate the metric components defined in the neighborhood of the curve

Gαβ =
∂xi

∂ξα
∂xj

∂ξβ
ηEij . (11)

The components of this metric are the following

Gij = δij , Gis = 0, Gss = G2 = (1− uK(s))2. (12)

The Lagrangian density in curved coordinates takes the form

L =
1

2
(∂tϕ)

2 − 1

2G
(∂sϕ)

2 − V (ϕ) (13)

where we used the fact that the gauge invariant phase difference does not depend
on the normal coordinates. Next, we integrate with respect to normal coordinates

L =

∫
dsdρdu

√
GL (14)

and we obtain

L =

∫
dsLeff (15)

where the effective Lagrangian density has the form

Leff =
1

2
(∂tϕ)

2 − 1

2
F (∂sϕ)

2 − V (ϕ). (16)

The clear picture of interaction of the fluxion with the curved region of the junction
can be obtained in the framework of the collective coordinate method. In order to
simplify the description we reduce the dynamics of the kink to the dynamics of the
collective variable that describes the position S(t) of the kink

ϕK = 4arctan
[
es−S(t)

]
. (17)

The integration with respect to s variable leads to the effective mechanical La-
grangian for the S(t) variable

Leff ≈ 4wbṠ2 − 8wb−∆U (18)
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Figure 1. The potential experienced by the fluxion in the junction that
consists of two straight segments [0, s1] and [s2, l = 1000] connected
by the circular part [s1, s2] has a form of the barrier.

where the constants w and b denote the widths of the dielectric layer in both normal
directions. The explicit formula for potential can be obtained for small curvatures
K(s) << 1/w

∆U ≈ bw3

6

∫ l

0
ds

K(s)2

cosh2(s− S)
· (19)

For example, if we prepare the junction that consists of two flat sections connected
by the arc of the circle then the potential experienced by the fluxion has a form of
the barrier (see Fig. 1).
The Josephson junction finds application in RSFQ (rapid single flux quantum) elec-
tronics. RSFQ is digital electronics that uses fluxions as carriers of information.
It was invented by Likharev and his collaborators [20], who have suggested new
way of coding a digital information. The Josephson junctions in this technology
are the active elements, similarly like transistors are the active elements for tradi-
tional semiconductor electronics. The fluxions that are magnetic flux quanta are
carried by picosecond-duration voltage pulses which travel along the supercon-
ducting transmission lines. Moreover, depending on the particular parameters of
the Josephson junction, the pulses can be even shorter than one picosecond with a
low amplitude. The main advantage of such elements is extremely fast operating
frequency reaching hundreds of gigahertz. In fact, digital RSFQ circuits working
at frequencies close to THz were demonstrated by several groups [7,19]. Neverthe-
less, the operating clock frequencies of the middle-scale RSFQ systems are on the
level of few tens GHz [6, 29]. The other advantage, in comparison with standard
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Figure 2. Fast and slow fluxion in the discriminating element a) before
interaction with the curved region of the junction b) after interaction.

semiconductor technology, is extremely low power consumption. For example, the
energy dissipated during one switching of a Josephson junction is of order 10−19

Joule.

A curvature of the Josephson junction can be used in RSFQ electronics in two
ways. First, the junction with one curved region can act on fluxions in electronic
circuits as discriminating element. In this element the sufficiently fast fluxions
can pass through the curved region of the junction. At the same time the slow
fluxions are reflected and start their movement in opposite direction. This element
can be used in order to separate slow from fast fluxions (see Fig. 2). Second,
application is connected with storage of a binary data in the form of fluxions. In this
proposal the potential hole is formed between two curved regions of the junction.
Essential for work of this element is existence of the quasiparticle current between
the superconducting electrodes that introduces the small dissipation term to the
equation of motion (1). As a consequence of this dissipation the fluxions with
the speeds slightly exceeding the critical speed, necessary to overcome the first
barrier, can be confined in the potential hole (located between two curved regions
of the junction). Moreover, the reading out of the digital data can be achieved by
application of the external bias current (see Fig. 3). Let us notice that efficiency of
this trap depends on dissipation constant, the distance between curved regions and
the heights of the barriers (in particular on the difference of these heights).
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Figure 3. Storage of the digital data in the form of fluxions. a) Dis-
sipation is responsible for confining the fluxions in the potential hole.
b) The reading out of the digital data can be achieved by application of
the external bias current.

3. Large-Area Josephson Junction

A procedure that works for slowly varying curvatures in 1+1 dimensions we could
apply to 2+1 dimensional system [10,11]. We start from Lagrangian density of the
3+1 dimensional sine-Gordon model

L =
1

2
ηµνM (∂µϕ) (∂νϕ)− V (ϕ) (20)

where ηµνM = diag(+1,−1,−1,−1) is Minkowski metric and (xµ)
= (x0, x1, x2, x3) = (ct, x, y, z) are space-time coordinates. The potential has
the standard form V (ϕ) = 1− cosϕ. Next, we separate space and time derivatives
in Lagrangian density

L =
1

2
(∂tϕ)

2 − 1

2
ηijE (∂iϕ)(∂jϕ)− V (ϕ) (21)

here (xi) = (x1, x2, x3) = (x, y, z) are space variables and ηijE = diag(+1,
+1,+1) is Euclidean metric. The same Lagrangian density in curved coordinates
(ξi) = (ξ1, ξ2, ξ3) = (s, σ, ξ) defined in the neighborhood of the central surface
of the junction take the form

L =
1

2
(∂tϕ)

2 − 1

2
Gij(∂iϕ)(∂jϕ)− V (ϕ). (22)

Let us notice that the first two coordinates (σa) = (σ1, σ2) = (s, σ), parameterize
the central surface. The last curved coordinate ξ parameterize the normal direction
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to this surface. The points on the surface are indicated by the vector field X⃗ =

X⃗(s, σ). The tangent vectors to the surface we denote as follows

X⃗, a ≡ ∂aX⃗ ≡ ∂X⃗

∂σa
· (23)

The tangent vectors define the metric induced on the central surface

gab = X⃗, a.X⃗, b. (24)

The implicit relation between the Cartesian and curved coordinates

x⃗ = X⃗(s, σ) + ξn⃗(s, σ) (25)

enables explicit calculation of the metric components in curved coordinates. Here
n⃗ is a normal vector to the surface

n⃗.n⃗ = 1, n⃗.X⃗, a = 0. (26)

The normal vector is normalized to unity. In calculus we use the Gauss - Wein-
garden formulas which describe the change of tangent and normal vectors under
infinitesimal shift along the surface

∂aX⃗, b = X⃗, ab = Γc
abX⃗, c −Kabn⃗, ∂an⃗ = n⃗, a = Kc

aX⃗, c. (27)

Here Kab are external curvature components

Kab ≡ −n⃗.X⃗, ab (28)

and Christoffel symbols Γc
ab are calculated with respect to the metric induced on

the surface. The metric in curved coordinates has a form

Gij =

[
Gab 0
0 1

]
(29)

where

Gab =
1

G2

[
(1 + ξKc

c )
2gab − 2ξ(1 + ξKc

c )K
ab + ξ2KacKb

c

]
(30)

and

G = 1 + ξKa
a +

1

2
ξ2R. (31)

The curvature scalar R enters to the above formula through Gauss integrability
condition. The effective 2+1 dimensional model is obtained by integration of the
Lagrangian

L =

∫ +l/2

−l/2
ds

∫ +b/2

−b/2
dσ

∫ +w/2

−w/2
dξ

√
GL (32)
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with respect to normal variable. The effective sine-Gordon theory on the curved
surface is defined by the Lagrangian

L =

∫ +l/2

−l/2
ds

∫ +b/2

−b/2
dσ

√
gL2. (33)

Here w denotes thickness of the dielectric layer. The effective Lagrangian density
for this system is the following

L2 =
1

2
C(∂tϕ)2 −

1

2
Mab(∂aϕ)(∂bϕ)− C V (ϕ) (34)

where we used the following abbreviations C = 1 + w2

24R

Mab = A gab + B Kab +D KacKb
c (35)

and g is determinant of the metric induced on the surface. The quantities A =
A(K,R, w), B = B(K,R, w) and D = D(K,R, w) are functions defined by the
geometry of the system. The important property of this expression is the fact that
the quantities A, B, D are scalars with respect to reparameterization of the central
surface and therefore does not affect tensor structure of the symbol Mab. Here and
in other formulas we make summation over repeated indices. For example, for
small curvatures K << 1/w this auxiliary symbol takes the form

Mab = (1− w2

24
R)gab +

w2

12
KacKb

c . (36)

One could have a temptation to test some gravitational effects in this simple 2+1 di-
mensional system. In order to transform this model to gravitational form we define
a new space-time metric tensor and moreover transform the Lagrangian density to
its natural form.

4. Curved Josephson Junction - Gravitational Analogy

The curvature which determines the behavior of a scalar field in the junction sug-
gests the possibility of using this system to simulate the behavior of a scalar field in
a curved space-time with fixed background. In fact, despite appearances the system
under consideration is more similar to 3+1 than to 2+1 gravity. This observation is
related to the fact that, in two dimensions, the Weil tensor disappears identically.
In fact the 2+1 gravity is significantly different from 3+1 gravity theory [15]. In
2+1 dimensions the Riemann curvature is solely defined by the Ricci tensor and
therefore it is completely determined by the local matter distribution. As a conse-
quence of this fact, for example, two separated point masses move uniformly and
rectilinearly without local interaction. Moreover, even a cloud of dust exhibits no
local interaction. As a matter of fact in 2+1 dimensions the space-time produced
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by a point mass is locally flat although globally it has a conic structure. Addition-
ally, there are no gravitational waves in 2+1 gravity. Finally, the Einstein equations
in 2+1 dimensions, for slow motion and week fields, reduce to Laplace equation.
This fact stands in contradiction to the Newtonian limit of the 3+1 gravity theory
which is defined by the Poisson equation.
First we introduce the new space-time metric

(gαβ) =

(
g00 0
0 gab

)
(37)

where (α) = (0, a) = (0, 1, 2). In order to identify the components of this new
metric tensor we transform the Lagrangian as follows

L =

∫ +l/2

−l/2
ds

∫ +b/2

−b/2
dσ

√
gL2 =

∫ +l/2

−l/2
ds

∫ +b/2

−b/2
dσ

√
gL̃2.

Although, we do not change Lagrangian as a whole we introduce a new Lagrangian
density and a new metric. The crucial for this procedure is identification

√
gL2 =

√
gL̃2. (38)

If we treat the dimensionless quantity

ε ≡ w2

24
R

in formulas (34-36) as a small parameter then in zero order approximation we
obtain the following components of the metric tensor

g00 = 1, g0a = 0, gab = −gab (39)

where the space components of this tensor are solely determined by the metric in-
duced on the central surface of the junction. Additionally, the effective Lagrangian
density has a natural form

L̃2 =
1

2
gαβ(∂αϕ)(∂βϕ)− V (ϕ). (40)

In the first order approximation the same quantities take the form

g00 = 1 +
w2

20

(
R− 1

3g
Ka

bK
b
a

)
, g0a = 0 (41)

gab = −gab +
w2

30
gab

(
R+

1

2g
Ka

bK
b
a

)
− w2

12
KacKb

c . (42)

In the first order expansion the curvature scalar and the external curvatures enter
into space components. We would like to underline that both the curvature scalar
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Figure 4. In the top figures the profiles of the gauge invariant phase
difference ϕ is presented at instants t = 0 and t = 15. The gray line
represents the center of the kink and the black lines corresponds to the
two values π+2,π−2. The curved region is represented by the dashed
line. In the bottom figures the curved region is denoted by the circle.
We see contour lines that represent the kink front. Two black lines
correspond to the values π + 2, π − 2 of the field ϕ and the position of
the kink front is represented by the gray contour line π. We see that in
the region of interaction the speed of the kink front is reduced and the
thickness grows. After interaction the kink moves with the speed that
is similar to the initial speed and the kink front becomes almost flat.

and the external curvatures, as the background is fixed, are defined by some known
functions. This time the effective Lagrangian density is the following

L̃2 =
1

2
gαβ(∂αϕ)(∂βϕ)− Ṽ (ϕ) (43)

where the effective potential is modified by the curvature terms Ṽ (ϕ)

Ṽ (ϕ) = V (ϕ) +
w2

20

(
R− 1

3g
Ka

bK
b
a

)
V (ϕ). (44)

Finally, we consider an example of the background with circular symmetry. More-
over, the curvature of the central surface has a gaussian form and therefore is well
located in the center of the junction. The numerical studies lead to the following
description of the interaction of the kink front with the curved region of the junc-
tion. At the beginning the kink front moves almost freely in the direction of the
curved region. Next, as a consequence of interaction the kink front with curvature
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Figure 5. In the top figures the gray line represents the center of the
kink and the black lines corresponds to the two values π + 3,π − 3. In
the bottom figures two black lines correspond to the values π+3, π−3
of the field ϕ and the position of the kink front is represented by the
gray contour line π. At an initial time the kink seems to be thicker but
still it is the same field configuration as in figure 4. At the final instant
of time the circular wave that propagates from the center of the curved
region is created.

of the space we observe deformation which is a consequence of slowing down and
widening of the front. Finally, when the curved area has been overrun, the front
moves only with small deformation in the same direction (see Fig. 5). If we look
for details of this interaction we can find out that during the interaction some cir-
cular waves are created which move in radial directions with respect to center of
the curved region of the junction (see Fig. 4).
This process could bee seen as a visualization of the interaction of the domain wall
(kink front) with the gravity center (curved region).
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