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Abstract. Approximate solution for the Dirac equation with the g-deformed
Manning-Rosen potential, under the condition of spin and pseudospin sym-
metry are obtained. Also the energy spectrum and wave functions are ob-
tained by the Nikiforov-Uvarov (NU) method. The special cases ¢ = 1,
Hulthén potential (b — 0) and the nonrelativistic limit are studied for the g¢-
deformed Manning-Rosen potential, and then results are compared with the
other works.

1. Introduction

A particle in a strong potential field should be described with the Klein-Gordon
(KG) and Dirac equations. The solutions of the Dirac or KG equations having
the spin, and pseudospin symmetry have been extensively studied in the last years.
The spin symmetry arises if the magnitude of the spherical scalar potential S(r)
and vector potential V' (r) are nearly equal in nuclei (i.e., A(r) = V(r) — S(r) =
Cs = const). However, the pseudospin symmetry occurs when S(r) ~ —V(r)
(i.e., X(r) = V(r) + S(r) = Cps = const) [7].

In recent years, many authors have worked on solving these equations with physi-
cal potentials including Morse potential [1], Hulthén potential [5, 10, 18], Woods-
Saxon potential [4,20], reflectionless-type potential [6,15], Rosen-Morse potential
[15, 19], Manning-Rosen potential [9, 15], five-parameter exponent-type potential
[17], etc.

Various methods are used to obtain the solutions of the wave equations for this
type of exponential potentials, like the supersymmetric quantum mechanics and

shape invariant [8, 12], the standard methods [14], the asymptotic iteration method
(AIM) [3] and the Nikiforov-Uvarov (NU) method [13], etc. Recently, the NU
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Solution of the Dirac Equation for the Q-Deformed Manning-Rosen Potential 141

method has received increasing interest for solving Schrodinger equation [11], KG
[18] and Dirac [16] equations.

Based on the observations and experimental data in nuclear physics with above
mentioned potential, becomes clear that the results obtained via Dirac equation do
not coincide with experimental results. On the other hand, the deformed potentials
are deformed versions of the usual potentials which are obtained by introducing
a deformation parameter g, that have more accordance with observational data.
Therefore, our aim, in the present work, is to investigate analytical bound state
solutions of the Dirac equation with g-deformed Manning-Rosen potential, using
the NU method. Also, we will show that, when we take ¢ = 1, as one expected, we
obtain the result of usual Manning-Rosen potential [15]. A g-deformed Manning-
Rosen potential is expressed as

Cexp(—ax) + %D exp(—2ar)
V;Z(T) =V(z) = \/51(1 _ % exp(—ozz:))Z (1)

where C and D are two dimensionless parameters, « is the range of the potential
and ¢ defines the deformation parameter of the potential. The above g-deformation
in equation (1), is obtained according to the prescription by Arai [2]. In fact this de-
formation of the potential function can be obtained by following coordinate trans-
formation

1
r—z+ —In./g. 2)
!

In the following sections, at first the Nikiforov-Uvarov (NU) method will be re-
viewed briefly. In Section 3 we solve the g-deformed Manning-Rosen potential
[8,14]. We obtain the energy eigenvalue and the corresponding eigenfunctions for
any spin-orbit quantum number . Then we study the solutions of the Dirac equa-
tion with spin and pseudospin symmetry. Here we use the NU method for our aim.
Finally, we summary our results in Section 4.

2. The Nikiforov-Uovarov Method

In this section we recall briefly the Nikiforov-Uovarov (NU) method. Using the NU
method we can solve the second order differential equation. The master equation
in this method is

o2 (2)0n(2) + 0 (2)F(2)1hn(2) + 5(2)1hn(2) = 0 3)

where o(z) and 6(z) are polynomials, at most of second-degree and 7(z) is a
polynomial, at most of first-degree. We choose ,,(2) in the form
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By substituting equation (4) into equation (3) we have

0 (2)n(2) + 7(2)Un(2) + Ayn(2) =0 (3)
where
7(2) = 7(2) + 2n(2) (6)
1. . 1. - -
m(z) = 5lo(2) = 7(2)] £ \/4(0(2) —7(2))? = 6(2) + ko(z) @)
and A is a constant parameter given by the formula
-1
A=A\, = —n7(z) — n<n2)(}(z), n=0,1,2,... (8)
There is also a relationship between A and k, i.e.,
kE=X—7(z). 9)

The y,,(z) part of the anzatz (4) is the hypergeometric-type function which can be

written as B 4
n n

() = 5 Talo"(n(e)] (10)

where B, is the normalization constant, and p(z) is the weight function that should

satisfy the condition

6(2)p(2) + 0(2)p(2) = 7(2)p(2). (11)
Finally, ¢,,(z) can be calculated as the solution of the differential equation
NI C))
8(=) = (y)o0e) (12)

In appendix A, we solved a general example by this method.

3. Dirac Equation with Q-Deformed Manning-Rosen Potential
3.1. The Dirac Equation
The Dirac equation with scalar and vector potentials, S(r) and V' (r) is
(&.ﬁ + B(m + s(r)) +v(r) — E) Y =0, h=c=1 (13

where m and E are the mass and the energy of Dirac particle. Also P is the linear
momentum operator, & and J are the Dirac 4 x 4 matrices

(i) o=(50)

where 0,7 = 1,2, 3, are the Pauli’s 2 x 2 matrices and [ is the 2 X 2 unit matrix.
For spherical nuclei, the nucleon angular momentum J and spin matrix operator
k= —p(6.L + 1) commute with the Dirac Hamiltonian. The eigenvalues of & are
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K = =£(j + 1) with (—) for aligned spin (s1;ps, etc.) and (+) for unaligned spin
2 2
(p1;ds etc.). Hence, we use further the quantum number « since it is sufficient to
2 2

label the orbitals. Fora given & = £1,42, ..., j =| k+3 | —2andl =| k-1 | -1
the wave functions in Pauli-Dirac representation are given by

s %Fn,{(’r) yl'm(f)
pel) = ( LG yji-m(f)) =

in which F,,.(r) and G, () are the radial wave functions and yé-m(f), yjm(f) are
the spherical harmonic functions. Here n, [ and j are the single-nucleon radial,
orbital and total angular momentum quantum numbers, respectively, and m is the
projection of the angular momentum on the z axis. Pseudo-orbital angular momen-
tum was defined as [. Substituting equation (15) into equation (13), we have

<; + jj) Foun(r) = (m + B — A1) G (1) (16)
(51 - f) Gr(r) = (m = B + S(r)) Fun (7). a7)

By eliminating G.,.(r) in equation (16) and putting it in equation (17), we get a
differential equation of second order for the upper radial spinor component

2 dA(r)
& KletlD) r A5 B
dr? r2 m+ Epe — A(r) \dr — r

=((m+ Ene — A(r))(m — Epe + X(1))) Frk(r)  (18)

and also by eliminating F,,,(r) between equation (16) and equation (17), we have

dX(r
i_ﬁ(”_1)+ i d_ 5\ a (r)
dr? 72 m— Epe +X(r) \dr r e

— ((m + Bk — A(r)) (m —FE,. + E(T)))Gm(r) —0 (19)

where r(k +1) = 1(l+ 1) and (x — 1) = I[(I + 1).

3.1.1. Dirac Equation with Spin Symmetry

In this subsection we would like to study the Dirac equation with spin symmetry.
The condition of spin symmetry is %ff) = 0 or A(r) = Cy = const, so by
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substituting () = V;(r) into equation (4), we have

d? k(k+1)
(‘dfgz ot I

242 .2
(:E—I—lln\/é)Q—i_a Al + "By
«

C exp(—ax) + == exp(—2az)
x —_— | Faxlz) =0 (20)
Vil — L esp(—a)
where
A3 = !

1 J—

== (m — Eng)(m + Epy

— LUs)y By = — Enn
C) 1 aQ(m—i—

-Cs) (2D
with k = [ for k < 0and kK = — (I + 1) for k > 0. The eigenenergies E,x, depend

only on n and [, i.e., En, = E(n; (1 + 1)). Forl # 0, the states with j = [ &+ 3
are degenerate. The lower component of Dirac equation become

1 d &
(1) = ——————— [ — 4+ — | Frk(r). 22
G () m+ E,, — Cs <d7"+ r> (r) 22)

The differential equation (20), can not be solved exactly using the NU method for
k # 1, due to the presence of the centrifugal term x(x 4 1)r~2. So, we should do
an approximation. Here we use the following approximation of (20)

1

~ a? exp(—ax) .
(x + &ln V) (- ﬁ exp(—ax))?

(23)
By introducing z = exp(—ax), we can rewrite equation (20) as
d (1-2) 4 . 1
dz? © 2(1- ) dz

1
—=(A? 4+ B,D)z*
21 _ = 2( ( 1 1
22(1 —ﬁ) q

+1q(2A§ — B1C — Jgr(k + 1))z — A%)) Fre(2) = 0. (24)

It is necessary to compare equation (24) with equation (3). Subsequently, the fol-
lowing values for the parameters in equation (3) are obtained as

~ 2

0(z) = —qz" +q1z—qo (25)
NG (2)

where

1
@=-(A1+BiD), q= %(214% — BiC — gr(k+1)), g0 = A}. (26)
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Using the introduced parameters in Appendix A and the results in Table 1, we
obtain the following expression

1 /1 1
W(Z):Al_% <2+A1+\/31C+31D+\/5R(K+1)+4>Z (27)
where
1 1
R= e <B1C+ Var(k+1) +2A1\/Blc+BlD+ Var(s+1)+ 5
(28)

We can also write

5 1
7(2) = 1+2A1—% <1+A1+\/BlC+BlD+\/§H(H+1)+4>Z (29)

where 7(z) = —%[1 + A1+ \/Blc+BlD +yar(r+ 1)+ 1] <0.

To find the energy eigenvalues of our Dirac equation we can use the equations (8),
(9). So we have

1 1, 1
24, <n+2+A>+2(n+ )A+\[/€</€+1)+Blc+(n+2) +7="0 (30

where A = \/BlC + B1D + /gr(k + 1) + L.

Now we will obtain the non-relativistic limit of the energy by these replacements
Enw —m — En., Ene +m — 2m, k = [. By substituting A; and B; from
equation (21) into the above equation, we get the energy in the form

5 2 (P iVl D) 2 (n+ A ? a1
" om on+1+A
where A = \/14—4\[1([4—1) +87(C 4 D) and Cy = 0,
By choosing C' = — O‘ A, D= %(A—l—b(b—l)) we have
a2 (( +1)2— A+ gl +1) + (2n+1)ﬁ>2
Eu=—-5— (32)
2m 2(n+p+1)

where § = %Jr[‘l, A = /(1 —2b)2 4+ 4,/gl(l + 1). Now by considering the
limiting case ¢ = 1, we obtain the following expression for the non-relativistic
energy

(33)

2m

b0 (1A )+ 20+ 1) ’
g 2n+ 6 +1)
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Table 1. The specific values for the necessary parametric constants for
q-deformed Manning-Rosen potential with spin symmetry.

parameter value
C1 1
1
Cc2 %
1
C3 %
Cq4 0
1
% Y
6 ﬁ[l + 4(A% + B1D)]
cr %[—QA% + B1§2+ Vak(k 4 1)]
co 1211 +4/ar(k +1) + 4B1(C + D))
10 1424,
11 %[1 + Ap + Aq]
C12 L Ay
C13 —ﬁ(i‘f‘Al“rAl)

where § = 71451\2’ Ay = /(1 —2b)2 +4i(I + 1), The result for E,; in equa-
tion (33) is completely in agreement with the energy of the Schrédinger equation
with Manning-Rosen potential. Now we obtain the energy spectrum of this prob-
lem with Hulthén potential, easily by replacing b — 0, because in this limit the
Manning-Rosen potential transform to the Hulthén potential

o ((n+1)2—A+ygl+1)+@2n+1)8\>
By =—o— LG4
2m 2(n+ 5 +1)
Then by taking ¢ = 1, we have
o [—A+(n+1+1)2\°
Enp=—o— ( ) (35)
2m 2(n+1+1)
In this part, referring to Appendix A, we calculate the wave functions as
zZ 1
On (2 =411 - )2t (36)
and the weight function takes the form
plz) = 22 (1 — )2, 37)
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Furthermore, we find the function, y,, , which is just the Hypergeometric function

2z
n(z) & PRALIN (1 22 (38)
Yn(2) ( \@)

Using the relation F,;(2) = ¢n(2)yn(2), we get the radial upper spinor as

3 F+A
Fos(r) =Nnsq 2 exp(—adir)(1 = exp(—ar))> (39)
X oF1(—n,n+ 241 4+ 2A + 1,24, + 1;exp(—ar))

where
1-—s n!l'(n + 1)
Fi(— 1,04 1; = A 40
z(r) = y/qe”®" and N, is the normalization constant. This equation satisfies the
requirements, i.e., F,.(r) = 0 as r = 0 and F,.(r) = 0 as r — oo. Therefore,
the wave functions, F),. () in equation (39) is valid physical solution in the closed
interval z € [0,,/q] or r € (0,00). We obtain the lower spinor component in
equation (22), by using equation (39)

G (7) 105 ((” —a+ a3 +A) exp(—ar)> Fon(r)

T By — r (1 — exp(—ar))

La+4))
q2 anNps(n+2A; +2A+ 1) B _ 1A
+ (m & B — C2)(2A; +1) (1 — exp(—ar))2 41)

x exp(—2ar)oFi(—n+1,n+2(1+ A1 + A),2(A; + 1);exp(—a7‘)b.

3.1.2. Dirac Equation with Pseudospin Symmetry

The condition of pseudospin symmetry is digr) = 0or X(r) = Cps = const. Now

by inserting A(r) = V,(r) in equation (19) we have

d? k(k—1)
Cda? (x + éln Va)?

+ A0’ 4 Boa?

Cexp(—ax) + % exp(—2ax)

Va(l =z exp(—ax))?

) Gne(z) =0 (42)

where
1 1
A} = —5(m & Eng)(m = Bnw + Cps),  Bo= —5(m — Eng+ Cps)  (43)
and k = —I for k < Oand k = [ + 1 for k > 0. The energy eigenvalues, Ey,

depend only on n and [, i.e., Epp, = E(n; I( 1+ 1)). For [ # 0, the states with
=1+ % are degenerated.
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By using transformations z = exp(—ax) and equation (23), we have

( & (1-7) d Lo

— —

dz z(1 \/6) dz 22(1 — ﬁ
1

Va

Now, we follow the same procedures in the previous subsection and with attention

to Table 2, we can obtain energy equation

oS

E (-i(Ag — ByD)z?

_|_

1 1 1 1
2n+ 5+ M) Ar +2(n+ )N = BoC + /an(s — 1) + (n+ 5)* + 7 =0 (45)

where A = \/\/a/ﬁ}(ﬁ — 1) — BoC — By D + 1. Also the wave function is

4 ﬂ l_i_A
Gk (1) =Npkq? exp(—aAar)(1 — exp(—ar))?2 (46)
X 2F1(—77,, n+2A4s +2A+1,245 + 1; exp(—ar))

where NV, is the normalization constant.

4. Conclusion

In the present paper, we have studied the approximate solutions of the Dirac equa-
tion for the ¢g-deformed Manning-Rosen potential for any arbitrary spin-orbit quan-
tum number x under conditions of the spin and pseudospin symmetries by the NU
method, using the approximation scheme to deal with the centrifugal term. Un-
der the condition of spin symmetry and pseudospin symmetry, i.e., A(r) = Cs,
Y(r) = Cjs, respectively, we have solved the energy equation and we have also
obtained the wave functions in terms of the hypergeometric functions. We have
shown that in the limiting case ¢ = 1, our results for the energy eigenvalues are
agree with previous obtained values of usual Manning-Rozen potential [15]. If
we choose A(r) = const = Cs = 0 and consider the non-relativistic limit, i.e.,
Enx—m = Ey, Enc+m ~ 2m, we obtain the expression (31) for the spectrum of
our problem. By considering the special values C' = — %A, D= % [A+b(b—1)]
and ¢ = 1, we have found that the spectrum of energy is consistent with the result
of [9]. So this is the correctly shrodinger energy spectrum as non-relativistic limit
of Dirac equation. We have also investigated the special case b = 0 (C' = —D)
for the g-deformed Manning-Rosen potential, which corresponds to the case of the
Hulthén potential.



Solution of the Dirac Equation for the Q-Deformed Manning-Rosen Potential 149

Table 2. The specific values for the necessary parametric constants and
functions for g-deformed Manning-Rosen potential with pseudospin

simmetry.
parameter and functions value
C1 1
Co L
Va
C3 L
Va
C4 0
1
co 1511 +4(A5 — BoD)]
ey %[—214% — ByC + \/qr(k — 1)]
&5} A%
co 11+ 4/qr(k — 1) = 4B3(C + D)
C10 14 2A2
C11 lq[l + A2 + Ag}
C12 Az
13 —é(%+A2+A2)
q2 5(14% — BgD)
Q 52(243 + BoC — /gr(k — 1))
0 A3
7T(Z> 1 AQ—%(%-FAQ—FAQ)Z
k —%[—BQC + \/a,%(/ﬁ; — 1) + 2A2A2]
T(Z) 1+2A2—%[1—|—A2+A2]Z
on(2) (1 et
p(2) (1 2t
(2142,21\2) 2z
un(2) PR (1 - 22

Appendix A: Parametric Generalization of the NU Method

In this Appendix we consider parametric generalization of the NU method. We
begin with the following equation

d? - d 1
<dz2 + ifll—zz))dz + m( - CI222 +qz— QO)) Y(z) =0. (47)

By comparing the above equation with equation (1), we have

F(2)=c1 — oz, 0(2) =2(1—¢32), 6(2)=—@2®+qz—q. (48)
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The polynomials functions given by

m(z) = ca+ 5z — (Vo + e3y/eg)z — V/cs) (49)
k= —(67 + 26368) — 24/cgcg (50)

T(2) = c1 + 2¢4 — (c2 — 2¢5)z — 2((/c9 + c3+/C8)z — 1/C8) (51)
where the parameters c;, 7 = 1...9 are to be determined during the solution proce-
dure

1 1
e =5(1—e), =5l -2),  =q@td
cr =2cq05 — q1, cs =cf + qo, co =ca(czes + 1) + co

And, it gives the energy equation and the wave functions as

n((n—1)es+ca—2c5) — 5+ (2n+1)(\/co + c3+/¢8) 4 7 + 2¢3¢8 + 2+/cgcg = 0

ECF Y
bn(2) = 292(1 — c32) P s

w4 (52)
p(z) = cho—l(l —c32) s 10
(c10—1, —c10-1)
yn(2) = P 3 (1 —2c32)
(c10—1,t—c19—1) . .
where P, 3 (1—2c3z) are the Jacobi polynomials, and ¢;0—1 > —1,
L c10 — 1 > —1. So the function ¥ take following form
C3
13 (c10—1,2—c19—1)
Yn(2) = Np2z®2(1 — c32) 2 s Pnc10 s (1 —2c32z)  (53)
where
c10 =c1 + 2¢4 + 24/cs, c11 = ¢ — 2¢5 + 2(y/co + c3+/c8)
c12 =c4 +4/cs, c13 =c¢5 — (\/Co + c34/¢3).
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