Geometry, Integrability and Quantization
September 1-10, 1999, Vamna, Bulgaria

Ivailo M. Mladenov and Gregory L. Naber, Editors
Coral Press, Sofia 2000, pp 55-77

SECOND ORDER REDUCTIONS OF N-WAVE
INTERACTIONS RELATED TO LOW-RANK SIMPLE
LIE ALGEBRAS

VLADIMIR GERDJIKOV', GEORGI GRAHOVSKI'
and NIKOLAY KOSTOV#

T Institute for Nuclear Research and Nuclear Energy
Bulgarian Academy of Sciences, 1784 Sofia, Bulgaria

' Institute of Electronics, Bulgarian Academy of Sciences
1784 Sofia, Bulgaria

Abstract. The analysis and the classification of all reductions for the
nonlinear evolution equations solvable by the inverse scattering method
(ISM) is interesting and still open problem. We show how the second
order reductions of the N-wave interactions related to low-rank simple
Lie algebras can be embedded in the Weyl group of g. Some of the
reduced systems find applications to nonlinear optics.

1. Introduction

It is well known that the N-wave equations [1]-[6]

i[J, Q] —i[1, Q. + [[1,Q),[J, Q] = 0, (D

are solvable by the inverse scattering method (ISM) [4, 5] applied to the gen-
eralized system of Zakharov—Shabat type [4, 7, 8]:

LOYU(z,t,)) = (id% 4 [,Q(x,1)] — AJ) U(z,t,\) =0, Jeh, (2)
Qx,t) = Y (qalz,t)Es + palz, t)E_,) € g/b, (3)

OLEA+

where b 1s the Cartan subalgebra and F, are the root vectors of the simple Lie
algebra g. Indeed (1) is the compatibility condition

[L(A), M(A)] = 0, (4)
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where

MOV (2,1, \) = (i% L Q)] — M) V() =0, Ieh (5)

Here and below r = rankg, A, is the set of positive roots of g and d, b€
[E" are vectors corresponding to the Cartan elements .JJ, I € h. The inverse
scattering problem for (2) with real valued J [1] was reduced to a Riemann—
Hilbert problem for the (matrix-valued) fundamental analytic solution of (2)
[4,7]; the action-angle variables for the N-wave equations was obtained in the
preprint [1]. However often the reduction conditions require that .J be complex-
valued. Then the solution of the corresponding inverse scattering problem for
(2) becomes more difficult [9].

The interpretation of the ISM as a generalized Fourier transform and the ex-
pansions over the “squared solutions” of (2) were derived in [8] for real J and
in [10] for complex J. They were used also to prove that all N-wave type
equations are Hamiltonian and possess a hierarchy of Hamiltonian structures
[8,10] {H® QW1 k =0,41,+2,.... The simplest Hamiltonian formulation
of (1) is given by {H©® = Hy + Hy,, Q©} where

1 o0 o0 r .
Ho= 5 [ o @ILQu]) =i [ do Y God)Geaps = apr). ©
—00 —00 k=1

Ho=g [ o (1QLREQD = % wuH(i.j b

(6,7, k]eM

. Ji 7.0) (b.a;
H(i,j k) = / dz (¢:p;px — Piq; ), wjk=2det((cf o) (b aj)) (7)

(@, ) (b, ag)

and the symplectic form Q(® is equivalent to a canonical one

QO = % 7dx <[J, 8Q(z,1)] AéQ(x,t)>. (8)

— o0

Here (-,-) is the Killing form of g and the triple [4, j, k] belongs to M if
a;, 5,00 € AT and a; = a; + ax. Physically to each term H (i, j, k) we
relate part of a wave-decay diagram which shows how the i-th wave decays
into j-th and k-th waves. In other words we assign to each root a an wave
with an wave number k, and a frequency w,. Each of the elementary decays
preserves them, 1. e.

ko, = ka; + ko, Wa; = Wa, +Wa, -
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Our aim is to display a number of non-trivial reductions for the N-wave equa-
tions. Thus we exhibit new examples of integrable N-wave type interactions
some of which have applications to physics.

Our investigation is based on the reduction group introduced by A. V. Mikhailov
[11] and further developed in [12,13]. The examples are related to Z, and
7o & Zo reduction groups. We point our that the reduction group can be
embedded in the group of automorphisms of g in several different ways which
may lead to inequivalent reductions of the N-wave equations.

2. Preliminaries and General Approach

The well known reductions of N-wave systems are Zs-reductions realized by
outer automorphisms of g, namely (see [4]):

Cl (ZE) = —Al.’,ETAl_l, Hl(A) =\ R (9)
where A; belongs to the Cartan subgroup of the group &:
Al = exp (WIH1> N (10)

and H; € b is such that o(H,) € Z for all a € A.
Another Z, reductions are related to other type of outer automorphisms:

CQ(ZE) = —AQZETA2_17 /{1()\) = —>\, (]1)

where A, is again of the form (10). The best known examples of NLEE
obtained with the reduction (11) are the sine-Gordon and the MKdV equations
which are related to g ~ sl(2). For higher rank algebras such reductions to
our knowledge have not been studied. Generically reductions of type (11) lead
to degeneration of the canonical Hamiltonian structure, 1. e. QO = 0: then we
need to use some of the higher Hamiltonian structures (see [11, 10]) for proving
their complete integrability.

In fact the reductions (9) and (11) provide us examples when the reduction is
obtained with the combined use of outer and inner automorphisms.

Along with (10), (9) one may use also reductions with inner automorphisms:
03(117) = AgﬂﬁA;l (12)

Since our aim is to preserve the form of the Lax pair we limit ourselves by au-
tomorphisms preserving the Cartan subalgebra h. This conditions is obviously
fulfilled if Ay is in the form (10). Another possibility is to choose A, A,, A3
so that they correspond to a Weyl group automorphisms.

In fact (9) is related to outer automorphisms only if g is from the A, series.
For the B,,, C, and D, series (10) is equivalent to an inner automorphism (12)
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with the special choose for the Weyl group element wy which maps all highest
weight vectors into the corresponding lowest weight vectors (see Remark 1).
Finally Zs reductions of the form (9) in fact restrict us to the corresponding
real form of the algebra g.

2.1. The Reduction Group

The reduction group G is a finite group which preserves the Lax representation
(4), 1. e. it ensures that the reduction constraints are automatically compatible
with the evolution. G must have two realizations: (i) G C Autg and (ii)
G C ConfC, i.e. as conformal mappings of the complex A-plane. To each
gr € G we relate a reduction condition for the Lax pair as follows [11]:

Ce(L(Th(A)) = LX) Cro(M(Tk(A))) = M(X) (13)

where Cy € Aut g and ', (\) are the images of g;. Since G is a finite group

then for each g, there exist an integer /V, such that g,iv b=

2.2. Finite Groups

The condition (13) is obviously compatible with the group action. Therefore it
is enough to ensure that (13) is fulfilled for the generating elements of G.

In fact (see [14]) every finite group G is determined uniquely by its generating
elements g, and genetic code, e. g.:

gt =1, (g;90) " =1, Ny, N, € 7. (14)
For example the cyclic Zy and the dihedral D, groups have as genetic codes
" =1, N>2 for Zy, (15)

and
g =93 =(ng)" =1, N>2 for Dy. (16)

2.3. Cartan—Weyl Basis and Weyl Group

Here we fix up the notations and the normalization conditions for the Cartan—
Weyl generators of g. We introduce h, € b, k = 1,...,r and E,, a € A
where {h;} are the Cartan elements dual to the orthonormal basis {e;} in the
root space [E". Along with h, we introduce also
2 T
H, = > (e, en)h, a€A, (17)

(o, a) P




Reductions of N-wave Interactions 59

where (o, e,) is the scalar product in the root space E” between the root v and
ex. The commutation relations are given by:

[hk7 Ea] - (aaek)Eav [EomEfoz] - Hoz y

Na,ﬁEa+ﬁ for a+ 6 eA (18)
[EomEﬁ] =
0 for a+ 8¢ AU{0}.

We will denote by @ = >, _; axe,, the r-dimensional vector dual to J € b;
obviously J = >",_, aphg. If J is a regular real element in b then without
restrictions we may use it to introduce an ordering in A. Namely we will
say that the root « € AT is positive (negative) if (a,@) > 0 ((o,@) < 0
respectively). The normalization of the basis is determined by:

E_, = Ega <E—omEa> =1,

19
N—a,—ﬁ = Na,ﬂa Na,ﬂ = :l:(p_l_ 1) ) ( )

where the integer p > 0 is such that a + s8 € A for all s = 1,...,p and
a+ (p+1)3 € A. The root system A of g is invariant with respect to the
Weyl reflections S, ; on the vectors i/ € E” they act as

2(a, )
(o, @)

Sy =9 — a, a€A. (20)

All Weyl reflections .S, form a finite group W, known as the Weyl group. One
may introduce in a natural way an action of the Weyl group on the Cartan—Weyl
basis, namely:

Sa(HB) = Aa(Hﬁ)A;1 = HSaB )

21
Sa(Eﬂ) = Aa(Eﬁ)A;I = na’@ESaﬁ, Na,g = +1. ( )

It is also well known that the matrices A, are given (up to a factor from the
Cartan subgroup) by

A, = elfo g7 gPe (22)
The formula (22) and the explicit form of the Cartan—Weyl basis in the typical

representation will be used in calculating the reduction condition following
from (13).
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2.4. Graded Lie Algebras

One of the important notions in constructing integrable equations and their
reductions is the one of graded Lie algebra and Kac—Moody algebras [15].
The standard construction is based on a finite order automorphism C' € Aut g,
CN = 1. Obviously the eigenvalues of C' are w*, k =0,1,..., N — 1, where
w = exp(27i/N). To each eigenvalue there corresponds a linear subspace
g*) C g determined by

g = {x; reg, Clz)= wkx}. (23)
Obviously g = 1:651 g and the grading condition holds
=0

[gw) : g<n>] c gl (24)

where k + n is taken modulo N. Thus to each pair {g,C'} one can relate an
infinite-dimensional algebra of Kac-Moody type g whose elements are

X)) =D X\, X, g™, (25)
k

The series in (25) must contain only finite number of negative (positive) powers
of A and g*+"N) = g(*) This construction is a most natural one for Lax pairs;
we see that due to the grading condition (24) we can always impose a reduction
on L(A) and M (\) such that both U(z,t,\) and V (z,t,\) € gc. So one of
the generating elements of G will be used for introducing a grading in g; then
the reduction condition (13) gives

Us, Vo €99, I,JegWnhy. (26)

A possible second reduction condition will enforce additional constraints on
Uy, Vo and J, 1.

2.5. Realizations of G C Autg

It is well known that Autg = V ® Autyg where V is the group of outer
automorphisms (the symmetry group of the Dynkin diagram) and Aut, g is the
group of inner automorphisms. Since we start with I,J € b it is natural to
consider only those inner automorphisms that preserve the Cartan subalgebra b.
Then Auty g ~ Ady ®W where Ady is the group of similarity transformations
with elements from the Cartan subgroup:

27)

Adez=CzC™', C=exp <2ch) ,

N
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and W is the Weyl group of g. Its action on the Cartan—Weyl basis was
described in (21) above. From (18) one easily finds

CHaCfl — HO” OEaOfl — eQwi(a,E‘)/NEa’ (28)

where ¢ € £ is the vector corresponding to H. € § in (27). Then the condition
C" = 1l means that (o, ¢) € Z for all « € A. Obviously H,. must be chosen
so that ¢ = >, _, 2c wyi /(ag, ap) where wy, are the fundamental weights of g
and c; are integer. In the examples below we will use several possibilities by
choosing ('), as appropriate compositions of elements from V', Adg and W. In
fact if g belongs to B,. or C, series then V = 11.

2.6. Realizations of G C Conf C

Generically each element g, € G maps A into a fraction-linear function of .
Such action however is appropriate for a more general class of Lax operators
which are fraction linear functions of A. Since our Lax operators are linear in
A then we have the following possibilities for Z,:

I'i(A) =ao+n\, n==£l1,
To(N) = by +€X*, e==+1, by+eb;=0. (29)

We will discuss also situations when one (or several) of the elements of GG act
on A trivially, e.g. T'x(A) = A. In many cases the effect of such reductions
will consist in reducing to an n-wave system for a subalgebra of g.

3. Inequivalent Reductions

The reduction group G may be imbedded in the Weyl group W (g) of the
simple Lie algebra in a number of ways. Therefore it will be important to
have a criterium to distinguish the nonequivalent reductions. As any other
finite group, W (g) can be split into equivalence classes. So one may expect
that reductions with elements from the same equivalence class would lead to
equivalent reductions; namely the two systems of N-wave equations will be
related by a change of variables.

In what follows we will describe the equivalence classes of the Weyl groups
W(B,), W(G,) and W (B3); note that W (B;) ~ W (C,). This is due to two
facts: (1) the system of positive roots for B, is Af;, = {e;te;,e;}, i < j while
the one for C, series is AL = {e; £ ¢;,2¢;}, i < j; and (2) the reflection S,
with respect to the root e; coincide with S, — the one with respect to the root
2e;. In the tables below we provide for each equivalence class: (i) the cyclic
group generated by each of the automorphisms in the class; (i1) the number of
elements in each class; and (ii1) a representative element in it.
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Remark 1. For B, and C, series and for G, the inner automorphism wy
which maps the highest weight vectors into the lowest weight vectors of the
algebra acts in the root space as follows:

wO(EOé) = naE—a7 wO(Hk) = _Hk7 OS A—H N = +1. (30)
The Weyl group W (B,) consists of 8 elements. Its genetic code is given by
SZ ., =8 =1, (Se) e, Se,)* =1, (31)

€1—€2

1. €., it is 1somorphic to the group D,. It has 5 equivalence classes:

1 -1 z® 7P Zs
1 1 2 2 2
1 Wo 561762 Sel 561762 Seg

The Weyl group W (G-) has 12 elements. Its genetic code is
S ., =5 =1, (Sey—e9,)° =1, (32)

€1 —€2

1. e., it is isomorphic to the group Dg. The 6 equivalence classes are:

1 -1 zP z® Zs Zs
1 1 3 3 2 2
1 wo Sa Say (S2,80)2 SaySa,

The Weyl groups W (B3;) has 48 elements; its genetic code is
52 — 52 — 533 = ]] ,

€1 —€ €3 —e3

33
(561_62 Sez—es)g = (Sez—es S63 )4 =1, (Sel_CQSCQ_eS Ses)6 =1. 53

Its 10 equivalence classes are characterized by:

1 1 zs) 75 z5

1 1 6 3 6

]1 wO 561—62 563 561—62563
VAR Za VAR VAR Ze

3 8 6 6 8

SerSes Ser—esDes—es DerOei—es ODerOegdei—es Dey—esDes—esDes

We leave more detailed explanations of the general theory to other papers and
turn now to the examples.
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Remark 2. In all examples below we apply the reductions to L-operators of
generic form. This means that the unreduced J is a generic element of ty and
therefore (a,a) # 0. In fact we have used above the vector @ for fixing
up the order in the root system of g. The potential () is also generic, i. e.
depends on |A| complex-valued functions where |A| is the number of roots of
g. However the reduction imposed on J may lead to qualitatively different
situation in which the reduced J, is not generic, i. e. there exist a subset of
roots Aqg such that (d,, o) = 0 for a« € Aq. Then obviously the potential |J, ()]
in L will depend only on |A| — |Ag| complex-valued fields.

In what follows whenever such situation arises we will provide the subset
Ag or, equivalently the list of redundant functions in Q). Obviously both the
corresponding N-wave equation and its Hamiltonian structures will depend
only on the fields labelled by the roots o such that (d,,a) # 0.

Remark 3. Several of the Zs-reductions below contain automorphisms which
map J to —J. Then it is only natural that both the canonical symplectic form
Q© and the Hamiltonian H'®) vanish identically. In these cases we will write
down the corresponding N-wave systems of equations; their Hamiltonian for-
mulation is discussed in Section 5 below.

Remark 4. In several of the examples below the action of the 7, reduction
group on the spectral parameter X is trivial. Then the result is an N-wave
system related to a subalgebra g, C g.

Remark 5. The final remark here is that under some of the reductions the
corresponding Equation (1) becomes linear and trivial. This happens when
the Cartan subalgebra elements invariant under the reduction form a one-
dimensional subspace in Yy and therefore J, < I,. For obvious reasons we
have omitted these examples.

4. Examples of Z, and Z, ® Z, Reductions

Remark 6. Here and below we will skip the leading zeroes in the notations
of the roots, e. g. by {1} and {11} we mean {001} and {011} respectively
for the By and Cs algebras. For G, algebra by {1} we mean {01}.

4.1. g ~ C, = sp(4)

This algebra has four positive roots AT = {10,01, 11,21} where a; = e; —ea,
ay = 2e, and jk = jag + kas. Then Q(x,t) contains eight functions.

Example 1. After the reduction of anti-hermitian type KLA\)K™' =
—L(mA*)', where K = diag(sy,82,1/82,1/s1) and 1, = +1 we obtain
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Pio = —MS1/82¢5 P1 = —MS5q, P11 = —Mh518524F, P21 = —1S3qs,, and
the next 4-wave system

i(a1 - CLQ)Qm;t - i(b1 - 52)6110;9: - 2"‘3(33(111916 - 3132921@?1) =0,

1a2q1;e — 1b2q1,e — 25(31/32)%1(1;0 =0,

1a1G21.4 — 1b4G21.2 + 2K¢11G10 = 0,

i(a1 + a2)Q11;t - i(b1 + b2>Q11;x — 2K ((ho(h - (31/32)QQ1Q>1K0> =0,

(34)

where Kk = a1by — axby. It is described by the following interaction Hamilton-
an:

Hiy = 4k (8182 (q1145 G5 — @51 61G10) — S7 (@21411950 + M1 431911410)) - (35)

In the case ny = 1 if we identify q10 = Q, ¢11 = F,, @1 = E, and ¢ = E,
where () is the normalized effective polarization of the medium and E,, E,
and E, are the normalized pump, Stockes and anti-Stockes wave amplitudes
respectively, then we obtain the system of equations studied, e. g. in [16]. This
approach allowed us to derive a new Lax pair for (34). A particular case of
(34) with s1 = sy = 1 and ny = 1 is equivalent to the 4-wave interaction, see

[4].

Example 2. C; = S,, .,. Co(L*(n\*)) = L(X\) and n = £1. This reduction
gives the following restrictions:

Pio = 77(];07 qa =nNq11, (g1 = 77(];>

* * * N (36)
Qa2 = Naq , by = 77b1 s P11 ="NP11, P21 = —T1P;-

Then we obtain 5-wave (2 real and 3 complex) ' system which is described
by the Hamiltonian:

Hy =4k / dz [q11(g5op1 — q1oPT) + 1011 (¢0ds — G1091)]s (37)

with Kk = a1b] — aib;.
Example 3. C5 = S,,,. C5(L*(n\*)) = L()\) and n = 1. Then we have:
ay =nay, ay=—nas, b} =nb, b= —nbs,

Qi1 = —iNqGye, P11 =Py, G = —7q21 (38)
Py = —Mpa1, P1= NG -

! Here and below we count as ‘real’ also the fields that are in fact purely imaginary.
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which leads again to 5-wave (2 real and 3 complex) system with the Hamil-
tonian:

Hiy = —4ink / dx [|Q11|2(Q1 - 77(];) + |p11|2(p21 + Q21>] ) (39)

and Kk = a1by — asby.
Example 4. C; = wy. Cy(L*(nA*)) = L(\) and n = +1. Then:

*

ay = —nay, ay;=-naz; b =-nby, by=—-nby;

_ {—nqz for v = {(11)} (40)
Pe = \mgr  for a = {(10), (1), (21)} .

which leads to 4-wave system with the Hamiltonian:
Hip = 45 / dz (1191047 + 421911950 + 1(d11 Q1001 + 431911G10)], (4D
— 00

and Kk = a1by — asby.
Example 5. C5 = wy. C5(L(—=)\)) = L(X). Here we get:

Pio= =G0, Pu=0qu, P1=—q, Pan=—¢- (42)
Then we obtain the following 4-wave system (see Remark 3):

i(a; — a2)qror — (b1 — b2)qrox — 26(g21¢11 + ¢1¢11) =0,

ia2q1,t - ibQCh,x — 2KG10q11 = 0, (43)
i(a; + CL2)Q11,t —i(by + b2)Q11,x + 2k(g21¢10 — 1¢q11) =0,

101921+ — 101Go1.2 + 2Kq10g11 = 0.

with kK = a1by — asby. Note that this reduction doesn’t restrict the Cartan
elements.

4.2. g =~ G'2

G- has six positive roots At = {10,01, 11,21, 31,32} where again km =
kay + mas, a; = 1/3e; — 1/3ey + 2/3e3, ay = e5 — e3 and the interaction
Hamiltonian contains the set ot triples of indices M = {[11, 1, 10}, [21, 11, 10],
[31,21,10], [32,31,1], [32,21, 11]}.

Note that here if the Cartan elements are real then the /N-wave equations after
the reduction become trivial, see Remark 5.




66 V. Gerdijikov, G. G. Grahovski and N. A. Kostov

4.2.1. Z, reductions
Example 6. Cs = S,,. Cs(L*(n\*)) = L(\) and n = £1. Then:

0 — (a1 +aj)/2 fornp=1 b — (b1 +b7)/2 forp=1

>7 (g —at)/2i forn=-1. 72 | (b —b%)/21 forn=—1.

gs1 =1q;;  Pio =110 G2 =Nd11, G52 = Gs2,

P31 =MPy, P2 = NP1, Pax = Psa- (44)
so we obtain 7-wave (2 real and 5 complex) system with the Hamiltonian:

H, = —6nk[H,.(32,31,1) — H.(32,21,11) + nH,(31,21,10)

4
+2H,(21,11,10) + H,(11,10,1)] . (49)

Here H,.(1, ], k) is given by (7) after the present reduction and xk = a,1b] —a}b;.
Example7. C; = S,,. C;(L*(n\*)) = L(\) and n = £1. Then:
o = (ag +a3)/6 fornp=1 b (by +03)/6 forn=1
"7 llay—ab)/6i forn=—1. ' | (by —b3)/6i forn = —1.
(i1 = —NGo» P1L="0¢, Gn = NG, sz = 143,
P = —NPlo, Py = —MP21,  Ps2 = NP (46)

so we obtain 7-wave (2 real and 5 complex) system which is described by the
Hamiltonian:

Hy = —2nk[H,(32,31,1) — H,(32,21,11) + H,(31, 21, 10)

47
— 2H,(21,11,10) + 1 H,(11,10,1)], “7)

with kK = asb; — asbs.
Example 8. Cs = wy. Cs(L*(n\*)) = L(\) and n = £1. This gives:

*

a; = —nay, CL; = —MNao, b; = —77517 b; = _an;

[ —ng. fora = {(10),(32)}
pa—{q;; for a = {(1), (11), (21, (31)}. (48)

and a 6-wave system described by the Hamiltonian:

Hy = —6nk] — nH,(32,31,1) + nH,(32,21,11) + H,(31, 21, 10) "
+2H,(21,11,10) + H,(11,10,1)], (

with Kk = a1b2 — agbl.
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4.2.2. 7o ® 7+ reductions
Example9. C{" = S.., C{V(L(N)) = —LT(\) and CF = Ssa,i20,
CS (L(—=X*)) = —L1(\). The first reduction gives the following restrictions:
az=a;+ay, by=b+0, ¢y=quo,
P21 =q11, DP1=G3, Pu =G, (50)
P31 =q;, D32=q3, DPio=DPio;

i. e. dfter the reduction there remain 7 (2 real and 5 complex) waves. Imposing
the second reduction we obtain in addition the following restrictions:

Pio = G0, (Go1 = —q; ) q;‘g = —(Q32, (31 = —QT ; S

and this gives the next 4-wave (I real and 3 complex) system:

(a1 + a})qroe — (b1 + b)) qr0,0 — Klquiqn + 45165 — 2lgu|*) =0,

i(a1 —2a7)q1s —i(by — 2b7)q1,. — 3K(qr0q11 + 932q7) = O,

ia1g11c — 1b1qa1,. — K(qr0q1 + 2471 q10 + ¢32¢7,) = 0, (52)
i(a1 - a>1k>€732,t - i(bl - bﬂf)%zx - 35(’%’2 - |€711‘2) =0,

with k = a1by — atb;. Since C§V (CSQ)(J)> = —.J then Remark 3 applies.

43. g ~ B; = so(7)

In this case there are nine positive roots At = {100, 010, 001, 110, 011,
111, 012, 112, 122} where again ijk = ia; + jao + kas and a; = e; — e,
9 = €9 — €3, (r3 = €3. Below the interaction Hamiltonian is

Hint — Z wij(ivja k)v (53)
[4,5,k]eM

where the set ot triples of indices M = {[122,112,10], [122,111,11],
[122,12,110], [112,111,1], [112,12,100), [111,110,1], [111,11,100],
[12,11,1], [11,1,10], [110, 10, 100]}.

4.3.1. Z, reductions
Example 10. 010 = 561_62. Clo(L(A>> = L()\) Then

D100 = G100, G110 = G10s Q111 = G115, Gii2 = G12, Q122 = O,

P10 = P10y P11 = P11, Pz = Pi2, Pize =0, (54)
ao = A bQ = bl .
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The interaction reduces to 8-wave system with the Hamiltonian:

HY = 8(ayby — bras)(H(12,11,1) + H(11,1,10)). (55)

int

After a proper identification of the dynamical coefficients we find that (55)
coincide with the Hamiltonian related to the subalgebra By ~ so(5). We in-
vestigated several choices for the second order automorphism C'o. Whenever
Clho is a reflection with respect to a long root of B3 we again obtain a generic
B, ~ so(5)-system. In addition qi00 becomes redundant, see Remark 2.

Example 11. Cy; = S.,. C11(L(X)) = L(X). Here we have

G112 = G110, 12 = G0, G111 =q1 =0, p1=—q, (56)
D112 = P11os P12 =DPios P11 =p11 =0, a3=0bs=0.

The interaction Hamiltonian reduces to

HY = 4(arby — byas)(H,(122,110,12) + H,(110,10,100)),  (57)

int
and contains only coefficients qy, related to the long roots of Bs, i. e. it reduces
to 8-wave system related to the subalgebra D3 C Ba.

Reductions that act trivially on the spectral parameter naturally reduce the
g-wave system to a go-wave system where g¢o is a subalgebra of g. These
reductions preserve the Hamiltonian formulation.

Example 12. C\5 = S., ¢, Sc,. C12(L(—X)) = L(A). The nontrivial action on
the spectral parameter A ensures that the reduction will not be just a transition
from g to its subalgebra. Then

Pioo = —qi00, {q12 = —q110, G111 = q11, {Gr12 = —qio, P1 = q1,

(58)
D12 = —Pi10s P11 = P11, P12 = —Pios G2 = —a1, by = —by.

However this choice means that C15(J) = —J and therefore Remark 3 applies.
This automorphism reduces (1) to the following 8-wave equations:

iCl1Q100,t - ibl(hoo,x + ﬁ((llopno - (J110p10) =0,

i(a; + a3)qio — i(by + b3)qr0.2 + 26(q1q11 — qr009110) = O,

iasCh,t - ib3Q1,m + /‘Q(C]upno — ¢11P10 + P119110 — p11C]10) =0,

i(Ch - as)Quo,t - i(b1 - b3)€l110,x + 2"‘6(6]1%1 + CI100Q10) =0,

ia1q11, —ib1qu1e — ﬁ(QlQuo + CI1C]10) =0, (59)

i(a1 + az)pros — (b1 + b3)p1o,e + 26(P11¢1 + Gr00P110) = 0,

i(a1 - CL3)P110,t - i(b1 - b3)p110,x + 2K(P11Q1 - (11001910) =0,

ia1p11¢ — 1b1p11.. — K(@1P110 + @1p10) = 0,

where Kk = a1bs — asb; and @99, p12o are redundant, see Remark 2.
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Example 13. C3 = S, S.,. Ci3(L(—X)) = L(X). The reduction conditions
give C13(J) = —J and:

P1oo = G100, P112 = q110, P111 = —q111, Pi1io = G112,
P1 =0, P22 =22, P12 =G, P11 = —q1, (60)
Do =¢q12, ¢ =0 a3=0, b3=0.

Again Remark 3 applies and we obtain the next 8-wave system.:

i(a1 - a2)Q100,t - i(b1 - bz)@hoo,m + /"5(9106]112 + ¢12q110 — 2([1161111) =0,
ia2qios — 162105 — K(qro0 + q122)q110 = 0,

ia1q110,¢ — 101G110,2 — K(qr00 — q122)q10 = 0,

ia2¢11.+ — 1boqi1,2 — k(G100 + q122)q111 = 0, (61)
ialQlll,t - ilelll,x - Fv’(Qloo - C]122)C]11 =0,

iaoqior — 1b2qi2,s — K(qro0 + q122)q112 = 0,

iCl1€l112,t - ileuz,m - /f((hoo - C]122>C]12 =0,

i(a; 4+ as)qaao: — (b1 + b2)q122.2 + K(q10q112 + 129110 — 2¢11¢111) = O,
where Kk = a;by — asby.
Example 14. C, = S,, _.,S.,. C14(LT(\*)) = —L(\). Then:
Qo0 = —G100> P12 = —Qi19> P11 = G115 P10 = —Giya;

P122 = szza P112 = _q>1k07 P111 = Qikp P110 = —QTza (62)

* * £ 3
az = —ai, by=-bi, ¢ =q, pi=D1, Ploo= —Pioo

and we obtain 10-wave (4 real and 6 complex) system which is described by
the Hamiltonian:

Hy = 4k[H,(112,111,1) — H,(112,12,100) + H, (111,110, 1)

— H,(12,11,1) — H,(11,1,10) — H,(110, 10, 100)]. (63)

Here k = a1bs — asb; and qy25, p12o are redundant, see Remark 2.
Example 15. C5 = S,, S.,. C15(LT(\*)) = —L(\). As a result:
a3 =0, b3=0, @qu2=0q10 ¢2=0qy Pu2=Di0 Piz= Do

c]iﬁoo = {q100, pioo = P10o0> Cffn = —{q111, Piu = —Pi11, (64)

ES _ * _ _ % k _ * _
G190 = G122, P10 — P122s P11 = —¢1, 411 = 4911, P11 = P11,
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and we get 12-wave (8 real and 4 complex) system which is described by the
Hamiltonian:

Hy = 26[H,(122,110,12) + H, (122,112, 10) — 2H, (122,111, 11)

65
+ H,(112,12,100) + H,.(110,10,100) + 2H, (111,11, 100)]. (65)
with k = a1by — asby; the fields q; and p, are redundant, see Remark 2.
Example 16. Cs = S., _.,. Ci6(LT(=X\*)) = —L(X). Therefore:
Qlo0 = G005 P10 = Q10> P11 = Q115 P12 = Qhyo;
Ploo = P1oo, P10 = ¢ig» P11 = G115 Priz = ia) (66)
P22 = —Qlan, P1=¢;, a2 =ay, by=0by
which gives 8-wave system with the Hamiltonian:
H = 2k[H,.(122,112,10) — H,(122,12,110) + H,(112,111,1) -
+ H.(12,11,1) + H,(111,110,1) — H,.(11,10, 1)]. ©7)
Here k = a1bs — asby and qig9, pioo are redundant, see Remark 2.
Example 17. Cy; = S,,. Ci7(L'(=\*)) = —=L(X). Then:
P00 = G100, P12 = Q110> P11 = —Gi11, P10 = Gi19>
P122 = Q122> P12 = o, P11 = —q1, P10 = Qs (63)
¢ =—q, p;=-p, az=0, b3=0,
so we obtain 8-wave system with the Hamiltonian:
H, = 2k[H.(122,112,10) + H,.(122,110,12) — 2H,(122,111,11) 69)

+ H,.(112,12,100) — 2H,.(111,11,100) + H,(110, 10, 100)].
Here k = a1by — asby and qi, pi are redundant, see Remark 2.

4.3.2. 7o ® 7o reductions

Example 18. C\Y) = S.._.. and C2 = exp(irhy)) with C\§(L()\)) = L(\)
and C3 (L(X*)) = —LY(\). The first reduction is the same as in Example 10
and after its action there remain 8 complex-valued functions. The second
reduction requires in addition:

P12 =—Qi2s Pu =01, DP1=4q, Po= (i (70)
Applying both reductions we obtain the 4-wave system with the Hamiltonian
H,. = 8k[H,(12,11,1) + H,(11,1,10)], (71)

and k = a1bs — asb;. This system is related to a By subalgebra, see Remark 4.
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Example 19. C’l(é) = S, _e, 5., and 01%) = exp(in(hy + ha + hs3)) with
CO(L(=N)) = L(\) and C3(L(\*)) = —LY(\). The first reduction is
as in Example 12. The second one restricts the potential also by:

P1oo = Qo0> P11 = G115 Pro = —Gho

P11 = _QTa D110 = —q>1k10-

(72)

This gives the following 5-wave (2 real and 3 complex) system

ia1q100,¢ — 101100, + k(9110910 — G100110) = 0,

i(a; + a3)qio — (b1 + b3)q10.2 + K(q1109100 — ¢11¢1) = 0,

lasqr, — 1b3q1,e + k(qu1di10 — @114 + ¢11%10 — 61G110) = 0, (73)
i(Ch - a3)Q110,t - i(bl - bS)QllO,m - 2/‘€(Q100Q10 + C]1Q11) =0,

la1q11s — 1b1¢qu1,. + K(q1qa10 + @1¢10) = 0,

where k = a,b3 — azb,. Like in Example 12 Remark 3 applies.

44. g ~ C;3 = sp(6)

In this case there are nine positive roots AT = {100, 010, 001, 110, 011,
111, 021, 121, 221} where again ijk = iy + jos + kas and o =
€1 — €3, Qg = ey — e3, a3 = 2e3 and the set ot triples of indices is
M = {[110,10,100], [111,11,100], [121,21,100], [121,11,110], [21,11,10],
(111,110, 1], [11,1,10], [121,111, 10], [221, 121,100], [221, 111, 110]}.

4.4.1. 7, reductions

Example 20. Coq = S., _.,. Caoo(L(N\)) = L(\). Therefore:

d110 = q10, G111 = 11, G221 = —(q21, Pi1oo = G100,

(74)
D110 = P10, P11 = P11, DPoo1 = —Po1, G2 = a1, bs =0y,

and we obtain 8-wave system which is described by the Hamiltonian:
Hy, = 8k[H,.(111,110,1) — H.(121,111,10) — H,(121,110,11)]. (75)

Here k = a1bs — asby, and this system is related to a Cy-subalgebra, see
Remark 4. Note that the functions q21 and q, remain unrestricted and oo is
redundant, see Remark 2.

Example 21. Cy; = S,,. Co1(L(N\)) = L()\). Then:

d111 = —q110, G111 = —q10, P111 = —Pi1io, P11 = —Pio;
D221 = P121 = P21 =0,  @oo1 = G121 = q21 =0, p1 = QTa (76)
as = 09 b3 - Oa
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giving 6-wave system with the Hamiltonian:
H, = 4xH,(110, 100, 10) . 77

Here k = a1by — aoby. This system is related to an A,-subalgebra, see Re-
mark 4.

Example 22. C5, = S, _.,5,. Caa(L(—X)) = L(X). This gives:

as = —ay, by =—b1, pProo=—G0, ¢10= 1, G111 = G0,

G221 = —¢21, P1 = —q1, Piio = P11, Pii1 = Pio, P221 = —P21,

(78)

and the next 8-wave system (see Remark 3):

ia1¢100,t — 101¢100,2 + K(P10g11 — P11G10) = O,
i(a; + a3)qros — (b1 + b3)q10,2 — 26(g21P11 + Q10011 + ¢1¢11) = 0,
iaSQl,t - ib3Q1,w - K(Pan - p11910) = 0.
i(a1 — a3)(]11,t - i(b1 - b3)Q11,:1: - 211(6121])10 — q100910 t C]1Q10) =0,
ia1q21,¢ — 1b1q21,2 — 2Kq10q11 = 0, (79)
i(a; + az)pioe —i(b1 + b3)p1o.e + 26(¢1p11 + GrooP11 — P21¢11) = 0,
i(a1 - Cls)pn,t - i(bl - bS)pll,m + 2H(Q1p10 — G100P10 — P21Qlo) =0,
ia1po1,¢ —1b1P21 o + 26p10p11 = 0,

where Kk = a1bs — a3b, and qi21 is a redundant field, see Remark 2.

Example 23. 023 = 561_62 Sel—|—62- 023 (L(-A)) = L()\) Then:

as = a1, by=0b1, Dio= 10, P10 = G0, P11 = —q11,
(80)

P11 = —q11, P21 = (G221, P221 = (421, Pi21 = —qi21, P1 = —q1-
so we get the next 8-wave system (see Remark 3):

i(al — as)Qw,t - i(bl - b3)Q10,m + 25(61121%1 + Q21q111 — C]11Q1) =0,
ia3Q1,t - ib3Q1,m + 2"1(%11(110 + C]110€l11) =0,

i(Cll — a3)Q110,t - i(bl - bS)QllO,m - 25((]221@11 + q1q111 — Q121Q111) =0,
i(a; + as)qi1,e — (b1 + b3)qa1.2 — 26(q121G10 + Q110 + ¢21q110) = 0,

i(a; + as)qrire — (b1 + b3)q111,2 — 26(q1q110 + G121¢110 — G221910) = O,
1a1Go1,s — 101q21,2 + 2K6G10q11 = 0, 81)
i611(]121,t - iblfhzl,x + FJ(Q111(I10 + CI110Q11) =0,

1a1G221.+ —1b1G221,2 + 2KG110¢111 = O,

where Kk = a1bs — asby and qqgy is redundant, see Remark 2.
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Example 24. Coy = S, _.,. Cou(LT(=X*)) = —L(\). Therefore:
Qo0 = Q1005 Ploo = P100s P1=qy, D121 = @i,
P10 = Q1100 P10 = io» P11 = Giq1, P11 = 4 s (82)
Po1 = —(5915 Do21 = —Qa21, G2 =ay, by=0b.
and we obtain 8-wave system which is described by Hamiltonian:
Hy. = 4k[H,.(221,111,110) — H,(121,111,10) — H,(121,110,11)

83
~H,(21,11,10) + H,(111,110,1) + H,(11,1, 10)], )

where k = a,b3 — azby and qi0, P1oo are redundant fields (see Remark 2).
Example 25. Cys = So,. Cos(LT(=A*)) = —L(X). Then:
4 = q1, D) =D1, DPioo = Gioos P11 = —qh10s
P10 = —¢is P11 = —Qos P10 = —q1s P21 = — oy, (84)
P21 = —Qao1, P21 = —q3, a3=0, b3=0.
and we get another 8-wave system with:
H. = 2k[H,(221,121,100) + H,(121,11,110) — 2H,(121, 21, 100)

+ H,(121,111,10) — H,(111,11,100) + H,(110, 10, 100)], >

where k = a1by — asby and q,, p, are redundant fields (see Remark 2).

4.4.2. 7, ® 7, reductions

Example 26. C{) = S.,_., and CS3 = exp(im(hy + ho + h3)). Csg (L(N)) =
LX) C2(L(N) = —L1(=X*), the Cartan elements I,J are real. The first
reduction is as in Example 20. This gives 8-wave system. After applying the
second reduction we have in addition:

P21 = =Gy, P11 =G, P1=4;, P = - (86)

Thus we obtain 4-wave system with the Hamiltonian:
Hy = 4k[2H(21,11,1)) + H(11,10,1)]. (87)
and k = a,b3 — a3b,. This system is related to a Cy-subalgebra, see Remark 4.

Example 27. C’éi) = S, _c, 5%, and C’z(? = exp(im(hy + hy + h3)).
CS(L(=N)) = LX) C2(L(X\) = —LT(=\*), the Cartan elements I,J are
real. The first reduction is as in Example 22 and the second one gives:

Qoo = Groos G = q1, Qo = —¢y1, Qi1 = —qyp

P221 = G221, P21 = (21 -

(88)
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The composition of both reductions leads to the following 5-wave (2 real and
3 complex) system (see Remark 3):

ia1q100,+ — 1011002 + KJ(Qllfffo - QIlqw) =0,

(a1 + as)qior —i(b1 + b3)qr0.2 + 26(q2143; — (1¢11 — Gro0¢11) = 0,
ia1q14 — 101010 + 26(q70q11 — G1045,) = 0, (89)
i(a; —as)qi1e — (b1 — b3)qu1.2 + 26(q21430 — G110 + ¢100¢10) = 0,
10121, — 1b1G21,» + 2KG10q11 = 0.

with k = CL1b3 - agbl.

Example 28. C$3) = S.,_, S, 4e, and C52 = exp(irhs/2). C(LT(\*)) =
LX) CP(L(N) = =L (=\*), the Cartan elements I,.J are real. The first
reduction is as in Example (23). The second one gives:

* - * _ >k -
G100 = —4q1005 Y9221 = —q221, Y191 = —{q121,

o .
111 = 141195  P111 = —14qq9-

(90)

The result is a 6-wave system with the Hamiltonian:

H, = 4x[2H,(121,21,100)) — H,(121,110,11) — 2H,(221,121, 100)
— H,(110,10,100) + iH,,(121,110, 10) +iH,. (110, 10, 100)]

where k = a1by —asby and H,..(i, j, k) = [°o dz (¢:q;q% — ¢} ¢} q;) is the term
similar to (7). Such type of interactions are known as “blow-up instability”
of waves. In this case the functions g9, Q201 and qi21 are purely imaginary.

5. Hamiltonian Structures of the Reduced /N -wave Interactions

The generic N-wave interactions (i. e., prior to any reductions) possess a hier-
archy of Hamiltonian structures. As mentioned in the Introduction the simplest
one is {H® Q©}; the symplectic form Q) after simple rescaling
q P
Qaﬁwa:—aa paﬁya:—av Q€A+7
(a,q) (a, )

becomes canonical with w, being canonically conjugated to y,. However in a
number of cases the reduction conditions lead to degeneracies, i.e. both H(
and Q) vanish identically. Then it is necessary to use some of the higher
Hamiltonian structures, given by:
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V,H* ) = AV, H® |

L% 92
0o = / da <[J,5Q(:U,t)]4\Ak5Q($at>>» -

— o0

where ¢(x,t) = [J,Q(x,t)], V,H = (0H)/(0¢" (x,t)). The so-called gener-
ating (or recursion) operator A = (A, + A_)/2 is determined by:

As2(0) = 05" (15 4 Py (o), Z(0)

+i[g(x), I+ (1 — Py) [q(y), Z(y)]] ) (93)

T

P,S =ad;'-ad;-S, (1.9)(z) = / dy S(y) .

+oo

The degeneracies takes place when the reduction group contains elements trans-
forming J — —J. A Zs-reduction with this property degenerates Q% = 0
and H?*) = 0 for all Kk = 0, &1, £2.... Reductions of higher orders (e. g.
Zy with N > 2) degenerate all Hamiltonian structures with labels k # 1(
mod N), see [11,8,10]. These results may be derived using the expressions
for Q) and H®) in terms of the scattering data of L.

6. Conclusions

We end this paper with several remarks.

1. The reductions that act trivially on A reduce to n-wave systems for a sub-
algebra g; C g. In particular, suppose we apply Zs-reduction by a Weyl
reflection with respect to the simple root «;. Then the Dynkin diagram of
the corresponding subalgebra A, is obtained from A, by deleting cv.

2. The Z,-reductions which act on A by I';(A) = A\* may be viewed as Cartan
involutions and lead in fact to restricting of the system to a specific real
form of the algebra g.

3. To all reduced systems given above we can apply the analysis in [8, 10]
and derive the completeness relations for the corresponding systems of
“squared” solutions. Such analysis will allow one to prove the pair-wise
compatibility of the Hamiltonian structures and eventually to derive their
action-angle variables, see [1, 19] for the A, -series.

4. These results can be extended naturally in several directions:

e for NLEE with other dispersion laws. This would allow us to study
the reductions of the multicomponent NLS-type equations, Toda type
systems, etc.
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e for Lax operators with more complicated A\-dependence, e. g.
d 1
LAY = <1a - Up(a, ) + AU (2, 8) + XU_l(x,t)) P, 1, N) = 0.

This would allow us to investigate more complicated reduction groups
ase.g. T, O (see [18]) and the possibilities to imbed them as subgroups
of the Weyl group of g.
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