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INDEX OF NOTATION

This list indexes recurring symbols introduced in Chapters I through X (pages
1-591). For other recurring symbols, including set-theoretic notation introduced
in the appendix (pages 593-613), see the list of Standard Notation on page xx.

In the list below, each piece of notation is regarded as having a key symbol.
The first group consists of those items for which the key symbol is a fixed Latin
letter, and the items are arranged roughly alphabetically by that key symbol. The
next group consists of those items for which the key symbol is a Greek letter.
The final group consists of those items for which the key symbol is a variable or
a nonletter, and these are arranged by type.

A,, 121 F,, 142, 148
a(u,v), 348 F,, 461

A 72 F(S), 307, 377
Ann(U), 52 F(S), 159
AutH, 167 Gal(K/k), 474
B"(G, N), 356 GCD, 2, 394

c,,. 126 GL(V), 122
C(G,C), 330 GL(n, ), 122
C(G, R), 381 H, 128

c(A), 395 Hg, 128

C"(G, N), 356 H(V), 302
Ce(x), 165 H"(G, N), 356
CIiff(E, (- -)), 302 Hom(y, ¢), 568
D, 511, 532 Homp(U, V), 43, 44
D,, 122 Homg (U, V), 266
deg, 150, 156 Homg (M, N), 554
det, 67, 215 i, j, k, 128
dimV, 37 K, k, K/k, 453
Endg (V), 372 ker L, 46

Endg (M), 554 ker ¢, 131
el,...,en, 36 [, 332

ei, fi. g, 527 LCM, 32

F, 9, 34, 158 Irad, 250

Fy, 143 M, (R), 215

717
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My, (F), 25
M,,,(R), 376
Morph(A, B), 189
N (a), 519
N(H), 188

0, 304

O, 343

O(V), O(n), 122
Obj(C), 189

C°PP 191, 210
Pfaff(X), 299, 449
PSL(2,7Z), 366
PSL(2,Z/mZ7Z), 366
PSL(n, IF), 205
Qro], 122, 143

r, 332

rrad, 250

G, 121

S(E), 284

S*"(E), 284
§'=85uUs-! 307
SL(V), 122
SL(n, ), 122
SO(V), SO(n), 122
SU(V), SU(n), 122
sgn, 17

span{v,}, 35
T(E), 281

T"(E), 281

Tr A, 74

TrK/]k(a), 519
U(g), 301

u(v), Un), 122
w(S"), 307
w(V), 302

wt(c), 206

Zg, 165

Zg(x), 165
Z/mZ, 120
Z/(m), 120

Index of Notation

Z[v/—11, 392
Z"(G, N), 356
ZG, 373

Greek
I, A, 44

(r). 45

(2)

8y, 356

§(C), 206
V=V’ 54
3, 48

Xg» 339

o, 7

Oy, 454
®,(X), 490

Operations on sets given
by superscripts

V', 50

G, 313

M=+, 96

U+, 251

L*, 100

A*, 101

V. 115

G, 329

A, 41

L', 53

M°, R°, 555

Cx, Q*, R*, Z*, 120
(Z/mZ)y*, 142

R*, 143

P!, 439
Specific functions
(-,-), 90

-1, 91

[-,-], 301

(-, ), 249

[K: k], 456
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Isolated symbols E ®x F, 265
=, 48, 119, 144 e® f, 265
=, 120 M ®g N, 574
1, 118 m@n, 574
{1}, 118 Py, 575
14, 190 A(E), 291
/\"(E), 291
Operations on sets and classes EC, 274
G/H, G\H, 130 E", 275
¢H, Hg, 129 D, 62, 138, 376
Gy x G, 126 [T,es. 62. 136, 198, 376
G x; H, 169
G * G,, 324 ies 199
G,, 163 *kses» 323
G =(S; R), 314 K, 474
RG, 380 SR, 428
F[X], 9 Rs, 428
R[X], 149 Rp, 430
R[X4,..., X,], 155 Gp, 534
klxy, ..., x,], 454
k(xy, ..., xn), 454 Miscellaneous
Hég(x)’ 384 (12345> permutation, 15
, 196 43512 )° ’
V/U, 55 (5 2 3), cycle, 16
M/N, 378 f1 * f>, convolution, 339
I'+J, 405 (a), principal ideal, 390
1J, 405, 435

(ai, ...,ay,), ideal, 390
ueVv, 59






INDEX

Abel, 494 uniqueness, 467-468
abelian group, 119 algebraic curve, 411
direct sum for, 138, 139 algebraic element, 454
finitely generated, 176 algebraic extension, 456
free, 176 finite 456
tensor product for, 578 simple 457
absolute value, 604 algebraic integer, 342, 411, 421, 515
addition in abelian group, 119 algebraic number, 123, 387, 457. 465, 515
addition in ring, 141 algebraic number field, 123, 373, 387, 457
addition in vector space, 34 algebraically closed, 464
addition of cardinal numbers, 613 algebraically closed field, 212
addition of matrices, 25 alternating, 67
additive extension, 574 alternating bilinear form, 253
additive functor, 585 alternating group, 121, 171
additive in a variable, 574 alternating matrix, 257
adjoin, 454 alternative algebra, 304
adjoint, 100, 101 annihilator, 52, 85
classical, 72 antisymmetrized tensor, 294
algebra, 280 antisymmetrizer, 294
alternative, 304 area, 86
associative, 280, 372 Artin—Schreier Theorem, 550, 552
associative R, 380 ascending chain condition, 421, 565
Clifford, 302 associate, 393
division, 373 associated graded map, 300
exterior, 291 associated graded vector space, 300
filtered associative, 301 associated primitive polynomial, 396
graded associative, 301 associative algebra, 280, 372
group, 380, 445 filtered, 301
Heisenberg Lie, 302 graded, 301
Jordan, 303 tensor product for, 582
Lie, 281, 301 associative law, 25, 34, 82, 118, 141
polynomial, 289 associative R algebra, 380
symmetric, 284 associativity formula, 580, 581
tensor, 282 associator, 304
tensor product for, 582 automorphism, 453
universal enveloping, 301 inner, 201
Weyl, 302 of group, 167
algebraic closure, 465 of number field, 124
existence, 466 Axiom of Choice, 597
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Baer multiplication, 355, 361
basis, 36, 176
dual, 51
free, 312
standard, 36
standard ordered, 48
vector space, 36
Weyl, 296
BCH code, 548
Bessel’s inequality, 94
Bezout’s identity, 3
bilinear, 90
bilinear form, 249
alternating, 253
invariant, 260
nondegenerate, 251
skew-symmetric, 253
symmetric, 253
bilinear function, 263, 574
bilinear map, 263
bilinear mapping, 263
bimodule, 573
block, 232
block multiplication, 86
Bolzano—Weierstrass Theorem, 603
boundary map, 583
Burnside’s Theorem, 345

cancellation law, 118
canonical form, 212
Jordan, 232, 409
of rectangular matrix, 242
rational, 245, 447, 448
canonical map into double dual, 54
canonical-form problem, 214
Cantor, 612
Cardan’s formula, 492, 510, 513
Cardano, 493
cardinal number, 610
addition of, 613
cardinality, 610
Cartan matrix, 86
Cartesian product, 595
indexed, 597
category, 53, 135, 189
opposite, 191, 210

Cauchy’s Theorem in group theory, 185

Index

Cayley number, 304
Cayley—Dickson construction, 304
Cayley—Hamilton Theorem, 221
Cayley’s Theorem, 125
center, 372, 380, 554
of group, 165
centralizer of element, 165
chain, 583, 605
chain condition
ascending, 417, 565
descending, 565
change of rings, 573, 578
character, 339
multiplicative, 329
characteristic of a field, 148
characteristic polynomial, 74, 218
characteristic subgroup, 360
check matrix, 548
Chinese Remainder Theorem, 6, 405
class, 594, 595
equivalence, 600
class equation of group, 187
class function, 340
classical adjoint, 72
Clifford algebra, 302
closed, 583
closed form, 584
coboundary, 356
coboundary map, 356
cochain, 356
cocycle, 356
code, 207
BCH, 548
cyclic, 547
cyclic redundancy, 209
dual, 363
error-correcting, 206, 363, 547
Hamming, 207
linear, 207
parity-check, 207
repetition, 207
self-dual linear, 363
codomain, 596
coefficient, 9, 149
Fourier, 330, 362
leading, 150
matrix, 336
cofactor, 70, 217



cohomology group, 356
cohomology of groups, 355, 584
collection, 595
column space, 38
column vector, 25
in an ordered basis, 45
common multiple, 32
commutative diagram, 194
commutative law, 25, 34, 83, 119
commutative ring, 141
commutator, 360
commutator subgroup, 313
complement, 595
completely reducible, 555
complex, 583, 585
complex conjugate of vector space, 115
complex conjugation, 604
complex number, 604
complexification, 274
composition, 598
composition factor, 173, 561
composition series, 172, 560
congruent modulo, 120
conjugacy class, 165
conjugate, 165
conjugate linear, 90
conjugates of an element, 523
conjugation, complex, 604
consecutive quotient, 172, 560
constant polynomial, 10, 150, 155
constructible coordinates, 470
field of, 470-471
constructible regular polygon, 473, 489, 499
contraction of ideal, 432
contragredient, 53
matrix of, 53
contragredient representation, 365
contravariant functor, 193
convolution, 339, 372, 381
coproduct functor, 199, 376, 589
in a category, 198
corner variable, 21
correspondence, one-one, 598

coset
left, 129
right 129

countable, xx
counting formula, 164

Index

covariant functor, 192
Cramer’s rule, 24, 72, 217
CRC-8, 209

crossed homomorphism, 357
cubic polynomial, 542

cubic resolvent, 545

cut, 602

cycle, 15

cycle structure, 166

cycles, disjoint, 16

cyclic
code, 547
group, 125

R module, 401
redundancy code, 209
subspace, 244
vector, 244

cyclotomic field, 490, 500

cyclotomic polynomial, 399, 490, 540

dal Ferro, 493
de Rham cohomology, 584
decomposition group, 534

Dedekind domain, 416, 437, 450, 525

degree, 10, 150, 154, 456
dependent, integrally, 421
derivative of polynomial, 461
descend to, 57, 133, 147, 375

descending chain condition, 565

determinant, 65, 86, 215

Gram, 114

of linear map, 66

of matrix, 66

of square matrix, 67

properties of, 68, 216

Vandermonde, 71, 217
diagonal entry, 24, 180, 447
diagonal matrix, 24, 447
diagram, 194

commutative, 194

square, 194
difference, 595
difference product, 511

differential equations, system, 246

differential form, 584
differentiation, 461

dihedral group, 121, 170, 316
dimension, 564
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of vector space, 37, 78 Eisenstein’s irreducibility criterion, 398
direct image, 599 element, 593, 594
direct product elementary divisor, 179, 447
of groups, 126, 127, 136, 137 elementary matrix, 28
of R modules, 376 elementary row operation, 20
of rings, 374 elementary symmetric polynomial, 448
of vector spaces, 62, 63 entity, 593
direct sum entry, 20, 24
of abelian groups, 138, 139 diagonal, 24, 180, 447
of R modules, 376 enveloping algebra, universal, 301
of vector spaces, 59, 60, 61, 62, 64 equality of matrices, 24
Dirichlet’s theorem on primes in arithmetic equation, linear, 23
progressions, 330, 367 equivalence class, 600
discriminant, 511, 532, 533 equivalence relation, 599-600
disjoint cycles, 16 equivalent
disjoint union, 198 factor set, 352
distributive law, 26, 34, 141 finite filtrations, 561
divide, 1, 10, 388, 438 group extensions, 352
division algebra, 373 normal series, 174
division algorithm, 2, 11 words, 307
division ring, 144, 373 equivariant mapping, 191
divisor, 1 error-correcting code, 206, 363, 547
elementary, 179, 447 Euclid’s Lemma, 5
greatest common, 2, 8, 12, 393 Euclidean algorithm, 2, 13
zero, 144 Euclidean domain, 392, 444, 446
Dixmier, 559 Euler ¢ function, 7
domain, 596 evaluate, 10
Dedekind, 416, 437, 450, 525 evaluation, 151, 157
Euclidean, 392, 444, 446 even permutation, 121
integral, 144 exact, 583, 584
principal ideal, 390, 442 exact form, 584
unique factorization, 389 exact sequence, 584, 585
dot product, 90 short, 585
double a cube, 469, 471 split, 588
double dual, 54 expansion
dual homogeneous-polynomial, 155
double, 54 in cofactors, 70, 217
of vector space, 50 monomial, 155
dual basis, 51 expressible in terms of k and radicals, 495
dual code, 363 extension
duality in category theory, 210 additive, 574
algebraic, 456
eigenspace of linear function, 76 field, 453
eigenspace of matrix, 73 finite, 456
eigenvalue of linear function, 76 finite algebraic, 456
eigenvalue of matrix, 73 finite Galois, 485
eigenvector of linear function, 76 group, 348

eigenvector of matrix, 73 linear, 44, 264



normal, 481

of ideal, 432

of scalars, 275, 573, 578

separable, 476

simple algebraic, 457
exterior algebra, 291
external direct product

of groups, 126, 136

of R modules, 376
external direct sum

of abelian groups, 138

of R modules, 376

of vector spaces, 59, 61
external semidirect product of groups, 169

factor, 1, 10, 136, 388, 438
factor group, 132
factor ring, 146
factor set, 348
Factor Theorem, 11
factor through, 57, 133, 147, 378
factorization, 1, 10
nontrivial, 2, 10
prime, 5
unique, 5, 14
family, 595
fast Fourier transform, 331, 364
Fermat number, 472
Fermat prime, 472
Fermat’s Little Theorem, 142
Ferrari, 493
field, 142
algebraically closed, 212, 464
characteristic of, 148
cyclotomic, 490, 500
extension, 453
finite, 143, 153, 159, 373, 461, 488
fixed, 474
formally real, 550
Galois, 461
number, 123, 373, 387, 457
obtained by adjoining, 454
of constructible coordinates, 470-471
of fractions, 383, 601
ordered, 550
prime, 148
quadratic number, 422, 543
real closed, 550

Index

splitting, 458
field isomorphism, 453
field map, 453
field mapping, 453
field polynomial, 519
filtered associative algebra, 301
filtered vector space, 300
filtration, finite, 560
finite
algebraic extension, 456
basis condition, 417, 565
extension, 456
field, 143, 153, 159, 373, 461, 488
filtration, 560
Galois extension, 485
length, 563
linear combination, 35
order, 130
rank, 178
rank of free R module, 401
support, 381
finite-dimensional vector space, 37
finitely generated abelian group, 176
fundamental theorem for, 179
finitely generated group, 315
finitely generated R module, 400
finitely presented group, 315
First Isomorphism Theorem, 57, 133, 379
Fitting’s Lemma, 588
fixed field, 474
forgetful functor, 192
form, 263
bilinear, see bilinear form
Hermitian, 258
sesquilinear, see sesquilinear form
skew-Hermitian, 258
formally real field, 550
Fourier coefficient, 330, 362
Fourier inversion formula
for class functions, 341
for finite abelian group, 330
for finite group, 338
Fourier inversion problem, 330
Fourier series 330
fractional ideal, 450
unique factorization of, 451
fractions
field of, 383, 601
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partial, 444
free abelian group, 176
free basis, 312
free group, 308
rank, 314
free product, 199, 323
free R module, 377
free subset, 312
Frobenius map, 462
function, 595
bilinear, 263
class, 340
k-linear, 263
k-multilinear, 263
linear, 42, 44
multilinear, 263
polynomial, 153, 158
functional, linear, 50
functional, multilinear, 66
functor, 53, 135
additive, 585
contravariant, 193
coproduct, 199, 376, 589
covariant, 192
forgetful, 192
product, 196, 376
Fundamental Theorem
of Algebra, 14, 465, 492
of Arithmetic, 5
of Finitely Generated Abelian Groups, 179
of Finitely Generated Modules, 402, 447
of Galois Theory, 345, 490

Galois, 494

Galois extension, finite, 485

Galois field, 461

Galois group, 474

Galois theory, 123, 484

Gauss, 473, 489, 500

Gauss’s Lemma, 395

Gaussian integer, 392, 446

general linear group, 122

generated by, 125

generated submodule, 377-378

generating polynomial, 209, 547

generator, 125, 176, 399
monic, 244

generators, 314

Index

graded associative algebra, 301
graded vector space, 300
Gram determinant, 114
Gram matrix, 114
Gram-Schmidt orthogonalization process, 95
greatest common divisor, 2, 8, 12, 393
greatest lower bound, 603
group, 118
abelian, 119
alternating, 121, 171
automorphism of, 167
center of, 165
cohomology, 356
cyclic, 125
decomposition, 534
dihedral, 121, 170, 316
direct product for, 126, 127, 136, 137
finitely generated, 315
finitely presented, 315
free, 308
free abelian, 176
free product for, 323
Galois, 474
general linear, 122
homomorphism of, 131
icosahedral, 368
octahedral, 368
of units, 143
order of, 129
orthogonal, 122
quaternion, 128
quotient of, 132
rotation, 122
semidirect product for, 169
simple, 171
solvable, 494
special linear, 122
special unitary, 122
symmetric, 121
tetrahedral, 368
trivial, 118
unitary, 122
group action, 124, 159
transitive, 163
trivial, 161
group algebra, 380, 445
group extension, 348
group ring, integral, 373
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imaginary part, 604

Hamming code, 207 independent variable, 21
Hamming distance, 206 indeterminate, 9, 149, 154, 155
Hamming space, 206 index of subgroup, 164
harmonic analysis, 506 indexed Cartesian product, 597
harmonic polynomial, 116 indexed intersection, 597
Heisenberg Lie algebra, 302 indexed union, 597
heptadecagon, 503 infimum, 603
Hermite, 515 infinite order, 130
Hermitian, 101 infinite-dimensional vector space, 78
Hermitian form, 258 inhomogeneous system, 23
Hermitian matrix, 259 injection, 59, 62
Hermitian sesquilinear form, 258 inner automorphism, 201
Hermitian symmetric, 90 inner product, 90
Hilbert Basis Theorem, 416, 418 inner-product space, 90
Hilbert—Schmidt norm, 112 integer, algebraic, 342, 411, 421, 515
homogeneous element, 281 integer, Gaussian, 392, 446
homogeneous ideal, 284 integers modulo, 120
homogeneous polynomial, 116, 155 integral, 421
homogeneous system, 23 integral closure, 416, 421
homogeneous-polynomial expansion, 155 integral domain, 144
homomorphism integral group ring, 373
crossed, 357 integrally closed, 425
of groups, 131 integrally dependent, 421
of R modules, 375 Intermediate Value Theorem, 603
of rings, 144 internal direct product
substitution, 151, 156 of groups, 127, 137
of R modules, 376
icosahedral group, 368 of vector spaces, 63
ideal, 145 internal direct sum
contraction of, 432 of abelian groups, 139
extension of, 432 of R modules, 377
fractional, 450 of vector spaces, 60, 61, 64
left, 378 internal semidirect product of groups, 169
maximal, 385 intersection, 595
prime, 384 indexed, 597
principal, 390 intertwining operator, 333
right, 378 invariant
two-sided, 145 leave a bilinear form, 260
unique factorization of, 438 of group action, 357
identity element, 118 invariant subspace, 73, 333
identity in a ring, 142 invariant vector subspace, 218
identity matrix, 27 inverse, 192
identity morphism, 190 multiplicative, 143
image, 596 inverse element, 118
direct, 599 inverse function, 598
inverse, 599 inverse image, 599

of homomorphism, 131 inverse matrix, 27
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invertible matrix, 27

involution, 242

irreducible element, 388

irreducible left R module, 555

irreducible representation, 333

isometry, 159

isomorphic, 48, 119, 144, 164, 192, 352,

378

isomorphism, 48, 119, 144, 192, 378, 453
natural, 268

isotropic subspace, 296

isotropy subgroup, 163

isotypic submodule, 589

Iwasawa decomposition, 113

Jacobi identity, 301

Jordan algebra, 303

Jordan block, 231, 409

Jordan canonical form, 232, 409

Jordan form, 231

Jordan normal form, 231

Jordan—Chevalley decomposition, 243, 549
Jordan—-Holder Theorem, 176, 562

k automorphism, 453
k isomorphism, 453
k-linear, 66

function, 263

map, 263

mapping, 263
k-multilinear

function, 263

map, 263

mapping, 263
kernel of homomorphism, 131
kernel of linear map, 46
Kronecker delta, xx, 27
Kronecker product, 297

Lagrange resolvents, 506

Lagrange’s Theorem, 130

law of composition, 190

law of cosines, 91

law of quadratic reciprocity, 499, 544
leading coefficient, 150

leading term, 150

least common multiple, 32

least upper bound, 603, 606

Index

leave a bilinear form invariant, 260
left coset, 129
left ideal, 378
left R module, 374
left radical, 250
left regular representation, 332, 338, 365
left vector space, 556
left-coset space, 130
Legendre polynomial, 114
length of module, 563
length of word, 307
letter, 121
Lie algebra, 281, 301
Heisenberg, 302
Lie bracket, 301
Lindemann, 515
linear, 42, 44
linear code, 207
self-dual, 363
linear combination, 35
linear equation, 23
linear extension, 44, 264
linear fractional transformation, 160
linear function, see linear map
linear functional, 50
linear map, 42, 44
determinant of, 66
eigenspace of, 76
eigenvalue of, 76
eigenvector of, 76
kernel of, 46
normal, 110
orthogonal, 103
positive definite, 107
positive semidefinite, 107
unitary, 103
linear mapping, see linear map
linear operator, 42
linear transformation, see linear map
linearly independent set, 36, 176
local ring, 434
localization, 416
of R at the prime P, 430
of R with respect to S, 429
lower bound, 603

MacWilliams identity, 364
map, 596
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bilinear, 263 matrix representation, 332

coboundary, 356 matrix ring, 371

field, 453 maximal element, 605

k-linear, 263 maximal ideal, 385

k-multilinear, 263 maximum condition, 417, 565

linear, 42, 44 member, 595

multilinear, 263 minimal distance, 207
mapping, see map minimal polynomial, 221, 223, 455
matrix, 24 minimum condition, 565

addition for, 25 module

alternating, 257 cyclic, 401

Cartan, 86 direct product for, 376

check, 548 direct sum for, 376

coefficient, 336 finitely generated, 400

column space of, 38 free R, 377

determinant of, 66, 67 homomorphism of, 375

diagonal, 24, 447 irreducible, 555

eigenspace of, 73 left R, 374

eigenvalue of, 73 of finite rank, 401

eigenvector of, 73 quotient, 378

elementary, 28 rank of, 402

equality for, 24 right R, 375

Gram, 114 semisimple, 555

Hermitian, 259 simple, 555

identity, 27 tensor product for, 574

inverse, 27 modulo, 120

invertible, 27
multiplication for, 26

monic generator, 244
monic polynomial, 150

nilpotent, 232 monomial, 155
nonsingular, 212, 217 monomial expansion, 155
null space of, 38 morphism, 189

of a linear map in two ordered bases, 45 identity, 190
orthogonal, 103 multilinear form

positive definite, 107 symmetric, 283
positive semidefinite, 107 function, 263

rank of, 41 functional, 66

row space of, 38 map, 263

scalar multiplication for, 25 mapping, 263

singular, 212, 217 multiple, 1, 10
skew-symmetric, 257 least common, 32
square, 24 multiplication
symmetric, 253 Baer, 355, 361
symplectic, 450 in a group, 118

trace of, 74 in aring, 141

transpose of, 41 in an algebra, 280
unitary, 103 of matrices, 26
Vandermonde, 71, 217 multiplicative character, 329

zero, 25 multiplicative inverse, 143
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multiplicative system, 428 opposite category, 191, 210
multiplicity of a root, 14 opposite ring, 555
orbit, 163
n-fold tensor product, 280 order
Nakayama’s Lemma, 436 finite, 130
natural isomorphism, 268 infinite, 130
natural transformation, 268 of group, 129
negative, xx, 119 ordered field, 550
nicely normed, 305 ordered pair, 595
Nielsen—Schreier Theorem, 318 ordering
nilpotent, 549 partial, 605
element, 443 simple, 286, 605
matrix, 232 total, 605
Noetherian ring, 418 well, 605
nondegenerate bilinear form, 251 ordinary differential equations, system, 246
nonsingular, 212, 217 orthogonal complement, 97
nontrivial factorization, 2, 10 orthogonal group, 122, 262
norm, 91, 519, 544 orthogonal linear map, 103
Hilbert—-Schmidt, 112 orthogonal matrix, 103
normal extension, 481 orthogonal projection, 97
normal linear map, 110 orthogonal set, 93
normal series, equivalent, 174 orthogonal vectors, 93
normal series of groups, 172 orthonormal basis, 93
normal subgroup, 131 orthonormal set, 93
normalizer of subgroup, 188
null space, 38 pair
Nullstellensatz, 412 ordered, 595
number unordered, 595
algebraic, 123, 387, 457, 465, 515 parallelogram law, 91
complex, 604 parity-check code, 207
rational, 601 Parseval’s equality, 98
real, 602 partial fractions, 444
number field, 123, 373, 387, 457 partial ordering, 605
automorphism of, 124 pentagon, 501
quadratic, 422, 543 period of cyclotomic field, 500
permanence of identities, 215
object, 189 permutation, 15, 121
octahedral group, 368 even, 121
octonion, 304 odd, 121
odd permutation, 121 Pfaffian, 299, 449
one-one, 598 Plancherel formula, 338
one-one correspondence, 598 Poincaré-Birkhoff-Witt Theorem, 301
onto, 598 point, 595
operation, elementary row, 20 Poisson summation formula, 362
operator polar decomposition, 111
intertwining, 333 polarization, 92
linear, 42 polynomial, 9, 149, 154

projection, 226 associated primitive, 396



characteristic, 74, 218
constant, 10, 150, 155
cubic, 542
cyclotomic, 399, 490, 540
elementary symmetric, 448
field, 519
generating, 209, 547
harmonic, 116
homogeneous, 116, 155
Legendre, 114
minimal, 221, 223, 455
monic, 150
primitive, 394
quartic, 541, 546
separable, 476
split, 458
symmetric, 448, 544
weight enumerator, 209
zero, 10, 150
polynomial algebra, 289
polynomial function, 153, 158
polynomial ring, 371
positive, xx
positive definite linear map, 107
positive definite matrix, 107
positive semidefinite linear map, 107
positive semidefinite matrix, 107
power, 125
presentation, 314
primary block, 232
primary decomposition, 229
Primary Decomposition Theorem, 229
primary subspace, 229
prime, 2, 10
relatively, 6
prime element, 389
prime factorization, 5
prime field, 148
prime ideal, 384
primitive element, 480
primitive polynomial, 394
associated, 396
primitive root, 490
Principal Axis Theorem, 254
principal ideal, 390
principal ideal domain, 390, 442
product
Cartesian, 595
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difference, 511

dot, 90

free, 199, 323

functor, 198, 376

in a category, 196

in a group, 118

in an algebra, 280

indexed Cartesian, 597

inner, 90

Kronecker, 297

n-fold tensor, 280

of matrices, 26

of permutations, 15

set-theoretic, 595

tensor, 263

triple tensor, 277

vector, 281
projection, 59, 62, 226

orthogonal, 97
Projection Theorem, 96
proper subset, 595
properly contained, 595
pure tensor, 265
Pythagorean Theorem, 91

quadratic number field, 422, 543
quadratic reciprocity, 499, 544
quartic polynomial, 541, 546
quaternion, 128
quaternion group, 128
quotient

group, 132

homomorphism, 132, 146

map, 55

module, 378

ring, 146, 374

space, 55, 130

R homomorphism, 375
R module, 375
R submodule, 377
radical, 250, 253, 257, 495
ramification index, 527, 543
range, 596
rank
of free abelian group, 178
of free group, 314
of free R module, 402
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of matrix, 41 matrix, 371
rational canonical form, 245, 447, 448 Noetherian, 418
rational number, 601 opposite, 555
real closed field, 550 polynomial, 371
real number, 602 quotient of, 146
real part, 604 with identity, 142
reduced row-echelon form, 20 zero, 142
reduced word, 325 Rodrigues’s formula, 114
reducible element, 389 root, 10, 152
refinement, 174, 561 multiplicity of, 14
reflexive, 600, 605 primitive, 490
regular tower, 495
17-gon, 503 rotation, 43
heptadecagon, 503 rotation group, 122
pentagon, 501 row operation, elementary, 20
polygon, 473, 489, 499 row reduction, 21
representation, 332, 337, 338, 365 row space, 38
relation, 314, 595 row vector, 25
equivalence, 599-600 row-echelon form, 20
function as, 595 Russell’s paradox, 593
partial ordering as, 605
relatively prime, 6 S-tuple, 196
repetition code, 207 scalar, 9, 19, 34, 89, 211
representation, 161 scalar multiplication
contragredient, 365 in vector space, 34
irreducible, 333 of matrices, 25
left regular, 332, 338, 365 scalars, extension of, 275, 573, 578
matrix, 332 scalars, restriction of, 277
right regular, 332, 337, 338 Schreier, 175, 348, 562
unitary, 332 Schreier set, 319
residue class degree, 527, 543 Schroeder-Bernstein Theorem, 79, 610
restriction, 598 Schur orthogonality, 335
restriction of scalars, 277 Schur’s Lemma, 333, 559
Riemann sphere, 160 Schwarz inequality, 92
Riesz Representation Theorem, 99 Second Isomorphism Theorem, 58, 135, 379
right coset, 129 self-adjoint, 101
right ideal, 378 self-dual linear code, 363
right R module, 375 semidirect product of groups, 169
right radical, 250 semisimple, 549
right regular representation, 332, 337, 338 semisimple left R module, 555
rigid motion, 159 separable element, 476
ring, 141 separable extension, 476
commutative, 141 separable polynomial, 476
direct product for, 374 sesquilinear, 90
division, 144, 373 sesquilinear form, 258
group, 373 Hermitian, 258
homomorphism of, 144 skew-Hermitian, 258

local, 434 set, 593, 594



set theory, von Neumann, 594
set theory, Zermelo—Fraenkel, 593
set-theoretic product, 595
short exact sequence, 585
sign of permutation, 17
signature, 255, 260
significant factor, 321
similar matrices, 48, 213
simple algebraic extension, 457
existence, 457
uniqueness, 458
simple group, 171
simple left R module, 555
simple ordering, 286, 605
simplicial complex, 583
simplicial homology, 583
simply transitive group action, 163
singleton, 595
singular, 212, 217
size, 24
skew-Hermitian form, 258
skew-Hermitian sesquilinear form, 258
skew-symmetric bilinear form, 253
skew-symmetric matrix, 257
socle, 589
solvable group, 494
span, 35, 36
spanning set, 36
special linear group, 122
special unitary group, 122
Spectral Theorem, 105
split exact sequence, 588
split polynomial, 458
splitting field, 458
existence, 458
uniqueness, 459
square a circle, 469, 472
square diagram, 194
square matrix, 24
stabilizer, 163
stable subspace, 73
standard basis, 36
standard ordered basis, 48
Steinitz, 466
straightedge and compass, 468
subcategory, 190
subfield, 144
subgroup, 119

Index

characteristic, 360

commutator, 313

index of, 164

isotropy, 163

normal, 131

normalizer of, 188
submodule, 377

generated, 377-378

isotypic, 589
subring, 144
subset, 595
subspace, 35

cyclic, 244

invariant, 73, 333

isotropic, 296

primary, 229

stable, 73
substitution homomorphism, 151, 156
sum of two cardinal numbers, 613
sum of vector subspaces, 58
superset, 595
support, finite, 381
supremum, 603
Sylow p-subgroup, 185
Sylow Theorems, 185
Sylvester’s Law, 255, 260
symmetric, 90, 101, 600

Hermitian, 90
symmetric algebra, 284
symmetric bilinear form, 253
symmetric group, 121, 159
symmetric matrix, 253
symmetric multilinear form, 283
symmetric polynomial, 448, 544

elementary, 448
symmetrized tensor, 290
symmetrizer, 290
symplectic group, 262
symplectic matrix, 450
system of linear equations, 23
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system of ordinary differential equations, 246

Tartaglia, 493

tensor algebra, 282

tensor product, 263
n-fold, 280
of abelian groups, 578
of modules, 574
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of R algebras, 582
triple, 277
tetrahedral group, 368
Theorem of the Primitive Element, 123, 457,
480, 524
total ordering, 605
trace, 519, 544
of matrix, 74
transcendental element, 454
transcendental v, 472, 515
transformation
linear, 42, 44
linear fractional, 160
natural 268
transitive, 600, 605
transitive group action, 163
transpose of matrix, 41
transposition, 16
triangle inequality, 605
triangular form, 219
triple tensor product, 277
trisect an angle, 469, 472
trivial group, 118
trivial group action, 161
tuple 196
two-sided ideal, 145

UFDI, 389, 419
UFD2, 389
union, 595
disjoint, 198
indexed, 597
unipotent, 550
unique factorization, 5, 14
of fractional ideal, 451
of ideal, 438
unique factorization domain, 389
unit, 1, 10
in aring, 143
unit vector, 93
unital, 375
unitary group, 122
unitary linear map, 103
unitary matrix, 103
unitary matrix representation, 332
unitary representation, 332
universal enveloping algebra, 301
universal mapping property

Index

abstract, 200, 298
of Clifford algebra, 302
of coproduct in a category, 198
of direct product of groups, 136, 137
of direct product of vector spaces, 63—64
of direct sum of abelian groups, 138—139,
139-140
of direct sum of vector spaces, 60, 64—65
of exterior algebra, 292
of field of fractions, 383
of free group, 308
of free R module, 377
of group algebra, 381
of integral group ring, 374
of localization, 431
of product in a category, 196
of ring of polynomials, 150, 156-157
of S"(E), 285
of symmetric algebra, 285
of tensor algebra, 282
of tensor product of modules, 575
of tensor product of vector spaces, 263264
of universal enveloping algebra, 301
of N"(E), 292
of Weyl algebra, 303
unknown, 19
unordered pair, 595
upper bound, 603, 605

Van Kampen Theorem, 323
Vandermonde determinant, 71, 217
Vandermonde matrix, 71, 217
variable, 19
corner, 21
independent, 21
vector, 34
addition for, 34
column, 25
cyclic, 244
row, 25
scalar multiplication for, 34
unit, 93
vector product, 281
vector space, 34, 158
associated graded, 300
basis of, 36
complex conjugate of, 115
dimension of, 37, 78
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direct product for, 62, 63 Wentzel, 473

direct sum for, 59, 60, 61, 62, 64 Weyl algebra, 302

dual of, 50 Weyl basis, 296

filtered, 300 Wilson’s Theorem, 201, 539

finite-dimensional, 37 word, 307

graded, 300 word problem, 310

infinite-dimensional, 78 for finitely presented groups, 316

left, 556 for free groups, 310

quotient of, 55 for free products, 325, 326
vector subspace, 35

invariant, 218 Zassenhaus, 174, 561

sum for, 58 Zermelo—Fraenkel set theory, 593
volume, 86 Zermelo’s Well-Ordering Theorem, 466, 609
von Neumann set theory, 594 zero divisor, 144

zero matrix, 25

weight, 206 zero polynomial, 10, 150
weight enumerator polynomial, 209 zero ring, 142

well ordering, 605 Zorn’s Lemma, 79, 385, 466, 468, 555, 605
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