SOLUTIONS

Chapter 7

Applications of
Gaussian Curvature

ProBLEM 7.1. Gaussian Curvature in Local Coordinates
*a,
We calculate: x;(x,y) = (1,0,f«(x,y)), x1(0,0) = (1,0,0) and x»(x,y) = (0,1,f(x,))), X2(0,0) = (0,1,0).
Thus,
xn(x,y) = (0,0£u(x,y)), X12(x,y) = (0,0,£,(x,y)) = (0,0,£i(x,)) = X21(x,y), and Xaa(x,y) = (0,0,fu(x,y)).

But n(0,0) = (0,0,1) and so

K(0,0) = x,(0,0)x2(0,0) = (det(g;(0,0)))! det[

f(0,0) £,(0,0)
11x(0,0) f£,,(0,0)

<Xll (0’ 0)’ n(Ov 0)> <X12(09 0)7 n(o’ 0)>
(x21(0,0),n(0,0)) (x22(0,0),n(0,0))

(l)det[ ] = £(0,0) f,,(0,0) — (£,(0,0))*.

b.
Outline of a proof of Problem 7.1.b:
1. Since h=Ix,|= J{x;,x;) we can calculate that
i _lX2<X1,X1> :l<X21,X1>+<X1,X21> _ (X21,X1)

)=
’ VX1, X1) ’ Jx1L,X1) VX1, X1)

and that (using the quotient rule)

(<X221,X1>+<X21,X21>)\/<X1,X1 —<X21,X1>%(<X1,X1>)_1/2(2<X21,X1>)

(x1.X1) 5
(X001, X0+ (Ka1, X0 DKL X)) = (Xo1, X)) .

2
<X1,X1>

hy =

_hy
h

2. Next we show that
<X221,X1> =(XyX21,X1) = <X2X12,X1>= <(X2X1)X2,X1>= <(X1X2)X2,X1>= (X122,X1) =
=x1(X22,X1) — (X22, X11) = 0 — (X22, X11 ),

where the “0” is because x,,(a,b) is the curvature of the geodesic curve Y(s) = x(a,s) at s=b (which is
assume to be parametrized by arclength), and thus is perpendicular to x;.

2
hy _ <X22,X11> _ <X21,X12><X1,X1>—<X21,X1> _

3. We can then calculate that: —

h <X1,X1> <X|,X|>2 ) N
_ (X22,X11) _ <X21,X12><X1,X1>—|X21|2|x1|200829 _ (X2.X11) _ X2 1"(1 — cos*0)
(X1,X1) (x1,x;)? (X1,X1) (x1,X1)

where 0 is the angle from x; to Xa;.
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2
4. Atthe same time K = (det(g))™" x det &i,m) i m) - &, m)XXp,n) = (X, m)”"
<X21,n> <X22,n> <X1,X1>
_ & xin) %21 |° cos?¢
(x1,X1) (x1,X1)
(X11,m)XX22,n) =(xX1,X2), and where ¢ is the angle from x,; to n.

, Where, since X», is in the same direction as the normal n,

5. Differentiating (x;,x,)=0 we get get (X,;,X»)=—(X,X2) =0 because x», is parallel to n. Thus, X;

lies in the plane of x, and n. Therefore, 0 + ¢ = (the angle from x,; to n) = /2 and cos ¢ = sin 0, and
the above expressions imply that the Gaussian curvature is given by K = —%.
c.
The base curve (being parametrized by arclength) has velocity vector x;(u',0) whose length is 1,
thus, f(0) = 1. Then we can calculate
/ 1 2x01 (', 0),x:(',0))
F10)=x2y{x1,%1) =75 — — = (xu1(',0),x,(u',0)) =

PR G0 x @0y 1

<X12(u1,0), Xl(u190)> = _<X2(u170)7xll(u170)> = 0
because the base curve is a geodesic and thus, x;;(u',0) is in the direction of the normal. Using the second
derivative test for local extrema f"(0)=hxn(u',0)=-K Thus, f () has a local maximum at /=0 when
K > 0 and a local minimum at = 0 when K < 0.

*ProBLEM 7.2. Curvature on Sphere, Strake & Catenoid
a.
We must use geodesic rectangular coordinates on the sphere, that is the equator and the longitude

must be parametrized by arclength, u' = RO and u*= R¢. These coordinates are

x(u',u?) = (Rcos % cos s, Rsin % cos o, Rsin %),

hu'. u?) =| L) = AR ul L oou? — coq X2
thus, (' ,u”)=Ix1(u ,u”)l =|(-sin % cos %, cos % cos %,0)| =cos % .
_(I/R*)(=sin(u*/R)) _ 1

__hxn _ _1
Then K= h sin(u2/R) TR

b.
The local coordinates for the strake are x(0,r) = (r cos 0, r sin 6, kB), which satisfy the hypotheses
for Problem 7.2.b. Thus, x,(8,7) =(—rsin 0, rcos 0, k) and h(0,r) = Jr>+k*>, and
KOtz __10_ r _ qJﬂ+H—Aﬂ+HYm@q B
! Ptk (2 +k2)

“hor [pikz  h

T h

C.
The Gaussian curvature of the helicoid is the same as the strake since they have the same local
coordinates (just different domain for r). But, if we use geodesic rectangular coordinates as in the
solution to Problem 6.6.e, then we have for the helicoid (denoting g(s,r) = lyi(s,)l )

y(s,r) =(rcos+,rsins,s) and g(s,r) =1+ (£)* . From the solution to Problem 6.6.e we have that for
the catenoid

x(w, s) = (% J1+(as)® cosaw, L1+ (as)* sinaw, + sinh_lasj and

Thus, for the catenoid,

K__@__li a’s a1 a1+ (as)* —a?s(1 +(as)®) " (a2s) @
ST TS rwe? 1+ (as)  (1+(as)?)?

with the same result for the helicoid if we replace a by 1/h and replace s by r.
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d.
Note that #/R is the angle subtended at the center of the sphere by the circle’s intrinsic radius. Thus,
it is easy to see the first formula for the circumference. The second formula then follows by using the
Taylor series for sin(7/R).

c.
The first formula was derived in the solution to Problem 4.5.b. The power series comes from
expanding cos(#/R) using the Taylor series.

ProBrLEMm 7.3. Circles, Polar Coordinates, and Curvature

a.
Let f(r) = h(B,r) = ly1(0,r)l, then in order to determine the third Taylor approximation we need to find
£(0), £7(0), £7(0), and f’(0). Since y(8,0) = p is constant, it follows that f (0) = 0.
To determine f’(0) we use the fact that M is a smooth surface and we can zoom in on p enough that
the surface in indistinguishable from the tangent plane. Expanding the derivatives we have

YO+hryyOr)

= [lim o+ Timo 2525

(0 )l Y(O+h,r)-y(0,r)
f (0)—11m,40 e |hmHo+ (hmhqo TN

Now fix & and pick a tolerance 0 < € < h*< 1 and zoom in further, if necessary, so that the intrinsic
circles in M are indistinguishable from circles in the tangent plane, and that intrinsic radii of the circles in

M are indistinguishable from straight. Then, for r = § (the radius of the field of view),
(r—0e)2sin & — 20¢ <y(9+ h,r)=y(0.7) < (r+0J€)2sin 5 + 20¢.

. (r-de) ;. 2sin £ -26¢ (r+de) . 2sin %-%—2151:
Then lim,- ~—— limy,.o — <f'(0)< ‘hmmm = limy o ———|,
. . 2 sin 5 —20¢ 2 sin £ +26¢
and thus, independent of , (1 —¢)limy. 2 <f'(0) < (I +e)limyg —F—

We conclude that £'(0) = 1.
Problem 7.1.b gives us information about f ”(0), f"(0)=1lim,.o (0, r) =—lim,.o K(0, )h(0,r) =0

1444

Find f”(0) by differentiating the result from Problem 7.1.b and then (carefully) taking the limit:

F"(0) =1im, .o h222(0, r) = —1im,_o[K(0, r)h2(0, r) + K2(0, h(0,r)] = —K(0,0) = —K(p)

K(P)V )

Now according to the theory of Taylor polynomials h(0,r) =f(r)=r———
The limit is uniform in 0 because R(0,r) is continuous in 6 over the compact 1nterval [0,271:].

b.

We integrate around the intrinsic circle

C(r) = 1271y 1(0, VldO = §27 b6, 7) d6 = 137 r— 2= + R(0, ) |6 =
2”( — 5040+ 13 R(0, O = 2n( r— 2L o )+Re(r)
where hmHo r3 =1im,. fzn R(M do = fo lim,.g R(f,r) do=0Q

You can interchange the limit and the 1ntegrat10n because the limit is uniform in 6.

C.
We integrate using Problem 4.5.a:

12 [detg(@, 1) dodr = 13" h dbdr = ;[ 17(r— 22 + R(6, r) )d6 |dr =

K(p 4

f(r)[ZTc(r— Koy ) Rc]dr—§027z(r— Koy )d +§ORC dr=nr*—n + R,

) ea e ) ) Re(r)
where, using L’Hopital’s Rule, lim,.o ,—f =lim,.o = Jo Re dr=1im,.o - =0
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ProBLEM 7.4. Exponential Map and Shortest Is Straight
a.
Let os) be the geodesic (parametrized by arclength) in the direction of U(0) starting at ou(0) =

Then a'(rs) = rU(s) and y(8,r) = exp(rU(0)) = a(r1) = a(r), which is the definition of geodesic polar
coordinates.

It follows directly from Problem 4.9 that all the geodesics in U, that pass through p are perpendicular
to the level curves { exp,(V) | IVl = constant }.
b.
Proof of Problem 7.4.b:

1. Assume that there is a piecewise smooth path o: [0,b] — U, from p to p* which is shorter than .
Then using geodesic polar coordinates y(0,r) we can write 0i(f) = y(0(¢),r(¢)). Differentiate

o' (1) = 0’ (Dy1(6(0),r (1)) + ' (DyA6(1),r(1)).

Then, for 0<a<t<b, la'()| = (0'(1)*h> + (1))* > (' (1)), with equality if and only if 6'(r) = 0.
2. Then integrate: [’la'()ldt > [’1F' (®)ldt > Ir(a) — r(b)l, with equality if and only if r(¢) is monotone and
0(¢) is constant.
3. Then the length of o from 0 to b is lima_o [’la'()|dt > lim,.o Ir(a) — r(b)| = IF(0) — F(b)| = 10 — r(b)|,
which is the length of the geodesic from p = y(0,0) to p* = y(0(b),r(b)). This is the desired result.
C.
Proof of Problem 7.4.c:
1. Look at the path o marked in Figure 7.2 (in the text) with parametrization ou(0) = y(0,7(0)), —0/2 <6

COS

< 0/2 where r(0)=a—, COS(, and ' (0) = acos ¢/2( —in H) =—r(0)tan 0. Thus

cos20

@' ()] = |y, 0. 1) + 7 O)y,0.r10)| = {h? + G (0)* = [h*+17(O) tan?0

2. Look at the integral that expresses the length of o

3 2
i a (0)d0 = 15, h2+r2<e>tan29 0= 1% (022 + RO.10) + POy tan0 d0 =

%2/2 \/<r— 20 dO = j¢¢/2 cos0 \/(1 - KTrz +§>200829+sin29 do =
_§¢¢/2 c0s9\/1+ Kr + 36r +R(2_%ﬂ+§>]00820d02

\/1 4 a _ K cos>¢/2 K?a? cos*¢/2 ] Rcos20 ( 2acosf Ka? cos ¢/2 Rcoszﬂ) dH

3 T 36ce0 a2 cos¢2 — 3cosO T cosign2

$12
[ -2 c0s9

/2 acos /2

3. Thus, we have shown that f¢¢,2|a 0= §¢¢/2 0 \/1 +a(A(a, 0)) + —5—(B(a, 0)) db, where A(a,0)
and B(a,0) are bounded for —/2 < —-¢/2<0<¢/2< w2 and O0<a < 1. Then, we have

R(9 r(9))

R(O.1(0))

0=1i _ RO.A0) _ cos®0 R@.r0)
=lim,~o =57 =lim,0—F5 —

a? acos3¢/2 = lim Mg-0 a? =0.

R(U r((}))

Thus, for sufficiently small a, \/ 1+a(A(a,0)+ —=—(B(a,0)) <C< 57 ¢/2’ and

75,10 O < [25, 222 Cd0 = 2aCsin ¢/2 < 2a
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d.

Proof of Problem 7.4.d.

1. Let p, g be any two points in M with their distance d(p,q) = b. Let C be a circle of radius & and center
p so that C < U,. There is a point p* on C such that d(p*,q) < d(x,q), for all x € C. Now
p* = expy(dV), for some unit tangent vector V € T, . CLAIM: exp,(bV) = g; this will show that the
geodesic Y(7) = exp,(tV) is a geodesic of length b joining p to q.

2. The claim will be true if be A= { t1d(Y(#),q) =b—t}, because then d(Y(b),q) = b — b =0 and thus,
Y(b) = q.

3. Since every curve from p to ¢ must cross C, we have d(p,q) = micn[d(p,x) +d(x,q)1=0+d(p*,q) . So
d(p*,q) =b-0 and d € A.

4. Let t* be the least upper bound of all #in A. Then ¢* € A. Suppose that t* < b. Let C* be the circle of
radius 8* around y(r¥). Let ¢* be the point on C* which is closest to ¢ and let g** be the point on C*
which is closest to p*. See Figure 7.3 in the text.

5. But then Problem 7.4.c tells us that we can obtain a shorter path by going directly from g** to g*
unless the angle ¢ in Figure 7.3 is equal to 7. But if ¢ = 7 then ¢* is in A and therefore ¢* is not the
least upper bound of elements in A.

Thus, it must be true that b is in A and the result is established.

*e.

If M is Cauchy complete and Y(s) is a geodesic in M which is defined for all 0 < s < b, then choose #,
converging to b. Clearly, Y(#,) is a Cauchy sequence in M and so y(¢,) converges to some point p in M and
we can define Y(b) = p. Then, by Problem 7.4.a, we can continue this geodesic past b for at least a little
bit. This continues indefinitely.

If M is geodesically complete and {x;} is a Cauchy sequence, then pick x; so that for j > i we have
| x;—x;1 < 1/m. Then for each j > i, use 7.4.d to find a geodesic y; which joins x; to x;. Assume each of the
geodesics is parametrized by arclength with y(0) = x; and y/(0) =T}, for each j > i. Since the T; are unit
tangent vectors at x; and since the unit circle is compact, there is a subsequence {T;,} which converges to
the unit vector T. Let y(s) be the geodesic starting at x; with velocity vector T. For each j > i, let x; = Y(s;).
The sequence {s;} is a Cauchy sequence on the real line since Is—sid < d(x;,x¢). Let s, be the limit of {s;, },
where we take a subsequence again if necessary. Since M is geodesically complete the exponential map
is continuously defined on the whole tangent space at x;, T, M. It is easy to see that {s; T} } is a Cauchy
sequence in T,,M that must converge to sor. But then exp, (soT) = y(so) = p, some point in M which is
the limit of {x;, }. It is then easy to check that p is also the limit of the whole sequence {x;}.

ProBLEM 7.5. Surfaces with Constant Curvature

a.
According to Problem 4.9 the Riemannian metric is as stated in 7.5a. Problem 7.1.b asserts that
ha(a,b . .
K= —% . Problem 7.1.c tells us that for the function f(f) = h(u',t) = Ix,(u',1)| satisfies, for each u':

f(©0)=1 and f(0) =0. Thus, for surfaces with constant Gaussian curvature, the function f satisfies the
differential equation f"(f) =—Kf(r) with initial conditions f{0)=1,f'(0)=0 . By ordinary calculus the
general solutions of this equation are f(r) =asin /K t + bcos /K t, and applying the initial conditions
we get f(f) = cos JK t. When the Gaussian curvature K is negative then f(7) = cos(i m t) = cosh \/m L.
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b.

Denote the surfaces by M and N and let pe M and ge N be any two points on the surfaces. Construct
geodesic rectangular coordinates (with the base curve a geodesic) on both surfaces (x on M and y on N)
with p=x(0,0) and ¢g=y(0,0). Define a map that takes the point x(a,b) on M to the point y(a,b) on N. Then,
by Problem 7.5.a, the Riemannian metrics of the two surfaces are equal at the corresponding points. The
arclength of any curve y on a surface is given by the integral [|y'(9)| dt=[ J{y'(¢),7'()) dt, and angles
between tangent vectors are also determined by the Riemannian metric. Thus, since the Riemannian
metrics are the same at corresponding points the above map must preserve all lengths and angles and,
thus, be an isometry wherever the geodesic rectangular coordinates are defined.

C.

In Problem 7.5.b we could have M = N and choose p and g to be any two points and the base curves
be any geodesics emanating from p or g. If 'y is any geodesic in M and p and ¢ are any two points on Y,
then we can apply the construction in Problem 7.5.b with vy being the base curve at both p and ¢ and the
second coordinate curves being positive on the same sides of y — the result will be a locally defined trans-
lation along 7y that takes p to ¢g. In order to construct a local rotation through angle ¢ about the point p,
pick p = g in Problem 7.5.b and pick as base geodesics two geodesics emanating from p in directions that
are ¢ apart and pick the positive direction for the second coordinate consistently. A local reflection can
be constructed by using in Problem 7.5.b p = g and the same base curve but with the positive direction of
the second coordinate reversed.

ProBLEM 7.6. Ruled Surfaces and Ribbons

a.
(x11,m) (X12,Mm) J
(X21,m) (Xp2,m) )’
We now calculate X11(2,8) = &"(?) + sr"(2); X12(2,5) =1'(2); Xo(2,5) =0,

n=x; XX =(0'+sr)Xr=0o Xr(t)+s(r xr).
Since for C' local coordinates det (g;) is never zero, we conclude

In Problem 7.1, we showed that K =k 1k, = (det(g;)) ™! det[

<X11, n) <X12, n)
(X21,1) (X2,M)
X, D) =, o' Xr+s(r'Xr)) =, o' Xr)+{, s xr))=(r,a xr),

since (V,V X r) = 0. Thus, M is developable if and only if (see Problem 7.5.b)
0 =(r'(®), o) X r(1)) = [r'(1),0'(1),r(1)] = —[r(®),r'(t),0(1)],

see Appendix A.5 for result on triple products.
b.

K=O©det[ ]=0©0=<X12,n>

First we check that this ruled surface is regular along @, that is when s = 0:

" ! I ! " - " ! " !
Xl(t,S)Za/+S( (n",n") (an/)+ (n><n)+(n><n)):a/+s( (n",n") (an/)+ (nx?)) and Xz(l,S): nxn ‘

('n)" o'l (n' 0"y n'| ™

If x,(#,0) = a'(f) were parallel to x,(#,0) then a'(r) would be perpendicular to n'(¢); but notice that n'(z) is
exactly the directional derivative a'n. Thus, {(a'(f),n'(a(?)))={a'(Y),a'n')=—k,+0. Thus, for Is| near
zero, it must be that x(7,s) define a regular surface.

This ruled surface is developable if and only if 0 = [r(7),7'(r),a'(r)]. So we calculate, using Theorems
A.5.2 and A.5.3 and the fact that @' is perpendicular to n:
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0,7 (0, a'(] = (B2 8 ), g e

- (n',n [n’|
=cnxB,a' x(mxn))=cnxB,{n’,a’)n—(Mm,a'’)n')=cnxB,(n’,a’ )n) =0.
Thus, the ruled surface is developable.
Along o (that is, s = 0), the normal to the ruled surface is parallel to

(nxn")

(n><n’)+s‘—)><

n'|

")
(' 'y

=ala'x(mxn))+b((axn)x maxn))+c(axn”")x (mxn'))=an’,a’M+0+cnxn’,n")n..

nxn _
m'l —

X| XX; = (a' +s

Thus the ruled surface is tangent to the curve along o.

C.

If o is a geodesic on M, then it is also a geodesic on the ruled surface because the two surface have
parallel normals which are thus both parallel the (extrinsic) curvature vector of d. Since o is geodesic on
the ruled surface and since the ruled surface is developable near o, then the ruled surface is locally
isomorphic to a neighborhood of a straight line in the plane — this neighborhood contains a ribbon with
center line on .

ProBLEM 7.7. Curvature of the Hyperbolic Plane

a.

In Problem 3.1.f we showed that the hyperbolic plane was locally isometric to a certain surface of
—R"(2)

revolution (R(z) cos 0, R(z) sin 6, z). From Problem 6.2.f we have that K =1 rc; = RO RO Unfortu-
nately we do not have an explicit expression for R(z), but from Problem 3.1.f we do have R'(z) = %
, and thus, R"(z) = PR = R Putting these into the expression for K we get

(rZ—R(z)z)y2 (rZ—R(z)z)2 :

_ =L
==

- (r2-R(2)2)* R(z)r*

N\l
_ —r2R(z) (rz—R(z)2)2
T (2-RE?)’

2
_ —r2R(z) R(z)
K —[R(z) IJ{—W j

b.

Pick geodesic rectangular coordinates so that the coordinate curves x(x,b) follow the annular strips
and the coordinate curves x(a,y) are perpendicular to the annular strips. From Problem 1.8.c it easily
follows that, for the annular hyperbolic plane, we have h(x,y) =Ix;(x,y)l =exp+. Then we can
calculate

—hn(y)  —(F)VPexpF g
h(xy) exp % re°

K=

C.
In Problem 5.7.d we used holonomy and area to calculate that the intrinsic curvature is —1/r%.

d.

The extrinsic computation in part a is the most algebraic and analytically involved. The intrinsic
computation in part b is straight forward but involves using the formula from Problem 7.1 that was diffi-
cult to derive. The intrinsic and geometric computation in Problem 5.6.d is the most elementary and the
most directly related to the construction of the annular hyperbolic plane.



