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CHAPTER XVI. 

A DIRECT METHOD OF OBTAINING THE EQUATIONS CONNECTING Sr-PRODUCTS. 

290. T H E result given as Ex. xi. of § 286, in the last chapter, is a 
particular case of certain equations which may be obtained by actually 
multiplying together the theta series and arranging the product in a 
different way. We give in this chapter three examples of this method, of 
which the last includes the most general case possible. The first two furnish 
an introduction to the method and are useful for comparison with the 
general theorem. The theorems of this chapter do not require the charac­
teristics to be half-integers. 

291. Lemma. If 6 be a symmetrical matrix of p2 elements, U, V, u, v, 
A, B,f, g, q, r,f', g\ q', r', M, N, s\ t', m, n be columns, each of p elements, 
subject to the equations 

n f m = 2AT + s', q' + r'=f', q + r=f, U+V=2u = A, 

-n + m = 2M+t', -q' + r'=g', -q + r=g, -U+V=2v = B, 

then 

2 U(n + q) + (n + q)2 + 2-iriq (n + q') + 2V(m + r') + b (m + r')2 + 2 (m + ') 

+ 2 ( + *) + 2b (M+'-^+ ( + ^ ) . 

This the reader can easily verify. 

Suppose now that the elements of s' and t' are each either 0 or 1, and 
that n and m take, independently, all possible positive and negative integer 
values. To any pair of values, the equations n + m = 2N + s\ —n + m = 2M +1' 
give a corresponding pair of values for integers N and M, and a pair of 
values for s' and Ü. Since 2m = 2N+ 2M + s' + t', s' + t' is even, and there­
fore, since each element of s' and t' is < 2, s' must be equal to if. Hence by 
means of the 2? possible values for s\ the pairs (n, m) are divisible into 2? 
sets, each characterised by a certain value of s'. Conversely to any assignable 
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integer value for each of the pair (N, M) and any assigned value of s (< 2) 
corresponds by the equations n = N—M, m = N+M + s' a definite pair of 
integer columns n, m. 

Hence, b being such a matrix that, for real xt ba? has its real part negative, 

V%$ü{n+<i) +b{n+q')•+2»rig(n+ç') fêtfV( -\ ) + (m+rf)*+2irir(m+ï) 1 

n m 

thus, if â (w; X), or ò(u; * , denote te^n+y>+b{n+y^2lrìKin+k\ â(w, X) or 

â ^ î M denote 2 | < + ')+*< + ') * < (,|+ '), we have 
V X/ n 

* < « - • ; j ) * (« + t>; ) - S * «; * ( S ' + l ' + / ) 1 â .; ^ ' - ? ' + /  

where the equation on the right contains 2? terms corresponding to all 
values of s\ which is a column of p integers each either 0 or 1 ; all other 
quantities involved are quite unrestricted. 

Therefore if a be a symmetrical matrix of p2 elements and h any matrix 
of p2 elements, we deduce, replacing by hu, and v by hv, and multiplying 
both sides by ef"****, the result 

*(—; *>»(. + .; r) = 2%[U; «' + * + ^ [ . ; W-M], 
where e' denotes all possible 2*> columns of p elements, each either 0 or 1, 
and ^ differs from ^ only by having 2a, 2A, 26 instead of a, A, b in the 
exponent ; thus we may write, more fully, 

* U -v * I 2w' 2m') ò(u + vr'\ 2w' 2a>') 
*{U V> q\2v,2v')*{U + V> r\2v,2v') 

«' L ï + r |2^,VJ |_ -q + r |2 7, V J 

Ü&7. i. When the characteristics q, r are equal half-integer characteristics, say 

the equation is 

•"*[.+.; *0]*[—; t(0]-7*4(«; i(ï0+°'>1(̂  V) ' 
multiplying this equation by ™ , when n denotes a definite row of integers, each either 
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0 or 1, and adding the equations obtained by ascribing to a all the 2* possible sets of values 
in which each element of a is either 0 or 1, we obtain 

for we have 

2 « ( '+ ) = £ + «*(^+ ^1 
a i=l 

Ex. ii. Deduce from Ex. i. that when p=l, the ratio of the two functions 

*[«+«; *Q]*[«-«ï *(S)] + ö[« + a5 i(î)]*[M-«; *(})]. 
[ + ; i(5)]*[«-*; i(J)]+*>[«+&; *(?)]*[«-*; *(?)]. 

is independent of w. 

üïfc. iii. Prove that the 2* functions & \ n ) , obtained by varying «', are not 

connected by any linear equation with coefficients independent of u. 
Ex. iv. Prove that if a, a be integral, 

From this set of equations we can obtain the linear relation connecting the squares of 
2*+l (or less) assigned theta functions with half-integer coefficients. 

Ex. v. Using the notation |X*,y| for the matrix in which the j-th element of the i-th 

row is Xt-Py, prove that if uly ..., uri vXi ..., vr be 2.2* arguments, and J ( j any half-

integer characteristic, 

!»[*+*» *CDM*-*! *( ] > ! *f]l K* ! *o4]l» 
and, denoting the determinant of the matrix on the left hand by {uu v3) and the determi­
nant of the second matrix on the right hand by {v}, deduce that 

where A is the sum of the p elements of the row letter a. When the characteristic \ I J 

is odd, { > Uj} is a skew symmetrical determinant whose square root is* expressible 

rationally in terms of the constituents S \ + ; i[ ) \&\ — ; £( . For 

instance when p — l, we obtain, with a proper sign for the square root, the equation of 
three terms t. 

Since any 2^ + 1 functions of the form S +v/ ; i [ ) \$\ u~vß '> i[ ) a r e connected 

by a linear equation with coefficients independent of it follows that if uXi ..., umi 
v\y • ••> vm,^*Q a n y 2m arguments, m being greater than 2P, the determinant of m rows and 

columns, whose (i, j)th element is Slui+Vj; i ( Q ) # — Vj; iy) L vanishes identi­

cally. When J ( a ) is odd and m is even, for example equal to 2** +2, this determinant is 

* Scott, Theory of determinants (Cambridge, 1880), p. 71. 
t Halphen, Fonet. Ellip. (Paris, 1886), t. i. p. 187. 
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a skew symmetrical determinant whose square root may be expressed rationally in terms of 

the functions # +Vj) \{ \ \$\ -VJ; %( ) • The result obtained may be written 

wherein* the determinant { , v3} has m rows and columns, m being even and greater than 
2P. When m is odd the determinant { , Vj} itself vanishes. 

A proof that for general values of the arguments the corresponding determinant 
{uiy #y}, of 2P rows and columns, does not identically vanish is given by Frobenius, Creile, 
xcvi. (1884), p. 102. 

A more general formula for the product of two theta functions is given below 
Ex. ii. § 292. 

292. We proceed now to another formula, for the product of four theta 
functions. Let J denote the substitution 

I 1 - 1 1 1 I 
1 1 - 1 1 

! i i i - i I 
and Jr8 be the element of the matrix which is in the r-th row and the s-th 

4 

column ; then 2 J{r J%g — 0 or 1, according as r 4=s, or r = s (r, s = 1, 2, 3, 4). 
= 1 

Let denote four columns, each of p quantities ; written down 
together they will form a matrix of 4 columns and p rows. Let Ult U2y U3f 

U4 be four other such columns, such that the ^'-th row of the first matrix 
(j = 1, 2, ..., p) is associated with the^'-th row of the second by the equation 

( ,, (th)j, , ) = JdUù, {U2)h (Us)j, (Ujj). 

Let vlf v2, v3} v4 and Vlt V2, V3, V4 be two other similarly associated sets, 
each of four columns of p elements. Then if h be any matrix whatever, of p 
rows and columns, we have 

hv^Vx + hu2v2 + hu3v3 + hu4v4 = hU1V1 + hU2V2 + hU3V3 + hU4V4 ; 

this is quite easy to prove : an elementary direct verification is obtained by 
selecting on the left the term hjk{u^)k{v^)j + hjk(u2)k(v2)j+hjk(u3)k(v3)j+hjk(u4)k(v4)j 

= hjktyrl(UOk + J„(U2)k + Jrt(Uù 

+ Jr3-(F3) j + e/r4(F4)j] 

= /^(2A0(^M^U^ } 
r r 

= hß {( U,)k ( Vjj + ( ( V2)j + ( ( Vu + ( Ut)k ( Vùj], 
and this is the corresponding element of h U^V^ + hU2V2 + hU3V3 + hU4V4. 

* The theorem was given by Weierstrass, Sitzungsber. der Berlin. Ah. 1882 (i.—xxvi., p. 506), 
with the suggestion that the theory of the theta functions may be à priori deducible therefrom, as 
is the case when^ = l (Halphen, Fonct. Ellip. (Paris (1886)), t. i. p. 188). See also Caspary, 
Creile, xcvi. (1884), and ibid. xcvn. (1884), and Frobenius, Creile, xcvi. (1884), pp. 101, 103. 
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Now we have 

Sr ( , qx) (u2t q2) ^ ( , q3) (u4, q4) 
= 2 e2auìfi+22.kur{nr+qr)+'Xb(nr+qr')2+2nfèqr(nr+qr')t 

, , , 

In the exponent here there are four sets each of four columns of p quantities 
namely the sets 

ur) nr, qr> q'r; 

we suppose each of these transformed by the substitution J. Hence the 
exponent becomes 

2 eS,aUr42XhUr(Nr+Qr')+^b(Nr+Qr)4-2ni^Qr(Nr^Q'r) 

wherein the summation extends to all values of ^ given by 

Nrj = J Oy + n2j + n3j + n4j - 2nrj), 

for which all of n^ are integers. 

All the values Nrj will not be integral. But since Nrj — N8j = n8j — nrj the 
fractional parts of N^, N2j, N3j) N4j will be the same, = \ e/, say, (e/ = 0 or 1). 
Let mrj be the integral part of N^. We arrange the terms of the right hand 
into 2P classes according to the 2P values of e/. Then since 

mrj = \ (rijj + n2j + n3j + n4j - 2nrj) - £e/, 

every term of the left-hand product, arising from a certain set of values of 
the 4p integers nrj, gives rise to a definite term of the transformed product on 
the right with a definite value for e/, while, since 

nrj = £ (ray + m2j + m3j + m4j - 2mrj) + £ e/, 

every assignable set of values of the 4p integers m^ and value for e/ (which 
would correspond to a definite term of the transformed product) will arise, 
from a certain term on the right, provided only the values assigned for m^ be 
such that \ (rrijj + ra^- + m3j -f m4j + e/) is integral. 

Now we can specify an expression involving the quantities 

W> = ì (mv + ™>2j + m3j + ™4j + e/), 

which is 1 or 0 according as fjb = (filf /^, . . . , fip) is a column of integers or 
not. In fact if e = (€1} . . . , €p) be a column of quantities each either 0 or 1— 
so that e is capable of 2P values—the expression 

_ Se27™*1 = — (£e27r*iMi)...(%e2iriepflp) = — (1+ e2rrifl1) (1 + e2nifl*)... (1 + e2iriflp) 

has this property ; for when fi1} ..., / are not integers they are half-
integers. 
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Hence if the series ^- 2etrle(mi+,n2+W3+w*+e') be attached as factor to every 

term of the transformed product on the right we may suppose the summation 
to extend to all integral values of mrj, for every value of e. 

Then the transformed product is 

S p2,aUÎ+22,hUr (mr+h'+Q'r) +2ö (mr+K+ Q'r)2+2ntëQr (mr+W^Q'r)+ni€ ( ^ + + ^+ ) 

— V ur+^i &r (wr+p'r) +b (mT-\-p'r) 2+2 ( (mr+p'r) ß—irü &p'r-e) 
%> r 

where 
Pr=ie+Qr, jp/ = i e ' + Q/, 

so that 
2pr' =2e' + XQr' =2€' + %qr'. 

Thus we have 

^ ( , Ci) ^ ( , q*) ^ ( , q3) ( , qd 

This very general formula obviously includes the formula of Ex. xi., § 286, 
Chap. XV. It is clear moreover that a similar investigation can be made for 
the product of any number, k, of theta-functions, provided only we know of a 
matrix J> of rows and columns, which will transform the exponent of the 
general term of the product into the exponent of the general term of the sum 
of other products. 

It is for this more general case that the next Article is elaborated. 
I t is not necessary for either case that the characteristics qly q2, ... should 
consist of half-integers. 

Ex. i. If q be a half-integer characteristic, = Ç, say, and we use the abbreviation 

(«>*,* ; <2)=S(w; Q)$(v; Q)$(w, Q)$(t; §), 
we have 

( + , u-ay v+b, v-b, §) = ^ 2 e'™*' [ + u-b, v+ay v-a; Ö + i T ) L 

where the summation on the right hand extends to all possible 22p half-integer character­

istics i[ ) ', putting § + | ( € ) = Ä, so that R also becomes all 22p half-integer character­

istics, this is the same as 

e™ IQI0(w+a, u-a, v+6, v-b; Q) = ̂ 2enilQ'RÌ+iriìRÌ ( + , u-b, v+a, v-a ; R), 
À R 

where, 
Ìf § = * ( a ) ' n=i(ßß)' t h e n lÇi=aa'> \R\-&' \Q,R\=afT-a'ß. 
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By adding, or subtracting, to this the formula derived from it by interchange of v and 
a, we obtain a formula in which only even or odd characteristics R occur on the right hand. 
Thus, for ^ ) = 1 , we derive the equation of three terms. 

Ex. ii. If a, /3, , be integers such tha t ay is positive and ßb is negative, p = aò — ßy, 
and r be the absolute value of p, prove tha t 

e(u; a y r | ° ) e(v; -ßbr^ = ^e(ub-vy; 8 | ^ ) e(-uß+va; -paßrV1^ 

where 0 ( ; | j denotes the theta function in which the exponent of the general term is 

2nm (n + e) + (n -f e')2 + (n + c'), 
and fi, v are row letters of p elements, all positive (or zero) and less than r, subject to the 

condition that (Sp-ßv)/p, (av-yp)/p are integral, while e, ƒ, g, h are row letters of p 

elements which are all positive (or zero) and less than r. 

Ex. iii. Taking, in Ex. ii., a, ß, - , respectively equal to 1, 1, 1, — k, we find 
fi—v<k-\-ly being positive. Hence, taking k=3, prove the formula (Königsberger, 
Creile, LXiv. (1865), p. 24), of which each side contains 2*> terms, 

* > ( . ; r | £ ) e(u; * | } ; ) - « . - " e ( 0 ; r | J # ) ( f t , , 3 r | ^ ) , 

s, s' being rows of p quantities each either 0 or 1. 

293. We proceed now to obtain a formula* for the product of any 
number, k, of theta functions. 

We shall be concerned with two matrices X, #, each of p rows and  
columns ; the original matrix, written with capital letters, is to be trans­
formed into the new matrix by a substitution different for each of the 
p rows ; for the ^-th row this substitution is of the form 

( ^ i , j > -&2,j> • • • ^ r t j i • • • > - .jgt j ) = —- (ùj { x l t jy so2tj, . . . , } j , ... y ocjgt j ) ; 
\? 

herein Vj is a positive integer; is a matrix of rows and columns, 
consisting of integers ; the determinant formed by the elements of this 
matrix is supposed other than zero, and denoted by /^; bearing in mind 
that throughout this Article the values of r are 1, 2, ..., and the values ofj 
are 1, 2, ...,jp, we may write the substitution in the form 

(-x ' r l i ) = - ® i ( « r f i ) . 

The substitution formed with the first minors of the determinant of will 
be denoted by ; that formed from fy by a transposition of its rows and 

columns will be denoted by flj. Then the substitution inverse to - is 

-1 £lj-, denoting the former substitution by \j, the latter is Xf\ 
fi 

* Prym und Rrazer, Neue Grundlagen...der allgemeinen thetafunctionen, Leipzig, 1892. 
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If for any value of j a set of integers, Pr,j> be known such that the  
quantities 

are integers, then it is clear that an infinite number of such sets can be 
derived; we have only to increase the integers Prj by integral multiples of 
fij. But the number of such sets in which each of Prj is positive (including 
zero) and less than the absolute value of fij is clearly finite, since each 
element has only a finite number of possible values. We shall denote this 
number by Sj and call it the number of normal solutions of the conditions 

p. 

— £lj (Prt j) = integral ; 

it is the same as the number of sets of integers, positive (or zero) and less 
than the absolute value of , which can be represented in the form Xj(prj)y 

for integral values of the elements prj. 

The theta functions to be multiplied together are at first taken to be 
those given by 

© r = 2 e 2 F ^ + i W , (r = 1 , . . . , A), 

wherein Br is such a symmetrical matrix that, for real values of the p 
quantities X, the real part of the quadratic form denoted (§ 174, Chap. X.) by 
BrX

2 is negative. The p elements of the row-letters Vr, are denoted by 
Vrj, NTij(j = 1, ...,p). The substitutions Xj are supposed to be such that 

the equations (Xrij) = Xj{xrj) transform the sum 2 BrXr
2 into a sum 

r=l 

2 brXr
2, in which the matrices br are symmetrical and have the property that 

r=l 
for real xr the real part of brXr

2 is negative. 
Taking now quantities mr>ii vrj determined by 

(mr> j) = V 1 ( > j) = 3 Uj ( , (vrt j) = X, ( Vr, j) = -a>j( Vrt j \ 

the expressions X BrNr
2, 2 NrVr are respectively transformed to 2 brmr

2 

r=l r=l r=l 
and 

P p _  
ZXj(mrj)(Vrij)= 2 Xj(VTi j) (mrj) = Xvrmr; 

j=l j= l '* r=l 

hence the product ®r is transformed into 2 e rVr7nr , where the 
r = l Nx Nk 

quantities mrj have every set of values such that the quantities Xj(mrj) take 
all the integral values, Nrjt of the original product. 
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As in the two cases previously considered in this chapter, we seek now to 
associate integers with the quantities mrj. Let (Pr,j) be any normal solution 
of the conditions 

V' — 

,7 nj (pr, j) = integral, = (pPt ,•), say ; 

put, for every value of j , 
(Nr,,) - (Pr,}) = n(MrJ + (E'rJ), (r = 1, ..., k) 

wherein (Mrj) consists of integers, and (E'r,j) consists of positive integers 
(including zero), of which each is less than the absolute value of fij. For an 
assigned set (Prj) this is possible in one way; then 

(m,,,,) = £ a, (Nr, j) = (pr, j) + rjaj (Mr, j) + J % (E'r,}) 
t*j 

= (nrJ)+ --(e'rj), say, 

where 
(*r,i) = (Prj) + rjâj (MrJ), (€'rJ) = rjUj (E'rtj) ; 

by this means there is associated with (Nrj), corresponding to an assigned 
set (Pr,j)> a definite set of integers (nrj), and a definite set (E'rij). We do 
not thus obtain every possible set of integers for (nTt for we have 

- coj (nr$ j) = - coj (prt j) + fMj (Mri j) = (Pr> j) + ft (Mrt   
'j 4 

so that the values of nrt j which arise are such that Xj (nTt j) are integers. 

Conversely let (nr j) be any assigned integers such that Xj ( j) are 
integers ; put 

(nrj) = (Prj) + Mi (Mrj)> 

wherein the quantities MTt j are integers, and the quantities Prt j are positive 
integers (or zero), which are all less than the absolute value of $ ; this is 
possible in one way ; then taking any set of assigned integers (2?'r, which 
are all positive (or zero) and less than the absolute value of jij, we can define 
a set of integers NTt j by the equations, wherein Xf1 ( j) = integral, 

(NrJ) = (&rj) + (PrJ) + n (MrJ) = (E'rJ) + \s (nrj. 

Thus, from any set of integers (Nrj), arising with a term er r r r r of 

the product ®r, we can, by association with a definite normal solution 
r=l 

(Pr,j) of the conditions ^( )^ = integral, obtain a definite set (E'rj), and 
a definite set (nrj) such that Xj(nrj) are integers. And conversely, from any 
set of integers (nrj) which are such that Xj(nrj) are integral, we can, by 
association with a definite set (E'rj\ obtain a definite normal solution (Prj) 
and a definite set (Nrj). 
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It follows therefore that if the product ®r be written down ^...Sp times, 
r=l 

a term er r r being associated in turn with every one of the s1...sp 

normal solutions of the p conditions X/-1 (Pj) = integral, then there will arise, 
once with every assigned set ( every possible set ( } j) for which \j ( , j) 
are integers. 

We introduce now a factor which has the value 1 or 0 according as the 
integers ( ) j) satisfy the conditions Xj ( } j) = integral, or not. Take in­
tegers ( } j), which are positive (or zero), and less than ry ; put 

then 
p k 1 / e -\ 1 -
2 2 - €r> jl nr, j + — ) = 2 2 - € } j mtt j = 2 \ j (Ert j) (wr, j) = 2Xj ( } •) ( , j) 

j=l r=l "j \ flj / j r rj j j 
= X(Nr<j)(Ertj) = NrEr, 

3 

and this is integral when Nr is integral, that is, for all the values (nr> j) which 
actually occur; in fact the quantities Nrj defined by 

(NrJ) = XfCMr.i) = z w i K i + V - J = r Wj fas) + №rj) = * * K i ) + (E'rj) 

are integral or not according as \$ (nr> 3) are integers or not. 

Hence, for a given set } j , and a given set E'Vt j , the sum 

^ J£ r,j Er,j 

wherein the summation extends to all positive (and zero) integer values of 
(Erj) less than rj, is equal to ... rk

p when (Nrj) are all integral, and other­
wise contains a factor of the form 

(ßMrjNrJ- l ) / ( e 2 7 r ^ , y _ 1) , 

which is zero because rj (Nrj) is certainly integral. Hence if we denote 

.Ä having the values r1? ..., rp, then we can write 

according as X, ( } j) are all integers or not. 

If then every term of the transformed series, in which, so far, only those 
values of nrj arise for which Xj(nrj) are integers, be multiplied by this factor, 
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and the transformed series be completed by the introduction of terms of the 
same general form as those which naturally arise in this way, so that now all 
possible integer values of (nrj) are taken in, the value of the transformed 
series will be unaltered. In other words we have 

= né*rrNr+BrW - 1 2 Ue2vrmr+brmr42irì^er («r+^f) 
r r r S1...Sp{r1...Vpf Nxì_tNkìKìE r 

n,E,E  

wherein all possible integer values of (nrj) arise on the right ; thus the right-
hand side is equal to 

E\ E r V erjK J 

and this is the desired form of the transformed product. For con­
venience we recapitulate the notations; Er', Er each denote a column of 

p integers, positive or zero, such that E'rj < \fij\, Erj < rj \ (€'rj) = rjty (ß'r, j)> 
(€rj) = o)j(Erj); Sj is the number of sets of integral solutions, positive or 

zero, each less than | /^| , of the conditions fiflrjÇlj{Prtj) = integral; 
(t;r,j)==^j""1û>;(ïrr(j) \ t n e function ©r is a theta function in which the ordinary 
matrices a, b, h (§ 189) are respectively 0, bry 1 ; by linear transformation of 
the variables of the form Vr = hrWr> and, in case the matrices be suitable, 

2ArVr* 

multiplication by an exponential er , these particularities in the form of 
the theta functions may be removed. 

The number of sets (Erj) is (^ . . . )*; the number of sets (E'rj) is 
I / ... / I ; the product of these numbers is the number of theta-products on 
the right-hand side of the equation. 

Ex. i. We test this formula by applying it to the case already discussed where ,- is 
an orthogonal substitution given by 

«,• = ( - 1 1 1 1 ), =o) say, 
I 1 - 1 1 1 I 

1 1 - 1 1 

I 1 1 1 - 1 I 

which is independent ofj, ry=2, br=b, k = 4; then — - 16, Erj<2, ' ^<\6, and 

thence - ^1% -- ^)—^ , ~ -E^ = integral, etc., so that the fractional part of -pCrj is in­

dependent of r : similarly the fractional part of - (e'r,/) is independent of r and we may 

write -(*'|.,j) = (i*y + A.j> i 6 i + 2̂,y> •••> i f i + ^4,y) wherein 2Zr,y + €y<16. By the formula 

. 31 



4 8 2 EXAMPLES OF THE APPLICATION [ 2 9 3 

S (v, q+N) = ^mq'N $ (v9 q), when N is integral, we know that Or(vr;
 6 r *t j is independent 

of the integral part of e'r/fi. Hence the (I6)ip = 216p terms on the right-hand side of the 
general formula, which, for a specified value of \u> (E rj), correspond to all the values of 
\(ù{E,

Tìj)ì reduce to 2P terms, in which, since (E'r,i) = ia>(ie'j + L1j, •••> 2 6 + , )> * 
values of e ' (<2) arise. Hence there is a factor 215p and instead of the summation in 
regard to By E' we have a summation in regard to e', the right hand being in fact 

C.&*2 ne(vr> f' ) 

and containing 24*> terms. 

Now put i(Euj+E2fj + E3ij + Eifj) = i€j+Mj, 

Mj being integral ; then the factor of a general term of the expanded right-hand product 
which contains the quantities ô> (ETt3) is 

2 ( + ') 

where 

and 
_ % /(ê€j+8Mj—2€j-4Mj) _ n e * v y « y _ ^ ' 

wh i l e 

227 >1?? } = 7 2 2 ^ 7 > (mod . 2), ==7rtV. 2? , 
J r j r r 

so tha t 
j lg2 i r i j* r (w r +ie ' ) _ 27 (?1 + )-] g"""*66 ' , 

r r 

therefore the right-hand product consists only of terms of the form n e (vr, \€ ) e _ 7 m e . 

Hence the 24^ terms arising, for a specified value of e', for all the values of Ertjy reduce to 
2*> terms, and there is a further factor 23^—the right hand being 

C.2**P 2 ( > , i f ) ! * " 7 ^ ' , 
where 

C=(s1...sp)-
1(r1...rp)-*=(s1...sp)-

1 2 - ^ = 5 - ^ 2 - 4 

To determine the value of we must know the number (5) of positive integral 
solutions, each less than 16, of the conditions \ <o {x)=integral, =(y) say, namely of the 
conditions, 1 + 72+ 73+ ?4=2( 7 + ). Now of these any positive values of xl9 %, #3, ;4 

( < 1 6 ) are admissible for which ^ + # 2 + ^ 3 + ^ 4 *s even. They must therefore either be 
all even, possible in 84 ways, or two even, possible in 6 . 8 2 . 82 ways, or all odd, possible in 

84 ways. Hence 5 = 8 . 84=215 . Hence <7=1/215*>24*> = 1/219P and therefore %18p = L • 

Making now in the formula thus obtained, which is 

n e ( ^ 0 ) = i e 2 / ^ ' n e [ , r ) | ( ; ' ) ] , 

the substitution Vr = hllr, we have vr = J ( Vx + V2 -f V3 + Vi — 2 Vr) = hury where 

ur=i{Ux+ U2 + Uz+ l\-2Ur) ; and if we multiply the left hand by e^+aW+aUJ+aU*^ 

which is equal to e^4**f+auf+auf9 w e o b t a i n 

M(Ur9 0) = ±2e-Mn*[urt iÇj\-
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Therefore if Ql9 Q2ì Q3ì Ç4 denote any characteristics, and, as formerly, QQ denote the 
period-part corresponding to Qry we have 

m(Ur, Qr) = Ile-k(ur>QrH(Ur+QQr, 0) = Ue-^ur^r)m{Ur + QQ ? 0 ) , 
r r r r r 

of which the first factor is easily shewn to be Ue " {Ur > qr\ if (qx ìq2ìq^q^ = \(o{QlìQ2,Qi,Q^] 
r 

thus 

uB{Ur, Qr)=^e-™<'ne-^'r' *> » [« ,+Q, , . , j Q ] 

^ -^^ [ , ft+i Q]...*[«4, ?4+è (;')], 
which is exactly the formula previously obtained (§ 292). 

Ex. ii. More generally let X = — ay be any matrix such that the linear equations 

(Xr) = \(xr) give 
^ i 2 + + Xk*=m(x±*+ +**2), 

wherein m is independent of ^ x , . . . , xk ; then, since, by a property of all linear substitutions, 
the equations (Yr) = \ (yr) lead to 

XT ^ TT Ö 3  F i s j ; + + 1 + +y*sv 
we have also* 

^1^1 + + ^*- * = ^ ( 1 71 + + * ?*). 

Hence, if be any matrix of jt? rows and columns and 

(Xr>j) = \ (arr, ( = 1 , . . . , p), 

we have 

A X i r i + ÄX2F2 + ...+AXJfcr j t= 2 kUj2Xrtj Yr%i = m 2 hitj?.xrijyrti=m(hxlyl + ...+hxkyk\ 
i,j r i,j . r 

where Xlt xu etc. now denote rows of p quantities. 

Thus any orthogonal substitution furnishes a case of our theorem. Taking a case 

where 

m=l9 rj=rt cùj = a>, / i=±f* , Erìj<r, E'rìj<\ii\<rk
ì 

we have 

so that the new characteristics will be r-th parts of integers. 

Suppose now, in particular, that the substitution is 

(Xlt...,Xr, . . . A ) = | ( 2 - £ 2 2 ) ( ^ , . . . , * „ . . . , * * ) , 

2 2 - £ 2 i 

! 2 2 2-k ! 

* Therefore mxy = XY=\x . =\\ , so that XX = m; hence the determinant formed with the 

elements of X has one of the values sjmh. 

31—2 
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which gives 

and 
Xx + + Xk=x\ + +•%> X^— X2=x2-Xi, etc. 

The previous example is a particular case, namely when k=4. In what follows we 
may suppose odd so that rj=k. When is even rj may be taken — \k. The work is 
arranged to apply to either case. 

The fractional parts of - (e'y,y) being independent of the suffix r—because 

—we may put -(€'rj) = l - €/+Lltji . . . , -€/+LkiA , and may therefore write 

0 ( vr ,£ ) in the form ( vTt
 6 'irt ) . 

The equation 

Q^'+A-,i) = -1-(^-,y)=J<»(^,y) 

shews that all values of -e/ (<1) do arise. Hence for a given value of (Erij) there are, 

instead of \p\k*)=rk2P terms given by the general formula, only *#, and the factor *2-1)2' 
divides out. 

The values of p(er,j) given by the general formula are in number l̂ i*55, corresponding 

to all the values of (EVtj). As before the fractional part of -^ (cr,j) is independent of r. Let 

\(£ul + + E*,s)=eÌ+ty, 

where < 1 ; then  

%(< .,) = \»№,,) = §( + + ,)- ^=(%, ^ . . . . ) , (mod. 1). 

The factor in the general term of the expanded product on the right hand which 
contains €Vij is 

* = l i n e a r V . i ( " r . i + FV>. 
j r 

Now 

r ' r 

therefore, as r is or a factor of k, 

lie r r 3 —e 3 J r =e r 
r 

and 
2^r,iWr,i = S ^ | ( ^ b i + +Ekij)-Er,-jnr,j 

^\~k+2Mj~Er>4n ^ = f ^ r , , ( m o d . X)' 
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Hence the factor above is 
- 2e / e' v~l . ' . ' 

^ „ 27 — 1 H— I —4 — 2 — 
J T = | \ / | . > 

and the general term of the right hand is 

Since ^(*r,y) = (-T-1-2J/;— ., J we may suppose all values of Cj<k to arise. Hence 

instead of r** we have £*> and a factor * / £ divides out. 

To evaluate the factor (rx ...rp)~
l (sl.,.sp)~

lc
y =C, say, we must enquire how many 

positive solutions exist of the conditions 

2 
T ( ? + +#*) - ^r = integral, 

namely, how many solutions of the conditions 

2 
j ( ^ i + +#*)=integral , 

exist, for which each of#19...9xi<rk; let s be this number ; then C=s~pr~kp, and 

where e ' O , e < , the number of terms on the right being (rk)p. For values of e> •= we 

may utilise the equation &(v, q+J¥)=e2™Nq' $(v> q). For example, when k=r=3 there 

are 32P terms, corresponding to characteristics ( i / o ) • When £ = 4 , r = 2 , the character-

2e e 
istics -r = « will, effectively, repeat themselves. We can reduce the number of terms from 

( 2nŒ.-Y 
SP o r 23^ to 22p. We shall thus get factors Ve 2 / = 1 and so the formula reduces to 
that already found. 

Ex. iii. Apply the formula of the last example to the orthogonal case given by a>j = w, 

(X, V, Z, Ty Ü, 7 ) = 4 « ( , , z, t, u, v), 

« = ( 1 1 0 0 1 - 1 ) , <ù~1 = ( 1 1 1 - 1 0 0 ) , 

I 1 1 0 0 - 1 i l I 1 1 - 1 1 0 0 I 

1 - 1 1 1 0 0 0 0 1 1 1 - 1 j 

- 1 1 1 1 0 0 0 0 1 1 - 1 1 

0 0 1 - 1 1 1 1 - 1 0 0 1 1 

! 0 0 - 1 l l l | 1 - 1 1 0 0 1 1 I 

which lead to p = 64 and 

X2+Y2+Z2+T2+U2+V2=x2+y2+z2+t2+u'+v2 

X +Y +Z + T + U +V=x +y +z +t +u +v 

Z-T=x-y, U-V=z-t, X-T=u-v, 

X+Y=x+y, Z + T=z + t, U+V=u+v. 


