
Chapter 6

Some facts from analytic number theory

The aim of this chapter is to prove Claim 5.5 which was used in proving the main theo-
rem, i.e., the Bohr-Jessen limit theorem. Following Matsumoto [26], we show a general
theorem, i.e., Carlson’s mean value theorem

�
cf. Theorem 6.3

�
, and then apply it to prove

this claim.
For the proof of this claim and Carlson’s mean value theorem, we study the following

matters:

� Square mean value estimate of the Riemann zeta function, in other words, asymp-
totics of

R T
1
j�.� C

p
�1t/j2dt as T !1,

� Exponential decay of �.l/.� C
p
�1t/ as jt j ! 1, where �.l/ is the l th derivative

of the gamma function.

These are discussed in Sections 6.1 and 6.2 respectively. After that, in Section 6.3, we
present Carlson’s mean value theorem and give its proof. Finally, in Section 6.4, we prove
Claim 5.5, which is quickly finished owing to considerable efforts up to then.

6.1 Square mean value estimate of �.s/

We begin with an easy part of the square mean value estimate.
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Let us estimate from above the series of the 2nd term in R.H.S. First, we divide this
into two terms:
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Combining these with (6.1), we have the assertion of the claim at once. �

Square mean value estimate for 1
2
< � � 1 does not go well as above. We need the

following theorem:
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For the proof, we present a lemma and a claim:
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For the proof, we present a lemma and a claim:
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Lemma 6.1 Let N 2 N. On fs 2 CIRe s > 0g n f1g,
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By 1o(b) in the proof of Theorem 4.2, the function of R.H.S. is meromorphic on fs 2
CIRe s > 0g, is holomorphic except s D 1, and has a simple pole at s D 1, with residue
1. Therefore, by the uniqueness theorem, the identity above is valid on fs 2 CIRe s >
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This claim is a key lemma connecting the exponential sum
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We here write R.H.S. above in a naked form so as to reveal the dependence of parameters
˛, ˇ, �. It enables us to apply this key lemma to various cases.

Recognizing Claim 6.2, let us prove Theorem 6.1:
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The estimate for t D 0 follows by letting t ! 0 in the above. Thus we obtain the
assertion of 1o.

2o From Lemma 6.1, it follows that for N 2 N \ .x;1/,
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Letting N !1 yields the assertion of the theorem. �

Following Matsumoto [26], we give a proof of the claim in question, which requires
considerable efforts.
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In what follows, suppose

f W Œa; b�! R is of class C 1 s.t.
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� f 0 is nonincreasing;
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(6.4)

Needless to say, g W Œa; b� ! Œ0;1/ is of class C 1 and g; jg0j are nonincreasing. We
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This tells us that the assertion is true for l D j C 1.
Therefore the assertion of the claim holds for 8l � 0. �

Remark 6.2 Our method used in the proof of this claim seems to be a little simpler in
comparison with one stated in [26, Chapter 4], because ours is direct.

6.3 Carlson’s mean value theorem

For this mean value theorem, we begin with the following lemma:

Lemma 6.4 For c > 0 and x > 0,
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Theorem 6.3 (Carlson’s mean value theorem) Let
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convergent on fs 2 CIRe s > 1g. Suppose it is analytically continuable to a meromorphic
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the following holds:
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the following holds:
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which shows the assertion of 5o.
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<
�

2
C
�

2
D �:

Let 1
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< �0 � 1 < �1 and 0 < ı < �0 �
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. In the argument above, let ˛ D
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�1 D �0 � ı and �2 D �1 C ı, and put
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2
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�

for � > 0;
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2
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�
for N � N0.�0; ı; �/:
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which is the assertion of the claim.

Appendix

A.1 Several facts from probability theory

In this section, we gather several facts from probability theory that are necessary in this
monograph.

A.1.1 Convergence of probability measures

Let .S; d/ be a metric space and B.S/ the Borel � -algebra of S , i.e., the smallest � -
algebra on S containing all open sets of S . (In this monograph, S D Rd or C in most
cases.) By a probability measure on S we mean a measure on

�
S;B.S/

�
with total

measure 1. For simplicity, put

P .S/´ the set of all probability measures on S;

Cb.S/´ the set of all bounded continuous functions of S to R:

Definition A.1 Let �n 2 P .S/ (n � 1) and � 2 P .S/. Then

�n ! � weakly as n!1

”
def

Z

S

f .x/�n.dx/!

Z

S

f .x/�.dx/ as n!1 for 8f 2 Cb.S/:

In this case, we say that �n converges weakly to � as n!1.

Claim A.1 Let �n 2 P .S/ (n � 1) and � 2 P .S/. The following conditions (i) � (iv)
are equivalent to each other:

(i) �n ! � weakly as n!1,

(ii) For every closed set F of S , lim
n!1

�n.F / � �.F /,

(iii) For every open set O of S , lim
n!1

�n.O/ � �.O/,

(iv) For every continuity set B of �, i.e., B 2 B.S/ satisfying �.@B/ D 0, lim
n!1

�n.B/ D

�.B/.

For the proof, cf. Kotani [20, Proposition 9.2], H. Sato [29, Theorem 11.2], Stroock
[31, Theorem 3.1.5].
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