Chapter 6

Some facts from analytic number theory

The aim of this chapter is to prove Claim 5.5 which was used in proving the main theo-
rem, i.e., the Bohr-Jessen limit theorem. Following Matsumoto [26], we show a general
theorem, i.e., Carlson’s mean value theorem [cf. Theorem 6.3], and then apply it to prove
this claim.

For the proof of this claim and Carlson’s mean value theorem, we study the following
matters:

e Square mean value estimate of the Riemann zeta function, in other words, asymp-
totics of flT (o +~—11)?dt as T — oo,

e Exponential decay of T® (0 + +/—1¢) as |t| = oo, where T'® is the /th derivative
of the gamma function.

These are discussed in Sections 6.1 and 6.2 respectively. After that, in Section 6.3, we
present Carlson’s mean value theorem and give its proof. Finally, in Section 6.4, we prove
Claim 5.5, which is quickly finished owing to considerable efforts up to then.

6.1 Square mean value estimate of {(s)
We begin with an easy part of the square mean value estimate.
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Integration in ¢ € [1, T'] gives that

/|§(G+J_z)| dt = (T

' cos(t log %)dl

n>m>1 1

1 sin(T log ;-) — sin(log +-)

n
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From this, it follows that

T
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> ) sinloe
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1
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Let us estimate from above the series of the 2nd term in R.H.S. First, we divide this
into two terms:

Y = z :
amit n°me log % mo = no log z
z > z 1
e zam no log — mo eyt no log
=: the 1st term + the 2nd term.
From the implications
1

n>2m:>£>2:>10g£>10g2:> < —,
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the 2nd term is etstimated as
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From the inequalities

1 , 1 X X
log(1 = log(1 ds = ds>—- (0<x<1 6.2
og(1+x) = [ (ogt +s0)as = [ as=3 0=xs) 62

the 1st term is estimated as

>
n%log(l+ .- —1)

m<n<2m

=1
the 1st term = Z pore
m=1

m2cr—1 —m
m=1 m<n<2m
o m
1 1
=2 Z
201
m=1 m=e k=1 k
(e 9)
1 4 logm
2 Z m20—1
m=1
> 1 >, logm
= 2(2 m20-1 + Z mZJ—l)
m=1 m=1
=2(¢(20—1)—¢'(20 — 1)).
Combining these with (6.1), we have the assertion of the claim at once. |

Square mean value estimate for % < 0 < 1 does not go well as above. We need the

following theorem:

Theorem 6.1 For C > 1, x > lands = o0 +/—1t # 1l witho > 0, |t| < me the
following estimate holds:

1 1—s
- (1)
n<x
< x‘“(l + %10g3+ 1—520+ %(1 + %)—CC_ 1).

For the proof, we present a lemma and a claim:
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Lemma 6.1 Let N € N. On {s € C;Res > 0} \ {1},

N
1 Nl—s [ele] xl— 1
— —s/ { }+12dx— -N7%.
s 1—s N X5 2

¢(s) =

n=1

Proof. Fix N € N. Lets € C,Res > 1. Theorem4.1 with f(x) =x ,a=N,b=M
(where M € N, M > N)and n = 1 gives that

M M B = MR-
1 Bi(M B{(N B
Z F:/ x_sdx—( E\(JS)_ l(s )>—s/ lsgrxl)dx
k=N-+1 N N NoX

M= N 1,1 1 Mo(xy—1

e — — _ ) — —d
=5 2(Ms Ns> S/N PR
[cf. Claim 4.2(i)].

By letting M — oo,

[oe) 1
N1 - 11 © fxt— =
Y =y g, e
=N+ 2N N X
and thus

N

1 N ©fxp—1
C(S)zzn_s_l—s_ / PeEE dx_EN .
n=1

N

By 1°(b) in the proof of Theorem 4.2, the function of R.H.S. is meromorphic on {s €
C;Res > 0}, is holomorphic except s = 1, and has a simple pole at s = 1, with residue
1. Therefore, by the uniqueness theorem, the identity above is valid on {s € C;Res >

03\ {1}. |
Claim 6.2 Let —co <a < b < oo. Let f : [a,b] — R be of class C', f' nonincreasing,
g : la,b] — [0,00) of class C' and nonincreasing, and |g'| nonincreasing. For a =

f'(b), B = f'(a), 0 <n <1, it holds that

Z g(n)eran(n) Z / g(x)eFZH(f(x) vx) 7y
a<n<b la—n]<v<B+7
< o(a) + Ig(a)l
3 1 1
+ |i’(a)|(15 la— nJ>2’3 la—1] (1+L3J ﬁ—i—log([ZﬂJ—ﬂ—La_nJ)

g1+ 181 ) + )
+ 25D 1og(2(16 + 1)~ o —nl) +1)

+ 35;;“) tog(2(18) — Lo — 1)) +3)
3g(a)
+ = (1 =5 +log(2(1B) — o = nJ) +3)).
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This claim is a key lemma connecting the exponential sum
Z g(n)eﬁZHf(n)
a<n<b

with the exponential integral

b
/ 2(x)eV T2 @) g
a

We here write R.H.S. above in a naked form so as to reveal the dependence of parameters
a, B, n. It enables us to apply this key lemma to various cases.
Recognizing Claim 6.2, let us prove Theorem 6.1:

Proof of Theorem 6.1. Fix C > landx > 1. Lets = o + =1t # 1 satisfy 0 > 0,
lt] < zg—x We divide the proof into two steps:
1° For N € N N (x, 00),

1 Nl—s _ xl—s
2 Ty | E

x<n<N

14 2034 2 +3(1+0) ¢
—o —0 + — —)—.
2T R T o

() Apply Claim 6.2. Lett # 0, and takea = x,b = N

t
2—10gu if t >0,
T _
fu) = gu) =u"’.

—logu if t <0,
2

— lel1 _ el 1
Clearly f, g satisfy the assumptions in Claim 6.2. Since « = f'(b) = 5-3 = 5% > 0,
,B—f(a)—%%=£lr;§%<l,wecantakeO<r]<lsothat < B+n<l,

0 < a —n < 1. Then Claim 6.2 gives that
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x

1
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I 3x7° 1
+ log3 + > 1_Ml+10g3)
T X
o
< O o |
<x —|—6x
+3”_U_1(2 c .= +3x_o< 421 3)
— —_— 0
4z \“c—17 3 27 \C— g
[© 3 =¢= oy = =
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ool B0, € w3 C )

-7 (1+6x+4n2x<2C—1+ 3>+2n<C—1+210g3)
(142439 C Ty 3 €

=¥ (1+6+4n2<2C—1+3>+271(C—1+210g3)
[Ox=1=1<1]

(140420 € L0 3 €30
=X -4+ ———+—-—+———+=1o
6  272C—1"4 2mC—1" 7%

3 5 3 o C
—x (14 2log3 + 0+ —(1 —)—.
x (+n°g +12O+27r( T C—l)

Noting that
e«/—llt\logn n«/—lltl

2. = X

x<n<N x<n<N

nO’

1
= 2 A

x<n<N

1 .
Z —na+ﬁt if >0,

x<n<N

1 .
Z —na+ﬁt if ¢t <0,

x<n<N

/N e«/—1|t\logu /N u«/—lltl
x x

du = du

uc uc

N
_ / u—a+ﬁ|t|du

yl=o+v=1itl N
B [1 -0 +«/—1|t|i|x
N1-(—v=1lt) _ y1-(o—v~=1t))
B 1— (0 —/—1]t|)
N1—(@+v=11) _ y1—(0++/=11)
1—(o++/—11)
N1-(O+V=11) _ \1-(o++/~11)

1 — (0 ++/—11)

if t >0,

if t <O,
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1 NI1=O+V=10) _ \1=(o++/~11)
Z n0+«/jlt - 1_(O_+ /_lt)

x<n<N

3 5 3 oy C
<x7(14 —log3+ — —\1+ =)=
=x (+n0g +126+2n(+n)C—1)
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The estimate for ¢ = 0 follows by letting ¢ — 0 in the above. Thus we obtain the
assertion of 1°.

2° From Lemma 6.1, it follows that for N € N N (x, 00),

N
1 N1=s ©dut— 3 1
{(s) = - —S/ ¢ };_szu——N s
—n 1—s N U
1 1 Nl—s_xl—s
=2t 2 A
n<x x<n<N
1—s [ele] _ 1
[T
1—s N ustl 2
By 1°,
1 x=s
(o~ (515
n<x
1 Nl—s_xl—s o v 1 1
- Z ns 1—s _S/ {u}:erl du 2 N
x<n<N
1 N °°{u}—2 1
< _ d ]V_S
R v i M=
x<n<N
1+ 3 log3 + = +3(1+0) <
T R T U T )e
“{“}—% 1o
+ S/N e du + — N

Letting N — oo yields the assertion of the theorem. |

Following Matsumoto [26], we give a proof of the claim in question, which requires
considerable efforts.

Proof of Claim 6.2. Fix0 < Vi < 1,andlet k := |o —n]. Note that n <o —k < n+1.
h(x) := f(x)—kxisofclass C',h’ = f'—k. h’isnonincreasing, '(a) = f'(a)—k =
B—k,Wb)=f'b)—k=a—ken,n+1). And

Z g(n)erlZHh(n)

a<n<b

_ (/ g(x)efznh(x)dx.q_ Z / g(x)efzn(h(x) Ux)dx>

a 1<v<h/(a)+n "%
Z g(n)ex/juﬂ(f(n)—kn)

a<n<b

b
_ ([ g(x)er2n(f(x) kx)dx+ Z / g(x)ef2n(f(x) —kx— vx)dx)
“ 1<v<B—k+n
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Z g(n)e—«/jl2nkne«/j12nf(n)

a<n<b
b b
_ (/ g(x)eﬁzn(f(x)—kx)dx + Z f g(x)eﬁzn(f(x)—(kﬂ)x)dx)
“ 1<v<B—k+n*?4
b
= Z g(n)eﬂz”f(”) _ Z g(x)e«/jmn(f(x)fvx)dx
a<n<b k<v<B+n”’?

[@15v<,3—k+n©k+l§v+k<,3+n].

In what follows, suppose

e f’is nonincreasing,
o f'() eln.n+ D).

Needless to say, g : [a,b] — [0,00) is of class C! and g, |g’| are nonincreasing. We
divide the proof into eleven steps:

f :[a,b] = Risof class C! s.t. (6.4)

1° Since, by Theorem 4.1,

Z g(n)eJTIZﬂf(n)

a<n<b

b
=/ g(x)eﬁz”f(x)dx
+ = (Bib)g0)e O~ Bl (@pg(@e )
b
+ / B_l(x)(g’(x)eﬁzﬂf“) + g(x)e¥ 12O (VT2r) f’(x))dx
b
=/ g(x)eﬁz”f(x)dx
+ (ta) = 3)g @Y 2@ (1) — D) gye 2O

’ LAY, V12 '(x)) eV 127 @) g
+ [ (1= 3) (€0 + VT2me £ o) x.

we have

b
) g(n)eﬁmf(n)_/ 2(x)e V=127 () g

a

a<n<b

b
—/ ({x} - %)(g’(x) +V=127g (x) £ (x))eV T2 D gy

— |(ta} = 3 )g@eV 2@ _ (b} — 1) g(p)e¥ T2
2 2

< [tas ~ 3[st@) + |8~ 3]s ®)
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< S (8(@) + £0))

< g(a) [® g isnonincreasing].

2 (i) {x} 1 lisinvax ¥ cR\Z)
1) Xy—==—— — X .
- 2 St v
1 < sin2 1
(ii) ‘——E MUV o 2 (Yn>1,Yx e R).
7Tv=1 V T

O @@ Ro>x - {x}— % € R is periodic, with period 1, and is of bounded variation

on every finite interval. From the general theory of Fourier series [cf. Katznelson [19,
Corollary to Theorem I1.2.2]],

lim E cpeV T2V —

n—>oo
[vl<n

{x}_%7 XE[R\Z,
0, xe”Z.

Here ¢, are the Fourier coefficients of this function: When v = 0,

Co :/01({)6}—%)611)6 = /:<x—é)dx = 0;

1
2
/_1 ye‘ﬁz””(”%)dy [@ change of variable: y = x — %]
’ 1
2

:e‘ﬁ”"/ (v cos2mvy —+/—1ysin2mvy)dy

3
1
= (—1)"(—\/—1)2/‘2 y sin2mvydy
0

[@ ycos2mvy is odd, y sin2wvy is even]

_ (_1)”(—\/—_1)2/5 y<_00522_””y)'dy

0 /Y

=D)L - [ )

[@ integration by parts]
(ST 1/ cosmv sin27vy 1z
=D ( \/_1)2(2( 2wy )+[ (2nv)? ]0)
_ VD

2wy
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_ =1
T2
Thus, we have that for x € R \ Z,

n—>oo

1 N
=1 —12mvx
{x} 3 im Z 7oy e

1<lv|=n

o=Vl o —/ =127y
_nll,nc}o;%_v(e X _ nx)

n

V=1

= lim Z 2v/—1sin 27 vx
n—)oov=1 27TV

1 i sin 2wvx
St v
(ii) For simplicity, put

n
D,(x)f":= Zsinvax,
v=1n (x € R).
1 sin2wvx
x) = —— -
pn(x) 1= —— g :

Since, by the addition theorem,

n
(sinx)D,(x) = Z sin 27w vx sin wx

v=1
n

1
= Z 5<cos(2nvx —nx)—cosQmvx + nx))

v=1

= %i(cos(Zu — D)mwx —cos(2v + l)nx)

v=1

1 n—1 n
= 5(2 cos(2v + l)mrx — Zcos(2v + l)nx)
v=0

v=1

1
= E(COS ax —cos(2n + 1)7rx)

1
= E(cos((n + )x —nwx) —cos((n + 1)mx + nnx))
=sin(n + )wxsinnmx,

it follows that for x € R\ Z,

— sin(n + 1)zwx sinnmx 1
Do)l = | E

sinwx ~ |sinmx|

I This D, (x) is not the conjugate of D, (x).
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Now, for [,m € N withm > [ and x € R\ Z, this estimate tells us that

‘i sin 2w vx ‘
. =
v=I

D (x)—D,_ l(x))‘ [where Do(x) := 0]

m—1 1

1— —
D) = Y D)

) v=I[—1

- |5 l(x)+z(——%)z> () + - D)

SRR Ms

<
Il

-1

HDm0]+ X (5 = ) )| + [ D)

IA
|

(s B 1 1
< | = _ _
- (l +v2=;(v v+1)+m)|sinnx|
21
[ |sinmx|

1 in2rvx 1 sin2mwvx
()] = ‘—— D)
T v g v
1<v<n; 1<v<n;
vsﬁ v>ﬁ
< 1 | sin 27 v x| 1 Z sin2wvx
g v b4 v
1<v<n 1<v<n;
vy V>
< 1 2mv|x| 1 Xn: sin 2w vx
Toisven; Y v=_1/|x|]+1 v
Vg
[© [siny| < |y] (v € R)]
< 2x| 1 n 1 2 1
x E— J—
=< 1 -
x| 7 LWJ + 1|sinmx|
<24 1 2 1
7 |_|X‘J +120x|

O x| <i=lnx <
= |sinzx| > 2|7x|
() Jordan’s inequality, i.e.,
2y <siny <y (0<y <

fud
2
= 2|x|
1

1
_ 1 1
= [sinTx| — 2|x| .
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1 1
7 |x(Lg] + 1)
<2+ !
T
|:® L|T1\J +1> \% L\x|J = |x|(L|x|J +1) > 1:|
= —1 <1 :
(Ll +1)
In conjunction with p,(0) = 0,
1 1 1
ln() <24 —. -5 =x=-.

For a general x € R, take m € Z so that |[x —m| < -. Since p,(x —m) = p,(x), we have

1
lon (X)| = |pn(x —m)| <2+ ;

3° By 2° and the bounded convergence theorem,
b
[ (1= 3) () + VT2mg o £/0)e T W
1 i b
v=1

sin2mvx(g'(x) + vV —127g(x) f'(x))e V=12mf () g
1 i 1
v=1 v

) \/_Z( / g(x)+«/_271g(x)f (x))e 2R 4ux) g
T

tl
< | =

(¢'(x) + /=127 g(x) f/(x))e¥ 2 Mg x

/b FZme_ —+/—127vx

tl

b
- % / ('(x) +V—12mg(x) f'(x))e¥ 2R @) dx)

N b
1
= m == —/ '(x)eV—12n(f(0)+vx) g
N—>oo( 27 —1;1) g g()
1 N 1 [t
/(x)e V127 (f(x)=vx)
NPT v x)e dx
2/ —1 ;U/a g(x)
N | b
a Z _/ g(x)f/(x)eﬁ2”(f(x)+vx)dx
v=1 V Ja
N oy b
+ Z— / g(x) f(x)eY12m(/()-vx) dx)
v

1
B hm( Z; / g0 [ (x)e¥ 7T W0 g

N—oo
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T S Y T

veEN;
N>v>B+n

b X L s e,

vEN;
1<u<ﬂ+n

. /g(x)efzn(f(x) vx) gy

veN;
1<v<ﬂ+n

+ Y /g(x)efzn(f(x) v g

vEN;
1<u<ﬂ+n

N b
1 1 / / V=127 (f(x)+vx)
— — g'(x)e dx
2/ —1 1;2:

1
V=127 (f(x)—vx)
+ Xx)e dx
a1 E / g'(x)

veN;
N>v>ﬂ+n

V=127(f(x)—vx)
x)e dx
271«/ Z / §') )

velN;
1<v<,3+n

4° Noting that f/(x)+v >a+v>n+1>0"v > by f'(x) > f'(b) =a>n>0
[cf. (6.4)],we rewrite

b
/ g(x)f/(x)e«/jZJr(f(x)-i-vx)dx
b
= / g(x) f(x) cos 27 (f(x) + vx)dx

b
+v/-1 / g(x) f'(x) sin 2 (f (x) + vx)dx

Pe) f'(x),
; m(f (x) + v) cos27r(f(x) + vx)dx

b /
+v-1 L %(f’(x) + v) sin 27 (f (x) + vx)dx.
Here f/_:v is nonincreasing. Because, fora < x; < x, <b
gf’ gt
T v(xl) - fr v(XZ)

I

= (e00) — 8022) 7 o) + e (S 00 = 7 (o)

1
=8 (XZ)‘)(f/(xz) o e
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v
= g(x2) p ') = f(x2)
(f"(x) +0)(f(x2) + V)( )
> 0.
By this property and the nonnegativity of , the second mean value theorem for inte-

grals [cf Claim A. 11] gives that

a< Elg(v) HS(U) <b

cos ? sin —

b gf/
s.t. e (x) (f’(x) + v) cos 27 (f(x) + vx)dx
= gf/ ( )/ (f'(x) 4+ v) cos 2 (f(x) + vx)dx
' £
= f?i . (a)[g sin 27 (f(x) + vx)]a
= SOLLD " (sin2n (/€W + VW) — sin2 (/@) + va)).
b gf/
Sy —(0)(f'(x) + v) sin 27 (f (x) + vx)dx
f/ W
g ( ) (f'(x) 4+ v) sin27 (f(x) + vx)dx
' 1 £5
= f‘?i . (a)[——n cos 2 (f(x) + vx)]
1 v v
= SOLD (L) fos 201682 + v62) o2 @)+ ).

Thus

b
g(x)f/(x)e«/jZn(f(x)-i-vx)dx

N b

1 L (x)(f’(x) + v) cos 27 (f(x) + vx)dx
f/
v=1

+v/-1 / o (x)(f/(x)+v)sinzn(f(x)“x)dx)

‘Z iif(cé;{f) 21 (sin27 (£(EQ) + vEW)
—sin 27 (f(a) + va)
—Tcos2m(f(EY) + vEY)

+ /=1 cos2r(f(a) + va))
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1g(a)f'(a) 1
_va(a)+v2n'

@) @)
Y Z:v(f(a)+v)

5° Letv € N with v > B + 5. Then

ffx)—v<flla)y—v=B—v<-n<0 (x€la,b),
and % is nonincreasing. Because, fora < x; < x, < b,

g=s") g(=s"
= () - = S (r2)

(g(xl) - g(xz))

/ /

f,f o)+ ) (00 = )
1
= (7=~ T =)

v / Y
=8Oy = = 0 7 02)
> 0.

By this property and the nonnegativity of g}, _fv), the second mean value theorem for
integrals gives that

b
/ g(x)f/(x)eﬁ2ﬂ(f(x)—vx)dx

b
/ g(x) f'(x) cos 27T(f(x) — vx)dx

b
+ «/—_1/ g(x) f(x) sin 27 (f(x) — vx)dx

_ gf(’ f)( )(f (x)—v)COSZn(f(x)—vx)
_J_/ 8= f)( )(f(x) = v) sin 27 (f(x) — vx)dx
g( f)

( )[ f(x)—v)cosZn(f(x)—vx)
g(—=f")
—«/—_lf/_v(a)/a

(f’(x) —v)sin2x(f(x) — vx)dx
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[for some EC((‘)? , Ei‘;) [a, b] which are different things from those in 40]

(v) )
f(il{ (@) ([— sin 2w (f(x) — vx)]i - «/—_1[% cos 21 (f(x) — vx)]i )

— g@) P 5 (sin2 (£ ~ ) — sin2n (@) - va)
—1cos2m (f(ss(il;;)) — s(l‘:])) ++/—1cos2r (f(a)— va)).

Thus

|

> / £ f () 2RO gy

veN;
N>v>ﬂ+n
1 1
| T se@gt o (s (e - i)
% B—v2n ‘
vEN; ) W)
N>v=B+n —~—1cos2r (f(%-sin ) - 1)E-sin )

+ /_leJTIZn(f(a)—va)) '

< 3g(a) Z B

27 et v(v — B)
N>v>ﬂ+n

3g(a)
>

veN;
v>ﬂ+7;

6° Forve Nwithl <v < f + 7,

b
/ g(x)f,(x)eﬁzn(f(x)_UX)dx

b b
= / g0 (f'(x) = v)eV IR0 gy 4 v/ g(x)eV~12r =0 gy

a a

1 / b
:/ g(x )(2 N ﬁZ’T(f(")“’x)) dx+v/ (x)e VT2 =) g

_ [ g(x) edjl2n(f(x)—vx)]b _ ;/
2]‘[\/__1 a 2.7'[\/_1 a

b
+ v/ g(x)eﬁz”(f(x)_”x)dx [@ integration by parts]
a

b
g/(x)eﬁzn(f(x)—ux)dx

1

_ —127(f(b)—vb) —127(f(a)—va)

= g(b)e” — gla)e" )
2w/ —1 (

b b
B R L O R S / eV T2m( ) -vx) g
27‘[\/—_1/1: &) a st
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Thus
' Z / g(x) f’ (x)efzn(f(x) v dx — Z / (x)efh(f(X) vx) ]y
veNlN; veN;
1<v<ﬂ+77 1<v<ﬂ+y]
1 [? b
Z (_/ g(x)f/(x)e«/TZH(f(x)vx)dx_/ g(x)e«/jmn(f(x)fvx)dx)
€N; vV Ja a
1<v<B+n
L. ( V=127 f (B)—vb) J T2 (f(a)—va)
- Z " g(b)e i "2 — g(a)e m(fla)-va
' e V2Vl ,
1<v<B+n _/ g/(x)erZn(f(x)—vx)dx)
a
1 1 b )
=5 2 S(s®+s@+ [ lgwldx)
T velN; a
1<v<B+n
_ g(a) )3 1
T veN; v
1<v<fB+n

[© Since g’ <0, [ [¢/(x)|dx = f%—g'(x))dx = —g(b) + g(@)].
7° |g’'| is nonincreasing and nonnegative, and Y= + is nondecreasing and nonnegative.
Thus the second mean value theorem for integrals gives that

N 1 b

Z_/ g/(x)erl2n(f(x)+vx)dx
v

v=1 a

N | b
ZT(/ |g’(x)| cos 27 (£ (x) + vx)dx
v=1 a

b
—i—x/—_l/ |g’ (x)| sin27 (f(x) + vx)a’x)

N —1 . £W
= ;T(Lg (a)|/a cos 27 (f(x) + vx)dx
£

+/=1|g'(a)| / sin 27 (f(x) + vx)dx)

Nopps g
=|g'(a)| ; ;( j m(f’(x) + v) cos 27 (f(x) + vx)dx

&
+\/_/ T )+ (f’(x)+v)sin2n(f(x)+vx)dx)

()

1 <W /s”/ (f'(x) + v) cos2r (f(x) + vx)dx

COS
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V=1 S:i];)
I Al / /
FIED) +v Jew

/
[for some £2)" € [a.£21, &%) € [a,£9)1]

1 1 v v
Z (m 3 (smzn(f(éc(of) /+ vE®) |
—sin 27w (f(fc(:;s) )+ vgc((‘)’s) ))

(f/(x) + v) sinZn(f(x) + vx)dx)

= |g'(a)

V-1

ey ;_; (cos2m (66 + vEL)

—cos 27 (f(ES(,»‘:,)/) + Vés(il;),)) ‘

<l <a>|Z | L)

f (5“) R f'(sfitb TR
2
< Zlg'@ Z

[© f (50(33) o, f/ED) +v= /B +v=n+v>]
_2g @]~ 1
- T ; ﬁ

= Z1g'@| [ Clim A.10].

8° Forv € N withv > 8 + n 7= is nonincreasing and nonnegative. By the second
mean value theorem for 1ntegrals

3 /g(x)efzn(f(x) VO g

‘ vEN;
N>v>ﬁ+r)

_ b
= ' Z %(/ g’ (x)| cos 27 ( f(x) — vx)dx
veEN; a b
+\/—_1/ lg’(x)| sin27 (f(x) — vx)dx)

N>v=B+n

W

:' Z _Tl |g’(a)|/wb C082T[ f(x)—vx)dx

veEN;

N>v>B+n (V)

++/—1]g’ (a)l/ s1n2n(f(x)—vx)dx)

£
= |g’(a)|‘ Z ;( 7 (x) (f (x) —v) cos 27 (f(x) — vx)dx
N zvvezhjﬂ;Jr n g 1 .
+v—1/a ) = (f (x) — )sm2n(f(x)—vx)dx)
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= g’ (a)] Z 1 (_—1 /Sgal;),(f’(x) —v) cos 27 (f(x) — vx)dx
S & v\ @,
Nzvzpn -1 . d
+v—1f,(—)/ (f(x)—v)stn(f(x)—vx) x)
[where a = %60)" < £, a < %60)" < £0)]
, 1 -1 1 ) o
=@ T g (g () - ve)
Nzvzptn —sin2m(f(a) — va))

~ Y (cos2m (L)~ vEL)
4
—cos2n(f(a)— va)))|
/ 13
<lg@l| Y. Yo —PB)an

veN;
N>v=B+n

3g'@) 1
=T Xy

v=B+n

As for the sumoverv € Nwith1 <v < 8 + 7,

3 / (x)eV 1m0 < 3 /|g(x)|dx

‘ veN; velN;
1<v<ﬁ+77 1<v<ﬁ+7]

= Y (@ -s0)

velN;
1<v<B+n

<g@ Y -

veEN;
1<v<B+n

9° By 3° to &,
b
/ ({x} - 1)(g/(x) V12 g(x) f1(x)) eV T2 Mg

Y /g(x)efzn(f(x) v gy

veN;
1<v<ﬂ+n

3g(a) 3g(a)
- ;v(ﬁJrV) 27 ; 1J(V—ﬂ)

v>B+n
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g(a) 1
+ - -

el D

vEN;
1<v<B+n

1 3|g'(a)] 1
+-lg@+ === >

6 4 et v(v — B)

v=B+n

In conjunction with 1°,

) gmyeY T _ / 2(x)e VTR @) g

a<n<b veNU{0};

0<v<fB-+n
L, 3|g'(a)] 1
< g@) + lg'@|+ = ZNJ =B
v>B+n
3g(a) 1
+ 2 ])GXD; v
1<v<ﬂ,+17
3g(a) 3g(a)
VZV(/? +v) 27 ;N: v(v—ﬂ)'
v>B+n
10° (i) Z% <log(2m+1) (m e NU{0})!2. Thus ) % <log(2[B +n] +1).
= 15‘\);€<D;3‘;+;7
o e B
(ii) ; TP <log(21B] + 3).
B 1
(iii) VGXN:. o B) < e + log(218] + 3).
v>B+n
. 1 1 2
® 3 Somp = =tp (=g Hoe(1281-p)—loe(1+ B1-8)) + -
v>B+n

() (i) Since, forv € N,

1 y
/V+2 1). /‘|_| 1
1 1 X 1 1
2 2 v

2In case m > 2, since 2"’”% =2+ % <2+ % =2.5 < 2.718 < e, we have log 2+1
that log(2m + 1) < 1 + log m. This, together with 10°(i), implies (6.3).

<loge =1, s0
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v v+i
= [ GDe [ G

1 1 1
2 5=V 2 y
S N St A N
/o -Gy /0 v+

1 1
Y /2 Y
= 2 —a- | ——ad
/0 vo—m Ty v 0@

_/izy+v—v+y
o vV vZ—y2

dy

Ms
< | =
Il
Ms
—
L3
[SIE
c|§~
A
Ms
—~
S
N|—=
><|§~
Il
T3
+
N|—
><|§~

1
T2 = log2m + 1).

v=1
WS A |
3T
Ngnoo Zl) Zv—{—ﬁ
v=1 v=1
N N 1
(Do)
N—>oov=1v ;v—i—Lﬁj—i—l
[© B < Bl +1= 535 > 7]
N 1 N+LBJ+11
(LT
Ngnoo(z V V
v=1 v=|B8]+2

LB]+1 1 N+|B]+1

1

Cn (2T
Jim (30— >
v=1 v=N+1

BI+1 B4

(58
Nl—l;noo 11) ;V—FN

[Bl+1

1
= Z;
v=1
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<log(2(|B] + 1) +1)
= log(218] + 3).

(iii) Note that || +2> B +nby [l +2—-B+n=[Bl+1-B+1—n>0.
Incase |[B] +1> 8 +n,

B
ZN (v —B)

vzﬂ+’n
= B
D
v=1g1e1 VP
nd 1 1
_v—%J:-i-l(v_'B l)>
> e
= lim _— = -
N=oo Bl+1 —p v=LﬁJ+1v
- g D 3
N_’°° LBl +1- v= LﬂJ+2 '3 v=1Bl+1"
< (++ Z ;1 i 1)
N—>oo I_,BJ+ _,8 - Lﬂ]+2v_LﬁJ_ v= ﬂJ+1V
[@5<Lﬁj+1;>u—ﬂ>v—LﬁJ—l:>ﬁ<m]
N-LBl-1 N

1
e £ 5

1 18] N—[8]-1 N— LﬁJ—l1 N 1
“dm (Gt iyt 2 i 2 Y )
v= LﬂJ+1 v=[B]+1 v=N-|8]
18] 18]

1
:Neoo(LﬂHl—ﬂ Z‘_Z —v>
1 L8]
T BI+1-8 Z

= m + IOg(ZLﬂJ + 1).

Incase [B]+1<B+n,

B B = B
L oo p= 2 voop

veN; v=|B]+2
v>B+n
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_ i ( 1 1)
2 VB v
N 1 Moo
-1 - _)
(Y oy !
v=1B]+2 v=[B+2
N 1 N
<1 )
< m (> STEmTT X
1Bl +2 v=1B]+2
N—Lﬁj—ll N 1
cam (XY
Nk 53 Y e
LB]+1 N
1 1
— 1 2 _)
N}Ego Ez: V
=1 v=N—|8]
_LBJ+11
v=1 v

<log(2|B] + 3).
(iv) First

1 1 1
)iy D D sy i) e sy

veN; veN; vEN;
v=B+n B+n<v<2p v>2p8

=: the 1st term + the 2nd term.

From the implications

v VooV v
>28 = = > —B==+=-—-—p>=
v B > B=>v—-p 2+2 B 2:>

the 2nd term is etstimated as

2 21

the 2nd term < E —2522 —2:%.
v v

v=1

vEN;
v>28

For the 1st term, let 8 > % from the implications
1
ﬂ<§:>2ﬂ<1=>thelstterm=0.

Then, from the implications

ﬁ+n§v§2ﬁ=>ﬁ<v§2ﬁ=>%<%, 18] <v < 128,
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it follows that

the 1st term

< % Z - iﬂ [Note that 28] — |B] > 1]

~ B Z}A+¢m—ﬁ
1 1 [281-18]
=5 * 231[1x+mj 5)
! 2BI-1B] gy
E(me p / x+WJﬂ)
1 [28]-18]
= 5 (rpr=p  foete e 21-0] )
— 5 (=g + 01261~ 181 + 181 - )~ ox(1 + L8 - )
(g + 10e(1260 - B) ~ tox(1 + 161 - ) ).

Thus we have the assertion (iv).
11° By 9° and 10°,

3 g(n)eY-T2mf ) _ 3 / g(x)eV 12T @) g

a<n<b veNU{0};
0<v<B+n

< g(@) + g @)

3¢’ (a)] 1 1 2
T a2 (1/32§B<m +log(128] — B) —log(1 + [B] - ﬁ)) + —)

38(@) 10g(2[,3 + ]+ 1)

+
21
3 3 1
+%10g(2[ﬂ]+3)+ ij(:)(LﬁJ+l_ﬁ+10g(2[/3j+3)). n

We now present the square mean value estimate of ¢ (-) for % <o <1

Claim 6.3 For% <o <1,

=

T
‘/ £(0 +~=11)|dt — T{(Zo)‘ = O(T** log T) + O(T?)
1
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A
Q
IA

O(T* 2 logT),
o(T?),

e S

Al N|=
A
Q
IA

Proof. We divide the proof into four steps:
1° Leto > 0and ¢ > 1. Theorem 6.1 with C = 27, x =t,s = 0 4+ +/—1t gives that
tl—(o+«/j1t)

1
‘@(0 +/—11) - (; pnotV—1t ] _ (o +\/—_11))‘

s 1_{_310 34 50+ 3<1+0) 27
T g 12 2 7w/ 27 —1

(14 210834+ g 4> (1+0)
— 10 —0 — .
x BT R T o -

For simplicity, put

1
r(o +v—1t) = g(a+«/—1z)—;m. (6.5)
Then
|r(o ++/—11)]
t1—(a+ﬁt) t1—(o+ﬁz)

1
= “"*‘/‘_”)‘(gwm i) e s

\/_ 1 tl—(0+lez) tl—ot—ﬁz
e _lt)_(zn‘”ﬁ’ - 1—(0+«/—_1t))‘+‘1—0—«/—_11‘

o 3 3 o tl-o
1+—10g3+—(7+ ——(1+2))+
- -

12 7T /1 =0)2 + 12
(14 2log3 4 2ot (1+2)+ :
o TR T VT ) T ot

o 3 3 o
2+—10g3—|——0+ (1+2)).
b4 12 T —1 b4

2° Lety <o <1.ForT >1,

T 1 2
/1 ‘; no-i—«/?t
T
1 1

T e —1tlog 7%
[y e,
1

n°me°

n,m<t

eV~ 1tlog 7}

/ Z 1t>n\/m dl

n.m<T
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1 r m
DI
n=m= Jupvm

n.m<T
=y L romg > ! /T eVt gy
n<T n20 n.m<T; nome nvm
< =T
1 1
=T Z n2o Z n20—1
n<T n<T
1 T m
N W
n,msT; nvm
1 T ﬁ 1 n
+ / e~ vVTltlotm gy
ngT nome Juum
n>m
1 1
=7(2Co) =Y =) = Y =
n>T n<T
1 T
+2 Z — / cos(t log ﬂ)dt
— n=m= Jupvm n
m>n
_ 1 1
=T8(20) =T Z n2o Z p20—1
n>T n<T
Lo Z 1 sin(T log2) —sin((n v m)log 2) 66)
=T nama log % . .
m>n’
Thus
T 1 2d
—— | dt—-T¢(2
/1 ‘;nc-i-ﬁt‘ £2o)
- 1 1 1 1
STy Y e Y
n>T n<T n,m<T; n
m>n
1 1 1 1 1 1
=Ty —+» ——+4 — +4
; n2o r; n20-1 n,m25:T; n°me log ™+ m;ﬂ n°me log ™
n<m<2n m>2n
1 1 1 1 1
<T — + — 44 — _—
’; n2o r; n2o-1 ’; ne n<;2n m° log(1 + % -1
4 1 1
log?2 L= ne me
1 1 1 1 4 1\2
= TZHT+ZH20—1 +82n20—1 Z m—n +10g2(2n—a>
n>T n<T n<T n<m<2n n<T

[© By (6.2),log(1 + 2 —1) > (% —1) = %]
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I 12
<T27+9Z +8Zn2(§"1 1Og2(z ) 6.7)

no
n>T n<T n<T

[@ By (6 3) Zn<m<2n m—n Zk 1 k <1+ logn]

3 Let0<a<1<b<oo Asx = 00,

1

a

X
S

<Xx

() By Theorem 4.1,

Zna /‘“a’t (B1(x)x™ = B (1-)) + /XB_I(t)(—a)t‘““dt

n<x 1

(L, x}—1 1 it} -1
_/lt a’t—( pr —5)—a1 pre ——2dt
=/ t~4dt + 0(1),

1

logt

+ / Bi(t)t™* (1 —alogt)dt
1

(Y - 2

- / k’itd t + 0(1),
1
1 o0 _ OO_

> = f t7bdr + Bi(x)x™? + / B1(t)(=b)t™"dt
n X X

00 1 o
B b {x}—3 {1} -3
_/x t7%dt + e —b/x thrld
X
b
1

X

- _1 00 _1
b z_b/ -3

1 xb th+1
1

YR ©{t}—3
_ _1-b 2 o b-1
=¥ (o 2 by /x i)

=xl_b(b1 +{x}—%_é/1°°—{xs}—%ds)

—1 X X Sb-i-l
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[@ change of variable: s =
)
] +o(1)

_ xl—b(b%

xl—b

b—1

/ 7%t =

~

Incasea =1,

<]

/ — = logx,

*logt 1
/ &d[ / ( (logt)) E(logx)z.
Incase0 <a < 1,
/x —agy — [ tl—a ]x _ xl—a B 1 N xl—a ,
1 l1—al1 l—a 1-—a l1—a
fx logtdt X %logx

lim lim

[@ L’Hospital’s theorem]

x—o0 x1=@]og x

x=oo (I —a)x~*logx + x!~4. -

1

log x

= lim

x—oo (1 —a)logx + 1

1
1—a

Thus we have the assertion of 3°.

4° Since, by 3°,

1
TznTasz

n>T

logn
n2o—1

2

n<T

n<T

it follows from (6.7) that

r 1
’; no+«/jlt

2
dt — Tt(20)

1-20 2—-20
— (1+o0() = o 1(1 +o(1)),
2—-20
2_20(1 +o(1), 1 <o <1,
(log T)(l + o(l)), o =1,
Tz;j#(l +o(l), L<o<1
%(log T)*(1+o0(1)), o=1,
2—-20
m(l +0(1)), 5 <o <1
(log T)2(1 + 0(1)), o =1,
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T2 20 T2—20 T2 20 IOgT
20 — 1(1 +20§1)) + 92 5 (1 + 0(1)) + 87(1 + 0(1))
4 T
+— 1+ 1) =0 T2—20'1 T o1 1’
< { 10g2(1—o)2( o) = 0( 0gT), ;<0< 68
1+ 0(1) + 9(log T)(1 + o(1)) + 4(log T)(1 + o(1))
4 ) B . B
JF@(logT) (1+0(1)) = O((log T)?), o =1,
which implies that
T 1 )
/1 )ng;no+«/jlt dt = O(T). (6.9)

By 1°,

/T|r(0 +/=1n)[dr
1

3 5 3 o 2 AT
< log3 + — <1 _) =20 4y
_( PR A Fy | +n)/1

3 5 3 o 21—(l
24+ =log3+ — (1 _) T
= (24 w3t o+ 5 (14 0)) 750

= o). (6.10)

This, together with (6.9), implies that

d 1
/1 ‘;na'i‘«/jlt ‘lr(a +~/—11)|dt

J/;T‘Zn0+1«/jlt zdl\/[lTV(U +~/—_11)}2dt

= 0(T2). 6.11)

A

Now, by (6.5),
T
‘/ £(o +/=10)[*dr — T§(2o)‘
1

T 1 2
_ /1 |Z<:m+r(o+\/—_lt)‘ di — T(26)

T 1
(IS e

+Zno+lrt r(0+«/_t)+|r(o+«/_t)|2)dz T¢(20)

n<t

2
+ Z no+Ft r(o+ \/_t)
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T 1
/1 |Zn+—r| di = T¢(20)

T 1 -
+/; Zm-r(ﬁ-’-\/—ll)dl

n<t

T—l T 5
+/ gm-r(0+v—1[)dt+[l |r(c +~v—18)|°dt

1

r 1
/; ‘§n0+«/jlt
r 1
+2/ ‘Z o+A/—1t
1 nftn

Therefore, combining this with (6.8), (6.11) and (6.10), we have
T
|f 2(0 +~/—11)|dt — Tg(zo))
1

< O(T*> " log T) + O((log T)?) + O(T2) + O(1)
= 0(T*>*10g T) + O(T?). u

=

2
dt — T (20)

T
|r(o +~—1t)|dt + / |r(o +~/—11)|%dt.
1

6.2 Stirling’s formula and estimate of T ) (¢ + +/—1¢)

The aim of this section is to show the exponential decay of T' ¥ (o ++/—1¢) as |t| — oo,
where ' is the /th derivative of the gamma function T".
We begin with the following theorem:

Theorem 6.2 (i) For eachs € C \ (—00,0],
-3+J/-1R

st

—%+«/jloo z
/ ) ¢(z)dz

- l(z)dz = lim/ -
3-yTleo ZSinTZ R—oo J_3_ /—{p zsinnz

2

is convergent. And its convergence is uniform on {s e C;ls| > e, |args| < 7w — 8} for
Ye>0and0 < Y8 < . Thus

3
-3Vl ez

C\ (—00,0] 35— {(z)dz e C

3yl Z sinwz

is holomorphic, and its nth derivative (n € N) is

dn —3+4/~100 z
/ T t()dz

ds" J_3_y=Teo zSinTZ
B f‘gﬂﬁl"o rz(z—=1) (2= (n = 1))s>™"
[ N o zsinmz

L(z)dz.
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(ii) On C \ (—00,0],

1 11

logI'(s) = (s — —) logs —s + —logzn + s
1 —§+FOO ]TSZ

271«/ —3-V=lewo Z Sin 7wz

{(z)dz

holds.

Remark 6.1 (i) By Lemma A.1 and Claim A.9, I'(:) is holomorphic and has no zeros
on C \ (—00,0]. Also C \ (—o0,0] is a simply connected domain of C. Thus, log I" of
L.H.S. above is the function defined by (3.4) with a = 1, i.e., logI'(s) = ff 1;8 dz,
s € C\ (—o0,0].

(i) By 1° in the proof of Theorem 6.2(i),

|the last term of R.H.S. above|

1 [ s3I 3
/ (——+«/_v)smn(——+«/_v) (—E—I—«/—_lv)dv

1 o0 34+4/~1v 3
_JT/ ’(—— «/—_nvs)sinn(—— V—1v) (_ —I—«/_v)
5 % 3/ \/7( ( +[o]) + %(5+|v|)3)e—5vldv

= 0((&)2) on {s e C\{0};|args| <m —8} (where 0 < § < 7).

IA

This tells us that Theorem 6.2(ii) is a refinement of Stirling’s formula.

Following Whittaker-Watson ([34, Chapter XIII]), we prove this theorem. To this end,
we present two lemmas:

Lemma 6.2 Foro > =3, |o ++/—11t — 1] > 1
1 1
v—l1t)| < — t
}§(0+ )|_12+ ( +||> 24( +||)
Proof. First, by the definition of Bernoulli polynomial [cf. Definition 4.2],

3

3
B3(X)=:§::(k)lh_kxk3: B3%‘3B}X4‘3lez+‘30x3
k=0

1 3, 3 1
=5X— 3% +x —x(x—i)(x—l).

Putting this into (4.2), we see that for Res > —2, s # 1,

> gty — ) (1 - {x})

xs+3

() = —+

113 (6.12)

+—+ s(s+1)(s+2)/
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Taking the absolute value, we have

1 1 |s| ® [{x}({x} - )(1—{x})\
GO = g+ 5+ 1y +ghlle+ 1lls+21 [ =
- 1 +1+M+1|s||s+1||s+2|
s =1 48 Res+2

1 1
D -0]=g].
Incases = o —i—\/—lt,—% <o < % o ++/—1t —1| > % since

3
51 = lo] + 16l < 3 41,
s1 <241
N ~ )
-2

7
|S+2|§§+|t|,

| =

Res+2=0+2>

the estimate above implies that

|;(a+\/—_1z)|53+%+%;;|t|+2—2(§ |r|)( |t|><;+|z|)

:; 112( +|z|—) ( +|z|)((§+|t|)2—1)
=;—é+112(§+|z|) 214( +||) 214(§+|t|)

- 1+1(5+|z|) 1( +|z|)
12 24 24\2

On the other hand, incase s = 0 ++/—1¢,0 > —,

£(o +V=Tn)| = \Z

Sy e

na+v 1t na+«/ 1t

[l
+
™M
| &
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=142=3< H

B B 12°
Therefore we obtain the assertion of the lemma. [ |
Lemma 6.3 (i) hm (é‘ (s) — ) = y. Here y is Euler’s constant, i.e.,

1 1
y = lim (1+—+---+——10gn>.
2 n

(i) ¢(=1) = —15.
(iii) ¢£(0) = —3.
(iv) ¢'(0) = —% log 2.

Proof. First, recall the following identities:
(a) £(s) = 2I'(1 — s) sm( )(271)5 '¢(1—s) [cf. Theorem 4.3(i)].

1

() ¢(s) = S%l - (_k,)

Bi(D)(=s)(=s = 1)+ (=5 — (k = 2))

—1)? ©__
( 11') —s)(—s — 1).--(—s —(1— 1))/ Bi(x)xldx
: 1
= 11 — _TlBl(l) —s[ Bi(x)xS'dx
= - ! 1 +%_s/w {x}s;zdx Res > 0,5 #1 [cf (4.1)].
- 1

(i) By (b),

(e~ 1) = tim(z s [ )

2 x2

1 4 1/°° dx 5 N+L [xj
= -+ = — — lim

2 2J; x2 N-owoJy x2

N
=1- Nli_r)noo(log(N +1)— Zn(—# + %))

n=1

N
. 1
= Nh_r)noo(l + ’;n—n(n s —log(N + 1))

N+1

- g (% -t 1)

n=1
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Also by differentiating (b) in s,

-1 *{x}—3 © -1 1
(5) = - dx — 2 log —d
0= | s [5G e i
. 1 oo{x}_2 oo{} 2
= _—(s — )2 —/1 ot ——=dx +s /1 o log xdx;

by letting s — 1 here,

sli_I)ri(Z’(s)—Fﬁ):—/lOO{ }_2d +[1°°{ i_zlogxdx

(i1) Putting s = —1 in (a) yields that

(1) = 20 @sin(-3 ) 21 % (@)

1 n?
=2-(-D)- 5= [OT@=1-T)=1.2) = %]
1
BT

(iii) When s # 0, (a) is rewritten as

£(s) = 2I(1 - )”S“(%s)(z PN (=1 — s — e —s)).

NI«'=I

Since hm(l —s—1)¢(1 —s5) =1 (by (1)) and hm Sm(zs) = lim SIZZ = 1, itis seen that

z—0
7 si (%)

g(O)_hmzr(l— )— Q) (-1 —-s—1¢1—yv))

= 2F(1)—(27r)_1(—1)

=2-%.2—-( ) [cf. T(1) =1]

1

=
(iv) By differentiating (a) in s,
¢'(s) = —2I"(1 — 5) sin(

+2T'(1 —s)cos

$)@r)y (1 —s)

5)5 @0 —9)
s)@ry " log2m)¢ (1 - s)
Ss)@n) (1 =)
(”s)

ELNE

+ 2I'(1 — s) sin

:ll\)|:l[\)

A/\

—2I'(1 — s) sin{ —

= -2I"(1 — )— Qr) (=1 —s—1¢(1—y))
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+or(1— )fs n(zs)

Q2n)*~ 110g(27'r)( (1—-s—1)¢1 —s))

2

+2I(1 —S)(Zn)s_l(cos(%s)z(f(l — )+ l B %)

RAERTIRNRS St

= (-2I"(1 —s) + 2T (1 — ) 10g(27r))5(27r)s_1
. Sin(3s) sm(”s)

(=1 =s =Dl -)

2

+21(1 —s)(271)s_1(72r COS< )(5(1 —5)— %)
—s1n( )({‘ (I—s)+ ﬁ)

n (z)Zsm 55 — Escos ES).
2 (55)?

From the proofs of (i) and (iii), and the convergence

. sinZs —Zscos Zs . sinz—zcosz
lim — =lim —— =0,
P (ES)Z z—0 z2

it follows that
§'(0) = lim ¢'(s)
s—>0
, T 1
= (—ZI‘ 1)+ 210g(27r))— —(-D+2- == y
2 2m b4
1 1
= E(r'(l) +y)— 3 log 2. (6.13)

Recall Gauss’s product formula [cf. Claim A.9(ii)]:
I'(s) = nin” eC\{0,~1,-2,...) (6.14)
s , S ,—1,=2,...}. .
oS s(s+ 1) (s +n)

By letting s > 0 and taking the logarithm,

logI'(s) = nli)ng()(logn! + slogn —logs —log(s + 1) —--- —log(s + n))
= nli)rr;o(s(logn — kg; %) —logs — kX:;(]og(s + k) —logk — %))
= nlg;}(—s(i}% —logn) —logs — i(log(l + %) — %))

k=1 k=1

= —ys —logs — Z(log(l + %) - %) (6.15)

k=1



Chapter 6 Some facts from analytic number theory

154

Since
s sY 3 s
1 (1 —) IR N I R S ‘ ‘ _ s
(Og T k) ‘ ‘ K+s k k(k+s) =
a termwise differentiation of R.H.S. in (6.15) is permissible, so that

1+ 3
I'(s) 1 °°( 3 1)

:—)/——— 5 JEE——
I'(s) s = £k

$ =
In particular, putting s = 1 yields that
o0
1 1
()= —y—1- (———)
M==7=1-2 (7%
k=1
oo
1 1
-1 E )
SRR (e
k=1
=—y—-14+1=—y.
1
—5 log2m.

This, together with (6.13), implies that {'(0) =

Proof of Theorem 6.2(i). First, forn € N U {0},
rz(z—1) - (z—(n— 1))Sz_né(z,), 5 € C\ (o0, 0.

da" st
(@) = .
S ZSInimz ZSImzg

Rez = —

NW

Fix e > 0and 0 < § < 7, and put
E.s:= {s=reﬁ9;r > &, |0 §7t—8} C C\ (—00,0].

We divide the proof into two steps:
1° Forn e NU{0},s € Egs andRez = —3,
nz(z =1 (z— (n—1))s%™"
a ¢(z)
zsinmz
<o (1) 1 (TialG o+ 0%+ may)
- 2 + (Imz)2

&

< (2L 1( +[Imz]) + 1<5+|I |) ¢~8Imzl
— m .
12 " 24\2 24 ¢

® Lets = reV—19 rzs,|9|fn—S)andz:—%—F\/—lv(vEIR) Since

sinrz = sinn(—% + x/—_lv) = sin(—%n —i—x/—_lnv)
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. 3
= sm(—En) cos(V—lnv)
= cos(v—lnv)
_ %(ex/jl«/jlﬂv _}_ef«/jl«/jlnv)

— %(env + e—zrv)’

(—=3—n++/~=1v)(logr++/~=16)

z=n _ p(z—m)logs _ ,
_ o3mlogr—0v+v/=T((=3-mb-+viogr)

3 1((=3—
_7—ne—0vev 1(( 5 n)9+vlogr),

\z(z—l)---(z—(n—l))|:'ﬁlz—k|:rﬁ‘—%—k+«/—_lv)
k=0 k=0
(G )
@ = Je(5 +VT0)| = G5+ 555+ )+ 5 G+ v1)

[@ Lemma 6.2],

we have the following estimate:

wz(z—1)-- (z—(n—l) sZ "g( )‘
zsinmz
IO k)| Ll Y
|z]| sin wz|

12 24\2 24

)2 l(env + e—zrv)

(9 ((2 +k)* + vz)) F—3n =0 (ﬂ + l(é + |v|> + i(é + |v|)3)

7 1
~2n(}) (Bt ) (B G+ G )

X —.
e][U + e—:’l’U
Here noting that

e—@v e—9v e|9|\v\
e™ £ e el 4 gl = emlvl 4 g—mlv] [© — v <6lv]
e~ Tvlp101v]
= Treom
e—@=16DIv]

1+ e—271|v|
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o—blvl
= oo (@10l s7—8=7—0]=4]
56_8‘1)‘,
we obtain
wz(z—1)-- ( (I’l—l) Szn
zsinmz £(2)
1
Dy (Teo(G+ 02 +07) ) 4115 L5
<27 = = 41 5
=) ( it (12+24< + ) + 24(2+|”|))
x e8Il

2° For eachn € N U {0}, it is clear that

1
0o n—1,/.3 2 2 2
r—o(G + k)2 +0?) 41 1 /5 1 /5 sl
/_( o 12+ﬁ( + o) + 24( +|v|) dv < oo,

o0
This tells us that

—3+V-loo oz

/_g_ﬁoo zsinmz

l(z)dz

* 3+v/~Tv
/00(—-+\/_vs)s1nn(—_+\/_v) (__+‘/_U)\/_dv

is convergent for each s € C \ (—o00, 0] and that it is infinitely differentiable in s under
the integral sign, and its nth derivative is

dn —3+4/—100 z
/ T t()dz

ds" J_3-y=Teo ZSINTZ
/‘_3+ﬁ°" rz(z—=1) -+ (2= (n = 1))s>"
~3 /T zsinmwz

Proof of Theorem 6.2(i1). By Theorem 6.2(i), the function of R.H.S. in the identity in
question is holomorphic on C \ (—o0, 0]. Thus, by the uniqueness theorem, it suffices to
verify this identity for 0 < s < 1. Fix 0 < s < 1. We divide the proof into six steps:

1° From (3.3) and (3.16), it is seen that

> (te(1+5) 1) = X~ (-re(1-(39) - (1)

k=1

{(z)dz. u
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iiﬂ—m_li—ﬁliié(—)

k=1m=2 k=1m=2
ad N
=3 (-re(1-1)-5)
k=1
= @)
<y
= 2(-%)
2 o0
s 1
—2(1—s)]§ﬁ
O k>1=¢<s
=1-221-5>0
1 1
il—%fﬁ
< Q.

> s s =Dt S
S(ee(t+ 1) -1) =X " Y
k=1 m=2 k=1
o 1ym—1
=3 EDT ey

Putting this into (6.15), we have

o (D"
logI'(s) = —ys —logs — Z Ts'"((m).

m=2

2° For N € N, let Cy be a contour as in Figure 6.1. The function z +— Zsmnz{(z) is
meromorphic on C, is holomorphic on C \ Z and has a pole at each point of Z. By the
residue theorem,

N+1

{(z)dz = Z Res(m).

1 st
2a/—1 Jey z28inmz

Throughout the proof of Theorem 6.2(ii), Res(/m) is the residue of ~ = Ifm l(z) atz = m.
Since, form > 2,
z
—m Z)=mn — Z
( )z smnzg( )=l )zsin(n(z—m)—i—mn)é‘( )
SZ
=m(z—m)— £(z)

zsinm(z —m)cosmm

_ .n(z—m) (_zl)mSZC(z)

sinz(z —m)

(— )"

s™t(m) asz — m,
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3+/-1IN N+3+J/=1IN

3 /N+%
IRAE DALEE
N+1
} Cy

3_J=IN e N+3-J/=-1N

Figure 6.1: Cy

the identity above is

N+1

t(z)dz Z( D™ ime ).

1 st
2n/—1 Joy 28inmz

Letting N — oo, we have by 1° that

st
logT'(s) = —)/s—logs—|—ngnoo 271\/_ . ZSm”zf(z)dz.

3° We divide Cy into four contours Cy 1, CAJ,FJ, Cy, Cﬁ,f

e Cy, is a segment from N + % —JV/=INtN + % ++/—1N,

° C;,r’z isasegmentfonn%—k«/—_lN to N + % ++/—1IN,

e Cy 3 is a segment from % —+/—=1IN to % ++/—1IN,

° Cﬁ,z isasegmentfrom%—\/—_lN to N + % —J/—1N.
Then

1 st
2nv/—1 Joy 2sinmz

{(2)dz

1 1
27T«/_ Cn1 ZSHUTZ“ 2)d Z_271«/—1 /c+ Zsmnzg( 2)dz
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1 st
2na/—1 Jeys 2sinmz

=1y, —11—\’1_’2—[1\/,34-11;’2.

st

1
2na/—=1 Jey, sinmz

L(z2)dz + {(2)dz

IN’] is
3
”SN+*2+«/—1NU

1 1
I =
R POV /_1 (N + 2 +V~=INv)sinz(N + 3 ++/—=1Nv)
» g(N 4 % + x/—le)\/—lNdv

[@ change of variable: z = N + % + \/—le].

Noting that
3

sinn(N +3 +«/—1Nv)

3
= sin(n(N + —) +V—17va)

2

3 3
= sinn(N + 5) cosvV—1nNv + cosn(N + 5) sinvV—1mwNv
= (-1)¥ " cosv/—1aNv

|:® sinzr (N + %) = sinz N cos %71 + cos N sin %n = (—1)N—1,j|

cosn(N + %) =coswN cos2w —sinwN cos37 =0

2 2
— (_I)N—I%(e«/jl«/jlan +e—Jj1Jj1an)
1
— (_1)N—1§(ean 4 e—an)’
we see that
1/1 N gN+3 ¢v/=1Nv 3

Ivil = |= <N+—+«/—_1Nv>dv
[ ‘2 —1N+%+\/—1NU%(€”ND+€_”N”)§ 2

1 N SN+2 3
< N+>+V=IN ‘d
_/_1 N + 32 +/—1Nv|e™N? + e7NY §< T2t U) 0

N42 3\ [ 1 1
=S 2§(N+5) aNv 4 —n’Nvdv
VAR R DEE ¢

—0 asN — oo.

+ -
IN,2 18
3 -
. N+3 TsUEVIN

1
N’Z_ZJT«/—]/g (ux£~/—1N)sinz(u £+v/—1N)
[© change of variable: z = u £+v/—1N].

C(u +/—1N)du
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Since

sinzr(u £V—1N) = ! (eﬁn(uiﬁm _ e—ﬁmiﬁm)

[\)
=
.

_ (eﬁnueiﬁﬁnN _ e—ﬁnueiﬁ(—ﬁ)nN)

24/ —1
— 1 (eﬁnue—(iﬂN) B e—«/jlﬂuezl:nN)’
27/ —1
and thus
1
|sinn(u :I:x/—_lN)| = §|eﬁ’”‘e_(i”m —e‘ﬁ”“ei’”\q
> l|e—(inN) _ einN|
2
— l(enN _e—nN)’
2
we see that
1 [N+ sk
I, < — |6 £ vV—=1N)|du
732l 27 Js Ju+V/=IN||sinm(u £ =1N)|
1 N+% s“{(u)
<= du
2 % /u2 + NZ%(enN _e—nN)
¢(3)
< AN AN -0 asN — oc.
Therefore we have
s? 1 st
lim - z)dz = — lim - z)dz,
N—oo Qra/—1 CNZ_SIH]TZZ( ) N—oo DA/ —1 CN!3Z.SII'17TZ§( )
which, together with 2°, implies that
1 3+V/-1N Tse
logT'(s) = —ys —logs — lim {(z)dz.

N—oo 2/—1 J3-y=in Z sinmz

4° For R > 1, let Dy be a contour as in Figure 6.2. By the residue theorem,

1 st

1
- z7)dz = Res(m).
ST Do oz @45 = 2 Restm)

We divide D into four contours Dpg 1, D;ﬁ,z, D;,z, Dpg3:
e Dpg 1 is a segment from % —+v/—=1Rt0 % ++/—1R,

° Df’z is a segment from —% ++/—1R to % + \/—_IR,

e Dp 3 is asegment from —% —+/~1Rto —% ++/—1R.
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3
—3++/-1R 3
2 - 3+v—1R

[N
[N}

Noe

-2 |-10 1

—J/—=1R

|
Nl
|
D
]
[NY

Figure 6.2: Dg

Then

1 st

2na/—1 Jpg, 28In7Z
1

27‘[\/ D+ zsinmz
1

2/ Drs 2SinmZ
1

+
2w/ — DRZZSIHJTZ

LHS. =

{(2)dz

¢(z)dz

¢(2)dz

{(z)dz.

Since

1
2nv/—=1Jp§, 2 sinmz

¢(z)dz

gs¥EV-IR

- 27r«/—_1 /—g (u £ v/—1R)sinm(u ++v—1R)
[© change of variable: z = u + v/~ 1R]
<1/3 sl £ VZIR)|

T 2J3 lu+V—1R||sinn(u £+/~1R)|

C(u ++/—1R)du
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<1 P fuEVEIR)
) Ve R e —e®) !

! 5 41+1<5+R>+1<5+R) [OL 6.2]
_— | — — = cmma O.
R _o xR R\12 " 24\2 24

—0 as R — oo,

[cf. the estimate of |I§,E’2| in 3°]

IA

we see that

1 Z
Z Res(m) = hm ! i {(2)dz

R—00 2514/—1 Jpg, 2sinmz
) 1
im
R—00 2514/—1 Jpy, 2sinmz

which, together with 3°, implies that

m=—1

¢(2)dz,

1
log'(s) = —ys —logs — Z Res(m) — hm {(2)dz

R—00 2514/—1 Jpg 5 2sinmz
—§+Foo

m=—1

st

1
= —ys —logs — Z Res(m) — ¢(z)dz.

m=—1

2ny/—1 J-3-/Fieo ZSinTZ
5° (i) Res(—1) = —L1

12 s°
(i) Res(0) = —Elogs — ilog 2.
(iii) Res(1) = —ys + s(1 —logs).
() (i) Since, as z - —1,

Z Z

s
(z + I)ZSIHJTZE(Z) =m(z+ l)zsil’l(ﬂ(z +1) —JT)

a4 ) — ¢(z)

zsinm(z + 1)cosm
_ m(z+1) s
N smn(z +1) Zg( 2

- Tf(—l)

11 y
T 12s [© Lemma 6.3(ii)],

¢(z)

we have Res(—1) = —ﬁ%

(i1) By Lemma 6.3(iii) and (iv), the Taylor expansion of {(-) about z = 0 is

1
{(z) =—x— —(log 2m)z 4 byz? + b3z + -

s<
zsinmwz

Denoting the Laurent expansion of about z = 0 by

st a_o
: =—2+—+a0+a1z+azz + -
Zsinmzg Z Z
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we have

zsmrrzg( )= (Z diz )(Z:b/Z ) where bo = —%Jh = —%loan]

i=—2

= Z aiij

i>—2,
Jj=0
which gives that
1 1
Res(0) = a_xby +a—1bp = a—z(—i log 27‘[) +a_; (—5)
We finda_, and a_;:
Tz
a_, = lim s =1,
z—08inmZ
b 54 ’
= ()
sinz 2=0
. (TSINTZ —TZ-COSTZ T nz
:11m< — R s logs)
z—>0 sin“mz sinmwz
. sinw — wcosw
=T hm f + 10gs
w—0 sin” w
. w \2sinw — w cos w
= 11111( . ) +log s
w—0\sin w w?
= logs.

Thus Res(0) = —% log 2w — %log s.
(iii) By Lemma 6.3(i), the Laurent expansion of {(-) about z = 1 is

(@) = % fy b dic—1) +dya— 1)+

JTS

Denoting the Laurent expansion of - about z = 1 by

st

c_
" = ! +C0+01(Z—1)+C2(Z—1)2+"',
zsinmwzg z—1

we have

{(z )=(i ¢ z—l))(z d; (z—l)’) [whered_l = 1,d0=y]

i=—1 j=—1

= ) adiz—-1)"",

i,j==1

zsinmz

which gives that

Res(1) = c_1dy + cod—1 = c—1Y + co.
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We find c_; and cg:

st

c—1 = lim(z — 1)—
z—1 ZSInmzg
. onw(z=1) 52
= lim -
z—1 z s1n(n(z -1+ 71)
. onw(z=1) s%
= lim -
z—1 z sin(z —1)cos
w(z—1) s*

—(=D

~zolsinm(z —1) z

= <=1 ==,

co = ((z -1 i )

zsinmz

z=1

o mw(z—1) _i !
_zh—>ml(sin7r(z—l)( Z>)

. f(wsinm(z—1)—n(z—1Dcosm(z—1)- 7 5%
= hm( —3 -(——)
sin“m(z —1) z
w(z—1) s*(logs)z — s*
sinm(z—1) z? )
sinm(z—1)—nm(z—1)cosm(z —1)

z—1

= lim —
z—>1 sin“m(z — 1)

w(z—1)
z—~1sinm(z — 1)(—s)(logs -D

(=9)

=s(1 —logs).
Thus Res(1) = —sy + s(1 —log s).
6° By 4° and 5°,
logI'(s) = —ys —logs

11 1 1
_ (_EE — Elogs— 510g27t —yps +s(1 —]ogs))

1 —%-‘rﬁoo

st

- - z)dz
2nv/ =1 J-3-/=1o ZSlnnzC()

11 1 1
= —logs + s + Elogs + 510g271 + slogs —s
1 —%+x/—7100

st

- - z)dz
2nv/ =1 J-3-V/=1eo Zsmnzz()

= ( 1)1 t Liogan 4 L1
=(5—5)logs —s + Slog2m + -
1 —%+JTIOO

st

S - z)dz. ]
2nv/ =1 J-3-V/=1eo ZSmnzC()
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Claim 6.4 For —oo0 < 01 < 0, < 00, put

- 3 1
A(01,02) 1= ~2me " expy (|on] v |02|)(|01| Vv loa| + E) + —

12
) (v G+ G )
R — = v v
W 2) (127 242 24
< e—(n’—cot_l(m /\0))|U|dv$ (6.16)
7
B(o1,02) —|01|V|02|+ IR
41 145 15 —(r—co (@170)) ]
. I CO d ,
+/_oo(12+24(2+|v|>+24( +|v|)) ’

(6.17)

Cu(o1) 1= n!(l n 1 Lt 1)

I (nk o%iguv>)z(g+§(;+m)+§(§+|v|)3)

Xe—(n—corl(m/\O))h)\dv’ n=102.. . (6.18)

Define c; = c1x(01), 0 <k <[ < oo by

co0 = 1,

c10=0,c11 =1,

-1 !

Z (.)Cz—i(ffl)ci,o, k=0,
i—o \!

Clk1+Z()Cl l(al)clk’1<k<l

cl, k=1+1.

Cly1,k =

Then

1
ITO(0 £v/=10)| <Y crx(log + B(01.02))" A(o1. 02) > 2e7'E,
k=0
1=0,1,2,..., 010 <0 <0, t>1.

Proof. First, Theorem 6.2 gives that for s € C \ (—o00, 0],

I'(s) . +( )1 11 / 3ty loo oozl
=logs+(s—=)-—-1———= —
I'(s) g 2/)s 1252 27— 3-Tloo ZSINTZ

l(z)dz
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| 11 11 1 —3+V-loo oozl
=logs ——— — —— —
£ 2s 1252 2x—1 —3_ /oo zsinmz

{(z)dz. (6.19)

Since, forn € N,

it follows that

(5)" @ =~ () = Serm(D) = ey (D

1 “3HVTI® iz — 1)--'(Z—n)sz_"_1§( \d
2ny/—=1 J-3-y=io zsinmz Laz
L1y 1 I\n+l 41 1\n+2
= —(=1"n!l =(-= —(= hl
() 5 0T
LYl Sl L TS
2/ —1 J-3- /=10 zsinmz e )

In the following, fix —oo < 07 < 0, < co. We divide the proof into two steps:

1° Lets =0 /-1t (067 <0 <03,t > 1). Then
o
|s| =vao2+t2>t>1, args = :i:cot_l(?>.

Here cot™! is the inverse function of cot : (0, r) — (—o00, 00). Since <

>
— t
[@ When o, > 0, it is clear. When o7 <0, %t — 0y = (—01)(1 — % > 0] and cot™! is

decreasing, cot™! (%) < cot ' (01 A 0) < 7.

From 1° in the proof of Theorem 6.2(i), it is seen that for m € N U {0} and z =
=3 +V-1v(veR),

nz(z =1 (z— (m —1))s>™
zsinmz

1
I3+ (TIRSo (G + k)2 +v2)\2 /41 145 1 /5 3
can(f) (TG (0 ) )
=5 ( D )(12+242+|v|+242+|v|

o« e—(n—largsl)\vl

m—1(.3 2 2\ 2

(G +E)+v2)\2/41 1 /5 1,5 3
<o (TS0 (G 41 _(_ ) _(_
= 7T( S 42 ntalath)+y 2+|”|>

w—cot— ! (o1 /\O)) v
9

¢(z)

X e_(
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which implies that
1 “3HVTo 7 (g — 1) (z—(m—1))sz™
2nv/ =1 J-3—V=To zsinmz

00 m—1(.3 2 2\\ &
im0 (G+K?+ ) V2741 15 1 /5 3
5/_00( e 12+24( +|”|> 24(2+|”|>

n—corl(amo))\v\dv

{(z)dz

X e_(
< 00.

Theorem 6.2(ii) gives that

[(o ++/—1¢)

_ elogr(oiﬁt)
= exp{ (0 +/—1t — %) (log(a + x/—_lt) — log(:I:\/—_lt))
+ <G + /=1t — %) log(:I:\/—_lt)

1 1 1
—(c£v-— t)—i——loan—i—

120 + /=1t
1 —§+«/—oon(0:i:v— l‘)zé_( )d}
- — . 6(J)az
2nv =1 J-3—/=T0o zsinmwz

=exp{ (oj:«/—_lt—%)/o ou%\/—_ltdu
+ (0 :i:\/—_lt—l)(logt :i:\/—_lg)

1 1
— (0 £v— t)+—10g2n+

126 +v—11
1 “3HVIo (g 4 /Z11)E
pE Vet N ~snmz {(z)dz}
© By G.1),
log(o £+ ~/—11) — log(+v/—11) = fOirt dw
= fO Uu:l:«/jltd )

Also log(+v—1¢) = log(teiﬁ%) =logt +v—1%5

1 b4 1
= exp (o——)logt—t5—6+ 510g27r

+i\/_( (a—§)+tlogt—t)

V=1 I
+ (o ey "Ti— 1t / 7
( 2> 0 ou /-1t
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1 1
_.l_ S —
120 £ /-1t
1 EEAR AL R T VAR PoL
2nv/ =1 J-3—/Zleo zsinmz
=27e 0t 2713

:I:\/jl(%(c—%)-i-tlogt—t)

¢(2)dz

X e

1 1 o
X ex (aj:«/—lt——)/ ——du
p{ 2/ Jo ou++/—1t
1 1
T
12 4+ /—1¢
1 “3HVEIo0 (g b/ 11)E
2nv/ =1 J-3—/=To zsinmz

{(2)dzy .

By taking the absolute value,

IT(o £v—11)|
=27e 0t 213

1 ! o
exp (0:&«/—1[——)/ ———du
{ 27 Jo oud/—1t
1 1
+_—
120 £ /-1t
1 BEAR AR (A VA Pt
2n/—1 J-3 /Tl zsinmz
<V2me 112713

~ [ lo|
V-t —= / d
‘0 2) 0 |ou £+/—1t] !

X

§<z>dz.} ‘

X exp

1 1
EEC I
1[I (o £ /211
2m/—1 —3-/=loo zsinmz
[© Forw e C, [e¥| < e™]
<V2me 119220713

+

m)dz‘}

3
X exp{(|al| Vv |C72|)<|01| Voo + E) 4+ —

+/°° 1 541+1(5+||)+1(5+||)3
aa s s L,
o\ 3 +0v2) \12 2412 24\2
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« e—(n—cot_l(ol/\O))lvldv

_@ Since [ou +v—1t| = Vo?u? +t?2 >t > land |o| < |01|\/|02|,_
o =TTt = 21 [ o < (o] + 1] + Dlo] !
= lol((lo] + Dt +1)
< lo|(lo| + 3)
L E(|01|V|02|)(|01|V|02|+%) _

= A(0y,09)t2 7 2e71 3, 6.21)

By (6.19),

FF/(O' +/—11) = log(o + V—11) — log(i\/—_lt) + log(i\/—_lt)

1 1 1 1
20441t 12 (0 £/—11)2
1 —3+4/100 nz(o + ﬁt)z—l ()
2w/ —1 —%—«/—7100 zsinmz Lz
1 o T
= ———du+logt £v/—-1—
/0 ou £/ —1t & 2
1 1 1 1
20 £/—1t  12(0 £+/—11)2
27/ —1 ~3 ./ Too zsinmz w
and thus
1"/
—(o +v/—11)
1 1
|O'1|\/|O'2|+10g[+ + = +E
41 145 15 )~ (r—co 1 (@120)) o]
al i e CO d
+/_o<>(12+24( +|v|)+24(2+|v|) )e ’
=logt + B(01,07). (6.22)
By (6.20),
'\ m
‘(F) (0 £v/—11)
1 no1 1 ntl o+ 1 1 "+2)
D" n! + -————— +
i) ) )
Y B C et IRty ) [ G O
. - Z)az
2]_[\/__1 —%—«/—7100 zZsmrimz
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1 1 no1 1 ntl  p41 1 n+2
e T
n\|o ++/—1t| 2\|o ++/—11] 12 No + +/—11]

1 AL po(z — 1) (2 — ) (0 £ /= 11)F ]
+ . {(2)dz
2/ =1 J-3-V=Teo zsinmz
- '(1 n 1 n n+ 1)
n'\—+ =
- n 2 12

1
o[ (Ml G S 2 )')
oo 2+ 02 12 24\2 24\2
o« e—(n—corl(olAO))|u|dv

— Cy(oy). (6.23)

2° By (6.21), the assertion of the claim holds for / = 0. By (6.22) and (6.21), so does for
| = 1also. Let j > 1 and assume that the assertion holds for all / up to j. Then, noting
that

o= ) = (1) = (1) (7)o

k=0

= %p(j) n XJ: (i) (%)(k)r(jfk)’
k=1
we see that
TV (o £V/~11)]
%(o + /=10 (o £+/—11)

! J\/T/\® B
+I€Z=;<k) (F) (0 £V=1)TY (o £V/=11)

< ‘%(a :I:«/—_lt)“FU)(o +V=11)]

N ATENG! .
+Z(k)‘(F) (o:l:x/—lt)“F(f (o £/=11)|
k=1

J
< (logt + B(al,oz)) Z Cjk (logt + B(ol,az))kA(ol, 02)1"2_%{’%
k=0

+2 (i) Ce(01) Y ¢jki(logt + B(61.02)) A(o1. 03)1% 3o 13
k=1 i=0

Jj+1 k
= (Z cj’k_l(logl‘ + B(01702))

k=1
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j=1 /. i |
' kX—(:) (i) C-+lo) Z(:k’i (logt + B(o, 02))1)/4(01,02)#’2_53—12

i=0

j+1 X
= (Z cj,k_l(logt + 3(01,02))
k=1
j—=1 j—1

+ Z( <j>Cj_k(Ul)Ck,[>(10gl + B(m,(fz))i)A(ol,(rz)t"z_ie_’ér

0 k=i

(56

(C/z 1+ Z ( ) j—k(Ul)Ck,i)(Ing + 3(01,02))i
1

+¢j,;(logt + B(Gl,02))f+1)A(01,Gz)laz—ge—zg

I
~

J

) i~k (01)Ck 0

N

k

Il
=)

M\

_I_

J .
= (Cj+1,o + ch+1,i (logt + 3(01,02))1

i=1

Jj+1 o1 4z

+ ¢j41,j+1(log? + B(o1,02)) )A(ol,oz)t 2¢712
J+1

= ZCHU (logr + B(al,02))iA(01,02)t“2_%e_’%.
i=0

This tells us that the assertion is true for / = j + 1.
Therefore the assertion of the claim holds for Y/ > 0. [ |

Remark 6.2 Our method used in the proof of this claim seems to be a little simpler in
comparison with one stated in [26, Chapter 4], because ours is direct.

6.3 Carlson’s mean value theorem

For this mean value theorem, we begin with the following lemma:

Lemma 6.4 Forc > 0and x > 0,

ct++/—1oc0 c++/—1T

_x I'(s)x*ds := lim T'(s)x*ds
27T\/ / ) T—00 214/ — <)
Proof. Fix ¢ > 0 and x > 0. Put
h(v) :=e ¢ e, vek. (6.24)

Note that /'(v) = h(v)(e™® —c¢), [g |h@)|dv = [ h(v)dv = T(c), [ IN(v)|dv =

JZ e *x¢x — ¢|ldx < 2¢T(c) < oo and lim h(v) = 0. Fort € R, we have an
0 v—>=to0
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identity
o0
I'(c ++—11) = / e Myt gy
0 -
= / e e etV gy [@ change of variable: v = —log u]
—o0

- / e V1 () dv. (6.25)

Letx =e (y € R)and T > 0. Then

c++/—1T
I'(s)x*ds
27— [ )
c+fT
F(s)esyds

271\/

= " P(e 4 VSTne Ty gy
2av—1 J-1 ( )
[@ change of variable: s = ¢ + v/ —1t]

1 T oo
= — ecyeﬁtydt/ eV (v)dy
-T

2w —c0
<y 00 T
=— | h(dv / eVl gy
27 —00 =T
<y T
= — h(v)dv2/ cost(y —v)dt
21 ~oo
cy T
_ ¢ i )—sm W=9,,
T J- v
[When y—v= O we understand that w T]
cy T
_ h(w + ) sin wdw [@ change of variable: w = v — y]
T —oo
e —cosTw)
= h(w + y)gd
T Jooo Tw
ey cos Tw cosTw
=—{[h(w—|—y)— / h(w—l—y)—dw
b4 Tw

o T
+ / h(w + y)ﬂdw% [© integration by parts]
ey o

Ry —cosTw o« r 1 —cosr
= 7{—/_wh(w~|—y)wa+/_ h<7+y>r—2dr}

o0
[@ change of variable: r = Tw].

We let T — oo. Since |h'(w + y)%l < |W(w + y)|, ffzo [ (w + y)|dw < oo,
lim A'(w + y)% =0, sup\h(% + y)| = suph(v) < oo, f_ozo lf%’dr = 7 and
T—o0 reR veR
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Tlim h(z + y) = h(y), it follows from Lebesgue’s convergence theorem that
—00
*° 1 —cosTw
li n ——dw =0,
) B
*® r 1 —cosr ®© 1—cosr
li h(— )— =h ———dr = .
Am | M7 ty)—02 dr (y)/_oo - dr = mh(y)
Thus we have
c+/—1T e _
lim r Sds = — -gh(y) = Ve ¢ e = e~ |
Jim 27“/_ (s)x*ds - wh(y) =e“e e e
Corollary 6.1 Lets € C, ¢ > Res and x > 0.
(1) ForT > 0,
c++/—1T (es)
F(z —s)x" & dz‘
27[«/

1
< —((2((: —Res) + | Ims|)F(c —Res) + e R (e — Res)c_RCSJT)x_(C_R”).
big

c++/—1T ( ,
(i) lim I'z—8s)x"%dz =e™™.
T—o0 2m/ @=9)

Proof. Fixs € C,c > Resand x > 0.
(i) First

c+/—1T
F(z —5)x" @9z

271\/_

= I‘c—i—v Tu — s)x—CHV=1u=9/"T gy
2w/ —1 ( )

[@ change of variable: z = ¢ + v—lu]

T
2L F(c —Res ++v—1(u —Im s))x_(C—Res+Jj1(u—Ims))du
b4
1 T Ims
== [(c —Res + «/—_lv)x_(c_R“Jrﬁv)dv
2m —T—Ims

[@ change of variable: v = u — Im s]

x—(c—Res) T—Ims
= —/ I'(c —Res +x/—1v)x_ﬁ”dv.

2w —T—Ims

For simplicity, let h(w) = e~ e~ RO (3 € R) and x = e (y € R). The identity

above is

c+/—1T
F(z —5)x" @9z

27r\/_
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e(ches)y T—Ims foe)
= —/ eﬁyvdv/ e“ﬁl“wh(w)dw [cf. (6.25)]

2 —T—Ims
(c—Res)y poo T—Ims
e
= —/ h(w)dw/ eV=IvO-w) gy,
2w —00 —T—Ims

(c—Res)y oo T
— e—/ h(w)dw(/ eVTvO—w) gy,
2r —00 =T

—T—Ims
_ / N TVG-w) gy
=T

T
_ / eﬁv(y—w)dv)
T—Ims

(c—Res)y o) T
_ e—(/ h(w)dw/ eV=1Ivo—w) gy,
- -T

2 00
o) —T—Ims
- / h(w)dw / eV O—w) gy

0o -T

(o) T
- / h(w)dw / eﬁv(y—"”dv)
—00 T—Ims

(c—Res)y [eS) 1— T

2w 00 Tw
*® r 1 —cosr
+ 2/_0011(? + y)r—zdr
oo —T—Ims
- / h(w)dw / eV O—w) gy
—00 -T
o) T
- / h(w)dw / eﬁ”(y“’)dv). (6.26)
—00 T—Ims
Taking the absolute value yields that
c+FT (o)
—s)x ¥ ¥dz
2nA/—

(c Res)y 00 T
< e—(zf ' (w + y)l‘ﬂ‘dw

2
NG +y>_1 oot

/ h(w)dw)/_T o
+/_ooh(w)dw)/T_Imsdv)

e(c—Res)y
(2 :2(c —Res)I'(c —Res) +2e R (¢ —Res) Res

2

A

+ 2| Ims|T(c —Res))
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[© maxyer h(w) = max;eo,00p e 1677 = R (¢ — Res)*Re]
1
= —((2(6 —Res) + |Ims|)T(c —Res) + e R (e — ReS)C—Resn)x_(c_Res)'
T

(i) From the proof of Lemma 6.4,

o 1 —cosTw
lim W (w+ y)————dw =0,
T—o00 —00 Tw

o 1 —cos
lim h(i + y)_rdr =h(y)r =e"¢ Y p—(c—Res)y
T—oo J o T

— e—xe—(c—Res)yn.
Also, since

o) +T—Ims
/ h(w)dw / eV O—w) gy

e~V -1ms)(y—w) _ | VEIET) (—w)
h(w) e dw
V=1(y —w)
f(lms)u —1
I T il JVC TP
/_Oo (0 + ) ATy

00 eF(Ims)u _ V=1(Ims)u _ 1
/ |h(u+y) ~iw ‘du—/ h(u+y)‘ﬁ du

< |Ims|/ hu + y)du

= |Ims|I'(c —Res) < oo,

it follows from Riemann-Lebesgue’s theorem that

0o +T—Ims
hm h(w)dw/ VIO W gy = ¢

T—oo J_ o +T

We let T — oo in (6.26). By these convergences, we have

c+v/—1IT (r—s) e(c—Res)y ( )
[(z—s)x % dzg = ——2e e (RS 7
T—>oo 27— ( ) 2w
=e . [ |
o0
Theorem 6.3 (Carlson’s mean value theorem) Let ) 7% be a Dirichlet series absolutely
n=1

convergenton {s € C;Res > 1}. Suppose it is analytically continuable to a meromorphic
Sfunction f(-) on {s € C;Res > a} (where —oco < a < 1), f(-) is holomorphic except
s = 1 which is a removable singularity or a pole of f(-), and f(s) = 0((| Ims| + 2)C)
except some neighborhood of s = 1 where C is a positive constant. If

T
/ |f(oz +v—1t)|2dt =0(T) asT — oo,
-T
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the following holds:

o 2
. a
(i) Fora <o < oo, E M
n20
n=1

(ii) Foroa < Yo, < Yo, < 00,

sup
01=<0=02

1 T o 2
?/ ‘f(o—F\/—lt)’Zdt—Z'aZl‘—)O as T — oo.
2 n=1 n

Proof. Fixa <01 <0y <oo.Letc > (1—01)VO,A>(0,—a)v2and0 < < 1.
We divide the proof into seven steps:

1° Fors =0 ++/—1t (01 <0 < 05,1 > 1),

c++/—100 a ( 8)"
4 _ n_—mn
) fls +2)87%dz = Z e,

n=1

2/ —1A /
() First, for T > 0,

1 c+v/—1T z

_ (=) f(s+2)5%dz

e ey T4
c+FT

z o~ dn
=i L TG X

o0 c++/—1T
an 1 / Z _
— 1n° 2m/—1A Je—y=iT l)
[@ Re(s+z2)=0+4+c>014+c>01+1—0 :1]
a, 1 fHV-1T
oy Jeymir
[© change of variable: w = %]

C(w)(n8) **dw

By Corollary 6.1(ii),

1 §HV-1% N
lim I'(w)@é)"“dw
fm o | T

1 Y-k
= lim
T—oo 2ma/—1 Je—y—a T

— o md*

T(w)((n$)*) " dw

neN.

On the other hand, by Corollary 6.1(i),
1 SHV-1T

2ny/—1 Je—y=iz

<2 (25r(5) + () n)unre 10

r(w)(ns)-kwczw‘
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Also

Z

Hence it follows from Lebesgue’s convergence theorem that
ct+a/— T

n0+0

o0
:S_CZ ] < 00 [@o+czol+c>1].
n=1

) f(s +2)87%dz

§HV/-1T
L' (w)(n8)dw

T—>00 2/ —1A /
x
a, .. 1

‘1S T—o0 2/~ 1

= Za" oo
2°  sup

T o0
1/ e "
2° — — e
oi<o<ar| T Jo 1o potv-1t

) Leto; <o <o,and T > 2. First
o0
)Z A e~ )’ ’
n0+«/jlt
n=1

oo o0 —_—
= no+v/—1t — mo—~v—1t
oo R
-y Andm o~ () p—(m8)*
nU+lezmo—let

— 0 as T — oo.

o 2
_ Z |an| o 2(n8)*
n2(r
n=1

n,m=1

Z | —2(n8))‘
- n20

n=1
—(n8)* ,—(més)*
n Z anme "0 e erlz(logm—logn)

nome

00 2
_ Z |an] e_z(n,s)/\
- n2o

—(n)* p—(mé)*

n°me°
+ Z nti
m>n>1
00 2
_Z|“n| —2(nb)*
= e
n20
n=1
e~ 8 —(m&)*

+ Z —(a,,a eVTItlos it 4 gy e_ﬁ”‘)g*)

nome

—n&)* ,—(ms)*
(n)e (md) letlog%

O'mO'

m>n>1
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Integrationin ¢ € [2, T] is

T o0
X e
2 f notv-—1t
n=

o |an|? A
n _
=(T-2)) —-e?0®
n20
n=1
e—(nS)’le—(mS)A _ev—lTlog% _ e«/—lZlog%
— | 4nlm

v/ —1log ™
e—leTlog% _ e—ﬁ2log’,’f)

—/—1log™

+

n°me°
m>n>1

+ a,an,

— nl_—2(né)*
= (T -2) E 20 e
n=1

o~ (8)* g=(m8)*

+ Z WQ Re (anm

e\/—lTlog% _ e«/—lZ]ogZ’)
m

mone1 V=1 logz

Hence

Z | —2(n8))‘
n2cr

n=1

T 00
R ST
T 5 notv-1t
n=1
1

o |an]?
. nl —2mné)*
T 22 n20 ¢

n=1

—(n8)* ,—(mé)*
e e
+ E —2Re(anam

n°me°

eV—1Tlog2 _ e«/—1210g’;')'
/ m
m>n>1 -1 10g7

— A A
- Z |an| —2(n8)’\ 14 Z |an||am|e (18" g=(md) 1
- nomoe log %

m>n>1
1 |an| —2(n5))”
- ;(zz ke

n=1

-m&*

4 S lanle=D" |ay,le
P P i
n

n=1n<m<2n

e i A
ey o el el )
n

n=1m>2n

( Z | —2(n8)’\
n2cr

n=1
anfe " 5
+ 4 sup(lan,le (mS)
m>€(| | ; XZ: log(l + k)
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|an |e @5 |4, |e_(m‘”A
logZZ Z

n=1m>2n
@Letl = |—O'2_—Ol—| e N.

. 1
Since e* > 77 (x > 0), and thus e

02—

—x 1!
< v

SUP;,>1 (lam |e_(m8)A) = SUD,>q (lam | W)

1! m
= 327 SUPpm>1 I,ZMI
<0

| —2(n8)”\
< —( >l
—(n8)*
(mS)A. |a e
+85up(|am|e Z 20—1 Zk
m>1 n

n=1

(X ) )

[© log(l +5 >k k=1.....n) [cf. 62)]]

( Z |a,,| —2(m$)A
n20

—(né)*

+ 8 sup(|amle” ('”‘g) Z M(l + logn)

m>1 n=1
|a |e—(n8)
logz(z ) )
( Z |an|? 28
n20’1

e~

+ 8 sup(|amle” (’”‘s) Z M'ET(] + logn)

m>1 n=1

s (),

Letting T — o0, we have the assertion of 2°.

3° (i) Foroy <0 =03,

a—0++/—100 z
/ F(—)f(a + V=1t 4 2)87%dz
a—0—+/—100 A

is convergent for each ¢ € R, and is continuous as a function of 7.

(i) For T > 2,

sup
01=<0=02

1 a—0++/—1o0
ZJT*\/ —1A a—0—+/—100

r

r(%) flo +~=1t +2)§7%dz

> > 1.

2
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< T((gm—a)zzA(C(afz a— 01)+ A(a 02 alol)>

X (A(“—fz,“‘fl)Cf/_ eI (2 4 [u))*€

+(C(e52.252) + A("‘ 7, 9591)) 24 (2 + ;))

Here C; and C, are constants defined by (6.30) and (6.31), respectively; C (“ 72 & f‘)

is a constant in (6.27) with a = =22, b = %571, A(“ =2, % fl) is a constant in (6.16)
where o, and o, are replaced by "2 and S ‘7 respectively.

) () I'(-) is holomorphic on {z eC;—-1< Rez < 0}. For —1 <a < b < 0, put
C(a,b) := _max |F(u +vV—1v)]| < oo. (6.27)

|v|<1

Since —1 < ¢

02,V € R,
(S V)| 2 52 252

F 1y A(852, 859 o 7 2 VE
< 11 C (572, 557)

11452, 52 PE [ 52 -1 <0]. (6.28)

IA

=0y - a=0
A

=5~ }‘” < 0 (01 <0 < 03), Claim 6.4 gives that foro; <o <

By assumption,

R > v+ f(e++—1v) e C is continuous (in fact, it is (6.29)
expanded in a power series about each point of R), ’
|/ ()] -«
C, = ——————Rez > =1 > , 6.30
1 SuP{(2+|Im )< ez>a, lz—1> > < 00 (6.30)
Cy = sup— |f(oc+v v)| dv < oo. (6.31)

T>0

Thus, forz =a —0 ++v—1v(0; <0 <0,,v € R)and ¢ € R, we have the following
estimate:

— o+ /1
‘F(—a U—; v)f(0+x/—_ll+a—0+x/—_lv)5_(°‘_"+ﬁ”)

0+\/_v)

=(r( | fl@+~=1( +v))[57

< 877 (Nuj=a€ (452, 557) + Lupa A(452, 552)e M) o2 4 1t] + o)

from which, the assertion (i) follows at once.
(i1) Letoy <o <o,and T > 1. First,for1 <t <T,
1 /«a—a+\/jloo

2
Z
e I'(= U+V—1[+28_zdz
27T\/—IA a—0—+/—100 (A'>f( )
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! /F(M)f( + V=1t +a—0++—1v)

Zn\/_)t A
et N= i i
/ r( )(a+\/_(v+z))afdv2
= (53 )2/ Vo1 t)f(ot—l—x/_v)(? Vol ’)dv
< (5 )2( (% “+J_ >‘|f(oz+«/_v)|a’v)
< 82 )2/ (x 0—|—«/_ )‘dv

A

/ (%

Schwarz mequahty]

w)Z/\/ ‘ *—9 —i—\/_v)’dv

[ r(“ka +J—_1”)L t) | f (e +v=1v)*dv
2

(et s )

)‘|f(oz+x/—v)| dv

8

l\)
S Q
S @

VA

A
x/_w r(“k°+J—_1”kt) o+ V—To)dv [cf. (6.28)]

< (52"1/\“) u( (22 o) 4 A(a o afl))
/| (% “+J_ )(|f(a+d_v)| dv
[@5"“<5”‘_“by0<8<101 a<o-—al

Integration in ¢ € [2, T] yields that
1 a—o++/—1o0

T
/2 277 =1A Ja—o—v=ico
< (o) 22(C (5 5 + ZA(“% =)
fdff r(“2 + VT @+ V=To)Paw
= (G ) Ml ) + 2a( ‘T‘“))

X /szt/||>A+2T i 0 >)|f(oz+x/_v)| dv

2
r(i) f(o +~—1t +2)67%dz| dt
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L5 )
)

ZA(C(aAaz’alol) + 2A(a/102’akal))

5 (50' ;

T
/ dt A(522, 2 e M CR2 + Ju])*Cdv
lv|=A+2T

N T
/ }f((x+v—1v)|2dv/
lv|<A42T 2

For2 <t < T and |v| > A + 2T,
§> ‘U‘_T >/1+T >1

2 +«/—_IUT_Z)|dt)

O +

|v|+|v| —2t > \v\+|v| —2T > Ivgll-)k

vl
21

>

SUl_a 2 oa—a: a—a a—a oa—o
= (To) (e (552 55m) + 2a(252. 252 )
x (A(“;@,“—;I)CE(T—z)/ e MEQ + ) dv
R A+2T >
+A/ )‘dt/ | f(a +~/=Tv)| a’v)
2T
801 - o—0: oa—0 oa—0: a—0o
s(m)zx(a 22, 050) 4 24(52, 5

o0
X(A(%,—“;")CfT / e @ + o)) > dv

—0o0

+22(C (552, 550) + 24(252

et ))cz(x + 2T))

< T(Zn/\ )22/\( (a o> akal) 2A(a oz’a—;l)>

o0
) (A(—“‘fz, 55 CE /_ e (2 + o)) *C dv

+(C(e52,25m) + 2a(52, 52 ) G2A (2 + ;))

4° Fixo, <0 <opandf > 2, andlets = o ++/—11. I‘( )f (s +2)8~% is meromorphic
on {z € C;Rez > « —o} and is holomorphic except z = 0, 1 —s (# 0). z = 0isa
simple pole and z = 1 — is a removable singularity or a pole of this function. For R > ¢,
we consider a contour Eg as in Figure 6.3. By the residue theorem,

271«/_)L En ( )f(S+Z)5 dz = %Res(0)+ ! Res(1 —s).

We divide L.H.S. into four terms:

1 c++/—1R z
LHS. = ——— (=) f(s +2)8%dz
27/—1A [—«ﬁ— (A)f( )

1 c++/—1R z
I —— I = s+ 2z S_ZdZ,
2/ —1A /oc—a-i—«/—lR ()t>f( )



6.3 Carlson’s mean value theorem 183

1 a—o++/—1R z
- (=) f(s+2)7%dz
Zﬂv—ll a—o—+/—1R </\)f( )
1 c—+/—1R

Z
o T(2) f(s + 2)67%dz.
27'[\/—lk a—o—+/—1R (k)f(s Z) ¢

a—o+«/—1R+7 c+V=TR
a—o\ /c
0
.//1—S=1—U—«/jlt
J Er
g c—+/—1R
a—0—+/—1R

Figure 6.3: Eg

ForR>/\\/(t+1%"‘),

1 /ciﬁR F(Z)f(S+Z)5_de

27‘[\/—1)& a—o++/—1R X
1 ¢ u+t+—1R —
= |— 'f—— 0+~ =1t +u +/—1R)§-#EVIR gy
2/—1A /a_a ( A )f( )

[ change of variable: z = u = v/ —1R)]

1 [ u R 3
fm/a_g F(Xiv_lx)‘|f(0+u+«/—_l(t:tR))|8 du
1 c v—or R c_1 Rk co
Sm/a_cz‘l( )‘2’1) x)a %, 12C1(2+|I:I:R|) S "du

[cf. (6.21) and (6.30)]
1 a—o0s ¢ R ﬁ7% _Rxm c c Y
A N(G) et ae =R [ 5a

—0 as R — oo.
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This, together with 1° and 3°, implies that

oo

1 1 n
1 Res(0) + 1 Res(l —s) = Z ;Z—Séf("‘g)A

n=1

1 a76+«/jloo

B 27T\/—lk a—0—+/—100
We find Res(0) and Res(1 — s). From

r(%) f(s +2)87%dz.

: Z -z _ 1 Z -z _
zh_r)I})zF</\)f(s +2)87% = zh_%M‘(A + 1)f(s +2)67F = Af(s),
it is clear that Res(0) = A f(s). Let the Laurent expansion of f(-) about z = 1 be
f@ =Y biz-1,
=k

where k is a nonnegative integer, and b_; # 0 if k > 0. Then the Laurent expansion of
f(s+-)aboutz =1—sis

fe+ =Y biz—1-5)

j=—k

Since the Taylor expansion of I'(£)§% about z = 1 — s is

N\ . o 1 di ZN o i
o) = s ()| ema-o,
it is seen that
1d 2\ o
ReS(l _S) - z>02'>:—k l_'d_zl(r(z)g Z) z—l—sbj
z+,j]=_—1
My a Z\ oo
- l=ol_'d_Zl(F(z>5 Z) z=1—sb_i_1
k—1 1 i A\ 1 1—g o 1\i-!
S (e () e
= =0
__ss—lk_ll' Nopo(l=s S log 1) 6.32
= IZOE<I) ( p );U—Z)!(Ogg) ’ (32
Therefore
f(o -I-«/—_lt)

na+J?1t

n=1
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1 a—0++/—1oo
20V Jamo—y=ins
_ go—1+vTr g %(%)’“Fm(l 0= ) Z (b—_’ 11)'< _)’_l. (6.33)

5° Let Res(1 — s) be as in (6.32). Then

sup / |Res(1—0—\/—_lt)|2dt

01=<0=<02J2

2(01—1 - 1 1\! 1)
< 8% >{(Z 7 (5) max{IrO +v= T
=0
|b_i—1] i—l
X;(z—ll)'( 1) )

F(%)f(a +/=1t +z)87%dz

—

| IA
>

>N

’}

I/\:

k—1

* 1,1 j

[T (276) (zc,, (i + 50 52) )
1=0

XA(I 0'2 1— 0’1 7_7 _tE |b—l 1|( l)i—[ Zdt
2 ( Y )
Res(1 —s) = 0 when k = 0, and so we suppose k > 1.Let61 <o <o0yandt > 2.
pp
Since 1*)»02 < I_TG < 1701 Clalm 6.4 giVGS that for | = 0’1 ’’’’’ b — 1,

)

1-0p -, ~ 1=0)
<1,<; max{|F(’)(u +V =), &= U< }
/ 1=y

1 <v < -7
J t -3 Fid
+1t>AZC11 (logA+B(1 o2 1/101)> A(l_)tcz’l_)fl)(z) X 28_%7.
Using this estimate in (6.32), we have

/W‘Res(l -0 —\/—_1t)|2dt

2 "1+Ft o Ly S i1
- [ ) (5 ) T )
o [E R >1'§1le3'. i) )

1—0
<
<= }

2
A

dt

u
=

582(011){@—2)( ( ) max{ T (u +x/_v)} —_"250

Sl )




186 Chapter 6 Some facts from analytic number theory
J
(logA + B(:52 1/{")) )

[T(ZHG) (ot

x A(I;"Z, 1‘;")(%) T

>~

which shows the assertion of 5°.

6° From Minkowski’s inequality, (6.33), 3°(ii) and 5°, it is seen that for 07 < 0 < 03,
T >2,

([ 1o vmiopar) = (5 [ oo ar)

1 (T o0 a, (ns)* |2 3
S(?/Z )f(O"l'V—]l‘)—nX:;me ‘dt)

a—o++/—1o0

B (7/2 ‘_ZJT\/—l)L a—o—«/joo

r(%) f(o +~—1t +2)67%dz
1! Res(l -0 — «/—_lt)‘zdt)
/ o (5) flo+v=1t + Z)S‘Zdz‘zdt)é

1/:’271\/_/\

(? a—0— FOO
+%( /|Res(1—0—«/_t)| dt
( 5

a 02 o— 01)_|_ 2A(a a2 otkm))

x (A(“‘f% o)t [ e @+ )
+ (C((xlﬁz a— al) n A(a 0 o 0'))C22){<2+ ,\>))2
+)L( §2r= D{(S %(X) max{ F(l)(u +\/_v)| ? fvui
X))
o k1 ;
+/1 (Z ( ) (Za; (logt—er(1 92 ‘fl)) )

=0

1—0
< A‘,}

NI
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1

cat e Bl o )

(6.34)
Since, from the proof of 2°,
[
sup sup — - t < 00,
ng 0150202 n""“/it
this, together with (6.34), implies that
1 T
sup  sup —/ | f(o +~/—1t)2dt < cc. (6.35)
T220150502T 2
By (6.34) again,
1
,(n(g))» 2 2
[ ‘anft dt)
1 1
<sup sup (—/ |f(c7+\/—ll)|2dt)2
T>201<0=<02 T 2
8017“ a— 02 o— 01 2 a— 02 a—oq
(5 (e s s 2 )
X (A((X(Tz afo'l)cz /oo e_|v|ﬁ(2 + |v|)2C
20 A 1
—0o0
2 A 2
+ (C(O{):Tz a— 01)_|_ A(a 02 a— Ul)>C22/\(2+ 2)))
LA g20-1) ! IRCIOEa 52 sus
til7 loﬂ()ma"{ (V=T F 50

|b_; i
z,_;)'.( D7)
(logt+B(1 o 1101))1')
a8 Bl )

(6.36)

Letting 7 — oo, we have by 2° that

Z |an|? o 2(d* 3
n20

n=1
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< sup sup (%/TU(U +\/—_1t)|2dt)%

T>201<0=<02 2

§o17%\ 2 o - )
' <( 3) M) + 2 )
(o)
% (A(a_li%)cff e“”‘ﬁ(2+|v|)2c

o0

+(C(e52,252) + A(“ 7, 9451)) 24 (2 + ;)))2

Since ;1{An 8917% = 0 by 07 — o > 0, it follows from the monotone convergence theorem
0
that

2 S 2
Z a a
|nZ(|)' (/) | n| 672(”8)A

— 5\.0 n2e

— lim Z lan|? —z(ns)A

BN0 4 n2c
T
<sup sup —/ | f(o +~/—11)2dt
T>201<0<0> | J2
< 00,
which is the assertion (i) of the theorem.

7° First, by (6.34), (6.35) and (6.36),

1 [/ 2 E —(ng))\ 2
0123202 T/; 7o+ tfar / ‘ n‘““ﬁ’ ) a
= 1 / 2 % z : _(mg)/\ 2 %
- g 21;202 (T]; /(@ V=1l dl - / ‘ n‘T+F’ dt)

(G [ 1o evmTopar) « (G [ e )’

(G [ 1 e vmora)' = (7 [ e )

X (sup sup (l /T | f(o 4—«/—_1t)|2a’t>2

T>201<0=<02 2
00
1 T
+ sup | =
01=0=02 T 2 =

1
an —(HS)A‘Z )f
X;—no+ﬁte dt — 0.

first T —00

second § \(O

< sup

01=0=02

Next, by 2° and the assertion (i),

P e T

sup
01002

o0
_y
n20

n=1
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/ e gy i lanl® 2y
= su _ =2l ,
0150202 n‘“ﬁﬁf — nZo
z' o)
n20’
= / ‘Z o9y i @ 25y
su _ ozl
_g1<ogcrz ng+Fz ot n2o
N I )
201 first T —>00
second § \(O
Therefore
1 (T a
sup —/ |f(o +~/—1t)dt — Zlnl -0 asT — oo. ]
01002 T 2

n=1

6.4 Proof of Claim 5.5

For N € N, put

In(s) = i(s) —1, Res>0.
{N

fn is meromorphic on {s € C;Res > 0} and is holomorphic except s = 1 which is a
simple pole of fy. By 1° in the proof of Claim 4.3,

1
In(s) = Z e Res > 1.
pitn,pntn

This tells us that fx(-) is expanded in a Dirichlet series on {s € C;Res > 1} and its
convergence is absolute.
Clearly, for Res > l ,8 # 1,

[fw ()] = \Z(s)l‘[(l ~ )= |c(s>|ﬁ(1 o) +1
i=1 pi i=1 Di

N
= le@ITT(1+ —) +1. (6.37)
i=1 Pi

Lemma 6.2, together with this, gives that for Res > 1, [s — 1| > %,

N
|fN(s)|§(% 214( + |Im |)+i(§+|lms|)3)i]:[l(l+il)+l,

2

Di
from which, it is easily seen that

1 1
sup M;Res > |ls—1>=¢ <oo.
(24 |Ims|)3 2 3
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For % < o < 1, Claim 6.3 gives that

/ 2@+ V=T0)Pdi
l§|t|§T B

- [ 1t +VI)Pdr + / 2@+ V=10)Pdi
1 -T
T

= / (|§(a +/=1)* + L (« —\/—lt)lz)dt
1
T -

_ [ (16 +V=TOP + |t + v=10)P)ds
1

T
— 2/ (e +~/—11)[?dt  [cf. Remark 4.1]
1

~2TtQ2a) asT — oo.
By (6.37), this implies that

T
/ | v (o +v/—11)|?dt

< [ (1 e (5 ) +1) a

2

i=1 pl

52/ |§(a+«/_t)|2dtll_!<l+;) +4T

=z(/ |§(a+\/—_1t)|2dt+/ |g°(oz+~/—_1t)|2dt)
1<|t|<T lt|<1

xﬁ(l +LL>2+4T

2

i=1 Pi
N
=227 () + o) [T (1+ —) 4T
i=1 P/
=0(T) asT — oo.
By putting all together, it turns out that fy () satisfies the assumptions in Theorem 6.3.

We thus apply this theorem to have that for < Yo < 1, YN € Nand o < Vo1 < Yo, <
o0,

sup
01=0=02

1 [T 5 1
?/ | fv(o +~—=1¢t)|7dt — Z n?‘—>0 as T — oo.

2 n>2;

piin,..pyin

Now, ﬁx% < Ya < land Yy > 0. Since n > py provided n > 2 and p; ¢}

n,...,pnN tn,
1 1
) P > e

n>2; n>pn
pitn,....,pNin
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191
Take Ny (o, n) € N so that

1
Z E<Q

. 6.38
A ( )
n>PNy(a.n)

From what we saw above, it follows that for YN > Ny(a, ), @ < Yo, < Yo, < 00,

TN, a,01,02,1) =2

S.t. sup
01<0=02

n

1 (7 1
7/2 | [ (o +/=11)dt — Z <

n20

n>2;
pitn,...pntn

YT > Ty(N,a, 01,02, 7).
In conjunction with (6.38), we see that for YT > Ty(N,«a, 01,0, n)

1 (7
sup 7/2 | fv (o +~—11)*dt

01<0=<02

1/ (7 ) 1 1
_mi‘ilioﬁ(/z | fv (o +~/—10)2dr — Z + > )

1 (7 1 1
< — —11)|?dt — — —
S o RS T ISR DR ED D>

1=9=02 n=2; n=2;

piin,...pntn pitn,...pnin

n.n n
<-4 -=-.

4+4 2

On the other hand, since

0150502

1 2
sup —/ vt +VTI0Pdr = = [ max [futo +vTnPd
2

—0 asT — oo,
T, (N,01,02,1) > 2s.t.

01<0=02

1 2
sup 7[ | fn (o —|—«/—1t)|2dt <g T > T,(N,01,02,1).
2

Combining these, we have that for YT > Ty(N,a,01,05,1) V To(N, 01,02, 1)

1 T
sup 7[ | fv (0 +~/—11)|dt
2

01=0=02

1 2 1 T
= sup (7[ |fN(a+«/—1t)|2dz+7/ |fN(a+\/—1t)|2dz)
01<0<0> 7 2
1 [? )
< sup 7|, | fv(o +~—18)|7dt +
2

1 (7
sup —/ | fv (o +~—1t)2dt
01<0=03 T ),

01=0=02
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no.n
< — —_ =
g =
1
Let%<00§1<01and0<8<00—%.Intheargumentabove,letoz=2++°8,
01 = 09 — 8 and 0, = 071 + 8, and put
1
>+00—96
No(09,68,1) = Nl(%ﬂ”) for n >0,
l-|-O'()—8

To(N,0g.01,8,n) =Ty (N, 2 ,00— 6,01 + 0, n)
\% TZ(N, 00— 96,01 + 6, 77) for N > Ny(09,6,n).
Then we obtain
T é— 2 T
/ ‘é—(o +/=1t) — 1‘ dt =/ | fv (0 +~/—11)|2dt < nT,
i s
VT Z TO(Nvao’Gl’S’n)’ 00_8 S VU S 01 +81

which is the assertion of the claim.



