Chapter 5

Bohr-Jessen limit theorem

5.1 Log zeta function

To state the limit theorem, we begin with the definition of the log zeta function. We intend
to make its definition given by Matsumoto [cf. [26, Chapter 6]] clear.

Claim 5.1 PurTT' := {t € R\ {0};30 € (0, 1) s.t. {(0 ++/=1t) = 0}. Then
VteR, >0 st #(Usr)NT) <1,
where Us(t) = (t — 8,1 + §).
Proof. We prove it by a reduction to absurdity. Assume that
teR st #H(Us)NT) =2 (V6> 0).

Then, for Yn e N,3, e T st. 0 < |t, — 1| < % By the definition of T, 0,, € (0, 1) s.t.
¢(on + ~/—1t,) = 0. Since {0,122, is bounded, #{n’}: a subsequence, 30 € [0,1] s.t.
Oy — 0.

Incasedg # 1 or 0 = 1landt # 0,

o +v—1ty = 0 ++/—1t € C\ {1},

Ow +V =1ty # o +v=1t ("'n') [O© tw #1],
{ow + =1t} CC\ {1} [© ow € (0,1)],
Low +~—1tw) =0 ().

By the uniqueness theorem, this implies that {(-) = 0 on C \ {1}.
Incaseoc = 1andt = 0,

ow + N1ty # 1. ('n) [© ow € (0, D],
¢(ow +v—1t) =0 (Y0,
oy + \/—_lln/ — 1.

T1Here T is a subset of R. It is entirely a different thing from the gamma function.

97



98 Chapter 5 Bohr-Jessen limit theorem

By Theorem 4.2, it is seen that
0= (O’n/ + =1ty — l)i(anf + A/ =1t,) —> 1.
Since a contradiction occurs in either case, the assertion of the claim must hold. H

Remark 5.1 For —oo < ¥S < YT < oo, [S, T] N T is a finite set, and thus I is at most
countable. In fact, for V¢ € [S, T], 38; > 0 s.t. #(U,gt ®nN F) < 1. Since {Us, (t)}1¢[s,1]
is an open covering of [S, T], the compactness of [S, T'] yields that

oot € [S.T) st [S.T) | Us, ().
i=1

Then

m m
#((S. 71N T) < #( J(Us, () NT) <D #(Us, (1) NT) <m,
i=1 i=1
which is just the first assertion. From an identity
Fr=rNR=CN> (n+1]=Y I'Nnn+1],
nezZ nez
the second assertion is obvious.

Remark 5.2 —TI" =T'. For, by Remark 4.1,
te-I'es —tel’

&35 e(0,1) st L(o—~/—1t) =0
I

;(a w_—n) — {0 +=11)
&30 e(0,1) st Lo+v/—11)=0
srel.

Remark 5.3 Foreacht € T, {0 € (0,1);¢(c +/—11) = ()} is symmetric relative to
o= % In other words,

§(0+\/—_1t)20<?§(1—0+x/—_11):0.

For since, for s = 0 ++/—1t (0 < 0 < 1,t € R), T'(1 — 5)™> #£ 0, sin Zs # 0 and
(27)5~! #£ 0, it follows from Theorem 4.3(i) that

£(5) = 0 &> ¢(1-5) =0.

By this, together with Remark 4.1,

to+vV—-1)=0st(1—0—v/—11) =0
I

Z(l—o+«/—_lt) =l(1—0++/—11)
S i(l—0+~/—11) =0.

T2This T is the gamma function.
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Definition 5.1 Foreacht € I, put
0y 1= sup{a €(0,1);¢(c +~—11) = 0}.

Note that % < 0y < 1 by Theorem 4.4 and Remark 5.3. We now define

G:=C\ (U{o ++/—1t;—c0 <0 < o,} U (—o0, 1]).

tel

G is a domain, simply connected and G D {s € C;Res > 1}. Moreover ¢(-) is holomor-
phic and has no zeros on G.

2
. 3 . [(2) = log —,
Claim 5.2 *'[: holomorphic on G s.t. 6

t(s) = e'® (s € G).

Proof. By (3.4) witha = 2, let [(s) = log¢(s). Then ¢/® = ¢(s) (s € G) by (3.6), and
1(2) = log¢(2) = log =" [cf. Claim A.10].
Next let /¢ be another holomorphic function on G, i.e., /o holomorphic on G s.t.

2
lo(2) = log %,

t(s) = e"® (s € G).
Then /0®) = ¢(s) = ¢!® (s € G). Differentiation in s gives that
" Oi(s) = 'Ol (s) & L(9)lg(s) = L)' (s)
& 1y(s) =1'(s) [@ £(s) #0 on G]
s daeC st lhs)=16)+a (s € G).
Since /p(2) = log ’%2 = [(2), we have a = 0, and thus [o(s) = [(s) (Vs € G). |
Definition 5.2 We call log ¢ (-) the log zeta function.

Remark 5.4 Under the Riemann hypothesis, o, = % ("t e T),andso G D {s €
C;Res > %} \ (%, 1] =: G’. Thus if we define the log zeta function as

2 S s/
logC(s):log%-F 5 i((zz))

then it becomes clear by not considering G. But, since the Riemann hypothesis is still
open, we need some effort as above.

dz, seG,

Claim 5.3 log{(s) = Y —1og(1 —%), Res > 1.

D:prime
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Proof. Let o := Res > 1 for simplicity. By (3.9),

1 1 1
‘10g<1 _ _s)‘ < PUI < p°
p l—p—a 1—2

Since } . prime p(, <00,y piprime — log(l — %) is uniformly convergent on every compact
set of {s € C;Res > 1}, and thus it is holomorphic there.
By Claim 5.2, Claim 4.3 and (3.2),

ql"‘

1 — —lo, (1——)
log&(s) — _ _ log(1—-1) _ g 5
=) = [T = [T = i [T
p p* p i=1
. i —log(l——)
= lim e
n—oo

PO —log(l—*)
=e

— eZ[J:prime - log(l—#) .

In particular, when s = 2, e!°2¢® = eZrwime~1020702) and since log¢(2) = log ”?2 €R
and Zp:prime—log(l — #) € R, it follows that logé’(Z) = Zp:prime log(1 — #). This
implies that log §(s) = >, ime — log(1 — ) |
Claim 5.4 (i) s € G impliess € G.

(i) logl(s) = log{(s) (s € G).

Proof. (i) Since, by Remark 5.2,

o, = sup{a €(0,1);¢(0c +~—1¢) = 0}
= sup{a € (0,1);¢(c —v—11) = 0} =0y,

we have

(- ooat]+\/_t)U( 00, 1])
r

(U
( ( 00, 07| + \/—_lt))
tEFﬂ 0,00)

u( U ((ooo,—l—\/_t))u(— ,1])

tel'N(—00,0]

=C\ (( U ((—oo,a,] + «/—_lt))
ter'n[0,00)
U ( U ((—o0, 0] —\/—_11)) U (—o0, 1])

tel'N[0,00)

=C\ ((M%w)((—oo, o] + «/—_lt))
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u( U ((ooa,]—\/_t))u(ool])

tel'N[0,00)
from which the assertion (i) follows immediately.
(i) Lets =0 ++/—1t € G. By (i),s =0 —+/—1t € G. By (3.4),
log¢(o +~—11)

_ 7T2 o+/—1t é—/(z)
= logz +/2 22 Z

2 244/—1t ¢'(2) o+/—1t ¢(2)
log +/2 (ot /Hm, (o)

6
24+ /=1t V-1t
logn——l— RiChs v)(v—lt)dv—i— {(u—{— ) du
6 Jo t(2+-1tv) 2 §(u+~=11)
() change of variables: z = 2 + +/—1¢v in the 2nd term;
Z = u +~/—1t in the 3rd term

Taking the conjugate, we have

log¢(o + J—_z)

c'(2+¢_zv)( e+ mw—r)

6 Jo ¢+ v=Ir) 2 z<u+¢—t>
7 're=V=_In) - w10
= log % 6 + 0 (2—qu)( ~V=10dv+ 2 (u—x/_t)

() By Remark 4.1,
— Z(S-i-h) ) _ Eis+h)—E(s)
'(s) = 11m = lim

= log

h—0 h
_ i 6D
h—0 h
= ()
22 VT g VT ()
e iz d
log =5 +/2 () ”/z_m, (0
_ 7.[2 G—«/TII é—/(z)
=log g +/2 (0
= log{(0 —~/—11). |

5.2 Presentation of the main theorem

We are now in a position to state the main theorem in this monograph.

Theorem 5.1 (Bohr-Jessen limit theorem) Let o9 > % As T — oo, the probability
measure

1
ﬁu(z € [=T.T]: 00 +~/—11 € G,1log L (0o + ~/—11) € )
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on (C, B (C)) converges weakly to the distribution of

Z —log(l - —e(— log p)).

p:prime pUO
Namely
1
ﬁ,u(t e[-T,T);00 +v—1t € G,log¢(og +~—11) € )
e(—log p) ...
— P( Z —log(l — T) € - | weakly [cf. Definition A.l],

p.prime

Here 1 is the 1-dimensional Lebesgue measure.
Remark 5.5 (i) For VB € 8(C),
{z € [T, T);00 ++/—1t € G,log ¢ (o0 +~/—1t) € B} e B(R).

For, by the continuity of G 3 z > log¢(z) € C, (log¢)~'(B) € 8(G) = B(C) N G,
and by the continuity of R 5 ¢ — 09 ++/—1t € C, {t € R;op++v—1t € (log {)_1(B)} €
B(R). Thus the set above = [T, 7] N {t € R;o0 ++—1t € (log C)_I(B)} e B(R).

(ii) %M(I e [-T,T]; i;)g—g(; 0__’1_1/6__(12) . ) is a probability measure on (C, B(C)).
For, first
1 oo + —1t € G, 1
— -T,T]; = — -T,T]; V=1 .
2T“(t€[ ’ ]’10g§(00+«/—_1t)e([:) it € T Too + V-1t € G)

Since, by the definition of G,
{t e [~T,T);00 +v~1t € G}
[-T,T] if o9 > 1,
={[-T,T]\ {0} if o9 =1,
{te[-T.TINT;0: <00} U ([T, TINTY) if L <op <1,
it follows from Remark 5.1 that

1 1
—ul(t € [-T,T]; -1t e G) = —=u([-T,T]) = 1.
2TM( [ l;00 + v ) 2T’u([ 1)
. . +v-1teG .
The characteristic function of -yt € [T, T]; °° ’ fol-
(iii) The characteristic function o 2T“( [ ] log (60 + v/—11) € - is as fo

lows [cf. Definition A.2(ii)]:
| ~
(ﬁu(t € [-T,T];00 +v—1t € G,logl(op + v —1t) € )) (w)
1 (7
= — 16(0o + v—lt)eﬁ(logg("”ﬁt)’w)dt, weC.
2T J_r
Here, for z, w € C, we let

(z,w) = (Rez) - (Rew) + (Imz) - Imw). (5.1)
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Remark 5.6 Let U™ be a real random variable uniformly distributed on [—1, 1]. For
o> % and T > 0, put a complex random variable X 7 (o) as

X7(0) =1g(0c +~—1TU)log¢(o +v—1TU).

Then its distribution is just

1
ﬁu(t €[-T,T;0 +~—1t € G,log¢(c ++—1¢) € )
Therefore Theorem 5.1 can be stated in the following form:
e(=log p)
P )

?T(O') converges in law to Z — log(l — as T — oo.

p

This expression is familiar to our probabilists, though it is only a paraphrase. In the
following, however, we go on with the previous one.

Remark 5.7 We make one more comment. If we only state Theorem 5.1 and / or the con-
vergence in Remark 5.6, a complex random variable ), —log(1 — e(_;%p)) on (RE, P)
is not necessary. On some probability space take a sequence {®,},.yime Of independent
complex random variables such that each ®,, is uniformly distributed on the unit circle of
C,ie., E[f(®p)] = % 02" f(eﬁ’)dt for Y f : C — C bounded Borel measurable
[cf. Claim 3.1]. Then > log(1 — %) is equivalent in law to 3, — log(1 — ﬂ#”)),
and thus, for instance, the convergence in Remark 5.6 becomes

~ G
X r(0) converges in law to Z — log(l — —(I:) as T — oo.
p
P
When we prove this, however, what Zp — log(l — e(_li#”)) is plays a great role for the

proof. For this reason, we go ahead with this setting.
From Corollary 3.2, the following is obvious:

Corollary 5.1 For —o0o < a; < ap < 00, —00 < 1 < B, < o0, let Ey, 4,:8,,8, be a
closed rectangle in C defined by (3.14). Then

1
lim ﬁu(t € [-T.T);00 +v—1t € G,log{(og +V~11) € Em,az;m,fzz)

T—o0

- P(Z _10g<1 - %Z)ng)) € Eal,az;ﬁl,ﬂz)'

P
This is the original statement of the Bohr-Jessen limit theorem [cf. Theorem 2].

Proof. For simplicity, put probability measures vy and v on (C, B(C)) as

vr() = %/L([ e [-T,T]; 00 ++/—1t € G,log (o9 +«/—_1t) € )

3This U is a different thing from that in 2° in the proof of Claim 3.1.
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3 i log(1 - ¢ lgn) )
v(-): P(Z log(l 0 )e .

p

Since, by Corollary 3.2, Ey, «,:8,,8, 15 a continuity set of v, Theorem 5.1, together with
Claim A.1, implies the assertion of the corollary. |

From this corollary and Claim 3.4, the following is easily seen:

Corollary 5.2 When % < 09 < 1, the set {logé'(ao ++/—1¢);t € R with og++/—1t € G}
is dense in C.

Proof. Let% <09 <1.FixYzo € C and Y& > 0. Put
Qzoe :=1{z € C:|Rez —Rezo| <&, |[Imz —Imzo| < &}.

Clearly Qe = ERezo-e.Rezo+eimzo—emzo+e- By Corollary 5.1,

1
lim ﬁ,u(t € [=T,T]; 00 +~/—1t € G,log (0o + ~—11) € QW)

T—o0

— P(Z—log(l - e(_pl—gfp)) = QZO,S).

p

On the other hand, by Claim 3.4,

P (Z —10g<1 — %) € on,e)

p

= pc,O([Rezo —&Rezg+¢] x [Imzo—e&,Imzo + 8]) > 0.
Thus, for some T' > 0,

M(z € [=T,T]: 00 +~/—11 € G,log L (0o + ~—11) € QZO,S) > 0.

This tells us that 3y € [T, T] s.t. 0g ++/—1ty € G,log¢(o¢ ++/—1t9) € Q,.c. Since
& > 0 is arbitrary, z¢ is an adherent point of the set {log (o9 ++/—1t);t € R with og +

~/—1t € G}, so that we have the assertion of the corollary. |

This corollary is just Theorem 1. Theorem 5.1 is generalized to the limit theorem for
a class of more general zeta functions [cf. Laurincikas [21, 22, 23], Matsumoto [24, 25]].
But, the generalization of Corollary 5.2 similar to that of Theorem 5.1 will be probably
difficult, since the proof of this corollary is based on Claim 3.4, i.e., Lemma 3.2.

5.3 Proof of the main theorem

We divide the proof of Theorem 5.1 into two cases:

e the case where oy > 1, o the case where % <09 <1.
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As will be seen below, the proof of the latter needs much efforts. Compared with this,
that of the former is straightforward. In either case, to show is the following convergence
of characteristic functions: For Yw € C,

lim LT 16 (00 + vV —1t)e (logt(aoJrfz) w)d

T—o0

VAT S22 —log (1= ),
:EP|:e ( P w)}. (5.2)

l

Proof of Theorem 5.1 in the case where g > 1. Fix 0¢9 > 1. Note that {00 +/—1t;t €
[R} C G. By Claim 5.3,

log ¢(op + «/—_lt) = Z—log(l — —ao+1ﬁt>
p

e~V 1tlogp
= Z—log(l -

In the following, we divide the proof into three steps:

). (5.3)

1° For YN € N,
N —/=1tlog p; 00
e 2 1
tog {00 +v/=10) = Y ~log(1 - ——) | = 5= >_ —
i=1 Pi T osan P
© By (5.3),
N —v/—1tlog p;
e
log{ (o9 + v —1t) — Z—log(l — T)‘
i=1 i
Ft log p; N e—«/jll‘ log pi
—log _— ) — —10g<1 — —)'
’Z ) ; Py
fftlogp,
R p——
i=N+1 Pi
—«/—71t10gpi
o 1

I
—
I =
-
lupeu
a
<}
~~
98]
\O
N
—

(©pz2=p0z2"= <= = ]

1—

200 1
270 =1 P>PN pee
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2° For YN € Nand Yw € C,

lim — TeﬁmN:l_mg(l_%)’w)dz
T—oo 2T

=”Vd2“w”ﬁwﬂ

i

() This is seen in the following way:

L r eﬁ(Z?’:l*%O‘%)’”’)d[
2T J_r

L7 VEI(2i —toe(1= b cost(tog pi) 4y =T sint (= og pi)) o )dz

= — e
2T

B V(M —tog(
- /IRZN ¢

> P (cos(—log p1)-,sin(—log p1)-,...,cos(—log pn)-,sin(—log pn)-) (dx1 dyl .

%0 (i +v/~1y1))w)

~dxydyn)
F(Zz 1_10g( crO (xt+Fyz ) )

— e
R2n

—1
X P 0 T os(—tog p1)-sin(—log p1)-..cos(~log p)-sint—log py)) (A X1@Y1 *++ dXn dYN)
[@ Lemma 2.1 and Theorem 2.1]

:/ eF(Zl 1—10g( ao(ﬂcm( og ;) =1 Tin(—10g p,))) )dP
RB

:/ er(ZIN:l_log(l_%),w)dP
RB
_ oS

3° For Yw € C,

o e(=log p;)
Thm ﬁ/ r(logi(crwfz)w)d[ Ep[ ﬁ(E_l—log(l—p;m),w)]

Since 09 + v—1t € G, this is the convergence (5.2), and thus the assertion in the case
where oy > 1 is seen.

O By 1°,

T _ e(—logp;)
_/ eﬁ(log;(ooJrﬁz),w)dt_EP[ F(Z, 1 ‘Og(l 00 )w)”

i

T
L / eﬁ(logt(oﬁﬁt),w)dt
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Ll Teﬁ(zi 1 —tog(1- 7_€Hcg']")’w)dt
2T ),

EP|: V(S a1
e

+ E

_ EP

p[eﬁ(z,&l—log et ]
[F(z, | —log (1<) ]

(,—«/—ltlog pj
oo )W

N
o _ Pl
_2T

+ L/T ;Y et _%)’w)dz
T |

_E[“Z())”

1

4 EP [‘eﬁ(Zf\Ll —log(l—%),w) B eﬁ(z;’il —1og(1—e(‘p‘;’,g0"i’),w)‘j|
1 r N —Ftlogpl
fﬁ/T‘IOgC(O—O'i‘V—ll)—Z—log(l —) lw|dt
B i=1 i
V—1tlog pj
% /T ef(Zl —log( Tog)’u))d[

i

EP |:er< 21N=] —log(l—W),w)} '

+ E¥ i —e f

I e M e |

® Forz,z/,w e C,

Vollzw) _ oV < (2 w) — (2, w)]
- |(Z _Z/’ w>|
<l|lz—Z||w|

le

200 1
= (200—1 2 —go)|w|

DP>DPN p
+ L/T eﬁ(z’il_k’g(l_ﬂz#)’w)dz
2T | r

1

_E[“Z())”
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N EP|:‘ F(Zz 1_10g( e( pljgpl))’w)_eF(Zl 1_10g( e( pllogpl))’w)‘]'

By 2°, letting T — oo yields that

Jim | / oV log o0ty =T00) g, EP[ V(552 —to(1- H)w)”
—>00
200 1
= (200—1 2 ﬁ)"‘”
P>PN
e ) el

We here let N — oo. Clearly the 1st term in R.H.S. — 0. By Theorem 3.1, the 2nd term
in R.H.S. — 0. Thus we have the assertion of 3°. |

Next is the proof in the case where L < 6o < 1. For this, we need a definition and a

. 2
claim.

Definition 5.3 For N € N and Res > 0, put
Voo
v === (5.4)

i=1 p,

Clearly ¢y (-) is holomorphic and has no zeros on {s € C;Res > 0}. By (3.4) with
a = 2,log ¢y is defined. Then

N

log{n(s) = Z—log< - —S>, s € C withRes > 0 (5.5)
i=1 Di

holds. For, by (3.2) and (3.6),
YL —log( N a N 1
—log(1—-L og(1——L
e
B ICE I

= tn(s) = 2V Yo e C withRes > 0.

Since Z _, —log(1—-! ) log ¢y (s) € R (s € (0, 00)), this, together with the uniqueness

theorem, implies (5. 5)
Also, by 1° and 2° in the proof of Claim 4.3, we note that for Vo > 1,

L(s) 1 1
_1): <
e 2wt L
piin,pnin piin,pntn

1
< Z n—0—>0, Vs e CwithRes > 0.  (5.6)

n>pnN
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Claim5.5 Let 1 <09 <1 <0y and0 <8 < 09— 1. Then
Y >0, ?Ny = No(00.8.7) € N
YN > Ny, *To = To(N, 00,01,8,1) € [2,00)

/‘—(a+\/_z)—1 dt <nT, YT > T,,

0o—8<Yo <oy +6.

This claim will be proved at the end of the next chapter. Let us now recognize this and
proceed to the proof in the case where % <o0p < 1.

Proof of Theorem 5.1 in the case where% < o0p < 1. Fix % <09 <1 Forog =2,0<

8 < 09— % and 0 < n < 84, take Ny = Ny(09,8,1) € N as in Claim 5.5. Let N > N,
be such that

1
Y ==+, (5.7)
n>pnN n

and take To = To(N, 00,6,71) € [2,00) as in Claim 5.5. In the following, fix T > Tj.
First

N | =

[SI

/2+8 dG/T‘giN(G —I-\/—_lt) — l‘zdt < (2—o09 +28)nT.

2+8
f dt/ (a+¢ t)—l‘ do (5.8)
PutKTC{l,...,LTJ—l}andJTC[1+8,T—%—8]as

k+1 5
. dz/2+ (i(o+J_z)—1 do

5(2—004-25)«/_

Jr = Z[k—l+8,k+%—8].

2
kGKT

KT:

ke{l,...,|T] -

9

Note that {[k — % + 8,k + % — 8]}k€KT is disjoint. This is seen from the following
implications: For k,/ € K7,k <1,

1 1
=5 +8—(k+5-8)=I—k—1+26=1-1+28=25>0
1 1
k+-—-0<l—=+§
= +2 < 2+
1 1 1 1
We divide the proof into six steps:

1° u(r) = (IT] =1 - aT)(1 = 28).
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() First, by the definition of Jr,

nir) =y ;L([k - % 8k + % —5]) = (#K7)(1 - 25).

keKr
Next, by (5.8) and the definition of K7,
2+8
(2—oo+28)nT>/ dt/ (o+v t)—l‘dcr
[T]-% 248 ¢
z/ dt/ S0 +vTIn -1 do
i N
[

00—
—1<T-1<T]

,_
~
\_
._.

L]
/15 /+8‘§(0+x/_t)—l|da

Z /k+2 /2+8 e )
> dt —(+~—1t)—1| do
ke{l,..,[T]-1)\K7 "2 "0_5
> Z (2 —00 +28)/n

ke{l,...|TI-1\K7
=#({1.....IT] = 3\ Kr)(2— 00 + 28)\/7
= (IT]—1—#K7)(2— 00 + 28)/1.

which implies that #K7 > | T ] —1—./9T. Thus we have u(J7) > (|T|—1—/nT)(1—
28).

A

ZN(U+FI)_1’ (—)%7, (0,1) € [00,2] x Jr-.

@ Fix (0,1) € [09,2] x Jr. By the definition of J7,
1 1
%k € Ky st. (0,1) € [00,2] x [k—§+8,k+ 5_5]_

Then, from the implications

|s"— (0 +v/~=11)| <8 = |Res' —o| <6, |Ims'— 1] <6
=0—-3<Res' <o+68,t—-8§<Ims <t+$§

1 1
:>00—5§Res’§2—|—8,k—§flms’§k+§,

it follows that

d-neighborhood of o + +/—1¢
/ ’ /. ’o, l l
c {s —0 +«/—1t,(o,t)e[00—8,2+8]x[k—2,k+2]}. (5.9)



5.3 Proof of the main theorem

By Cauchy’s integral representation,
2
(i(a V1) — 1)
oY

1 (56 —1)°
T 20V Ny S — (@ 4410
i o +/—1t +reV10) —1
= / gN( ) ) V=1re¥V=140
2n/—1 Jo rev-16
[@ change of variable: s" = 0 + vV —11 + reﬁe]
1 271( é—

2
= —(0 +~— t—l—re‘ﬁe) )d@, 0<Yr<S§.
2n {n

Taking the absolute value, we have

‘g (“+‘/_t)‘1| <—/ (—(0+~/_z+ref9)

Multiplying this by r, and then integrating it in r € [0, §], we have
252
)£(0+«/—1t)—1‘ —
N 2
§ é- 2
=[ )é‘—(a—l—«/—lt)—l‘ rdr
N
2w
_2 / rdr/
b/
2r
/ ‘—(U + = t—l—reﬁg)— 1‘ rdrd6

// (0+v 1t +0' ++v— t)—l‘da’a’t
|a+fﬂ|<8

=_//|0 T4 —1t— (a+ft)|<8 Cn
k+4 2+5
— dt/ (a +«/_z)—1)do [© 5.9)]

—(o+«/ 1t + reY=19) _ 1|d0

(0 +«/_t)—1‘ do'dt’

| A

IA

—2 (2 =00 +28)\/n [© sincek € Kr]

b1

1

<772 [@2—00+28<2—00+20'0—1:O’0+]S2:|
i

Thus we obtain

o)< (2 )5;.
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3° Fors =09 ++—1t € Gandt € Jp,

()1
Jog (o)~ lozbw) = 1= it
E )

() First, by (3.4),

@),
2 ¢ (z)

log £y (s) = log £y (2) + / EN =

logl(s) = log — +
on G N{s € C;Res > 0}.

For simplicity, put a holomorphic function f on G N {s € C;Res > 0} as

£(s)

J& =~

Since £(s) = (f(s) + )¢ (s),

£6) ) _ S OING) + () + D) ()
(6) () () + Dins) 0
_ SO ) )
FO+1 7 ) vl
A0
)+ 1

and thus

log {(s) — log v (s)
(O Gy,

= to@) —toetv) + [ (5 - 250
* @)
2 f2)+1
Now, let s = 0 + V=1t €Gandt € Jr. By the definition of G,

= log¢(2) —log¢n (2) + dz YseGN{seC;Res >0} (510)

0<3e<§ st {0+v—lr;ao—e <o,lt—t|< 8} C GN{seC;Res > 0}.
Indeed, since, by Claim 5.1,

{t} if t €T,

0<?3 §st. U,t)NT =
<780 <8 st Usll) {0 if 1 T,

(co—o) At if t €T,

e if ¢ T, From the continuity of f on G N {s €

we may take ¢ =

C;Res > 0} and
{o ++—1t;0 € [00.2]}
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Clo+v-lrioo—¢ <o <2+¢é,|t—1]<¢} (0<é <¢)

C {0+v—1r;00—8<0,|r—t| <s}
CGﬂ{seC;Res>0},

{o+vV-ltiop—¢ <o <2+¢.|t—t] <¢}
N Ao +vV—1t:0 € [00.2]} ase 0,

it follows that
li{‘n max{| /(o +V—11)[;00—& <0 <2+4¢ [t —t| < ¢}
&0
= max{|f(0 +v—=1t)|;0 € [00,2]}
213 0
<< ) — [©2]

) 8
This implies that
2030 20%
0<3 <p st |f(0+x/—1r)|<<;> T<<;) <1,
for ¥(0,7) withoy—¢ <o <2+¢, |t —t| <¢.
On the other hand, by (5.6) and (5.7),
1 1 3
| flo+~=11)| < Z —~ <= Yo>Z"teR
n2 2 2
n>pn
R >3}
s ke =
Z < )

Therefore, if we let
Gy = {z;00—8’<Rez <2+¢&,|Imz —1] <8’}U{

C G N {ziRez >0},
1J’(Z)‘H %" can be defined on G, and

'@

| f(2)] <1("z € Gy), so thatlog(f(z) + 1) :=
(log(f(z) + 1)) = 7@ 41

holds. Since o9 + v/ —1t¢, 2 € Gy and Gy is a simply connected domain of C,
00+«/jlt

oo++/—1t I
T )
= log(f(op +v—1t) + 1) —log(f(2) + 1).

552) = log ¢{(2) —log {n(2), we have

Noting that log( f(2) + 1) = log

|10g§(00 ++/—1t) —log ¢y (o —l—\/—_lt)}
oo++/—1t /
Mdz‘ [© 5.10)]

= ‘log§(2) —log{n(2) +[2 fz) +1
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= |log £(2) — log {x (2) + log(f (@0 +V=11) + 1) — log(/ @) + )
= [log(f (00 ++/~11) + 1)]

|00 + /=T
T 1= f(o0 +V=11)]

2)\1/2q'/%
(n) 8 [@ 20]‘

- (@)

[© 3.9)]

4° For Yw € C,

1
_/ 1G(<70+‘/ 11)eV™ 10g§(00+Ft)wd

2T
LT et oV,
2T
2\1/241/4
= T|—-1—-/nT
SZLI/ZWJ |+2( %(1—28))
- (7‘[) s

() Fix w € C. This estimate is seen in the following way:

1

ﬁ/ 1G(00+\/_l)€ 10g§(Uo+Ft)wd
1
2T

1
= _/ 1g(0oo + vV — [)( ~/—1(log¢(ao+~/—11),w)

2T
_ eﬁ(logmawﬁt),w))dt

eﬁ(IOgZN(oo-i-ﬁt),w)dt

() Since
{t € Rio0 +/—11 € G}
[ {0} if o9 =1,
_{{teF;oofot}CI‘ if%<oo<1

and I" is at most countable, M({t e Ro0+v—1t ¢ G}) =

1
- IG(UO+ / t)|€ 10g§(00+«/7t)w

- 2T
_ e«/j(IOgiN(Uo+ﬁt),w)|dt

1
= o7 | IJT([)IG(O'O + 4/ — [)’er(10g§(00+rt) w)
_ eF(IOgCN(ao+Ft),w)|dt

1
+ 57 1 -]T(Z)lG(UO +v— t)\e 1({log¢ (0o++/—18),w)

2T
_ e«/j(IOgiN(Uo+ﬁt),w) |dt
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1
+ ﬁ 16(00 + v —1[)|e\/?1(10g§(00+ﬁt),w)
S _ oV 1ogtn (Go++/=11).w) |dt

1
ﬁ 1JT(Z‘)IG(UO +— t)\e 1(log¢ (oo++/—11),w)
— eF(IOgCN(UO'f‘x/jlt),w)}dt
1
T o7 IJT(T)IG(UO—V ‘[)\e 1{log ¢ (go—~/—17),w)

2T
_ oV 1{logtn (oo—v~17),w) |dr

1
+ ﬁ 16 (0o + —1[)|eﬁ(10g§(00+ﬁt),w)
[T, TINJ7U(=JT)) _ eﬁ(lOgZN(go+ﬁt)’w)|dt

[@ Change of variable: t = —¢ in the 2nd term]

1
=57 | IJT M 1g(og +vV— [)’eF(IOgi(ao-i-Ft) )
_ eF(long(Go+Ft),w)|dt
1 e
+ ﬁ le (1)1g(og +~— ‘L’)}e 1{log ¢ (00++/—17),w)
STty T
1
Py 1g(co +v— t)|e L{log & (Go+~/—11),w)

2T Ji _
ERINITOEIT) _ VT lstn ot T | g

/ Io
() Since, by Definition 5.3, gz 8 = ZlN ) pgy 7 —s—&, it follows

that (g;’z 8) = ?}3 g; In the same way as in the proof of
Claim 5.4(ii), we have log ¢x (s) = log ¢n (5)

T
=< %/ 1, (1)1 (oo +\/—_lt)|log§(oo +\/—_1t)—10gé'N(o'0+\/__1t)|dt|w|
-T

(T TIN (0 U )

IA

( )1/2 pl/4 5
thﬂ + T(T —u(Jr)) [© 3]

2)\1/2n/4 —1=
%| |+2(1—M(1—25)) (O 1°].

| /\
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5° For Yw € C,

e(—log p;)
lim — F(long(Uo-‘r«/it)w d — EP F(Z’ l_IOg( Tg()p)’w)
T—o0 2T :
() First, by (5.5),
r T =iy —tog(1—e=Yltreri
L eﬁ(logZN(oo+let),w)dt _ L eﬁ(2,=1 lg(l p;yo )’w)d[_
T ], 2T

Next, in the same way as in 2° in the proof of Theorem 5.1 in the case where o9 > 1,

1T V(s (- ) )

— e ?i dt

2T | r

N er( Zz 1 _IOg( 0'0 (ncos( log p;)- +Fnsln( log p;)- )) )dP
RB

= EP [eﬁ<z{v=] _log(l_e(p?gopi))’w)} as T — oo.

Combining these, we have the assertion of 5°.
6° For Yw € C,

1
lim 5T IG(UO+\/ 1t)eV™ V=1({log¢ (o +v/~11).w) 44

— EP[@F(Z: l—log( ‘(p]"‘;)l’z))’w):|

1

from which, the assertion in the case where % < 09 < 1is seen.
() By 4° and 5°,

lim
T—o00

1
ﬁ/ IG(O’0+~/ t)e ~—=1{log¢(go+~/—1t),w) d

1

eI 550

< hm
T —o00

2T

1
_/ 1G(<70+‘/ 1t)eV™ 10g§(00+ft)wd

1

- eﬁ(IOgCN(00+let),w)dt
2T J_r

+ lim

T—o00

2T

/ o/ "Tllog i (Go+V=T0.w) 4,

1

_EP[ F(Zz 1—“’3(1 e(p]f’%pl))’w)i”
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= (35 L
f#ﬂo(zw' w21 ) -20)

[ (s, —log(l—e‘;‘?%”f’),w)] - Ep[eﬁ(z;ﬁl—log(l—e‘;‘%’“),w)]'

—|—EPe i i

( )1/2 nl/4
=2”—1/21/4|w|—|—2( —(1 =) (1 -25))

- (n) 5
|: F(Z, l—]og(l e(:‘%p’)),w)]_EP[er(Zz l—log(l e(:gop’)),w)] .

1 1

+ |E®

By letting N — oo, the 3rd term — 0; after that, by letting n \ 0, and then § N\ 0, the
1st term + the 2nd term — 0. Therefore we have the assertion of 6°. |



