
Chapter 5

Bohr-Jessen limit theorem

5.1 Log zeta function

To state the limit theorem, we begin with the definition of the log zeta function. We intend
to make its definition given by Matsumoto

�
cf. [26, Chapter 6]

�
clear.

Claim 5.1 Put ��1 ´
˚
t 2 R n f0gI 9� 2 .0; 1/ s.t. �.� C

p
�1t/ D 0

�
. Then

8t 2 R; 9ı > 0 s.t. #
�
Uı.t/ \ �

�
� 1;

where Uı.t/ D .t � ı; t C ı/.

Proof. We prove it by a reduction to absurdity. Assume that

9t 2 R s.t. #
�
Uı.t/ \ �

�
� 2 .8ı > 0/:

Then, for 8n 2 N, 9tn 2 � s.t. 0 < jtn � t j < 1
n

. By the definition of � , 9�n 2 .0; 1/ s.t.
�.�n C

p
�1tn/ D 0. Since f�ng1nD1 is bounded, 9fn0g: a subsequence, 9� 2 Œ0; 1� s.t.

�n0 ! � .
In case � 6D 1 or � D 1 and t 6D 0,

�n0 C
p
�1tn0 ! � C

p
�1t 2 C n f1g;

�n0 C
p
�1tn0 6D � C

p
�1t .8n0/

�
...� tn0 6D t

�
;

f�n0 C
p
�1tn0gn0 � C n f1g

�
...� �n0 2 .0; 1/

�
;

�.�n0 C
p
�1tn0/ D 0 .8n0/:

By the uniqueness theorem, this implies that �.�/ D 0 on C n f1g.
In case � D 1 and t D 0,

�n0 C
p
�1tn0 6D 1 .8n0/

�
...� �n0 2 .0; 1/

�
;

�.�n0 C
p
�1tn0/ D 0 .8n0/;

�n0 C
p
�1tn0 ! 1:

�1Here � is a subset of R. It is entirely a different thing from the gamma function.
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98 Chapter 5 Bohr-Jessen limit theorem

By Theorem 4.2, it is seen that

0 D
�
�n0 C

p
�1tn0 � 1

�
�.�n0 C

p
�1tn0/! 1:

Since a contradiction occurs in either case, the assertion of the claim must hold. �
Remark 5.1 For �1 < 8S < 8T <1, ŒS; T � \ � is a finite set, and thus � is at most
countable. In fact, for 8t 2 ŒS; T �, 9ıt > 0 s.t. #

�
Uıt
.t/ \ �

�
� 1. Since fUıt

.t/gt2ŒS;T �
is an open covering of ŒS; T �, the compactness of ŒS; T � yields that

9t1; : : : ;
9tm 2 ŒS; T � s.t. ŒS; T � �

m[
iD1

Uıti
.ti/:

Then

#
�
ŒS; T � \ �

�
� #

m[
iD1

�
Uıti

.ti/ \ �
�
�

mX
iD1

#
�
Uıti

.ti/ \ �
�
� m;

which is just the first assertion. From an identity

� D � \ R D � \
X
n2Z

.n; nC 1� D
X
n2Z

� \ .n; nC 1�;

the second assertion is obvious.

Remark 5.2 �� D � . For, by Remark 4.1,

t 2 �� , �t 2 �

,
9� 2 .0; 1/ s.t. �.� �

p
�1t/ D 0

D

�

�
� C
p
�1t

�
D �.� C

p
�1t/

,
9� 2 .0; 1/ s.t. �.� C

p
�1t/ D 0

, t 2 �:

Remark 5.3 For each t 2 � ,
˚
� 2 .0; 1/I �.� C

p
�1t/ D 0

�
is symmetric relative to

� D 1
2
. In other words,

�.� C
p
�1t/ D 0”

iff
�.1 � � C

p
�1t/ D 0:

For since, for s D � C
p
�1t (0 < � < 1, t 2 R), �.1 � s/�2 6D 0, sin �

2
s 6D 0 and

.2�/s�1 6D 0, it follows from Theorem 4.3(i) that

�.s/ D 0”
iff

�.1 � s/ D 0:

By this, together with Remark 4.1,

�.� C
p
�1t/ D 0, �.1 � � �

p
�1t/ D 0

D

�

�
1 � � C

p
�1t

�
D �.1 � � C

p
�1t/

, �.1 � � C
p
�1t/ D 0:

�2This � is the gamma function.
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Definition 5.1 For each t 2 � , put

�t ´ sup
˚
� 2 .0; 1/I �.� C

p
�1t/ D 0

�
:

Note that 1
2
� �t < 1 by Theorem 4.4 and Remark 5.3. We now define

G ´ C n

�[
t2�

˚
� C
p
�1t I �1 < � � �t

�
[ .�1; 1�

�
:

G is a domain, simply connected and G � fs 2 CIRe s > 1g. Moreover �.�/ is holomor-
phic and has no zeros on G.

Claim 5.2 91l: holomorphic on G s.t.

�
l.2/ D log

�2

6
;

�.s/ D el.s/ .s 2 G/:

Proof. By (3.4) with a D 2, let l.s/ D log �.s/. Then el.s/ D �.s/ (s 2 G) by (3.6), and
l.2/ D log �.2/ D log �2

6

�
cf. Claim A.10

�
.

Next let l0 be another holomorphic function on G, i.e., l0 holomorphic on G s.t.
�
l0.2/ D log

�2

6
;

�.s/ D el0.s/ .s 2 G/:

Then el0.s/ D �.s/ D el.s/ (s 2 G). Differentiation in s gives that

el0.s/l 00.s/ D e
l.s/l 0.s/, �.s/l 00.s/ D �.s/l

0.s/

, l 00.s/ D l
0.s/

�
...� �.s/ 6D 0 on G

�

,
9a 2 C s.t. l0.s/ D l.s/C a .

8s 2 G/:

Since l0.2/ D log �2

6
D l.2/, we have a D 0, and thus l0.s/ D l.s/ (8s 2 G). �

Definition 5.2 We call log �.�/ the log zeta function.

Remark 5.4 Under the Riemann hypothesis, �t D 1
2

(8t 2 �), and so G � fs 2
CIRe s > 1

2
g n .1

2
; 1�µ G 0. Thus if we define the log zeta function as

log �.s/ D log
�2

6
C

Z s

2

� 0.´/

�.´/
d´; s 2 G 0;

then it becomes clear by not considering G. But, since the Riemann hypothesis is still
open, we need some effort as above.

Claim 5.3 log �.s/ D
X
pWprime

� log
�
1 �

1

ps

�
, Re s > 1.
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Proof. Let � ´ Re s > 1 for simplicity. By (3.9),

ˇ̌
ˇlog

�
1 �

1

ps

�ˇ̌
ˇ �

1
p�

1 � 1
p�

�

1
p�

1 � 1
2�

:

Since
P
pWprime

1
p� <1,

P
pWprime� log

�
1� 1

ps

�
is uniformly convergent on every compact

set of fs 2 CIRe s > 1g, and thus it is holomorphic there.
By Claim 5.2, Claim 4.3 and (3.2),

elog �.s/
D �.s/ D

Y
p

1

1 � 1
ps

D

Y
p

e� log.1� 1
ps / D lim

n!1

nY
iD1

e
� log.1� 1

ps
i

/

D lim
n!1

e

Pn
iD1 � log.1� 1

ps
i

/

D e

P1
iD1 � log.1� 1

ps
i

/

D e
P

pWprime � log.1� 1
ps /:

In particular, when s D 2, elog �.2/ D e
P

pWprime � log.1� 1

p2 /, and since log �.2/ D log �2

6
2 R

and
P
pWprime� log

�
1 � 1

p2

�
2 R, it follows that log �.2/ D

P
pWprime� log.1 � 1

p2 /. This

implies that log �.s/ D
P
pWprime� log.1 � 1

ps /. �

Claim 5.4 (i) s 2 G implies s 2 G.
(ii) log �.s/ D log �.s/ (s 2 G).

Proof. (i) Since, by Remark 5.2,

�t D sup
˚
� 2 .0; 1/I �.� C

p
�1t/ D 0

�

D sup
˚
� 2 .0; 1/I �.� �

p
�1t/ D 0

�
D ��t ;

we have

G D C n

�[
t2�

�
.�1; �t �C

p
�1t

�
[ .�1; 1�

�

D C n

 � [
t2�\Œ0;1/

�
.�1; �t �C

p
�1t

��

[

� [
t2�\.�1;0�

�
.�1; �t �C

p
�1t

��
[ .�1; 1�

!

D C n

 � [
t2�\Œ0;1/

�
.�1; �t �C

p
�1t

��

[

� [
t2�\Œ0;1/

�
.�1; ��t � �

p
�1t

��
[ .�1; 1�

!

D C n

 � [
t2�\Œ0;1/

�
.�1; �t �C

p
�1t

��
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[

� [
t2�\Œ0;1/

�
.�1; �t � �

p
�1t

��
[ .�1; 1�

!
;

from which the assertion (i) follows immediately.
(ii) Let s D � C

p
�1t 2 G. By (i), s D � �

p
�1t 2 G. By (3.4),

log �.� C
p
�1t/

D log
�2

6
C

Z �C
p

�1t

2

� 0.´/

�.´/
d´

D log
�2

6
C

Z 2C
p

�1t

2

�0.´/

�.´/
d´C

Z �C
p

�1t

2C
p

�1t

�0.´/

�.´/
d´

D log
�2

6
C

Z 1

0

� 0.2C
p
�1tv/

�.2C
p
�1tv/

.
p
�1t/dv C

Z �

2

� 0.uC
p
�1t/

�.uC
p
�1t/

du

�
...� change of variables: ´ D 2C

p
�1tv in the 2nd term;

´ D uC
p
�1t in the 3rd term

�
:

Taking the conjugate, we have

log �.� C
p
�1t/

D log
�2

6
C

Z 1

0

�0.2C
p
�1tv/

�.2C
p
�1tv/

.�
p
�1t/dv C

Z �

2

� 0.uC
p
�1t/

�.uC
p
�1t/

du

D log
�2

6
C

Z 1

0

�0.2 �
p
�1tv/

�.2 �
p
�1tv/

.�
p
�1t/dv C

Z �

2

� 0.u �
p
�1t/

�.u �
p
�1t/

du

2
66664

...� By Remark 4.1,

� 0.s/ D lim
h!0

�.sCh/��.s/

h
D lim

h!0

�.sCh/��.s/

h

D lim
h!0

�.sCh/��.s/

h

D � 0.s/

3
77775

D log
�2

6
C

Z 2�
p

�1t

2

�0.´/

�.´/
d´C

Z ��
p

�1t

2�
p

�1t

� 0.´/

�.´/
d´

D log
�2

6
C

Z ��
p

�1t

2

� 0.´/

�.´/
d´

D log �.� �
p
�1t/: �

5.2 Presentation of the main theorem

We are now in a position to state the main theorem in this monograph.

Theorem 5.1 (Bohr-Jessen limit theorem) Let �0 >
1
2
. As T ! 1, the probability

measure
1

2T
�
�
t 2 Œ�T; T �I �0 C

p
�1t 2 G; log �.�0 C

p
�1t/ 2 �

�
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on
�
C;B.C/

�
converges weakly to the distribution of

X
pWprime

� log
�
1 �

e.� logp/

p�0

�
:

Namely

1

2T
�
�
t 2 Œ�T; T �I �0 C

p
�1t 2 G; log �.�0 C

p
�1t/ 2 �

�

! P
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This expression is familiar to our probabilists, though it is only a paraphrase. In the
following, however, we go on with the previous one.
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Since, by Corollary 3.2, E˛1;˛2Iˇ1;ˇ2
is a continuity set of �, Theorem 5.1, together with

Claim A.1, implies the assertion of the corollary. �

From this corollary and Claim 3.4, the following is easily seen:
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" > 0 is arbitrary, ´0 is an adherent point of the set
˚
log �.�0 C

p
�1t/I t 2 R with �0 Cp

�1t 2 Gg, so that we have the assertion of the corollary. �

This corollary is just Theorem 1. Theorem 5.1 is generalized to the limit theorem for
a class of more general zeta functions

�
cf. Laurinčikas [21, 22, 23], Matsumoto [24, 25]

�
.

But, the generalization of Corollary 5.2 similar to that of Theorem 5.1 will be probably
difficult, since the proof of this corollary is based on Claim 3.4, i.e., Lemma 3.2.

5.3 Proof of the main theorem

We divide the proof of Theorem 5.1 into two cases:

� the case where �0 > 1, � the case where 1
2
< �0 � 1.
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As will be seen below, the proof of the latter needs much efforts. Compared with this,
that of the former is straightforward. In either case, to show is the following convergence
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We here let N !1. Clearly the 1st term in R.H.S.! 0. By Theorem 3.1, the 2nd term
in R.H.S.! 0. Thus we have the assertion of 3o. �

Next is the proof in the case where 1
2
< �0 � 1. For this, we need a definition and a

claim.

Definition 5.3 For N 2 N and Re s > 0, put

�N .s/´

NY
iD1

1

1 � 1
ps

i

: (5.4)

Clearly �N .�/ is holomorphic and has no zeros on fs 2 CIRe s > 0g. By (3.4) with
a D 2, log �N is defined. Then

log �N .s/ D
NX
iD1

� log
�
1 �

1

psi

�
; s 2 C with Re s > 0 (5.5)

holds. For, by (3.2) and (3.6),

e

PN
iD1 � log.1� 1

ps
i

/
D

NY
iD1

e
� log.1� 1

ps
i

/
D

NY
iD1

1

1 � 1
ps

i

D �N .s/ D e
log �N .s/; 8s 2 C with Re s > 0:

Since
PN
iD1� log.1� 1

ps
i

/; log �N .s/ 2 R (s 2 .0;1/), this, together with the uniqueness
theorem, implies (5.5).

Also, by 1o and 2o in the proof of Claim 4.3, we note that for 8� > 1,

ˇ̌
ˇ �.s/
�N .s/

� 1
ˇ̌
ˇ D

ˇ̌
ˇ̌ X

n�2I
p1−n;:::;pN −n

1

ns

ˇ̌
ˇ̌ �

X
n�2I

p1−n;:::;pN −n

1

nRe s

�
X
n>pN

1

n�
! 0; 8s 2 C with Re s � �: (5.6)

5.3 Proof of the main theorem 109

Claim 5.5 Let 1
2
< �0 � 1 < �1 and 0 < ı < �0 �

1
2
. Then

8� > 0; 9N0 D N0.�0; ı; �/ 2 N

s.t.

‚
8N � N0;

9T0 D T0.N; �0; �1; ı; �/ 2 Œ2;1/

s.t.
Z T

1
2

ˇ̌
ˇ �
�N
.� C

p
�1t/ � 1

ˇ̌
ˇ
2

dt � �T; 8T � T0;

�0 � ı �
8� � �1 C ı:
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Next is the proof in the case where 1
2
< �0 � 1. For this, we need a definition and a

claim.

Definition 5.3 For N 2 N and Re s > 0, put

�N .s/´

NY
iD1

1

1 � 1
ps

i

: (5.4)

Clearly �N .�/ is holomorphic and has no zeros on fs 2 CIRe s > 0g. By (3.4) with
a D 2, log �N is defined. Then

log �N .s/ D
NX
iD1

� log
�
1 �

1

psi

�
; s 2 C with Re s > 0 (5.5)

holds. For, by (3.2) and (3.6),

e

PN
iD1 � log.1� 1

ps
i

/
D

NY
iD1

e
� log.1� 1

ps
i

/
D

NY
iD1

1

1 � 1
ps

i

D �N .s/ D e
log �N .s/; 8s 2 C with Re s > 0:

Since
PN
iD1� log.1� 1

ps
i

/; log �N .s/ 2 R (s 2 .0;1/), this, together with the uniqueness
theorem, implies (5.5).

Also, by 1o and 2o in the proof of Claim 4.3, we note that for 8� > 1,

ˇ̌
ˇ �.s/
�N .s/

� 1
ˇ̌
ˇ D

ˇ̌
ˇ̌ X

n�2I
p1−n;:::;pN −n

1

ns

ˇ̌
ˇ̌ �

X
n�2I

p1−n;:::;pN −n

1

nRe s

�
X
n>pN

1

n�
! 0; 8s 2 C with Re s � �: (5.6)
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Claim 5.5 Let 1
2
< �0 � 1 < �1 and 0 < ı < �0 �

1
2
. Then

8� > 0; 9N0 D N0.�0; ı; �/ 2 N

s.t.

‚
8N � N0;

9T0 D T0.N; �0; �1; ı; �/ 2 Œ2;1/

s.t.
Z T

1
2

ˇ̌
ˇ �
�N
.� C

p
�1t/ � 1

ˇ̌
ˇ
2

dt � �T; 8T � T0;

�0 � ı �
8� � �1 C ı:

This claim will be proved at the end of the next chapter. Let us now recognize this and
proceed to the proof in the case where 1

2
< �0 � 1.

Proof of Theorem 5.1 in the case where 1
2
< �0 � 1. Fix 1

2
< �0 � 1. For �1 D 2, 0 <

ı < �0 �
1
2

and 0 < � < ı4, take N0 D N0.�0; ı; �/ 2 N as in Claim 5.5. Let N � N0
be such that

X
n>pN

1

n
3
2

�
1

2
; (5.7)

and take T0 D T0.N; �0; ı; �/ 2 Œ2;1/ as in Claim 5.5. In the following, fix T � T0.
First

Z 2Cı

�0�ı

d�

Z T

1
2

ˇ̌
ˇ �
�N
.� C

p
�1t/ � 1

ˇ̌
ˇ
2

dt � .2 � �0 C 2ı/�T:

DZ T

1
2

dt

Z 2Cı

�0�ı

ˇ̌
ˇ �
�N
.� C

p
�1t/ � 1

ˇ̌
ˇ
2

d� (5.8)

Put KT � f1; : : : ; bT c � 1g and JT �
�
1
2
C ı; T � 1

2
� ı

�
as

KT ´

�

k 2 f1; : : : ; bT c � 1gI

Z kC 1
2

k� 1
2

dt

Z 2Cı

�0�ı

ˇ̌
ˇ �
�N
.� C

p
�1t/ � 1

ˇ̌
ˇ
2

d�

� .2 � �0 C 2ı/
p
�

�

;

JT ´
X
k2KT

h
k �

1

2
C ı; k C

1

2
� ı

i
:

Note that
˚
Œk � 1

2
C ı; k C 1

2
� ı�

�
k2KT

is disjoint. This is seen from the following
implications: For k; l 2 KT , k < l ,

l �
1

2
C ı �

�
k C

1

2
� ı

�
D l � k � 1C 2ı � 1 � 1C 2ı D 2ı > 0

) k C
1

2
� ı < l �

1

2
C ı

)

h
k �

1

2
C ı; k C

1

2
� ı

i
\

h
l �

1

2
C ı; l C

1

2
� ı

i
D ;:

We divide the proof into six steps:

1o �.JT / �
�
bT c � 1 �

p
�T
�
.1 � 2ı/.
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...� First, by the definition of JT ,

�.JT / D
X
k2KT

�
�h
k �

1

2
C ı; k C

1

2
� ı

i�
D
�
#KT

�
.1 � 2ı/:

Next, by (5.8) and the definition of KT ,

.2 � �0 C 2ı/�T �

Z T

1
2

dt

Z 2Cı

�0�ı

ˇ̌
ˇ �
�N
.� C

p
�1t/ � 1

ˇ̌
ˇ
2

d�

�

Z bT c� 1
2

1
2

dt

Z 2Cı

�0�ı

ˇ̌
ˇ �
�N
.� C

p
�1t/ � 1

ˇ̌
ˇ
2

d�

�
...� bT c � 1

2
� T � 1

2
< T

�

D

bT c�1X
kD1

Z kC 1
2

k� 1
2

dt

Z 2Cı

�0�ı

ˇ̌
ˇ �
�N
.� C

p
�1t/ � 1

ˇ̌
ˇ
2

d�

�
X

k2f1;:::;bT c�1gnKT

Z kC 1
2

k� 1
2

dt

Z 2Cı

�0�ı

ˇ̌
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�N
.� C

p
�1t/ � 1

ˇ̌
ˇ
2

d�

�
X

k2f1;:::;bT c�1gnKT

.2 � �0 C 2ı/
p
�

D #
�
f1; : : : ; bT c � 1g nKT

�
.2 � �0 C 2ı/

p
�

D
�
bT c � 1 � #KT

�
.2 � �0 C 2ı/

p
�;

which implies that #KT � bT c�1�
p
�T . Thus we have �.JT / �

�
bT c�1�

p
�T
�
.1�

2ı/.

2o
ˇ̌
ˇ �
�N
.� C

p
�1t/ � 1

ˇ̌
ˇ <

� 2
�

� 1
2 �

1
4

ı
, .�; t/ 2 Œ�0; 2� � JT .

...� Fix .�; t/ 2 Œ�0; 2� � JT . By the definition of JT ,

9k 2 KT s.t. .�; t/ 2 Œ�0; 2� �
h
k �

1

2
C ı; k C

1

2
� ı

i
:

Then, from the implications
ˇ̌
s0
� .� C

p
�1t/

ˇ̌
� ı)

ˇ̌
Re s0

� �
ˇ̌
� ı;

ˇ̌
Im s0

� t
ˇ̌
� ı

) � � ı � Re s0
� � C ı; t � ı � Im s0

� t C ı

) �0 � ı � Re s0
� 2C ı; k �

1

2
� Im s0

� k C
1

2
;

it follows that

ı-neighborhood of � C
p
�1t

�

n
s0
D � 0

C
p
�1t 0I .� 0; t 0/ 2 Œ�0 � ı; 2C ı� �

h
k �

1

2
; k C

1

2

io
: (5.9)
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By Cauchy’s integral representation,

� �
�N
.� C

p
�1t/ � 1

�2

D
1

2�
p
�1

Z

js0�.�C
p

�1t/jDr

�
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.s0/ � 1
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s0 � .� C
p
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ds0

D
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p
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Z 2�
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�
�

�N
.� C

p
�1t C re

p
�1�/ � 1

�2
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p

�1�

p
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p
�1�d�

�
...� change of variable: s0

D � C
p
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p
�1�

�

D
1

2�

Z 2�

0

� �
�N
.� C

p
�1t C re

p
�1�/ � 1

�2
d�; 0 < 8r � ı:

Taking the absolute value, we have
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.� C

p
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p
�1�/ � 1

ˇ̌
ˇ
2

d�:

Multiplying this by r , and then integrating it in r 2 Œ0; ı�, we have
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p
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ˇ
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D
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�N
.� 0
C
p
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p
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...� (5.9)
�

�
1

2�
.2 � �0 C 2ı/

p
�

�
...� since k 2 KT

�

<
�

1
2

�

�
...� 2 � �0 C 2ı < 2 � �0 C 2�0 � 1 D �0 C 1 � 2

�
:

Thus we obtain

ˇ̌
ˇ �
�N
.� C

p
�1t/ � 1

ˇ̌
ˇ <

� 2
�

� 1
2 �

1
4

ı
:
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...� First, by the definition of JT ,
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X
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� ı
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Next, by (5.8) and the definition of KT ,
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which implies that #KT � bT c�1�
p
�T . Thus we have �.JT / �

�
bT c�1�

p
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�
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2ı/.
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p
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ˇ <

� 2
�

� 1
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1
4

ı
, .�; t/ 2 Œ�0; 2� � JT .

...� Fix .�; t/ 2 Œ�0; 2� � JT . By the definition of JT ,

9k 2 KT s.t. .�; t/ 2 Œ�0; 2� �
h
k �
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2
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:

Then, from the implications
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it follows that
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By Cauchy’s integral representation,
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Taking the absolute value, we have
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Multiplying this by r , and then integrating it in r 2 Œ0; ı�, we have
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3o For s D �0 C
p
�1t 2 G and t 2 JT ,

ˇ̌
log �.s/ � log �N .s/

ˇ̌
�

�
2
�

�1=2 �1=4

ı

1 �
�
2
�

�1=2 �1=4

ı

:

...� First, by (3.4),

log �.s/ D log
�2

6
C

Z s

2

� 0.´/

�.´/
d´;

log �N .s/ D log �N .2/C
Z s

2

� 0
N .´/

�N .´/
d´

on G \ fs 2 CIRe s > 0g:

For simplicity, put a holomorphic function f on G \ fs 2 CIRe s > 0g as

f .s/´
�.s/
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� 1:
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�
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�
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�
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Now, let s D �0 C
p
�1t 2 G and t 2 JT . By the definition of G,

0 < 9" < ı s.t.
˚
� C
p
�1� I �0 � " < �; j� � t j < "

�
� G \ fs 2 CIRe s > 0g:

Indeed, since, by Claim 5.1,
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(
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; if t 62 �;
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�
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˚
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�
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By letting N ! 1, the 3rd term! 0; after that, by letting � & 0, and then ı & 0, the
1st term C the 2nd term! 0. Therefore we have the assertion of 6o. �
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Combining these, we have the assertion of 5o.
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