
Chapter 1

Almost periodic functions

Following Yosida [35], let us view the almost periodic function due to H. Bohr. For
English literatures, cf. Besicovitch [1], Bohr [3], Katznelson [19] and so on. It should be
noted that the almost periodic function in the sense of Bohr is generalized to the one in the
sense of Besicovitch

�
cf. [1]

�
, and moreover to the one on locally compact abelian groups�

cf. [19, 28]
�
. Our proofs given below are a freshman or sophomore level in college

except for using Bochner’s theorem in Lemma 1.2.

1.1 Definition and some properties

First of all, put

C.RIC/´
˚
f W R! C is continuous

�
;

C.CIC/´
˚
f W C! C is continuous

�
:

Definition 1.1 For f 2 C.RIC/,

f is an almost periodic function

”
def

8" > 0; 9l D l."/ > 0 s.t.

(
8˛ 2 R; 9� 2 .˛; ˛ C l/

s.t. sup
t2R

jf .t C �/ � f .t/j � ":

Definition 1.2 For " > 0 and f 2 C.RIC/, put

A."; f /´
n
� 2 RI sup

t2R

jf .t C �/ � f .t/j � "
o
:

By this, the appearance of Definition 1.1 becomes simple as

f is almost periodic

”
def

8" > 0; 9l D l."/ > 0 s.t. .˛; ˛ C l/ \ A."; f / 6D ; .8˛ 2 R/:

Example 1.1 If f 2 C.RIC/ has period a > 0, i.e., satisfies that f .t C a/ D f .t/ for
8t 2 R, then f is almost periodic.
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Proof. For ˛ 2 R, the following implications hold:

m´
j˛
a

k
C 1) m � 1 D

j˛
a

k

) m � 1 �
˛

a
< m

) ma � a � ˛ < ma

) ma � ˛ C a; ˛ < ma

) ˛ < ma � ˛ C a

) ma 2 .˛; ˛ C a�:

Since
sup
t2R

jf .t Cma/ � f .t/j D sup
t2R

jf .t/ � f .t/j D 0;

we have .˛; ˛ C a� \ A."; f / 6D ;, 8" > 0. �

Definition 1.3 AP.R/´ the set of all almost periodic functions.

Claim 1.1 For f 2 AP.R/,
(i) sup

t2R

jf .t/j <1,

(ii) f is uniformly continuous on R,
(iii) ' B f 2 AP.R/, 8' 2 C.CIC/.

Proof. Fix f 2 AP.R/.
(i) For " D 1,

9l D l.1/ > 0 s.t.

�
8˛ 2 R; 9� 2 .˛ � l; ˛/

s.t. jf .t C �/ � f .t/j � 1 .8t 2 R/:

Since jf .˛ � � C �/ � f .˛ � �/j � 1 with t D ˛ � � ,

jf .˛/j � 1C jf .˛ � �/j � 1C max
0�t�l

jf .t/j:

Thus
sup
˛2R

jf .˛/j � 1C max
0�t�l

jf .t/j:

(ii) For 8" > 0,

9l D l."/ > 0 s.t.

�
8˛ 2 R; 9� 2 .˛; ˛ C l/

s.t. jf .t C �/ � f .t/j � " .8t 2 R/:

Since f is uniformly continuous over Œ�l; l C 1�,

0 < 9ı < 1 s.t.

�
s; t 2 Œ�l; l C 1�; js � t j � ı

) jf .s/ � f .t/j � ":

Let s; t 2 R with js � t j � ı. Without loss of generality, we may assume that s � t . For
n D b s

l
c 2 Z, we take � 2 .nl; nl C l/ so that jf .uC �/ � f .u/j � " (8u 2 R). Then

jf .s/ � f .s � �/j � "; jf .t/ � f .t � �/j � ":

1.1 Definition and some properties 7

Since nl � s < .nC 1/l ,

nl � s � t � s C ı < s C 1 < .nC 1/l C 1 D nl C l C 1:

From this and �nl � l < �� < �nl , it is clear that �l < s � � � t � � < l C 1, so that

jf .s � �/ � f .t � �/j � ":

Therefore, putting three estimates together, we have

jf .s/ � f .t/j D jf .s/ � f .s � �/C f .s � �/C f .t � �/C f .t � �/ � f .t/j

� jf .s/ � f .s � �/j C jf .s � �/C f .t � �/j C jf .t � �/ � f .t/j

� 3":

(iii) By (i), we can take M > 0 such that sup
s2R

jf .s/j � M . Since ' is uniformly

continuous over Œ�M;M�,

8" > 0; 9ı > 0 s.t.

�
u; v 2 Œ�M;M�; ju � vj � ı

) j'.u/ � '.v/j � ":

For this ı > 0,

9l > 0 s.t.

�
8˛ 2 R, 9� 2 .˛; ˛ C l/

s.t. jf .t C �/ � f .t/j � ı .8t 2 R/:

Then, since f .t C �/, f .t/ 2 Œ�M;M�, we haveˇ̌
'
�
f .t C �/

�
� '

�
f .t/

�ˇ̌
� ":

This shows that .˛; ˛ C l/ \ A."; ' B f / 6D ;. �
Claim 1.2 For f 2 C.RIC/,

f 2 AP.R/”
iff

for every real sequence fang
1
nD1,

9
fnkg: a subsequence s.t.

f .� C ank
/ is uniformly convergent on R as k !1.

Proof. “)” We divide the proof into two steps.

1o For 8f 2 AP.R/, 8" > 0 and 8real sequence fang1nD1,
9
fnkg

1
kD1: a subsequence; 9� 2 R s.t. lim

k!1
sup
t2R

ˇ̌
f .t C ank

/ � f .t C �/
ˇ̌
� ":

...� Fix f 2 AP.R/, " > 0 and real sequence fang1nD1. Take l > 0 so that .˛; ˛ C l/ \
A."; f / 6D ; (8˛ 2 R). Since an 2 R D

P
m2Z

�
ml; .mC 1/l

�
,

9mn 2 Z s.t. mnl � an < mnl C l:

For ˛ D mnl , let �n 2 .mnl; mnl C l/ be such that sup
t2R

jf .t C �n/ � f .t/j � ". Then

jf .t C an/ � f .t C an � �n/j � " .
8t 2 R/:

Since �l < an � �n < l by �mnl � l < ��n < �mnl , it follows that 9fnkg
1
kD1

: a
subsequence, 9� 2 R s.t. ank

��nk
! � as k !1. By Claim 1.1(ii), f .�Cank

��nk
/ �

f .� C �/ as k !1, and thus

lim
k!1

sup
t2R

jf .t C ank
/ � f .t C �/j � ":
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�
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/ �
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2o Let f 2 AP.R/. Suppose there exists a real sequence fang1nD1 such that for any
subsequence fnkg1kD1

, f .� C ank
/ is not uniformly convergent on R as k !1. Since the

whole sequence f .� C an/ is not uniformly convergent on R,

9"0 > 0 s.t.

(
8N 2 N; 9n; 9m > N

s.t. sup
t2R

jf .t C an/ � f .t C am/j > "0: (1.1)

By 1o,

9
fnkg

1
kD1: a subsequence; 9� 2 R s.t. lim

k!1
sup
t2R

ˇ̌
f .t C ank

/ � f .t C �/
ˇ̌
�
"0

3
:

Then

lim
k;l!1

sup
t2R

ˇ̌
f .t C ank

/ � f .t C anl
/
ˇ̌

� lim
k;l!1

�
sup
t2R

ˇ̌
f .t C ank

/ � f .t C �/
ˇ̌
C sup

t2R

ˇ̌
f .t C anl

/ � f .t C �/
ˇ̌�

�
2"0

3
:

This contradicts (1.1).

“(” We show the contraposition. Let f 2 C.RIC/ n AP.R/. By definition,

9"0 > 0 s.t.

�
8l > 0, 9˛ < 9ˇ

s.t. ˇ � ˛ D l; .˛; ˇ/ \ A."0; f / D ;:

Fix 8a 2 R, and put a1 D a. For l1 > 2ja1j,

9˛1 <
9ˇ1 s.t.

�
ˇ1 � ˛1 D l1;

.˛1; ˇ1/ \ A."0; f / D ;:

Put a2 D
˛1Cˇ1

2
. Then

a2 � a1 � ˛1 D
˛1 C ˇ1

2
� ˛1 � a1 D

ˇ1 � ˛1

2
� a1 �

l1

2
� ja1j > 0;

ˇ1 � .a2 � a1/ D ˇ1 �
˛1 C ˇ1

2
C a1 D

ˇ1 � ˛1

2
C a1 �

l1

2
� ja1j > 0;

so a2 � a1 2 .˛1; ˇ1/. Next, for l2 > 2
�
ja1j C ja2j

�
,

9˛2 <
9ˇ2 s.t.

�
ˇ2 � ˛2 D l2;

.˛2; ˇ2/ \ A."0; f / D ;:

Put a3 D
˛2Cˇ2

2
. Then, for i D 1; 2,

a3 � ai � ˛2 D
˛2 C ˇ2

2
� ˛2 � ai D

ˇ2 � ˛2

2
� ai �

l2

2
� jai j > 0;

ˇ2 � .a3 � ai/ D ˇ2 �
˛2 C ˇ2

2
C ai D

ˇ2 � ˛2

2
C ai �

l2

2
� jai j > 0;

1.1 Definition and some properties 9

so a3 � a1; a3 � a2 2 .˛2; ˇ2/. Repeat this process and let us get a1; : : : ; ak . For lk >
2
�
ja1j C � � � C jakj

�
,

9˛k <
9ˇk s.t.

�
ˇk � ˛k D lk;

.˛k; ˇk/ \ A."0; f / D ;:

Put akC1 D
˛kCˇk

2
. Then, for i D 1; : : : ; k,

akC1 � ai � ˛k D
˛k C ˇk

2
� ˛k � ai D

ˇk � ˛k

2
� ai �

lk

2
� jai j > 0;

ˇk � .akC1 � ai/ D ˇk �
˛k C ˇk

2
C ai D

ˇk � ˛k

2
C ai �

lk

2
� jai j > 0;

so akC1 � a1, : : :, akC1 � ak 2 .˛k; ˇk/. Thus we see the existence of a real sequence
fang

1
nD1 satisfying ai � aj 62 A."0; f / (i > j � 1).

Now

sup
t2R

jf .t C ai/ � f .t C aj /j D sup
t2R

jf .t C ai � aj / � f .t/j � "0 .i > j � 1/:

This tells us that f .� C ank
/ is not uniformly convergent on R as k ! 1 for any subse-

quence fnkg1kD1
. �

Claim 1.3 AP.R/ is a self-adjoint algebra of complex continuous functions on R. Namely,
for f , g 2 AP.R/ and �, � 2 C,

�f C �g; fg; f 2 AP.R/:

Here f .t/´ f .t/. Moreover, for ˛ 2 R n f0g and ˇ 2 R, f .˛t Cˇ/ 2 AP.R/ provided
that f 2 AP.R/.

Proof. Let f , g 2 AP.R/, ˛ 2 R n f0g and ˇ 2 R. For any real sequence fang1nD1,

9
fnkg: a subsequence s.t.

�
f .�Cank

/, f .�C˛ank
Cˇ/ and g.�Cank

/ are uniformly
convergent on R as k !1, respectively.

Then, so are �f .� C ank
/C �g.� C ank

/ (� , � 2 C), f .� C ank
/g.� C ank

/, f .� C ank
/

and f
�
˛.� C ank

/C ˇ
�
. Thus, by Claim 1.2, we have the assertion of the claim. �

Claim 1.4 Let ffkg1kD1
� AP.R/ and f 2 C.RIC/. If fk � f as k ! 1, then

f 2 AP.R/.

Proof. Take a real sequence fang1nD1 arbitrarily and fix it. By Claim 1.2,

9
fn.1; j /g1jD1: a subsequence of f1; 2; 3; : : :g

s.t. f1.� C an.1;j // is uniformly convergent on R as j !1;

9
fn.2; j /g1jD1: a subsequence of fn.1; j /g1jD1

s.t. f2.� C an.2;j // is uniformly convergent on R as j !1;
:::
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9
fn.1; j /g1jD1: a subsequence of f1; 2; 3; : : :g

s.t. f1.� C an.1;j // is uniformly convergent on R as j !1;

9
fn.2; j /g1jD1: a subsequence of fn.1; j /g1jD1

s.t. f2.� C an.2;j // is uniformly convergent on R as j !1;
:::
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9
fn.i; j /g1jD1: a subsequence of fn.i � 1; j /g1jD1

s.t. fi.� C an.i;j // is uniformly convergent on R as j !1;
:::

Put nk ´ n.k; k/ (k � 1). fnkg1kD1
is a subsequence of f1; 2; 3; : : :g, and f .� C ank

/ is
uniformly convergent on R as k ! 1. For if we take fJk.i/g1iD1 so that n.k C 1; i/ D
n.k; Jk.i// (i D 1; 2; : : :), and if, for k; l > j , we rewrite

n.k; k/ D n.k � 1; Jk�1.k//

D n
�
k � 2; Jk�2.Jk�1.k//

�

D � � �

D n
�
j; Jj .JjC1.� � � .Jk�1.k// � � � //

�
;

n.l; l/ D n
�
j; Jj .JjC1.� � � .Jl�1.l// � � � //

�
;

then

sup
t2R

ˇ̌
f .t C ank

/ � f .t C anl
/
ˇ̌
D sup

t2R

ˇ̌
ˇf �t C a

n

�
j;Jj .Jj C1.���.Jk�1.k//��� //

��

� f
�
t C a

n

�
j;Jj .Jj C1.���.Jl�1.l//��� //

��ˇ̌ˇ

D sup
t2R

ˇ̌
ˇf �t C a

n

�
j;Jj .Jj C1.���.Jk�1.k//��� //

��

� fj
�
t C a

n

�
j;Jj .Jj C1.���.Jk�1.k//��� //

��

C fj
�
t C a

n

�
j;Jj .Jj C1.���.Jk�1.k//��� //

��

� fj
�
t C a

n

�
j;Jj .Jj C1.���.Jl�1.l//��� //

��

C fj
�
t C a

n

�
j;Jj .Jj C1.���.Jl�1.l//��� //

��

� f
�
t C a

n

�
j;Jj .Jj C1.���.Jl�1.l//��� //

��ˇ̌ˇ
� 2 sup

s2R

jf .s/ � fj .s/j

C sup
h�k;i�l

sup
t2R

ˇ̌
fj .t C an.j;h// � fj .t C an.j;i//

ˇ̌

�
...� Jj .JjC1.� � � .Jk�1.k// � � � // � k;

Jj .JjC1.� � � .Jl�1.l// � � � // � l

�
:

Since the 2nd term ! 0 as k; l ! 1, and the 1st term ! 0 as j ! 1, we have
f .� C ank

/ � f .� C anl
/ � 0 as k; l !1. �

1.2 Mean values

Theorem 1.1 For each f 2 AP.R/,

1

T

Z T

0

f .t/dt

1.2 Mean values 11

is convergent as T !1. If we denote this limit by M.f /, then

1

T

Z TCa

a

f .t/dt

is uniformly convergent in a 2 R to M.f /.

Proof. Fix 8" > 0.

9l D l."/ > 0 s.t. .˛; ˛ C l/ \ A."; f / 6D ; .8˛ 2 R/:

Let T0´ l
�
.1
"

sup
t2R

jf .t/j/ _ 1
�
, and T � T0. For 8a 2 R,

9� 2 .a; aC l/ s.t. sup
t2R

jf .t C �/ � f .t/j � ":

Then
ˇ̌
ˇ 1
T

Z TCa

a

f .t/dt �
1

T

Z T

0

f .t/dt
ˇ̌
ˇ

D
1

T

ˇ̌
ˇ
Z �

a

f .t/dt C

Z TC�

�

f .t/dt �

Z TC�

TCa

f .t/dt �

Z T

0

f .t/dt
ˇ̌
ˇ

D
1

T

ˇ̌
ˇ
Z �

a

f .t/dt C

Z T

0

�
f .t C �/ � f .t/

�
dt �

Z TC�

TCa

f .t/dt
ˇ̌
ˇ

�
1

T

�Z �

a

jf .t/jdt C

Z T

0

ˇ̌
f .t C �/ � f .t/

ˇ̌
dt C

Z TC�

TCa

jf .t/jdt
�

�
1

T

�
2.� � a/ sup

t2R

jf .t/j C T"
�

�
2l

T
sup
t2R

jf .t/j C "
�

...� 0 < � � a < l
�

� 3"
�

...� T � T0 �
l
"

supt2R jf .t/j )
2l
T

supt2R jf .t/j � 2"
�
: (1.2)

Particularly, putting a D .k � 1/T (k D 1; : : : ; n) in the above, we see that

ˇ̌
ˇ 1
T

Z kT

.k�1/T

f .t/dt �
1

T

Z T

0

f .t/dt
ˇ̌
ˇ � 3":

Adding this inequality over k, and then multiplying it by 1
n

, we have

ˇ̌
ˇ 1
nT

Z nT

0

f .t/dt �
1

T

Z T

0

f .t/dt
ˇ̌
ˇ

D

ˇ̌
ˇ̌1
n

nX
kD1

� 1
T

Z kT

.k�1/T

f .t/dt �
1

T

Z T

0

f .t/dt
�ˇ̌ˇ̌

�
1

n

nX
kD1

ˇ̌
ˇ 1
T

Z kT

.k�1/T

f .t/dt �
1

T

Z T

0

f .t/dt
ˇ̌
ˇ

� 3":
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For T1; T2 � T0, put

T
.m/
i ´

dmTie

m
.i D 1; 2/:

Clearly T .m/i 2 Q, T .m/i � Ti and lim
m!1

T
.m/
i D Ti . By noting that T

.m/
2

T
.m/
1

D
n2

n1
for some

n1, n2 2 N, the estimate above yields that

ˇ̌
ˇ 1

T
.m/
1

Z T
.m/
1

0

f .t/dt �
1

T
.m/
2

Z T
.m/
2

0

f .t/dt
ˇ̌
ˇ

D

ˇ̌
ˇ 1

T
.m/
1

Z T
.m/
1

0

f .t/dt �
1

n2T
.m/
1

Z n2T
.m/
1

0

f .t/dt

C
1

n1T
.m/
2

Z n1T
.m/
2

0

f .t/dt �
1

T
.m/
2

Z T
.m/
2

0

f .t/dt
ˇ̌
ˇ

�

ˇ̌
ˇ 1

T
.m/
1

Z T
.m/
1

0

f .t/dt �
1

n2T
.m/
1

Z n2T
.m/
1

0

f .t/dt
ˇ̌
ˇ

C

ˇ̌
ˇ 1

n1T
.m/
2

Z n1T
.m/
2

0

f .t/dt �
1

T
.m/
2

Z T
.m/
2

0

f .t/dt
ˇ̌
ˇ

� 6":

Letting m!1, we have

ˇ̌
ˇ 1
T1

Z T1

0

f .t/dt �
1

T2

Z T2

0

f .t/dt
ˇ̌
ˇ � 6":

This shows the convergence of 1
T

R T
0
f .t/dt as T !1. Moreover, from (1.2), it follows

that 1
T

R TCa

a
f .t/dt is uniformly convergent in a 2 R to this limit. �

Definition 1.4 We call M.f / the mean value of f .

Claim 1.5 Let f 2 AP.R/ and f � 0. Then

M.f / D 0”
iff

f D 0:

Proof. “(” is trivial.
“)” We show the contraposition. Suppose f 6D 0. Then 9t0 2 R, 9" > 0 s.t.

f .t0/ � 2". By the continuity of f , 9a < t0 <
9b s.t. f .t/ � " for t 2 .a; b/. By the

almost periodicity of f , 9l D l. "
2
/ > 0 s.t. .˛; ˛ C l/ \ A. "

2
; f / 6D ; (8˛ 2 R). Put

L´ l _ .b � a/. For each n 2 N,

9�n 2
�
2.n � 1/L � a; 2.n � 1/L � aC L

�
s.t. sup

t2R

jf .t C �n/ � f .t/j �
"

2
:

Noting that, for 8t 2 .a; b/,

f .t C �n/ D f .t/C f .t C �n/ � f .t/ � f .t/ � jf .t C �n/ � f .t/j

1.3 Convolutions 13

� " �
"

2
D
"

2
;

we see thatZ 2nL

2.n�1/L

f .s/ds D

Z 2nL��n

2.n�1/L��n

f .t C �n/dt
�

...� change of variable: s � �n D t
�

�

Z b

a

f .t C �n/dt

2
66664

...� by 2.n � 1/L � a < �n < 2.n � 1/L � aC L,
2.n � 1/L � �n < a;

2nL � �n > 2nL � 2.n � 1/LC a � L

D LC a

� b � aC a D b

3
77775

� .b � a/
"

2
:

Adding this inequality over n 2 f1; : : : ; N g, we have

1

2NL

Z 2NL

0

f .s/ds D
1

2NL

NX
nD1

Z 2nL

2.n�1/L

f .s/ds �
1

2NL

NX
nD1

.b � a/
"

2

D
".b � a/

4L
:

Finally, letting N !1, we obtain

M.f / D lim
N!1

1

2NL

Z 2NL

0

f .s/ds �
".b � a/

4L
> 0: �

1.3 Convolutions

For f; g 2 AP.R/ and u 2 R, f .u��/g.�/ 2 AP.R/ by Claim 1.3. Thus, by Theorem 1.1,

lim
T!1

1

T

Z T

0

f .u � t /g.t/dt DM
�
f .u � �/g.�/

�
:

Moreover the following holds:

Claim 1.6 (i) As T !1,

1

T

Z TCa

a

f .u � t/g.t/dt !M
�
f .u � �/g.�/

�
uniformly in a, u 2 R:

(ii) R 3 u 7!M
�
f .u � �/g.�/

�
2 C is almost periodic.

Proof. (i) For " > 0, put

A."; f; g/´
n
� 2 RI sup

t2R

�
jf .�t � �/ � f .�t/j C jg.t C �/ � g.t/j

�
� "

o
:

We divide the proof into two steps:

1o 8" > 0, 9l D l."/ > 0 s.t. .a; aC l/ \ A."; f; g/ 6D ; (8a 2 R).
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...� We prove it by a reduction to absurdity. Its negation is as follows:

9"0 > 0 s.t.

�
8l > 0; 9˛ < 9ˇ

s.t. ˇ � ˛ D l; .˛; ˇ/ \ A."0; f; g/ D ;:

We do the similar argument as in the proof of “(” in Claim 1.2. Fix 8a 2 R, and put
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9˛1 <
9ˇ1 s.t.

�
ˇ1 � ˛1 D l1;

.˛1; ˇ1/ \ A."0; f; g/ D ;:

Then, for a2 D
˛1Cˇ1

2
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�
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�
,

9˛2 <
9ˇ2 s.t.

�
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2
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On the other hand, since f; g 2 AP.R/, it follows from Claim 1.2 that

9
fnkg

1
kD1: a subsequence s.t.

�
f .� � ank

/ and g.� C ank
/ are uniformly con-

vergent on R as k !1, respectively.

This implies that

sup
t2R

�
jf .�t � ank

/ � f .�t � anl
/j C jg.t C ank

/ � g.t C anl
/j
�
< "0 .k; l � 1/;

which contradicts the above estimate. Therefore the assertion of 1o must hold.

2o Fix 8" > 0. By 1o,

9l D l."/ > 0 s.t.

‚
8a 2 R, 9� 2 .a; aC l/
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�
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�
� ":
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"
.sups2R jf .s/j/.sups2R jg.s/j/ _ 1

�
, and T � T0. Fix 8u 2 R. If, for

8a 2 R, � 2 .a; aC l/ is taken as above,
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T
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i D
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m
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n1
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C
1

n1T
.m/
2

Z n1T
.m/
2

0

f .u � t /g.t/dt �
1

T
.m/
2

Z T
.m/
2

0

f .u � t/g.t/dt
ˇ̌
ˇ

�

ˇ̌
ˇ 1

T
.m/
1

Z T
.m/
1

0

f .u � t/g.t/dt �
1

n2T
.m/
1

Z n2T
.m/
1

0

f .u � t/g.t/dt
ˇ̌
ˇ

C

ˇ̌
ˇ 1

n1T
.m/
2

Z n1T
.m/
2

0

f .u � t/g.t/dt �
1

T
.m/
2

Z T
.m/
2

0

f .u � t /g.t/dt
ˇ̌
ˇ

� 8":

Letting m!1, we see that
ˇ̌
ˇ 1
T1

Z T1

0

f .u � t /g.t/dt �
1

T2

Z T2

0

f .u � t /g.t/dt
ˇ̌
ˇ � 8":

This implies that
ˇ̌
ˇ 1
T

Z T

0

f .u � t /g.t/dt �M
�
f .u � �/g.�/

�ˇ̌ˇ � 8"; 8T � T0;
8u 2 R:

Combining this with (1.3), we have
ˇ̌
ˇ 1
T

Z TCa

a

f .u � t/g.t/dt �M
�
f .u � �/g.�/

�ˇ̌ˇ � 12"; 8T � T0;
8u; 8a 2 R: (1.4)

(ii) First, for fixed T > 0,

R 3 u 7!
1

T

Z T

0

f .u � t/g.t/dt 2 C

is almost periodic. For it follows from Claim 1.2 that for any real sequence fang1nD1,

9
fnkg

1
kD1: a subsequence, 9h 2 C.RIC/ s.t. f .� C ank

/ � h.�/ as k !1:

Then, uniformly in u

1

T

Z T

0

f .uC ank
� t /g.t/dt !

1

T

Z T

0

h.u � t /g.t/dt as k !1:

By Claim 1.2 again, the function in question is almost periodic.
By (i), uniformly in u

1

T

Z T

0

f .u � t/g.t/dt !M
�
f .u � �/g.�/

�
as T !1:

The assertion of (ii) follows from Claim 1.4 at once. �

Definition 1.5 We denoteM
�
f .u� �/g.�/

�
by .f ˝g/.u/, and call f ˝g 2 AP.R/ the

convolution of f and g.

Claim 1.7 For f; g; h 2 AP.R/ and � 2 C,
(i) f ˝ g D g ˝ f ,
(ii) f ˝ .g C h/ D f ˝ g C f ˝ h, .�f /˝ g D f ˝ .�g/ D �.f ˝ g/,
(iii) f ˝ .g ˝ h/ D .f ˝ g/˝ h.
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Proof. Fix f; g; h 2 AP.R/ and � 2 C.
(i) First

.f ˝ g/.u/ D lim
T!1

1

T

Z T

0

f .u � t/g.t/dt

D lim
T!1

1

T

Z u

u�T

f .s/g.u � s/ds
�

...� change of variable: u � t D s
�
:

Since, by (1.4),
ˇ̌
ˇ 1
T

Z u

u�T

g.u � s/f .s/ds � .g ˝ f /.u/
ˇ̌
ˇ � 12"; 8T � T0;

8u 2 R;

we see that .f ˝ g/.u/ D .g ˝ f /.u/.
(ii)

�
f ˝ .g C h/

�
.u/ D lim

T!1

Z T

0

f .u � t /
�
g.t/C h.t/

�
dt

D lim
T!1

Z T

0

f .u � t /g.t/dt C lim
T!1

Z T

0

f .u � t /h.t/dt

D .f ˝ g/.u/C .f ˝ h/.u/

D .f ˝ g C f ˝ h/.u/;

�
.�f /˝ g

�
.u/ D lim

T!1

Z T

0

�f .u � t/g.t/dt

D � lim
T!1

Z T

0

f .u � t/g.t/dt

D �.f ˝ g/.u/

D
�
�.f ˝ g/

�
.u/:

(iii) First

�
f ˝ .g ˝ h/

�
.u/ D lim

T!1

1

T

Z T

0

f .u � t /.g ˝ h/.t/dt

D lim
T!1

1

T

Z T

0

f .u � t /dt lim
S!1

1

S

Z S

0

g.t � r/h.r/dr

D lim
T!1

lim
S!1

1

T

1

S

Z T

0

f .u � t/dt

Z S

0

g.t � r/h.r/dr

D lim
T!1

lim
S!1

1

T

1

S

Z S

0

h.r/dr

Z T

0

f .u � t /g.t � r/dt

D lim
T!1

lim
S!1

1

T

1

S

Z S

0

h.r/dr

Z T�r

�r

f .u � r � �/g.�/d�

�
...� change of variable: t � r D �

�

D lim
T!1

lim
S!1

1

S

Z S

0

� 1
T

Z T�r

�r

f .u � r � �/g.�/d�
�
h.r/dr:
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1

S

Z S

0

g.t � r/h.r/dr

D lim
T!1

lim
S!1

1

T

1

S

Z T

0

f .u � t/dt

Z S

0

g.t � r/h.r/dr

D lim
T!1

lim
S!1

1

T

1

S

Z S

0

h.r/dr

Z T

0

f .u � t /g.t � r/dt

D lim
T!1

lim
S!1

1

T

1

S

Z S

0

h.r/dr

Z T�r

�r

f .u � r � �/g.�/d�

�
...� change of variable: t � r D �

�

D lim
T!1

lim
S!1

1

S

Z S

0

� 1
T

Z T�r

�r

f .u � r � �/g.�/d�
�
h.r/dr:
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By (1.4),
ˇ̌
ˇ 1
T

Z T�r

�r

f .u � r � �/g.�/d� � .f ˝ g/.u � r/
ˇ̌
ˇ � 12"; 8T � T0;

8u; 8r 2 R;

so
ˇ̌
ˇ 1
S

Z S

0

� 1
T

Z T�r

�r

f .u � r � �/g.�/d�
�
h.r/dr �

1

S

Z S

0

.f ˝ g/.u � r/h.r/dr
ˇ̌
ˇ

D

ˇ̌
ˇ 1
S

Z S

0

� 1
T

Z T�r

�r

f .u � r � �/g.�/d� � .f ˝ g/.u � r/
�
h.r/dr

ˇ̌
ˇ

� 12" sup
r2R

jh.r/j; 8T � T0;
8S > 0:

Letting S !1, and then T !1, we obtainˇ̌
ˇ�f ˝ .g ˝ h/�.u/ � �.f ˝ g/˝ h�.u/

ˇ̌
ˇ � 12" sup

r2R

jh.r/j;

which shows that
�
f ˝ .g ˝ h/

�
.u/ D

�
.f ˝ g/˝ h

�
.u/. �

1.4 Approximation theorem

Definition 1.6 For P 2 C.RIC/,

P is a trigonometric polynomial

”
def

9k 2 N; 9�1; : : : ;
9�k 2 C; 9�1; : : : ;

9�k 2 R s.t. P.t/ D
kX
iD1

�ie
p

�1�i t :

Note that by Example 1.1 and Claim 1.3, trigonometric polynomials are almost peri-
odic.

Theorem 1.2 For 8f 2 AP.R/ and 8" > 0, 9P": a trigonometric polynomial s.t.
sup
t2R

jf .t/ � P".t/j � ".

For the proof, we present two lemmas:

Lemma 1.1 For f 2 AP.R/, put

g.t/´ sup
s2R

jf .s C t/ � f .s/j; t 2 R:

(i) g 2 AP.R/, � 0.
(ii) Put F".t/ ´

�
1 � g.t/

"

�C�
1 � g.�t/

"

�C
for " > 0. Then F" 2 AP.R/, � 0 and

F".0/ D 1. Thus

 " D
F"

M.F"/
2 AP.R/

is defined, it is an even function and

sup
t2R

ˇ̌
f .t/ � .f ˝  " ˝  "/.t/

ˇ̌
� 2" (1.5)

holds.

1.4 Approximation theorem 19

Proof. (i) For s; t; t 0 2 R,

jf .s C t / � f .s/j D jf .s C t 0/ � f .s/C f .s C t/ � f .s C t 0/j

� jf .s C t 0/ � f .s/j C jf .s C t/ � f .s C t 0/j

� g.t 0/C sup
r2R

jf .r C t 0 � t / � f .r/j;

jf .s C t 0/ � f .s/j � jf .s C t / � f .s/j C jf .s C t 0/ � f .s C t /j

� g.t/C sup
r2R

jf .r C t 0 � t/ � f .r/j:

Taking the sup in s yields that

jg.t 0/ � g.t/j � sup
r2R

jf .r C t 0 � t/ � f .r/j; t; t 0 2 R:

From the uniform continuity of f , it follows that g 2 C.RI Œ0;1//. Next, by the almost
periodicity of f ,

8" > 0; 9l D l."/ > 0 s.t.

(
8˛ 2 R, 9� 2 .˛; ˛ C l/

s.t. sup
s2R

jf .s C �/ � f .s/j � ":

Putting t 0 D t C � in the estimate above yields that

jg.t C �/ � g.t/j � sup
r2R

jf .r C �/ � f .r/j � "; 8t 2 R:

This implies that g 2 AP.R/.
(ii) By Claim 1.3, g.� �/ 2 AP.R/. By the continuity of R 3 u 7!

�
1 � u

"

�C
2 Œ0;1/

and Claim 1.1(iii),
�
1 � g.�/

"

�C
,
�
1 � g.��/

"

�C
2 AP.R/. Thus F" 2 AP.R/ by Claim 1.3

once more. Clearly F" � 0 and F".0/ D 1. Since M.F"/ > 0 by Claim 1.5,

 " D
F"

M.F"/
2 AP.R/

is well-defined. From this definition, it is clear that  " is even.
It remains to show (1.5). We first note that

ˇ̌
.f .s � t/ � f .s//F".t/

ˇ̌
� "F".t/;

8s; 8t 2 R: (1.6)

This is seen from the following implications:

F".t/ > 0)
�
1 �

g.�t /

"

�C

> 0

) g.�t / < "

) jf .s � t/ � f .s/j < " .8s 2 R/

)
ˇ̌
.f .s � t / � f .s//F".t/

ˇ̌
D jf .s � t/ � f .s/jF".t/

< "F".t/ .
8s 2 R/:

Integrating (1.6) in t 2 Œ0; T �, we see that
ˇ̌
ˇ̌ 1
T

Z T

0

f .s � t/F".t/dt �
f .s/

T

Z T

0

F".t/dt

ˇ̌
ˇ̌
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D

ˇ̌
ˇ̌ 1
T

Z T

0

�
f .s � t/ � f .s/

�
F".t/dt

ˇ̌
ˇ̌

�
1

T

Z T

0

ˇ̌�
f .s � t/ � f .s/

�
F".t/

ˇ̌
dt

�
"

T

Z T

0

F".t/dt:

Letting T !1, and then dividing both sides by M.F"/, we have
ˇ̌
.f ˝  "/.s/ � f .s/

ˇ̌
� "; 8s 2 R: (1.7)

Now, since M. "/ D 1, it follows that
ˇ̌
.f ˝  "/.s � t/ � .f ˝  "/.s/

ˇ̌

D lim
T!1

ˇ̌
ˇ̌ 1
T

Z T

0

f .s � t � r/ ".r/dr �
1

T

Z T

0

f .s � r/ ".r/dr

ˇ̌
ˇ̌

D lim
T!1

ˇ̌
ˇ̌ 1
T

Z T

0

�
f .s � t � r/ � f .s � r/

�
 ".r/dr

ˇ̌
ˇ̌

� lim
T!1

1

T

Z T

0

ˇ̌
f .s � t � r/ � f .s � r/

ˇ̌
 ".r/dr

�

�
sup
�2R

ˇ̌
f .� � t / � f .�/

ˇ̌�
lim
T!1

1

T

Z T

0

 ".r/dr

D

�
sup
�2R

ˇ̌
f .� � t/ � f .�/

ˇ̌�
M. "/

D sup
�2R

ˇ̌
f .� � t/ � f .�/

ˇ̌
:

By this and (1.6),
ˇ̌
ˇ�.f ˝  "/.s � t/ � .f ˝  "/.s/

�
F".t/

ˇ̌
ˇ � "F".t/; 8s; 8t 2 R:

By a similar calculation from (1.6) to (1.7),
ˇ̌
.f ˝  "/˝  ".s/ � .f ˝  "/.s/

ˇ̌
� "; 8s 2 R:

Finally, combining this estimate with (1.7), we have
ˇ̌
f .s/ � .f ˝  "/˝  ".s/

ˇ̌
� 2"; 8s 2 R;

which is just (1.5). �

Lemma 1.2 For f 2 AP.R/, 6D 0, put f �.t/´ f .�t/ 2 AP.R/. Then

9
f�ng: a real sequence, 9

f�ng: a positive sequence

s.t.

�P
n

�n <1;

.f ˝ f �/.t/ D
P
n

�ne
p

�1�nt .t 2 R/:

Here f�ng or f�ng may be a finite sequence.

1.4 Approximation theorem 21

Proof. Fix f 2 AP.R/, 6D 0. Clearly R 3 t 7! .f ˝f �/.t/ 2 C is continuous; moreover
it is positive definite. Because, for �1; : : : ; �n 2 C, t1; : : : ; tn 2 R,

nX
i;jD1

�i�j .f ˝ f
�/.ti � tj /

D

nX
i;jD1

�i�j lim
T!1

1

T

Z T

0

f .ti � tj � s/f
�.s/ds

D

nX
i;jD1

�i�j lim
T!1

1

T

Z T�tj

�tj

f
�
ti � .tj C s/

�
f .�s/ds

D

nX
i;jD1

�i�j lim
T!1

1

T

Z T

0

f .ti � �/f .tj � �/d�

�
...� change of variable: � D tj C s

�

D lim
T!1

1

T

Z T

0

nX
i;jD1

�if .ti � �/�jf .tj � �/d�

D lim
T!1

1

T

Z T

0

ˇ̌
ˇ
nX
iD1

�if .ti � �/
ˇ̌
ˇ
2

d�

� 0:

Particularly, in case n D 1 and �1 D 1, .f ˝ f �/.0/ D M
�
jf j2

�
. It follows from

Claim 1.5 that .f ˝ f �/.0/ > 0. Thus Bochner’s theorem
�
cf. Claim A.4

�
gives that

9�: a probability measure on .R;B.R//

s.t. .f ˝ f �/.t/ D .f ˝ f �/.0/

Z

R

e
p

�1tx�.dx/; t 2 R: (1.8)

Now, let D ´
˚
� 2 RI �.f�g/ > 0

�
. Dn D

˚
� 2 RI �.f�g/ � 1

n

�
is a finite set and

Dn % D. Put

g.t/´
.f ˝ f �/.t/

.f ˝ f �/.0/
�
X
�2D

�.f�g/e
p

�1�t ; t 2 R:

Since
P
�2Dn

�.f�g/e
p

�1�t 2 AP.R/ by Example 1.1, and

X
�2Dn

�.f�g/e
p

�1�t �
X
�2D

�.f�g/e
p

�1�t as n!1;

we see from Claim 1.4 that
P
�2D �.f�g/e

p
�1�t 2 AP.R/. Thus g 2 AP.R/.

Noting that by (1.8),

g.t/ D

Z

R

e
p

�1tx�.dx/ �

Z

D

e
p

�1tx�.dx/ D

Z

RnD

e
p

�1tx�.dx/; t 2 R;
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we have

M
�
jgj2
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The numbers an are called the Fourier coefficients of f , and this identity is called the
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Chapter 2

Probability measure P on RB

Topics of this chapter come from Fukuyama [11]. To tell the truth, Chapter 1 was pre-
pared, since we wanted the fact that every almost periodic function always has the mean
value. Based on these mean values, we define a probability measure P on the space RB of
large volume.

2.1 Definition of the probability measure P

Definition 2.1 B´ AP.R/\C.RIR/, i.e., B is the set of all real-valued almost periodic
functions.

Definition 2.2 For T > 0, we define a probability measure PT on .R;B.R// by

PT .E/´
1

2T
�
�
Œ�T; T � \E

�
; E 2 B.R/:

Here � is the 1-dimensional Lebesgue measure.

Lemma 2.1 For f1; : : : ; fn 2 B, let P .f1;:::;fn/
T be an image measure of PT by the con-

tinuous mapping

R 3 t 7! .f1; : : : ; fn/.t/´
�
f1.t/; : : : ; fn.t/

�
2 Rn:

(P .f1;:::;fn/
T is a probability measure on .Rn;B.Rn//.) Then

9P : a probability measure on
�
Rn;B.Rn/

�

s.t. P .f1;:::;fn/
T ! P weakly as T !1:

Proof. Let � D .�1; : : : ; �n/ 2 Rn. By Claim 1.3 and Claim 1.1(iii), e
p

�1
Pn

iD1 �ifi .�/ 2

AP.R/. Thus, by Theorem 1.1,

4
P
.f1;:::;fn/
T .�/�1 D

Z

Rn

e
p

�1h�;xiP
.f1;:::;fn/
T .dx/

D

Z

R

e
p

�1
Pn

iD1 �ifi .t/PT .dt/
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