Chapter 1

Almost periodic functions

Following Yosida [35], let us view the almost periodic function due to H. Bohr. For
English literatures, cf. Besicovitch [1], Bohr [3], Katznelson [19] and so on. It should be
noted that the almost periodic function in the sense of Bohr is generalized to the one in the
sense of Besicovitch [cf. [l]], and moreover to the one on locally compact abelian groups
[cf. [19, 28]]. Our proofs given below are a freshman or sophomore level in college
except for using Bochner’s theorem in Lemma 1.2.

1.1 Definition and some properties

First of all, put

C(R;C) :={f : R — C is continuous},
C(C:;C) :={f : C — C is continuous}.

Definition 1.1 For f € C(R;C),

f is an almost periodic function

— Y¢>0, 3 =1@)>0 st

{Vae R, ¥t € (w,a + 1)
def

st. sup|f(t+1)— f(@t)] <e.
teR
Definition 1.2 Fore > O and f € C(R;C), put
A, f)i= [t e Risup | £t + 1) = ()] < &.
teR

By this, the appearance of Definition 1.1 becomes simple as
f is almost periodic

= YVe>0,3=1(e)>0 st (a,a+D)NAE f)#0 “aeR).

Example 1.1 If f € C(R;C) has period a > 0, i.e., satisfies that f(t + a) = f(¢) for
¥t € R, then f is almost periodic.
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Proof. For a € R, the following implications hold:

e |21 me1= 2]

o
=>m-1<-—<m
a

> ma—a <o <ma
=>ma=<o-+a,oa<ma
Sa<ma<uo-+ta
= ma € (o, + al.

Since
fuglf(t +ma) — f(t)| = iuglf(t) - [ =0,
we have (o, +a] N A(e, f) # @, Ve > 0. |

Definition 1.3 AP (R) := the set of all almost periodic functions.

Claim 1.1 For f € AP(R),
(1) sup | f ()| < oo,

teR
(ii) f is uniformly continuous on R,

(iii) ¢ o f € AP(R), Y € C(C;C).

Proof. Fix f € AP(R).
(i) Fore =1,

YaeR, Ire(@—1,a)

st. [ft+10)—f@)] <1 ("t €R).
Since |fla —74+1)— fla —7)| < 1l witht =a—1,

f@I <1+ 1f@=0)] < 1+ max | £(0)].

I =1(1)>0 st

Thus
sup| f(a)] <1 + max | f(@)].

aeR

(ii) For Ye > 0,

Ya € R, EIre(oz,oz—i—l)

st. |[ft+1)— f@)] <e (Vt € R).

Since f is uniformly continuous over [/, + 1],

I =1(6)>0 st {

s,¢te[-LI+1], |s—t| <6
= |f) = fO)] e

Let s,t € R with |s — ¢| < §. Without loss of generality, we may assume that s < ¢. For
n=|%] eZ wetaket € (nl,nl +1)sothat|f(u+1)— f(u)] <& (Yu € R). Then

lf)—fG =Dl =e [f()-fle D] =e.

0<3 <1 st {
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Sincenl <s < (n+ 1)1,
nl<s<t<s+é<s+l<m+D)l+1=nl+1+1.
From this and —n/ — [ < —t < —nl,itisclearthat -/ <s—717 <t —1 <[ + 1, so that
|fs—1)—ft—7)| =&
Therefore, putting three estimates together, we have
lf)—fOI=1fs)—fGs—D+ fs—D+ ft—1)+ f@—71)— f)]
<|f&)=f—D+|fs—0)+ fC—D|+[fC—71)— f@)

< 3e.
(iii)) By (i), we can take M > O such that sup|f(s)] < M. Since ¢ is uniformly

seR
continuous over [—M, M],

u,v€[-M,M], lu—v| <§

Ve>0,38 >0 s.t. {
= lp) — ()| <e.

For this § > 0,

st. |[ft+1)— f()] <8 ("t €R).
Then, since f(t + 1), f(¢t) € [-M, M], we have
lo(f(t +1) —o(f)] <&
This shows that (o, + 1) N A(e, @ o f) # @. |
Claim 1.2 For f € C(R; ),

f € AP(R) <= for every real sequence {an}e, Hny): a subsequence s.t.
W f(- + an, ) is uniformly convergent on R as k — oc.

-0 {Vozelk,are(oz,a+l)

Proof. “=" We divide the proof into two steps.
1° For ¥ f € AP(R), Ve > 0 and "real sequence {a, }°>

n=1>

EI{nk},‘zo:l: a subsequence, 7y € R s.t. hm sup‘f(t +a,)— f(t+ y)‘ <e.
— reR
O Fix f € AP(R), € > 0 and real sequence {a,}o~,. Take [ > 0 so that (0, + 1) N
Ae. ) #90 ("a € R). Sincea, € R =Y [ml, (m + 1)I),

meZ

Im, € Z st. myl <a, <mul +1.

For o = myl, let t, € (myl,m,l 4+ 1) be such that sup | f(t + t,) — f(¢)] < &. Then

teR
|f(t +an) = ft +a,—T) <& ("1 €R).
Since =/ < ay — 1, < I by —mul —1 < —1, < —m,l, it follows that 3{n;}3> : a
subsequence, 3y € R s.t. an, —Tn, — ¥ ask — oo. By Claim 1.1(ii), f(-+an, —Tn,) =
f(-+v) as k — oo, and thus
11m sup | f(t + an,) — f(t +y)| < e

k—00 seR
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2° Let f € AP(R). Suppose there exists a real sequence {a,};>, such that for any
subsequence {1 7>, f (- + apn,) is not uniformly convergent on R as k — oo. Since the
whole sequence f(- 4+ a,) is not uniformly convergent on R,

YNeN, I 3Im>N

3
€0 >0 s.t. s.t. sup| f(t +an) — f(t +am)| > &o. (1D
teR
By 1°,
EI{nk},;’o:l: a subsequence, 'y € R s.t. lim sup|f(t +an)— f(t+ )/)| < £,
k—00 teR 3
Then
lim sup’f(t +an)— f(t+ a,,l)|
k,l—00 teR
< Tim (sup| £ + an,) = £t + )| + sup| £t + an) = £t + 7))
k,l—o00\seR teR
280
-3

This contradicts (1.1).
“«<=" We show the contraposition. Let f € C(R; C) \ AP(R). By definition,

VI >0,3a <3
st. B—a =1, (a,8) N A(gg, f) = 0.

Fix Ya € R, and put a; = a. For [; > 2|a,|,

580 >0 s.t. {

(a1, B1) N A(eo, f) = 0.

—a; =14,
EIOl1<3/31 S.t. {ﬁl ! !

Puta, = @ Then

a; =
s0 ar — ay € (a1, f1). Next, for I > 2(|a1| + |az]),

Bz —ar =1y,
(02, B2) N A(eo, f) = 0.

EIOl2 < E]/32 s.t.

Puta; = % Then, fori =1, 2,

— /
a2+'32—az—ai=M—aiz—2—lai|>0,
2 2 2

oy + —o l
Br—(az—a;) = B2 — 2 ﬁ2+(1i='322 2+Cli352—|ai|>0,

dsz —a; — 0y =
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s0 az —ai,as — as € (a, B2). Repeat this process and let us get ay,...,a. For [ >
2(jar]| + -+ + laxl),

3 3 Br — o = I,
o < s.t.
k<" (. B) N A(eo, f) = 0.
Putag.q, = % Then, fori =1,...,k,
ar + Bk Bi — o Ik
Qg1 —aj — O = —ax —a; = —a; > — —la;| >0,
ar + Bk Bi — o Ik
Bk — (@k+1—ai) = i — +a; = +a; > - —lai| >0,
2 2 2
SO dg41 — A1, ..., dk+1 — ax € (o, Br). Thus we see the existence of a real sequence
{32, satisfying a; —a; & Aleo. f) (> j = 1).
Now
sup | f(t +a;) — f(t +a;)|=sup|f(t +ai—a;)— f(H)| =& (@ >j=1).
teR teR

This tells us that f(- 4 a,, ) is not uniformly convergent on R as k — oo for any subse-
quence {ng 7 ;. |

Claim 1.3 AP (R) is a self-adjoint algebra of complex continuous functions on R. Namely,
for f,g € AP(R)and &, n € C,

§f +ng. fg. [ € AP(R).

Here f(t) := f(t). Moreover, fora € R\ {0} and B € R, f(at + B) € AP(R) provided
that f € AP(R).

Proof. Let f,g € AP(R),« € R\ {0} and B € R. For any real sequence {a,},>,,

f(G+an,), f(-+aay, +pB) and g(-+ay,, ) are uniformly

3 .
{ni}: a subsequence s.t. convergent on R as k — oo, respectively.

Thena SO are Ef( + ank) + Ug(' + ank) (é, 77 € C)$ f( + al’lk)g(' + ank), f( + ank)
and f(oz(- +ay,) + ,6) Thus, by Claim 1.2, we have the assertion of the claim. |

Claim 1.4 Let {fi}32, C AP(R) and f € C(R;C). If fx = f ask — oo, then
f € AP(R).

Proof. Take areal sequence {a,}°, arbitrarily and fix it. By Claim 1.2,
3n(, J)}72,: asubsequence of {1,2,3,...}
s.t.  fi(- + anq,;)) is uniformly convergent on R as j — oo,
3n(2, J)}72,: asubsequence of {n(1, j)}72,

s.t. f2(- + an(z,j)) is uniformly convergent on R as j — oo,
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n(, J)}72,: asubsequence of {n(i — 1, j)}72,

s.t. fi(- + an(,j)) is uniformly convergent on R as j — oo,

Putng :=n(k.k) (k > 1). {ngj32, is a subsequence of {1,2,3,...}, and f(- + an,) is
uniformly convergent on R as k — oo. For if we take {Ji (i)}, so that n(k + 1,7) =
nk,Jr(i)) (G =1,2,...),and if, for k,l > j, we rewrite

n(k,k) =n(k —1, Jy—1(k))
=n(k =2, Ji—2(Jk—1(k)))

= ”(j’ Jj(Jj+1("'(Jk—1(k))"'))),
n(, 1) =n(j, J;(Jj1(G-- (T (D) -++))),

then
Sup| £( + an,) = f(t + ay,)| = sup

teR teR

S+, 30,00 Grn)

= sup
teR

P, imrn)

~ GG )
I e wwr)
— a6 0w aren)

54 00 r)

— [+ (50, (J_f+1<-~-(11_1(l))-~-))))‘
<2sup|f(s) — f; ()]

seR

+ sup sup|fi(t + animy) — St + aniii)|
h>k,i>l teR

[@ Ji(Jj+1( - (Jg=1(k))--+)) = k,}
JiJja G- (i) =) =1 |

Since the 2nd term — 0 as k,/ — oo, and the Ist term — 0 as j — oo, we have
JC+an)—f(+ay) =20 ask,l - oo. |
1.2 Mean values

Theorem 1.1 For each f € AP(R),

1 T
7/0 f@)dt
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is convergent as T — oo. If we denote this limit by M(f), then

1 T+a
7/(1 f(t)dt

is uniformly convergent ina € R to M(f).
Proof. Fix Ve > 0.
M =1)>0st (@a+)NAE f)#0 (aeR).

Let To :=I((£sup|f(1)]) v 1),and T > Ty. For Ya € R,

teR

It e(@a+) st sup|f(t+1)— ft)| <e.
teR

‘% / e f(o)dt - % /0 ' f(z)dt)
/r o f(6)dt — /T o f(6)dt — /0 ' f(t)dt‘

Then

- +a -
/(f(f+f)—f(t))dr—/ f(z)dr(
0 T+a
’ r T+t
— d . d d
/ Al f+f £+ 1) = f@) z+[m £ (0)ldr)
< (26 —a)sup @) + 7¢)
teR
fz_lsup|f(l)|+8 [©0<r—a<l]
T teR

<3¢ [@ T>=Ty= 'Supte[k | f(@®)] = Z Supte[k | f(®)] < 28]
Particularly, puttinga = (k — 1)T (k = 1,...,n) in the above, we see that
kT 1 T
f(@)dt — —/ f(t)dt‘ < 3e.
‘T /(k T T Jo

Adding this inequality over k, and then multiplying it by %, we have

‘nLT/OT f(o)dt — %/OT f(t)dz‘

n

(G /( Y i - - /0 " rwar)

= k1T

%Z::‘T/k . (t)dt—%/on(t)dz‘
3¢,

IA

IA

(1.2)
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For Ty, T, > Ty, put

T = [mTi] (i =1.2).
m

(In)
Clearly T € Q, "™ > T; and lim T =

m-—00
ni, ny € N, the estimate above yields that

o e
)W/O f@)dt — ( )/ f(t)dt‘
1 Tl( ) 1 nle(m)
== / fdt — — / f(0)dt
T, 0 ny Ty Jo

1 anz(m) 1 T(m)
+— / fydt - — / fld|
n1T2 0 T

1 Tl(m) 1 nle( m)
<l | swar-— o [T o]
7 Jo ny T, Jo

= 22 for some
ni

1 anz( m) 1 Tz(m)
+ )W / 10t = 5 / f6di]
nit, 0
< 6¢.
Letting m — oo, we have
T, 1 T>
— tdt — — (t)dt’ < 6e.
‘T1 0 4 T Jo f

This shows the convergence of % fOT f(@t)dt as T — oo. Moreover, from (1.2), it follows
that % /. aT+a f(t)dt is uniformly convergent in @ € R to this limit. |

Definition 1.4 We call M( f) the mean value of f.
Claim 1.5 Let f € AP(R) and f > 0. Then
M(f)=0 < f=0.

Proof. “<=" 1is trivial.

“=" We show the contraposition. Suppose f # 0. Then %, € R, ¢ > 0 s.t.
f(ty) > 2&. By the continuity of f, 3a < ty < 3b s.t. f(t) > efort € (a,b). By the
almost periodicity of f, 3 = [(5) > 0st. (,a+1)NAG, f) #0 (Yo € R). Put
L:=1v (b—a).Foreachn € N,

€2 —1L—a2(—1)L—a+ L) st sup|f(t + 1) — f(1)] < g
teR

Noting that, for Yt € (a,b),

S +m)=fO+ f+w)—fO)z f)=[f+ 1) = fO)
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e ¢
> — — = -,
- 2
we see that
2nL 2nL—1,
/ f(s)ds = / f(t + ty)dt [@ change of variable: s — 7, = t]
2(n—1)L 2(n—1)L—1,
b
z/fv+mm
a

Oby2m—DL—-—a<t, <2(m—1)L—a+ L,
2n—1)L -1, <a,
2nL — 1, >2nL —2(m—1)L+a—L
=L+a
>b—a+a=>b
> (b-a);.

Adding this inequality over n € {1, ..., N}, we have
1 2NL 2nL
[ pds = /’ s = 5 Y b —a)s
2NL/0 2NL Z 2(—1)L Z
e(b— a)
4L -

Finally, letting N — oo, we obtain

e(b—a)
4L

> 0. [ ]

2NL
M) = fim o [ psyds =

1.3 Convolutions
For f,g € AP(R)andu € R, f(u—-)g(-) € AP(R) by Claim 1.3. Thus, by Theorem 1.1,
Mn—/‘fw—nmnm M(f = )g0).

Moreover the following holds:

Claim 1.6 (i) As T — oo,

1 T+a
T/ flu—1)g@)ydt > M(f(u—-)g(-)) uniformlyina, u € R.
(i) Roau M(f(u — -)g(-)) € C is almost periodic.
Proof. (i) For ¢ > 0, put
Ale. £.9) 1= [t & Risup(1f (=1 = 1) = f(=0)| + |zt + 1)~ 2 O)]) = ef.

We divide the proof into two steps:
1°Ye>0,=1(e) >0 st. (aa+)NA f.g) #0 (Ya eR).
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() We prove it by a reduction to absurdity. Its negation is as follows:
VI >0,% <3B
st. B—a =1, (a,B) N A(eo, f,g) = 0.

We do the similar argument as in the proof of “<” in Claim 1.2. Fix Ya € R, and put
a; = a. For [} > 2|a,|,

380 >0 s.t. {

B1—oay =1,
(a1, B1) N Ao, f.8) = 0.

Then, for a, = #, a, —a € (ay, B1). Next, for [ > 2(|a1| + |a2|),

EIC(] < 3,81 S.t. {

/32 —ay = Iy,

3 3
ay < f st { (a2, B2) N Aleo, 1, 8) = 0.

Then, for a; = OQZL’SZ az —ay,as —ax € (a2, B2). We repeat this process to find a real
sequence {a, joo, such thata; —a; & A(eo, f,g) (i > j > 1). Then

Sug(lf(—t —ai+a;) = f(=0)| + gt +a;i —a;) —g@®)]) > o
|

sup(lf (=t —a;) = f(=t —aj)| + |g(t + a;) — gt + a)l) (@ # j).

teR

On the other hand, since f, g € AP(R), it follows from Claim 1.2 that

f(-—ay,)and g(- + a,, ) are uniformly con-

E| oo .
{niic=,: a subsequence s.t. vergent on R as k — oo, respectively.

This implies that

sup(| f (=t — an,) = f(—t = an)| + |8(t + an,) — g(t +an))|) <o (k, 1> 1),

teR
which contradicts the above estimate. Therefore the assertion of 1° must hold.
2° Fix Ye > 0. By 1°,

YaeR, ¥ te(aa+])
= 1(e)> 0 st | St 5w (e [gO) 1S (1 =) = f-0)]
te
+(supser | /()]) gt + 1) — g(0)]) <.

Let Ty := I(1(supseg | /() (supseg €(s)]) V 1), and T > Tp. Fix Yu € R. If, for
Ya € R, t € (a,a + ) is taken as above,

] - ngtodi -+ | - g

T T+t
/ Flu— g0t + f Flu—1)g(t)dt

1
T
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T+t T
- f Flu—)glt)di — / fu =g
T+a 0

— 7| [ rw-near

T
—i—/o (fu—t—1)gt +71)— fu—1)g(t))dt

T+t
- / fu =gty
T

+a

<7 ([ 1ra-ollgwiar

T
[ == 0 - fu=n)ste + 0
C S fu—1)(gt + 1) — g())|dr

T+t
[ ollgwlar)

+a

1
< 7(zu — ) (supyer | /5)]) (supser 1))

T
+/O ((Supse[k g f (=@ —u) =) — f (=@ —w)]
+(supyex | F$)]) gt +7) g(t)|)dz)

1
< (21 (supycr 1 7)1) (supscs |8 (s)]) + 267)
< 4e. (1.3)

Forn € N,
nT T
[ rw=nswar— [ ra—newa]
"1

I~ e f(u—z)g(z)dz—l Tf(u—t)g(t)dt
T J—nr T Jo

k=1
n kT LT
Z)— /(k_l)T Sfu—ng)dt - ?/0 flu— t)g(t)dt‘

(m)
Since, for Ty, T, > Ty, Ti(m) — % (i = 1,2) satisfy that % = Z—? for some n;,
n,p € N,
1 Tl(m) 1 Tz(m)
o [ f—ns@dr— o [T - ngwar
T, Jo 7,7 Jo

. Tl(m) 1 nle(m)
— |W/ fu—1)g(t)ydt — W/ flu—n)g(r)dr
™ Jo Ty Jo

nzl



16 Chapter I  Almost periodic functions

(m)

n1T2() 1 T,
o [ S s [T s nzwd

| [ - ngwar - — m’mf(u—z)ga)dt
0 n,T)

1 "ITZ() 1 Tz(m)
— o [ ra=ngwar - = [7 ru-ngwa

Letting m — oo, we see that

T[ 1 T2
\71 | r—ngar - o | flu =gyt < se.

This implies that

T
)%/‘fm—ngﬂm—AMfW—Jﬂ»’f&,VTET@WGR.
0

Combining this with (1.3), we have

T+a
‘%/ + fu—1t)gt)ydt — M(f(u _.)g(.))‘ <126, YT >To.YuYacR. (14)

(i1) First, for fixed T > 0,

T
IRBui—)%/O fu—1)g(t)dt € C

is almost periodic. For it follows from Claim 1.2 that for any real sequence {a,}5>,,

3{nk},‘zo:l: a subsequence, i € C(R;C) s.t. f(-+an,) = h(-) ask — oo.

Then, uniformly in u

T T
%/0 f(u—l—a,,k—t)g(t)dt—)%fo h(u—1)g(t)dt ask — oco.

By Claim 1.2 again, the function in question is almost periodic.
By (i), uniformly in u

1 (7
7/ fu—1t)gt)dt — M(f(u — )g()) as T — oo.
0
The assertion of (ii) follows from Claim 1.4 at once. |

Definition 1.5 We denote M(f(u — -)g(-)) by (f ® g)(u),andcall f ® g € AP(R) the
convolution of f and g.

Claim 1.7 For f,g,h € AP(R) and & € C,

i) f®g=g®f,

(i) fR@E+h=f®g+/®h (f/)Qg=[f® (g =§(f®g),
(i) fR(ERh) =(fQRg) Rh.
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Proof. Fix f,g,h € AP(R) and ¢ € C.
(1) First

(f ® ) = lim [ Flu— gl)ds

hm — / f(s)g(u—s)ds [@ change of variable: u —t = s]

b) (1' )’

we see that (f ® g)(u) = (g ® f)(u).
(i1)

T
(f ®(g+Mm)w) = Tlgr;ofo fu—1)(g(0) + h(0))dt

T T
= Th—I};o/O fu—1)gt)de +T11_13;o/0 fu—1t)h(t)dt

=(f®gW) + (f @)
=(f®g+ /MW,

T
(€N ®g)a) = tim [ &~ ng(dr
—>00 0

T
= ¢ Jim. [0 Fu— gl)ds
— £/ ® 9w)
— (E(f ® 9)w).

(iii) First
(f®(g®h))(u) = hm —/ fu—1)(g®h)(t)dt
1
= lim — —1)d 1 — —r)h(r)d
im / f(u—1t)dt im /0 gt —r)h(r)dr

s
= lim lim ——/ f(u—z)dt/ gt —r)h(r)dr

T—o0S—o0 T

= lim lim ——/ h(r)dr/ fu—1t)gt—r)dt

T—ooS—oo T S
= lim lim ll/ h(r)dr/T rf(u—r—r)g(r)dr
T—ooS—o0 T S 0 —r
[@ change of variable: t —r = r]
1 S 1 T—r
= lim lim —/ (—/ f(u—r—t)g(r)dr)h(r)dr.

T—o00 S—o00 S 0 T J_
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By (1.4),

T—r
)%/ fu—r—1g®dr—(f ®g)(u—r)‘ <12¢, YT >T,,Yu,"r €R,

SO

S T—r N
‘é/o (% [ fu—r—og@dr)hrdr - éfo (f ® @) = P)h(r)dr|
S T—r
|5 [ G [ ru-r-os@ar-s © o)
< 12esup |h(r)|, YT >T,,7S > 0.
reR

Letting S — oo, and then T — o0, we obtain
(f @ g @)~ ((f ® ) @ 1)) < 12650 (7))
re

which shows that (f ®(g® h))(u) = ((f Rg® h) (u). |

1.4 Approximation theorem

Definition 1.6 For P € C(R; C),
P is a trigonometric polynomial
k
—IkeN ¥, ... % ecC, N, ..., N eR st. P(t) = Zgie*ﬁ”f’.

def ‘
i=1

Note that by Example 1.1 and Claim 1.3, trigonometric polynomials are almost peri-
odic.

Theorem 1.2 For ¥ f € AP(R) and Y& > 0, ?P,: a trigonometric polynomial s.t.
sup | f(1) — Pe(t)| < &
teR
For the proof, we present two lemmas:
Lemma 1.1 For f € AP(R), put
g):=sup|f(s+1)— f(s)], rek
seR
(i) g € AP(R), = 0.

Gi) Put Fo(t) i= (1 — £2)7(1 = £E0) T for ¢ > 0. Then F, € AP(R), > 0 and
F.(0) = 1. Thus

__F AP(R
%—M(Fs)e (R)

is defined, it is an even function and

sup| f(1) = (f ® ¥e ® Ye)(1)| < 26 (1.5)

teR

holds.
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Proof. (i) Fors,t,t' € R,

lf+D)—fOI=1f(s+1)=f&)+ fs+1)— f(s +1)]
SUfG+) = fOI+f(s+1)— f(s+ 1)
< g(?) +sug|f(r +1'—1)— f(r)l,

| fG+)=fOI<|fGs+1)=fOI+|fs+1)— f(s+1)]
<g@)+sup|f(r+1t —1)— f(r)

reR

Taking the sup in s yields that
lg) —g@®] <sup|f(r+1t' —t)— f(r)], t.t' e R.
reR
From the uniform continuity of f, it follows that g € C(R; [0, c0)). Next, by the almost
periodicity of f,

v . VozeIR,E're(a,oc—I—l)
£>0,71=1(e)>0st § st sup|f(s+1)— f(5)] <e.
seR

Putting ¢’ = ¢ + 7 in the estimate above yields that
lgt + 1) —g()] < Suglf(r +o) = f(l=e "teR
re

This implies that g € AP (R).
(ii) By Claim 1.3, g(—-) € AP(R). By the continuity of R > u — (1 — %)+ € [0, 00)
and Claim 1.1(ii), (1 — £2), (1 — £&9)" ¢ AP(R). Thus F. € AP(R) by Claim 1.3
once more. Clearly F, > 0 and F,(0) = 1. Since M(F,) > 0 by Claim 1.5,
Fe
= € AP(R
Ve A (R)

is well-defined. From this definition, it is clear that v, is even.
It remains to show (1.5). We first note that

|(f(s =) = f$) Fe(t)| < eFet),  7s."1 €R. (1.6)
This is seen from the following implications:

B g(—t))+ >0
€

=g(-t)<e

= [fs—0)—f)] <e (Ys eR)

= |(f(s =) = fE) Fe(O)|= [ f(s —1) = f(5)|Fe(t)

<eF.(t) (Vs €R).

F.() >0 = (1

Integrating (1.6) in ¢ € [0, T'], we see that

fes) ("

— F.(t)d
| R

- [0 " 5= Fa(dt -
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T

- ‘% | (== renrwar
1 T

< 7/0 |(f(s—l‘)—f(s))Fg(l‘)}dt

e (T
<= / F.(t)d:.
T Jo
Letting T — o0, and then dividing both sides by M (F;), we have

[(f ®Ye)(s) = f()] <& YseR. (1.7)
Now, since M () = 1, it follows that

[(f ® Ye)(s —1) = (f ® ) (5)]

T T
= Jim |2 [ 6 —i=nwoiar =1 [ 1= rwanr
1 T
= jim |5 [ (6o =0 = 16 ppar
< Jim 1 [ 1761 g6 - nlparrar

= (swpl 0~ — @) pim % [ vetrrar
= (sl /@ =0 = f@])M(y2)
= §2g|f(0 -1 = f(o)].
By this and (1.6),
(f ® Vs =) = (f @ VIE)F0)] < eFulo). Ys."t € R.

By a similar calculation from (1.6) to (1.7),

(f ® Vo) ® Yiels) = (f ® Yo)(s)] <e. s € R.
Finally, combining this estimate with (1.7), we have
[£(5) = (f @ Vo) ® Ye(s)| <2e. s €R,
which is just (1.5). |
Lemma 1.2 For f € AP(R), # 0, put f*(t) := f(—t) € AP(R). Then
A, }: a real sequence, 3y, }: a positive sequence

> vn < 00,
(f ® (1) = X yueV™ M1 (t € R).

Here {A,} or {y,} may be a finite sequence.
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Proof. Fix f € AP(R),# 0.ClearlyR 3 ¢t — (f ® f*)(¢) € C is continuous; moreover
it is positive definite. Because, for &1,...,&, € C,1,....t; € R,

DUEE( ® )~ 1)

i,j=1

= Z 515} hm —/ f(ti —t; —s)f*(s)ds
i 1
o — 1 T4

= Z EE hm —/ f(t; —o)f(t; —o0)do

i,j=1
[@ change of variable: o0 = t; + s]

= lim — / Z £ f(t; —0)E f(t; —o0)do

T—oo T i
:Th_r};o7[ ‘Zg, (t,—a)‘ do

Particularly, incase n = land & = 1, (f ® f*)(0) = M(|f|2). It follows from
Claim 1.5 that (f ® f*)(0) > 0. Thus Bochner’s theorem [cf. Claim A.4] gives that

): a probability measure on (R, B(R))
st. (f ® fH(1) = (f@f*)(O)/eﬁfxv(dx), t €R. (1.8)
R

Now, let D := {A € Rv({r}) > O}. n = {)t e R;v({A}) = —} is a finite set and
D, /' D.Put

_ e /Mo Ny
g(t) = YO0 gu({x})e , teR.

Since ) ", cp, v({ADeY=1M € AP(R) by Example 1.1, and

A = Y v({aheYTM asn — oo,

AeD, AeD

we see from Claim 1.4 that ), v({/\})eﬁ“ € AP(R). Thus g € AP(R).
Noting that by (1.8),

g(l):/eﬁtxv(dx)_f eﬁtxv(dx):/ eﬁ’xv(dx), t e [R,
R D R\D
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we have
M(lgP) = jim - [ e Rdi
T—oo T 0
| A
= lim — He(t)dt
ﬁyTAgOﬂ)

= lim —/ dt[ eV ) (dx)v(dy)
R\D JR\D

T—oo T

= lim[ / V(dx)v(dy)—/ eﬁt(x—y)dt
T—oo JR\p JR\D T Jo
1 T

= / / v(dx)v(dy) lim — / V) g
R\D JR\D T—oo T [

_ f / 1oy v(dx)v(dy)
R\D JR\D

1
1 T /= - ’
@ TfO eﬁt(x Ndt = { ie\/le(x_Y)—l X ;éy
T V-1(x-y) ~’
-1, asT — o0

/ b((R\ D) N {y})v(dy)

X =Y,

© Since (R\ D) N {y} = % ?y} ii i ;g’,

U((IR\D)ﬂ{y}) = { EE{@))}}) g i ;g’ =0

By Claim 1.5, this implies that g = 0, i.e.,
(f® £ =(f ® f)0) Y v(iAheY . teR. m

AeD
Proof of Theorem 1.2. Fix f € AP(R)and ¢ > 0. Lety, € AP(R) be asin Lemma 1.1(ii).

From ¢, > 0 and Ve(—t) = Ye(t), it follows that Y (1) = Ve(—t) = Ye(t) = V().
Since ¥.(0) = M( 7y > 0, we have by Lemma 1.2 that

3{A,}: areal sequence, 7{y, }: a positive sequence

> Yn < 00,
W @ V) (1) = X yueY M0 (1 € R).

We now choose N € Nsothat) . v, <e. Then

(f @@y — (£ & (3 me’™)) 0

n<N
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B ‘(f ® (Ve ® Vo= Y yaeV 7)) )

n<N

~ jim | [ 769 (e v~ T e’ )as

n<N

— 3 _ Fkns
_Th_l)n‘ /f(t S)Zye ds

n>N

. 1
< tim X [ 1791 Y pas

n>N
1 t
<g lim —
_8T1—>mooT/t_T|f(G)|dU
=eM(f|), teR.

By this and (1.5),

7O = (7 & (X yme™ )0 < s+ M( ). Vrer

n<N

Noting that
1 T
(f ® V') (1) = Jim 7/ ft —s)eV="Mds
—>00 0

— oVIAM g L / ft — ﬁx(s—t)ds

T—oo T
t

=V M fim — f(a)e V140 gy

T—oo T

= M(f()e V" *)ef At

we obtain

O =" yuM(f(YeY 7 Ar)eV =Tt

n<N

<e(2+ M(fD).

sup
teR

1.5 Parseval equality

Theorem 1.3 For f € AP(R), # 0, put a(\) := M(f()e™¥V="%), L € R. Then
card{k € Ria(d) # O} < Ro. If {An} = {k € Ra(h) # O} and a, := a(Ay), then it

holds that

MASP) = 2 lanP

The numbers a,, are called the Fourier coefficients of f, and this identity is called the

Parseval equality.
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Proof. First, note that

a(d) = hm —/ f(t)e=V-1rtdy

= lim / f(t)e=v=12 4y
= lim / F)eY Mgt

= lim —/ f(=r)e” VLA gy [@ change of variable: r = l]

S—o00 §

= M(f(=)e V1*), (1.9)
Since, by Lemma 1.2,

3{A,}: areal sequence, 7{y, }: a positive sequence

> vn < 00,
(f ® (1) =X yue¥V~ 2" (1 € R),
it follows that for each A € R,
M((f ® fH)()e V)
1 [T V=7
= Jim / (f ® f)0e Y THdr

[t

n
= Zyn lim —/ V1=t gy
n

T—ooo T

( Since |% fOT eﬁ(k"_l)’dﬂ < %fOT |eﬁ()‘"_")’|dt =

land ), y» < 00, we apply Lebesgue’s convergence theo-
rem to interchange the limiting procedure

=Y ¥ala,=2

1 if A, =4,
® lfT eV 10n=Mrgr = 1 anenr, !
T Jo e Ty if A, #A
N 1 if A, = A, T s
0 if Ay 24 % o0

vn if A = A, forsome n,

0 if A ¢ {Ak
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On the other hand,
M((f ® f5)()e 1)
= sim L[ e e
= Jim o | ¢ )(t)e
1 (7
im /0 (1m / f@t—r)f*@) r) t

= lim lim lé/o e—ﬁ“dt/ f@—r)f(=r)dr

T—o00 S—o0

= lim lim ——/ f( rye” F“d,ﬂ/ (- ﬁk(r—r)dt

T—ooS—oo0 T
T—r
= lim lim — / F(=r)e~ V1 “d Ffmye V14

T—00 S—o0 S —r

[@ change of variable: 7 = ¢ — r].
Recall (1.2). For T > 1,

1 S 1 T—r
‘E / f(—r)e—ﬁ“arrF fr)e Vg
0

—-r

| — 1 [T
_E/ f(—r)e_ﬁ“drT/ f(t)e_ﬁ“dr
0 0
T—r

N
=‘é / FEre " rar (% f@e g
0 -r
T
—%/ f(r)e_‘ﬁ”rdr>
0
1 N 1 T—r
=5 | e |z [ r@e T

1 (T
— —/ f(r)e_*ﬁ“”dr‘
T Jo

3¢ S
<5 | 1

=% [ 1rwar

—)38M(|f|) as § — oo.

Letting T — oo, we have

M((f ® F90e™YT) = M(FE9eYT*)M (e T)| < 3eM £,

so that, letting ¢ — 0, we obtain

M((f ® f*)(')e_ﬁl') = M(me—ﬁk')M(f(.)e—ﬁk)



26 Chapter I  Almost periodic functions

=aMa@) [O© 1.9)]
= la()P.

Thus

vn if A = A, forsomen,

la®F =13 0" i ) g ).

This implies that
card{/\ e R;a(A) # 0} = card{A,} < Ry,
M) =(f @ fH0 = yn = laP n

Corollary 1.1 Under the same setting as in Theorem 1.3,

Jim M(170 = 3 ane’ =) =0

n<N
Proof.
M(|f(') - Z aneﬁln'f)
n<N
= i 1 [ 170 = Y ane TP
n<N
~ g 1 [ (0= 0 YV
_ Zaneﬁxnrm_i_ ) amﬂeﬁ“’"—k”)’)dt
n=N m,n<N
= li : 2 =1yt
—Thl%o(ffo [fOFdt - ZNa / F(t)e™ " At gy
_Zan / F(t)e=V=TAntdr + Z aman—/ F(Am—xn)zdt)
n=N m,n<N
M(f1P) =Y @M (f()e Y1)
n<N
_Zan f()e Fkn Zlanlz
n<N n<N

[© Whenm # n, limr0 & f; €Y1 Gm=201gr = 0]
=M(fP)= > lanl

n<N
—0 asN — oo. [ |



