Chapter 3

Stationary solutions

3.1 Unique existence of stationary solutions

This section is devoted to discussion about the unique existence of stationery solutions for the

hydrodynamic, the energy-transport and the drift-diffusion models. We write the solution
~e e ~E

for the hydrodynamic model by (ﬁz,jz, O, gbc) for the clarity of its dependence on ¢ and (.

Namely,

S10%, 7 s 0 (52)a + P2(0c)s = PE(De)e — Jes

~g , ~€ 2~_a ~g e 2 ~c 2 13 (52)2 [32 ~g
34(94>z - §Jg9g (108; /Jc)z - g’fo(gg)m = (3 - 3C> ﬁ‘Z - ?(ec - 1),

. . . . 0 ~0 0 ~0
The stationary solution for the energy-transport model is written by (pg, yg, 0;,¢;) and sat-
isfies

~0
(Je)e =0, (3.1a)
~0 ~0

~0, 70 2-0-0 - 2 -0 27 )% pe, 0
0)e — =70 (logp?) — Zko(0 )z = = ——=(0,-1), 3.1b
]g( c) 314 C(Ogﬂg)z 3’%( 4) 3 ,50 <( ¢ ) ( )

~0 N
~0 ~0 _ 0,50

e = =0 + PD)s (3.1d)
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24 CHAPTER 3. STATIONARY SOLUTIONS

with the boundary condition (2.18)—(2.20). Moreover, the stationary solution (/38,58, 458) of
the drift-diffusion model satisfies

(Go)e = 0, (3.2a)
(¢0) *Po D, (3-2b)
To = = + B(o)e (3.2¢)

with the boundary condition (2.18) and (2.20). The unique existence of the stationary
solution for the drift-diffusion model is proven in the author’s previous paper [33|, which
reads

Lemma 3.1. Let the doping profile and the boundary data satisfy conditions (2.2), (2.4)
and (2.6). Then the boundary value problem (3.2), (2.18) and (2.20) has a unique solution

(ﬁo,jg,ng) € B%(Q) satisfying the conditions (2.10a). Moreover, it verifies the estimates

min {pl, Prs insf]D(:L')} < P < max {pl, Pr, SUD D(a:)} , (3.3)
z€ zEQ

(7, Bo)le < C, (3.4)

ol < C6, (3.5)

where C' is a positive constant independent of €, and }8 is a constant given by a formula

-1

1
~0 1
Jo = (¢ — log p, + log p) (/ ~0d$> . (3.6)
0 Po

Hence, we show the unique existence of the stationary solution for the hydrodynamic
and the energy-transport models. Here the boundary value problem (2.17)—(2.20) for the
hydrodynamic model covers the problem (3.1) and (2.18)-(2.20) for the energy-transport
model as a special case ¢ = 0. Thus it suffices to solve the problem (2.17)-(2.20) for € > 0
to construct the stationary solutions for both models. We begin detailed discussions with
deriving several equalities and formulae. Divide (2.17b) by f¢ and differentiate the resultant
equality in = to get

1 ~e ~e - -

x

By dividing (2.17b) by pe and integrating the resultant over the domain 2, we have the
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current-voltage relationship
e (1 1Y\ - | "
(3 ([ o)
2\ 2 ) U o P ¢
1
+0:(1) = 0:(0) +0,(1) log p, — 0:(0) log py —/ (0;)zlog pedr. (3.8)
0

Furthermore, solving the equation (3.8) with respect to 32 gives the formula of the electric
current

Jo=J5. 07 =2 (L[éj] + /0 (6¢). log d:c) Klpg. 007, (3.9)
Klp,0] := /0 p tdx + \/(/0 pl d;z:) + 2¢ <£[9] +/O 0, logpdx) (p;2 — pl’Q), (3.9b)
L[0] :== ¢, — 0(1) + 6(0) — 6(1) log p, + 6(0) log p;. (3.9¢)

Although the equality (3.8) is the quadratic equation in jz and has two distinct roots if
e # 0 and p; # p., we see that the other solution violates the subsonic condition (2.13) for
sufficiently small §. Hence, the admissible quantity of the electric current is given by (3.9a).
Moreover, the formula of potential

qbc Q7] = // dzdy—i—(qzﬁ, // dzdy> (3.10)

follows from the same computation as the derivation of (2.8). Here and hereafter, we fre-
quently use the constants and the function

Bm = min {ph Prs inf D(.Z')} 3 B]M ‘= max {ph Prs supD(x)} )
zeN e
O(z) = p(1 —z) + pra.

The ex1stence€ of the stationary solutions (pc7 j ¢ ¢§, ) for the hydrodynamic model, and

('0(75(7 d)c, QC) for the energy-transport model are summarized in the next lemma, where the
latter is covered as the special case € = 0.

Lemma 3.2. Let the doping profile and the boundary data satisfy conditions (2.2), (2.4)
and (2.6). For arbitrary p;, there exist positive constants &g and (o such that zfé < (50 and
0 < e < ¢ <o, then the boundary value problem (2.17)—(2.20) has a solution (pc,jg, C’ ¢<)
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B2(Q) x B2(Q) x B3(Q) x B2(Q) satisfying the conditions
1 ~g
iBm < p; < 2B, (3.11a)
|0: — 1o < C9 (3.11b)
and (2.13), where the positive constant C is independent of €, ¢ and 4.

Proof. The proof is given by the following procedures, which is divided into three parts. To
construct the stationary solutions by the Schauder fixed-point theorem, we define a mapping
T:(r,q) — (R,Q) over

%Bm S f S 2B1\/I7
WI[No, Ni, N, NyJ == § (f,9) € H*(Q) | | fall < No, [ fuall < N3, :
lg =1l < N2, lgasll < N3

where Ny, N1, Ny and N3 are positive constants to be determined latter. For given (r, q),
define ) by solving the linearized problem

2 2 2 e\J* r
JQu — gjq (logr), — glion = <3 - 3C> - Z(Q -1), (3.12a)
Q.(0) = Q.(1) =0, (3.12b)
J :=JIr, ql, (3.12¢)
where J is defined in (3.9a). Next R is defined by solving
1 J
RO)= g R(1) = py, (3.13b)

where (3.13a) is the linearization of (3.7). We show the solvability of the problems (3.12)
and (3.13) in First step. In Second step, it is proven that the mapping 7" has a fixed-point.
The desired solution to (2.17)-(2.20) is constructed from the fixed-point of the mapping T
in Third step.

First step. Since the equation (3.12a) is uniformly elliptic, the solvability of the problem
(3.12) in B%(Q2) immediately follows from the standard theory for the linear elliptic equations.
Hence, Q is determined from (r, q). We show the unique existence of solution R in B%(Q) to
the problem (3.13). For this purpose, it is sufficient to show Sr, J, @] > ¢ > 0 which means
(3.13a) is uniformly elliptic, thanks to the standard theory again. Multiply the equation
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(3.12a) by @ — 1 and integrate the result by part over the domain Q to obtain

) 1 2 2 J2
| 3@ sr@-rrae—- | {J@z ~ 2 Jgtiogr). - (3 - 32) } Q- 1)ds

<8+ C[Bm, Bu, N2]6||Qm||2 + C[Bm, B, No, No]||Q — 1||2-
(3.14)

In deriving the above inequality, we have used the Schwartz inequality and the estimate
|J| < C[Bm, By, Nao, (3.15)

which follows from (3.9). Then taking ¢ and ¢ sufficiently small in (3.14) yields

1Qzll + — 1|| < Co[Bm, Buls, (3.16)

1
—=Q
Ve
where C is a positive constant independent of Ny, N;, N, and N3. Thus we see from (3.15),
(3.16) and the smallness of ¢ that there exists a certain positive constant ¢, independent of

No, Nl, N2 and Ng, such that
S[r, J., Q] > &> 0. (3.17)

Consequently, the mapping 7' is defined over W [Ny, Ny, Ny, N3] — B2(Q).

Second step. In order to apply the Schauder fixed-point theorem, we determine the constants
No, N1, Ny, N3 so that the image of T' is contained in W[Ny, N1, No, N3]. Firstly, we derive
the estimate of R, as follows. Multiplying (3.13a) by —R + I' and integrating the resultant
equality by part over Q2 give

1
1
/ —S[r J, QR — M2+ (R-T)*dx
0
! J 1
= f/ {FD+T2(RF+F)Z} (R—T)+ <TS[7',J7Q}FI+QZ> (R—=T),dx
0

< (u+0)|R =T} + Clp, B, B, Ca, No), (3.18)
where p is an arbitrary positive constant to be determined. In deriving the above inequality,
we have used (3.15), (3.16) and the Schwarz inequality. Then let ¢ and § in (3.18) so small
that

||RI|| SéU[Bm7B]\/]7€27N2L (319)

where C| is a positive constant independent of Ny, N; and Ns.
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Secondly, we show the estimates of @, and R,,. Multiplying (3.12a) by —Q,./r and
integrating the resultant equality by part over §2 yield

2kg 2 /1 2 2 e\ 2 Quo
drx = . — =Jqg (1 —(==—=) = d
/o a3 +CQ T = i JQ, 3Jq(ogr)z 373¢) 7 .
= (Iu + C[Bm7 BM7 NQ](S) ||Q$||% + C[M? Bm-, BM-, N07 N2]627

where we have also used (3.15) and the Schwarz inequality. Then, making x and § sufficiently
small, we obtain

HQQM” + H S 63[B7H,B]\4,N07N2}(5, (320)

1

where C is a positive constant independent of Ny and N3. Solve (3.13a) with respect to R,
take the L?-norm, and then estimate the result by using (3.15), (3.17), (3.19) and (3.20).
These computations give

HRIZ” §€1[8m7BM7N07N2750762]7 (321)

where C is a positive constant independent of N; and Nj.
Thirdly, we prove the estimate

1
§Bm < R <2By. (3.22)
Divide the equation (3.12a) by r and differentiate the resultant equation. Multiply the result

by —Quue, integrate it by part over 2 and then use (3.15) and (3.20) as well as the Schwarz
and the Sobolev inequalities. The resulting inequality is

2%0 o 2%07"90 Ty 2 Qmm
I dr/o{ 0t (0 55 - (5-50) 5 >} r

S M”QZIIHI + C[I’L7 Bm7 BI\'I7 C\(37 NOa N17 NQ}(S .

Then, letting p small enough, we have
1 _

Applying the maximal principle to the elliptic equation (3.13a) with (3.17), we have

inf (D(x) + Qzz(z)) < R < sup (D(x) + Quz()) . (3.24)

€€ zEN
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Taking ¢ sufficiently small in (3.20) and (3.23) with the aid of the Sobolev inequality, we can
make |Q.z|o so small that the inequality (3.24) means the estimate (3.22).

Now we determine the constants Ny, Ny, N3 and N, by letting N, := Cs, Ny =: Cy
N; := C3 and N; = C} in this order. Then the estimates (3.16), (3.19) and (3.20)—(3.22)
show that the image of the mapping T is contained in W|[-] := W[Ny, Ny, Na, N3]. Here the
set W[-] is a compact convex subset in B'(Q). We also easily confirm that the mapping
T :W][-] — W][-] is continuous in B'(Q)-norm. Hence, the mapping T has a fixed-point

(75,0;) = T((55.0¢)] € W[No, N1, Na, Ny,

owing to the Schauder fixed-point theorem (see Theorem 11.1 in [12] for example).

Third step. Finally we construct the solution to the boundary value problem (2. 17) (2.20)

from the fixed-point (4¢, 52) We define a constant }z =TI 0, ¢J and a function (;34 = ®[p7,
where J and ® are given in (3.9a) and (3.10). Then we see that

(Pc jc 9(7¢<) € B*(Q) x B*(Q) x B*(Q) x B*(Q)

is the desired solution to (2.17)—(2.20). It satisfies the subsonic condition (2.13), owing to
(3.17). Moreover, the estimates (3.11a) and (3.11b) follow from (3.22) and (3.16), respec-
tively. n

Consequently, we have shown the existence of the stationary solutions for the hydrody-
namic and the energy-transport models. Before proving their uniqueness, we derive several
estimates.

Lemma 3.3. Let (pg,jg, éz, QNSE) be a solution in B*(2) x B%(Q) x B3(Q) x B*(Q2) to the bound-
ary value problem (2.17)—(2.20) satisfying the conditions (2.13) and (3.11a). For arbitrary
constant py, there exist positive mnsmm‘s (50, Co and ny such that if 6 < §y, 0 < e < <
and |0 — 1|o < o, the solution (PZ JO (;54) verifies the formula (3.9a) and the estimates

ljel < G, (3.252)
S[pojgﬁ | >, (3.25b)

1 ~ 1 ~& ~E
28 =1 4 —= [0 aall + 10 )amal < C, 3.25d
clfc =1 \/ZH( Jazll + [[(0¢)aaz| (3.25d)

where C' and c are positive constants independent of €, ¢ and 9.

Proof. Note that the current j must be given by a solution to the quadratic equation (3.8).
As it is also required to satisfy the subsonic condition (2.13), the current is explicitly given by
the formula (3.9a) for sufficiently small 6. By estimating (3.9a), we show (3.25a) as follows.
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Estimating (3.9a) by using (3.11a) and |6° — 1|y < 7 gives the estimate
Gel = 17158 01 < C1Bum, Barl(6 + 1(8)el)- (3.26)

Multiply the equation (2.17¢) by 07 — 1 and integrate the resulting equality by part over the
domain €2 to obtain

1 1 e
| Gtz + ng—l) da = 3¢ [ 0w ).~ o

+ 25 [ o putd — v - | {;z@z)z—(;_;g) 2 }(éi—ndx. (321)

We estimate each term in the right hand side of (3.27) one by one. Substituting (3.9a) in the
first term in the right hand side of (3.27) and applying the integration by part, the Sobolev
and the Young inequalities, we have

()

a0 (£ + [ @nos )
< (@) =108~ 00) - 110w~ [ @)

(First term) = =

< 271701 ((B20) — log p, — (6(0) — 1) log ) / (). log 75 du
42K B0 ((600) — 1) log pr — (B(1) — 1) log )

4: _1r~e JE ~g ! ~g ~c
+§IC 1[/)(’9(]5[94]/0 (0¢)z1og p¢ dx
< C1By, Bu) (10 = 110 +9) (107 = 1o + 6+ 1))
< (00l + Clya, B, Burl (10 — 112 + 6%, (3.28)

Where p is an arbltrary positive constant. In the first inequality above, we have also used
Kt pc79< fo 94 log p d.r)2 > 0. By the integration by part, the Sobolev inequality and
the estimate (3.26), the second term is estimated as

(Second term) = 274 {(94(1) —1)%log p; — (52(0) —1)%log pr}

2-~c ! ne 2 ~
— 5]4/0 {(94— 1) }Ilogpqu
< C[Bn, Bu (5+ 165 — 1||) 16 — 1% (3.29)
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Furthermore, the straightforward computation gives
(Third term) < C[By, By {(5 + 65 - 1||) 165 — 12 +16; — 1) + 52} . (3.30)

Substituting (3.28)—(3.30) in (3.27) and successively making p, d, ¢ and 7 sufficiently small
yield .

1(6c)ll + 7
Combining (3.31) and (3.26), we have the desired estimate (3.25a), which together with the
estimates (3.11a) and (3.31) means that (3.25b) holds for sufficiently small 0.

We show the estimates (3.25¢) and (3.25d). The inequality |(;~SZ|2 < C'in (3.25¢) immedi-
ately follows from the formula (3.10) and the inequality (3.11a). The estimates of 57 and éz
in (3.25¢) and (3.25d) are derived as follows. By a similar computation as the derivation of
(3.19), we have the estimate ||(57).|| < C. Moreover, similar computations as the derivation
of (3.20) and (3.21) give the estimates ||(§Z)M|| < €0 and [[(f7)zz|| < C, respectively. The
estimate H(éZ)mH + ||(§Z)M||/\ﬁ < (¢ is also shown similarly as (3.23). Furthermore, solve
the equation (3.7) with respect to (47).. and then take B°-norm of the result to obtain the
estimate |(p7)zzlo < C. Similarly, with using (2.17c), ||9~Z —1|l1/¢ < C. Hence, we have the
desired estimates (3.25¢) and (3.25d). O

16 = 1] < C[Bm, Bud. (3.31)

Now we are at a position to show the uniqueness of the stationary solutions for the
hydrodynamic and the energy-transport models.

Lemma 3.4. Under the same conditions in Lemma 8.3, the solution (5232, éz, d?é) € B*(Q)x
B2(Q) x B3(Q) x B2(Q) is unique.

Proof. Let (fy,J1,01,6;) and (py, s, 02, @) be solutions to the stationary problem (2.17)-
(2.20). By using the estimates (3.11a) and (3.25), the mean value theorem and the Poincaré
inequality, we estimate the difference between j; = J[p;,01] and j, = J[p,, 02 as

1 = Jal < C @7l + llalh) (3.32)
7:=logp; —logpy, G:=06;—0s,

where C'is a positive constant independent of €, ¢ and 9.
Notice that the function ¢ = 6, — 05 verifies the equation

~ A ~ A 27 - ~ 2". ~ ~ 2 —
J1bhe — Jobl2e — gh(log pr)abh + g]z(lOg P2)zbla — 30tz

2 € ﬁ :72 N R
_ (= 1 J2 | _Plg_ 6, — 1 3.33
<3 3() (/31 ﬁ2> Cq ¢ (% b :
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owing to the equation (2.17¢). Multiplying the equation (3.33) by g, integrating the resultant
equality by part over © and then using the boundary condition ¢,(0) = g,(1) = 0, we have

) p o e O
/g’fo(ﬁJF&ffdl’:/ {3J1(10gp1)1913J2(logp2)z9zJ19u+129zz}q
0 0

¢
2 € ﬁ 3; P1— P,
<3 3() L P2 ¢ O:=1) 4
< pllg? + Colllml® + lz.1%) + Clulllal’?,

where we have also used the mean value theorem, the Schwarz and the Poincaré inequalities
as well as (3.25) and (3.32). Thus, letting p, 6 and ¢ small enough leads to

gl < 0CI7e]|. (3.34)

We see from (2.17a) that the function 7 = log p, — log p, satisfies

S[ﬁl?}lv 61]7717 + (S[ﬁlvjla él] - 5[527327é2]) (IOg ﬁg)z + (jx

: g Ji
- ¢ - QS T <~ - ~> . (3.35)
(@1 2) P P2
Multiply (3.35) by 7,, integrate the resultant equality by parts over 2 using the boundary
condition 7(0) = 7#(1) = 0 and the equation (2.17d) to get

1
/ Slp1. 1, 0.)7 + (5 — ) da
0

=— /01 {(5[51,5’1,9}} — Spy, Jos 9}]) (log pa)z + G, + <]1 - b) } Ty dv. (3.36)

P P2
The right hand side of the equality (3.36) is estimated by 6C/||7,||* by the mean value theorem
and the Poincaré inequality as well as the estimates (3.25), (3.32) and (3.34). Taking ¢ small
enough, we have ||7,]|? < 0 with aid of (5, — po)7 > 0 and (3.25b). Consequently, we see
py = Py holds, which immediately shows 6; = 05, j, = j, and ¢, = ¢, thanks to (3.10).
(3.32) and (3.34). O

Lemmas 3.2 and 3.4 immediately give the unique existence of the stationary solution to
both the hydrodynamic and the energy-transport models.

Theorem 3.5. Let the doping profile and the boundary data satisfy conditions (2.2), (2.4)
and (2.6). For arbitrary p;, there exist positive constants 0y, Co and ny such that if 6 < o
and 0 < & < ¢ < (o, then the boundary value problem (2.17)~(2.20) has a unique solution
(,5?]'2, 492, gbz) € B*(Q) x BX(Q) x B3(Q) x B*(Q) satisfying the conditions (2.13), (3.11a) and
|92 — 1o < mo-
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3.2 Relaxation limits of stationary solutions

In this section, we justify the relaxation limits of stationary solutions. Firstly, it is shown
that the stationary solution for the hydrodynamic model converges to that for the energy-
transport model as the parameter ¢ tends to zero. Secondly, we prove that the stationary
solution for the energy-transport model converges to that for the drift-diffusion model as the
parameter ¢ tends to zero. These results also give the justification of relaxation limit from
the hydrodynamic model to the drift-diffusion model.

Lemma 3.6. Under the same assumptions as in Theorem 8.5, the stationary solution
(ﬁZJZ,éZ,(;;Z) for (2.17) converges to the'sltationary solution (ﬁg,jg,ég,q;g) for (3.1) as ¢
tends to zero. Precisely, there exists a positive constant (y such that, for e < ( < (o,

T~ R4 16~ 8-+ - H <o (4 5). @)
Sl = o+ | ({72 = 83, (A= 0C) )|+ i - dan < o ( + <> . (338)
where the positive constant C' is independent of €, ¢ and 9.

Proof. In this proof, we omit the suffix { to express the solution for simplicity as (ﬁz, 527 éz, ng)
is denoted by (57,7, éi, (;NSE), E}(I)ld (;32,527 52, (;32) by (ﬁo,jo, 90, (;30). By virtue of the formula of
the current densities j and j , we have the estimate

~E ~0 c e
i =3 1 <C6lIrsl + gl + 6%), (3.39)

r® :=log p° — log ﬁo, q° = 0 — GNO

owing to the mean value theorem and the Poincaré¢ inequality with (3.11a) and (3.25d).
Subtracting the equation (2.17¢) from the equation (3.1b) gives

2 F
ket + g =F 3.40
3005, T e \ (3.40)

~E ~E ~0~0 2~.€ ~E ~g 2~.0 o ~0
Fi==j0,+j0,+3j (log7).0 — =5 (log 7°)0

L2 ((332 ) (5%2) G? P gy,

3 ~e ~0 - 374 FE ¢

i Fi
Note that the L?-norm of F in (3.40) is estimated as

£
IE| < Collrs]l + Cllafly + Co ( N <> (3.41)
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by the mean value theorem, the Poincaré and the Sobolev inequalities as well as (3.11a),
(3.25) and (3.39). Multiply the equation (3.40) by ¢°, integrate the result over the domain
by part and utilize the boundary conditions ¢Z(0) = ¢5(1) = 0. Then estimate the resulting
equality with using (3.41). These calculations lead to

B

1 2 ~& 1
/ Zho(¢5)? + == (¢°)* dx = / Fq¢ dx
0 3 ¢ 0

2
< (u+ CO)(|Irgl* + gz I?) + Clullle|* + Co* <€2 + Cz) ,
where 1 is an arbitrary positive constant. Successively, making i, § and ¢ small enough, we
have
a2 Lpee )12 if 2, ¢
A +Z||q 17 < Colrill + Co° (€ ta) (3.42)
Divide (2.17b) by /¢ and (3.1d) by 5°, respectively. Then take the difference between the
two resultant equations to obtain
~€ ~0

2
ne e € € Te ot J ~e J
075+ (log p")ud® + ¢+ (07 — ¢°)s — € <ﬁ5> (log 7)o + 5

~&

Ex‘h-

- =0. (3.43)

Multiplying (3.43) by r¢ and then integrating the resulting equality over the domain © by
part with using r¢(0) = (1) = 0, (2.17d) and (3.1c), we have

1
[ Fwer+ - s
0

1 ~e ~0 ~e\ 2
= / —q°(log ﬁo)z - ¢ — ]Tg + ]70 + ¢ ‘Z—E (log p°)s p s dx
0 p P P

2
< (ut OO + L ( n C) , (3.44)

where we have also used (3.39) and (3.42). Since (p° — p°)r® > 0, making p and & small
enough in (3.44) yields the estimate ||r||* < C6* (e? 4 £2/¢?), which means

2
|2 < ot (& + ;) (3.45)

with aid of the Poincaré inequality. The inequality (3.45) together with (3.11a) yields the
estimate of (5°—p°) in (3.37). Estimating (3.45) with (3.42), we have the estimate of (ée—éo)
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in (3.37). Substituting this estimate and (3.45) in (3.39) gives the estimate of (;* — }'0

(3.37), which completes the derivation of the desired estimate (3.37).
To completion of the proof, it suffices to show the estimate (3.38). Multiplying (3.40) by
—q¢t,/p° and integrating the resulting equality over the domain 2 by part gives

) in

Y2h0, oo 1, o Y, e 12 if 2, €

where 4 is an arbitrary constant. In deriving the above inequality, we have also used the
estimates (3.37) and (3.41). Then take p sufficiently small in (3.46) to get

5 1 c 82
a2l + 2zl < Ov* (gu C) . (3.47)

Differentiate the equation (3.43), solve the resultant equation with respect to r_, take the

Tx)

L2-norm of the result. Then applying (3.37) and (3.47), we obtain the estimate
2 i, €
[l€)l5 < C§ (6 + <2) ) (3.48)
which also shows the estimate of (5° — 5°)4e and ¢ — (;30 in (3.38) with aid of (3.10) and

(3.11a). Consequently, the proof is completed. O

Lemma 3.7. Under the same assumptions as in Lemmas 3.1-3.3, the stationary solution
(/32752,52,(;32) for (2.17) converges to the stationary solution (,58,587558) for (3.2) as ¢ tends
to zero. Precisely, there exists a positive constant (o such that, for < (g,
~ ~0 ;0 ~0 ~0 ~0 ~0
(8¢ = Po: 0 = Dlls + 15¢ = Jol + l9¢ = dolls < COC, (3.49)
0 o~ ~0
({2 = A} aws {0c — Lhaa)|| < COV/C, (3.50)

where the positive constant C' is independent of ¢ and 9.

Proof. For simplicity, we abbreviate (,52,32, ég, d;(c]) as (ﬁ(vj(a éc, QNSC) and (59, 38, Q;g) as (fos Jo» Do)
in this proof. The estimates of the difference 0 — 1 in (3.49) and (3.50) have been already
shown in (3.25d). In the similar way as in the derivation of (3.39), the difference between j.
and j, are estimated as

3¢ = Jol S C3((re)ell +¢) . 7¢ 1= log i —log f, (3.51)

thanks to the formula (3.6) and (3.9a). Once the estimate of - — p; in (3.49) is shown, the
estimate of 3( — Jo in (3.49) immediately follows. Hence, it suffices to derive the estimates
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of the r¢. Divide (3.1d) by . and (3.2c) by gy, take the difference of the results and then
multiply the difference by r:. Integrate the result over the domain €2 by part and estimate
the resultant equality by using (3.25d) and (3.51). These calculations lead to

/0 (r)2 + (e — pojreda = — / {;{@ PRV } (re)s da

P¢ Po
< (14 OO (r)e |l + Clu)6>¢,

where p is an arbitrary constant. Take p and § so small that y + Cd < 1 and then use the
Poincaré inequality to obtain

el < €, (3.52)

since (p¢ — po)r¢ > 0. Finally, the similar manner as in the estimation of (3.48) gives
rells < COV/C. (3.53)

Combining the estimates (3.51), (3.52) and (3.53) completes the proof. O

Lemmas 3.6 and 3.7 immediately give the next corollary, concerning the relaxation limit
from the hydrodynamic to the drift-diffusion model.

Corollary 3.8. Under the same assumptions as in Lemmas 3.1-3.3, the stationary solution
~e e ~0 ~0

(ﬁ?,ji,@g, d)i) for (2.17) converges to the séationary solution (,58.,]'8,@50) for (3.2) ase and ¢

tend to zero. Precisely, there exists a positive constant (y such that, for e < ( < (p,

~e ~ ;€ ~e ~0 ~e ~0 £
1% = 05— Dl 4+ G = 701+ 165 — Bolls < €6 ( +24 c) L (35

105 = 7}aws (5 — 1}u0)]] < C6 ( . ﬁ) 7 (3.55)

where the positive constant C' is independent of €, ¢ and 9.



