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1. FIRST LECTURE: GEOMETRIC AND UNIPOTENT CRYSTALS

The first author would like to express his gratitude to Professor Okado for the oppor-
tunity to give the lectures, to Professor Kuniba for the great help in preparation of the
lecture notes, and to RIMS for the hospitality. ,

The lectures are based on the results of our research originated six years ago in [1] and
continued in [2]. We start with the problem of birational Weyl group actions that served as
the original motivation for this work (for the terminology and results on reductive algebraic

groups, see, e.g., [8]).

Problem 1.1. Let G be a split reductive algebraic group with a maximal torus T'. Given
an affine algebraic variety X, a function f on X, and a morphism of algebraic varieties
v : X — T, construct a birational action of the Weyl group W = Normr(G)/T on X in
such a way that:

(1) The structure map v : X — T commutes with the W-action (where the W-action on
T is the natural one).

(2) The function f is W-invariant.

(3) For each w € W the fixed point set X* = {z € X : w(z) = z} is the pre-image Y~ H(TY)
of the fixed point set T% = {t € T : w(t) = t} (i.e., all fixed points of w ”upstairs” come
from the fixed points of w ”downstairs”).

Each solution of the problem defines a version of a W-equivariant algebro-geometric
distribution ®1 on T from (3, Section 7.10] (the above condition (3) serves as a natural
analogue of the requirement 3) from [3, Section 7.10]).

Conjecture 7.11 from [3] asserts that for each algebraic {-dimensional representation p of
the Langlands dual group GV there exists a W-equivariant algebro-geometric distribution
@, with X = an (where Gy, stands for the multiplicative group), f(c1,---, co) = Zf=1 Ci,
and v = v, : X — T is the homomorphism of algebraic tori determined by p. The same
conjecture claims that the existence of such @, implies a corollary from Local Langlands
conjectures (see [3, Section 1.1] for details).

Therefore, solving Problem 1.1 will help to dealing with the Local Langlands conjectures.
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Example 1.2. Let X =G3,, G = {(4,4') | A, A’ € GL;,det A = det A'}.
T {(t1,t2;81,t5) | tate = t’tz}
= (Z/2Z) x (Z/2Z).

7(2 b) (ab,cd;ac,bd) € T, f(a b)=a+b+c+d€A1.

2(9)- (8 ) - 0)-CE 5).

Clearly, 5182 = 8281 and the function f is W-invariant. It is also easy to see that s;(M) =
M if and only if ab = cd, i.e., fixed point of s; in X = G%, are governed by the fixed
points of s; in T'. The same for s;. One can show that the W-action on X satisfying the
requirements of Problem 1.1 is unique.

In order to solve Problem 1.1, we introduced geometric crystalsin [1]. Let I be the vertex
set of the Dynkin diagram of G and a) : Gy, — T, a; : T — Gy, be respectively simple
coroots and simple roots of G. The natural pairing between simple roots and simple coroots

defines the Cartan matrix a;j = (a;,a)'). In particular, if G = GLg, oY (c) = ( 0 )

0 ¢!
3] 0 _ 131 v\
then a; (0 t2) =5 (a1,a]) =2.
Definition 1.3. A decorated geometric crystal is a 6-tuple X = (X,4, f, i, &, €;li € I),
where:

e X is an irreducible algebraic variety.

e v is rational morphism X — T.

® f,pi,&i : X — Al are rational functions.

e each ¢; : Gy, X X — X is a unital rational action of the multiplicative group G, (to be
denoted by (c, z) — €ef(z)) such that for each i € I one has:

7(€5(x)) = & (e)¥(2), &i(2) = cs(V(2))i(2), €i(€f(2)) = cei(z), pi(€f(2)) = ¢ pi(a)

c‘l—-l

(11) f(ec(z)) - f(x) + 1_( ) Ei(ﬂ?)

for z € X, c € Gy,; and for each 7 # j one has the following geometric version of Verma
relations (see {1, Lemma 2.1] and [7, Proposition 39.3.7)):

1,0 _
e;lel = eleft if <a,, > =0;
C1 ,C1€C2 ,C2 C€1C2 ,C1
e;'ef el = eef' e if (aj,0)) = <a,,a >— -1
2 2
€1,61€2 c102 €2 _ ,C2,C1C2 ,C1€2 C1 Y - —_ 1.
e;'e; e e =e’e' %e)! if (aj,0)) = -2, <a,,a >— 1;
cdeq cle c3 c3 c’c c3c
eite;l et lc% e;'el? = el’ef Ve, i gchea S et if (aj,a)) = — <a.-,a;.’ =—1.

dl:

, ral d b-ra ral d —lb-ra d

o0 - (55 ) wo0- (37 ")
Ta+ a

a+d a+d a+d a+d

51(M)—'—cg-, p1(M) = e2(M) = —=—, p2(M) =

Clearly, e; commutes with e; and both f oe] and foej sa.tlsfy (1.1).

Example 1.4. In the notation of Example 1.2, we have for M = (‘c’ b).

and
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Definition 1.5. For each decorated geometric crystal X = (X,~, f, pi,€i,€;li € I) we
1
define rational morphisms s; : X — X, i € I by s;(z) := ef‘z”’t’” (z).
It is easy to see that each s; is an involution. The following result shows that geometric
crystals indeed solve Problem 1.1.

Proposition 1.6. For any decorated geometric crystal X one has:
(a) The involutions s; satisfy the braid relations, i.e., define a rational action of W on X.
(b) The function f is s;-invariant for eachi € I.

Part (a) coincides with (1, Proposition 2.3, and we now prove part (b):
1
1

-1 . -
(@) = O (@) = (o) + ZDEL_ o SOENZL g

because €;(z) = a4 (y(z))pi().

Example 1.7. In the notation of Examples 1.2 and 1.4, we have

£fa by _ [(a b 4 fa b\ _ a b
T \e d) T°\e d) % \c a) T%\c d) -

Now a new problem emerges: how to construct decorated geometric crystals. The answer
comes from new geometric objects: linear unipotent bicrystals.

Let U be a maximal unipotent subgroup of G such that TU = UT = B is a Borel
subgroup, and let x be a character of U, i.e., x is a homomorphism U — G, (where G,
stands for the additive group).

Definition 1.8. A unipotent x-linear bicrystal is a triple (X, p, f) where:

e X is a U x U-variety, i.e., a pair (X, a), where X is an irreducible affine variety over Q
and a: Ux X xU — X is a U x U-action on X, where the first U-action is left and second
is right, such that each group e x U and U X e acts freely on X (we will write the action
as (u,z,u') — uzd).

e p: X — Gis aU x U-equivariant morphism, where the action U x G x U — G is given
by (uag’ ul) = ugu’.

o f is a x-linear function on X, i.e., f(u-z-u') = x(u)+f(z)+x(u') forany z € X,u,v' € U.

The category of x-linear unipotent bicrystals is monoidal via the following convolution
product: (X,p, f)*(Y,p,f) :=X=*Y,p", f), where:
e the U x U-variety X x Y is the quotient of X x Y by the following left action of U on
X xY: uo(z,y) = (zu?t,uy).
ep”: X xY — G is defined by p”(z *y) = p(z)p’(y) forallz € X,y €Y.
e the function f” on Z = X xY is defined by

f'(x*y) = f(z)+ f'(y)
for all z € X, y € Y clearly, both p” and f are well-defined).

Example 1.9. Let wyg € W be the longest element of the Weyl group W (i.e., the length
of wp is dimU). Take X = BwyB, the big Bruhat cell, p = id to be the natural inclusion
X — G, and fg : X — A! to be the function given by

fox(uwibou') = x(u) + x(«)

for any u,u’ € U and any representative of wp of W in the normalizer Normg(T). Then
the triple (BwoB, id, fg,x) is a unipotent x-linear bicrystal.
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Let U; be the one-parametric additive subgroup of U corresponding to the simple root
a;. And let x be a regular character, i.e., x(U;) # 0 for all i € I. For each i € I we
choose a generator z;(a) of U; in such a way that x(zi(a)) = a for a € G,. In particular,
if G = GLy, U = U,, the group of upper uni-triangular matrices, x(u) = Z,_l Ui i+1, and
zi(a) = I + aEy;11.

Example 1.10. Assume that the group G is simply-connected and x is regular. Then in
the notation of Example 1.9, we have

_ Awgsiw; wi (9) + Awgsiwswi (9)
fox(9) g Awoui,wi (9)

for each g € BwoB, where A, ;5 stands for a generalized minor defined in [4]. In particular,
if G = GL,, then

n—1

A{n—i,n+2—i,...,n},{l,...,z‘} (9) + A{n+1—i,...,n},{l,...,i-—l,i+1}(g)
fG,X(g) = Z A ’
i=1 {n+1_i,.-.,n},{1,..‘,i}(g)
where A j/(g) is the ordinary minor of an n x n-matrix g in the rows J C {1,2,...,n}
and columns J' C {1,2,...,n}. In particular, each denominator in the above formula is

an i X ¢ minor in the left lower corner which is never zero on BwyB.

We also fix B~ to be the Borel subgroup opposite of U, i.e., B~ NU = {e}.
Now we construct (decorated) geometric crystals out of (U x U, x)-linear bicrystals:

(1.2) FX,p, f):=(X"7fpieigli€l),

where:

e X~ =p(B).

e v: X~ — T is the composition of p : X~ — B~ with the canonical projection B~ —
B~ /U~ =T.

e f~ : X~ — Al is the restriction of the function f to X ™.

e regular functions ¢;,&; : X~ — Al, i € I are as follows. Let pr; be the natural projection
B~ — B~ N ¢;(SLy) (where ¢; is the i-th homomorphism SLy; — G). Using the fact that
z € X~ if and only if p(z) € B~, we set:

b
i) = g‘j—;, (o) 1= 12 = pila)au(o)

for all z € X~, where pri(p(z)) = ¢ (bu Y )

ba1 b2
e a rational morphism e€; : G, X X~ — X, i€ I is given by (x € X~, c € G):
-1_1
1.3 e(z) =x; ( ) T (———c )
13 @ = @ @)

if p; #0 and ef(z) =z if p; = 0.

. b 0 cb 0
In particular, for G = GLy, X = BwgB, one has e (b;i b22) = (b;ll o1 b22)'

Theorem 1.11. F(X,p, f) is a decorated geometric crystal.

The “non-decorated” version of this result essentially coincides with [1, Theorem 3.8].
Let us demonstrate that f~ = f|x- satisfies (1.1). Indeed, by (1.3), we have for each
z€X ,ceGy,iel:

re@ =1 (= (55) = u(S5))
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=X (xi (;%ml))) + f(z) + x (xi (Eg(x;)l)> =f@)+ :?zle) * c;il(;)l

2. SECOND LECTURE: POSITIVE GEOMETRIC CRYSTALS AND CRYSTAL BASES

We start with a combinatorial analogue of the geometric Problem 1.1 (see e.g., [6] for
terminology on crystal bases).

Problem 2.1. Let GV be a complex reductive group, XV be a complex affine variety with
GV-action, A = C[XV] be the coordinate algebra of XV. Construct a parametrization of
the crystal basis B for A = C[X"V] by a convex polyhedral cone in the lattice Z* (where
¢ = dim XV in such a way that, under the parametrization, the functions @;,&;, and the
crystal operators & : Z! — Z' U {0} are given by piecewise linear formulas, i.e., using only
min, max, +.

All solutions XV we know so far'(we will refer to them good varieties XV) come from
positive geometric crystals.

Some good GV-varieties XV (positive geometric crystals with desirable properties exist):
e XV = GY/UY so that C[XV] = ®,V), where the sum is over all dominant weights of GV.
¢ GV = {(A,B) € GL,(C) x GLy(C),det A = det B} and XV = Matxn(C) with the
natural action (A4, B)(M) = A"'MB. More generally, GV is a Levi factor of a parabolic
subgroup PV C GV, where GV is a larger complex reductive group and XV is the unipotent
radical of PV, with the natural action of GY on XV.
e G¥ = {(A,B,C) € GLy(C) x GL3(C) x GLy(C),det A = det B = detC} and XV =
Matgyax2(C) = C? ® C? ® C? with the natural action of GV.

A (conjecturally) bad XV is as follows: GV = GL»(C), XV = S3(C?). It turns out that
the geometric crystal with desirable properties does not exist.

Before describing positive geometric crystals let us define positive varieties. We first
consider split algebraic tori S = (Gm)e .

Definition 2.2. A positive morphism f : (G;,)* — (Gy,)¢ is any rational morphism such
that each coordinate function f; : (G)* — G, i = 1,...,£ is a positive function, i.e., can
be written as a ratio of two polynomials in k variables with non-negative integer coefficients.
In general, if S and S’ are split algebraic tori (i.e., S = (Gp)* and S’ = (G,)%), then a
positive morphism f : S — §' is well-defined.

For instance, e.g. if S = Gy, f(z) = 32::11 = z2 — ¢ + 1 is positive. Note also that
the morphism f : (Gp)? — (Gn)? given by f(z,y) = (x,z + y) is positive but its inverse
f~Y(z,y) = (z,y — x) is not positive.

It is easy to see that composition of positive morphisms are positive. Consider a category
T+ whose objects are split algebraic tori and arrows are positive morphisms.

Now we construct a “tropicalization” functor T'rop : 7, — Sets as follows. First, for a
non-zero Laurent polynomial f(z) = Zf__n a;x' with a, # 0, N > n, we set deg f = n. And
for any rational function f : G,, — G,, written as the ratio of two Laurent polynomials
f= %, we set deg f = deg f1 — deg fo. Then we set Trop(S) = X.(S) = Hom(Gn,, S),
the lattice of co-characters of a split algebraic torus S; and for each positive morphism
f: S — 8" weset Trop(f) to be a (piecewise-linear) map X,(S) — X, (S’) determined by:

{1, Trop(f)(A)) = deg fau »
for any co-character A € X,(S) and any character u € X*(S) = Hom(S,Gy,), where

Hop:Gm LN AN Gm, and (e, ) : X*(S) x X,(S) — Z is the canonical pairing of
characters and co-characters.
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Therefore, for each rational function f(z1,...,Zk) = (3 .ezr CaT®)/ (D aczr dax?), where
we abbreviated z¢ = z§! - - - z}*, the tropicalization Trop(f) : ZF — Z is a piecewise-linear
function given by:

. k
TTOp(f) (‘;i‘.) = aeéB?cﬁ#o (; 04,57;) aEZk d 40 (Z aﬂ:) ’
and for each rational morphism f : (Gp)* — (Gm)? given by f(z) = (f1(z),. .., fe(z)), the
tropicalization Trop(f) : Z*¥ — Z¢ is a piecewise-linear map given by

TTOP(f )(5) = (Trop(f1)(&),- - ., Trop(fe)(Z)) -
Example 2.3. If f(z) = z+1 =2 — z + 1, then Trop(f) : Z — Z is given by
Trop(f)(Z) = min(3Z, 0) — min(Z, 0) = min(2%, £, 0) = min(2%,0) .
And if f : (G2)? — (G2)? is given by f(z,y) = (z,z + y), then
Trop(f)(Z,§) = (& min(Z, 7)) .
Theorem 2.4. [1, Corollary 2.10] Trop : T, — Sets is, indeed, a functor.

Note that the positivity is important for the functoriality - in the above example, the
morphism f : (G2)? — (G2)? is positive and invertible, but its inverse, given by f~!(z,y) =
(z,y — z), is not positive. It is easy to see that Trop(f~!) o Trop(f) # Id.

Definition 2.5. A positive variety is a pair (X,6), where X is an irreducible variety
(defined over Q) and 0 : S=X is a birational isomorphism of a split algebraic torus S and
X. A morphism of positive varieties (X,0) — (Y, ') or (8, 8')-positive morphism X — Y
(where 6 : SSX and ¢’ : $SX) is a rational morphism f : X — Y such that ' o fo 8
is a well-defined positive morphism S — S’.

Proposition 2.6. Positive varieties and their morphisms form a category. This category
is monoidal with respect to the product (X,0) x (Y,¢') :=(X xY,0 x ¢).

Proof. Indeed, if § : S=X and ¢ : S=SY are birational isomorphisms, then so is
O0x@ :SxS — X xY. That is, the product is well-defined. Its associativity follows, and
the unit object is the pair (Sp,id), where Sy = {e} is the 0-dimensional torus. O
By definition, for each split algebraic torus S the pair (S, id) is a natural positive variety
and (S, id) — (9’,id) is a natural morphism of positive varieties.
We say that for a positive variety (X,6) a non-zero function f : X — A! is é-positive if
f:(X,8) — (Al,id) is a morphism of positive varieties.

Definition 2.7. A positive decorated geometric crystal is a pair (X, ), where

X = (X,, f, pi,€i, €;li € I) is a geometric crystal, (X, 0) is a positive variety, and:

e v:(X,0) — (T,id) is a morphism of positive varieties.

e The function f : X — A! is f-positive.

e The action e; is a morphism of positive varieties (Gm, id) x (X,6) — (X, ) is a morphism
of positive varieties.

Note that if (X, 8) is positive, then the functions €;, ¢; are also positive.

For each positive variety (X,0) (where 8 : S=X) we denote Trop(X, ) := Trop(S) =
X.(S). And for each morphism f : (X,8) — (Y,8) of positive varieties we denote
Trop(f) := Trop(6'"' o f00) : (X,0) — Trop(Y,&").

Lemma 2.8. The association (X, 0) — Trop(X,0) is a monoidal functor from the category
of positive varieties to the category of sets.
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Proof. Indeed, the functoriality follows from Theorem 2.4. And the fact that the functor
respects products follows from Proposition 2.6. O

Now apply the functor Trop to positive geometric crystals. For any positive decorated
geometric crystal (X,0) denote Trop(X,0) = (X, 7, f, $i, &, &i € I), where:
e X =Trop(X,0) is the "tropical” variety.
e y=Trop(y): X — X.(T) = AV is the co-weight gradlng
e & =Trop(e;) : Z x X — X is a free Z-action
o« f=Trop(f): X - Z.
® &;, p; are functions X — Z given by & = —Trop(e;), @; = —Trop(cpz)
Clearly, each e; defines two mutually inverse bijections & : X — X and f; : X — X via
& = &€} and fi = é; -1,
Theorem 2.9. Trop(X,0) is a torsion-free Kashiwara crystal such that:
(21 - (& (®) = min(fo(b),n + Gi(}), —n + & (b))
forbe X, neZ,ie I, where fo: X — Z is a function.
The “non-decorated” version of this result coincides with [1, Theorem 2.11]. To prove
(2.1), let us rewrite (1.1) as follows:

(2.2) f(ei(x)) = fo(z) +

_e Lt
ei(x)  ei(z)
for z € X, ¢ € G, i € I, where fo(z) = f(z) — ﬂfa — '67%57 Denote fy := Trop(fo) (if
fo =0, then fo = +00). Note that the function G, x X — A! given by (c,z) — f(eS(z))
is positive. It follows from Theorem 2.4 that the tropicalization of this positive function
is the function Z x X — Z given by (n,b) — f(€*(b)). Therefore, applying tropicalization
functor to the identity (2.2), we obtain (2.1). O

Note that the Kashiwara crystal Trop(X, ) is associated to the Langlands dual group
GV rather than G because it is graded by the co-weights of G, i.e., the weights of GV.

Let B := {b € Trop(X,0) | f (b) > 0} and denote by B(X,8) the restriction of the free
Kashiwara crystal Trop(X, ) to B. N

Note that if the function f o8 :S — A! is regular, then B is a convex polyhedral cone
in X.
Proposition 2.10. The Kashiwara crystal B(X,8) is normal.

Proof. Recall from [6] that the normality condition is that:

(2.3) gi(b) = max{n > 0: &"(b) # 0}, vi(b) = max{n > 0:& () # 0} .
According to (2.1), €2(b) # 0 for b € B if and only if —;(b) < n < &;(h). This is exactly
the normality condition (2.3). O

Next, we construct our main example of a positive geometric crystal (X, 8) such that
B(Xx,0) is a crystal basis for an integrable GV-module.

For each sequence i = (iy,...,%s) € I* we define a morphism 6 : T x (Gn,)*=B~ by
the formula:
(2.4) 6i(t,c1,...,c0) =1~ T, (c1) - Tiy (c2)--- T, (Ce)
for any c,...,c¢ € Gy, where z_; : G,,, — B~ is given by the formula

25) 0= (7 9),
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where g — g; is the homomorphism SLs — G such that ((c) 091> = a)/(c) and ((1) (11> =
i i

zi(a).

Now let Xg := F(BwpB,id, fgx) be the decorated geometric crystal associated to the
(U x U, x)-linear bicrystal from Example 1.9, where x is a regular character of U. Note
that the underlying variety of Xg is (BwoB)~ = BwoBNB~.

Proposition 2.11. Let i = (33,...,1¢) be a reduced decomposition of the longest element
wo €W (i.e., £=dimU and s, - - - 8i, = wg). Then:

(a) The morphism 0; is an open embedding (and hence a birational isomorphism) T x
(Gm)t — B~ N BuyB.

(b) The pair (Xg,6;) is a positive decorated geometric crystal.

Part (a) of Proposition 2.11 follows from [4, Theorems 1.2, 1.3], and part (b) follows
from the results of [2, Section 3.2].
By tropicalizing this positive geometric crystal, we obtain our main result.

Theorem 2.12. [2, Main Theorem 6.15]. For any reduced decomposition i of wo the
normal Kashiwara crystal B(Xg,0;) is isomorphic to the. disjoint union of all irreducible
GV -crystal bases B,,.

The proof of this result is rather non-trivial. It is based on the notion of strongly positive
x-linear unipotent bicrystals introduced in [2, Section 3.2] and Joseph’s characterization
of the irreducible crystal bases via closed families ([5, Section 6.4.21]).

Example 2.13. Let G = GL3, so that T = {t = diag(t;,t2,t3)} C GL3. We fix the
reduced decomposition i = (1,2,1) of wg € W = S3 so that:

t; 0 0\ [cg! 0 0\ /1 0 O\ [fcg'! 0 0
6i(t;c1,c2,¢c3) =10 t2 O 1 ¢ O 0 C2-1 0 1 ¢ 0] =
0 0 t3 0 0 1/\0 1 ¢ 0 01

tlc 03 0 0
= t2( 03) 8% 0 .
t3 tscs taco

Therefore, according to Example 1.10, the restriction of fg, to B~ N BwoB is given by
(in the new coordinates (t; ¢, c2,¢3)):

Cc2 to c1 1 t1 1
t;c1,c2, =c c ’ ) .
fex(t;c1,c2,c3) 1+ o +c3+ t3 (cz + —63) + e

And the rest of the decorated geometric crystal structure Xg on B~ N BwyB is given by
the morphism 7, the actions e;, and the functions ¢, €, ¢ = 1, 2:

1 ciC3
’Y(t’ ¢1,C2, 63) = ( 1—,la— t362) ’
Ci1C3 C2

-1
c2 +cic3 c2+d” -ac
e‘li(t; C1,C2, 03) = (t; a d - C2 -+ c1C3 12, C3 C2 + Clc31 :

ed(t; c1,c2,c3) = (t;c1,d™ - eg,c3) -

tg 0263
p1(t;e1,02,03) = . (C—2 + cl) yp2(tser,c2,03) =

t3 c2
t2 ca’

1 c3
e1(t; 01,02,63)——+ c2’ ea(t;c1,c0,03) = — .
C2
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The tropicalization of the above structures consists of:
o The set X = AV x Z3 where A € AV =Z3.
e The functions fg,y, @i, & : AV X Z3 > Z,i=1,2:
f6,x(A;m) = min(my, mg — ma, m3, A2 — Az — max(ms, mz — m1), A1 — dg —my) ,
@1(A;m) = A; — A2 — min(my,2m; + m3 — mz), @2(A;m) = A — A3 +my —my,
€1(A;m)) = max(mg, m; + 2mg — mz), £2(A;m) = my — mg3
for (Aam) = ((AI,AZ,A3);(Z’7‘1aIn2am3)) € X. - -
e The set B = {(A\;m) € X : fg,(A\;m) > 0}, i.e., B consists of all (A\;m) € X such that

m; >0, mpy > m3~2 0, A1 — A2 > my, A2 — A3 > m3, 2 — A3 > mg — m;. That is, each
point of (A\;m) € B is a Gelfand-Tsetlin pattern:

A1 Ao A3
Ao +my A2 +m3
A3 + mg

e The bijection € : B—B,i=1,2
él(A;m) = (\;my + max(é — n,0) — max(4, 0), mg, m3 + max(é, 0) — max(4,n)) ,
where 6 = m; + mz — ma,
& (A;m) = (A;m1,mg — n,mg) .
Therefore, one has the decomposition into the connected components.

B(Xg,6)= || B
A=(A12A22A3)
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