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A necessary condition for an edge ring to satisfy
Serre’s condition (S2)

Akihiro Higashitani and Kyouko Kimura

Abstract.

Let G be a finite simple connected graph. We give a necessary
condition for the edge ring of G to satisfy Serre’s condition (Sz) in
terms of a graph.

§1. Introduction

Let G be a finite simple connected graph. We denote by V =V (G)
the vertex set of G and E(G) the edge set of G. We set V = [d] :=
{1,2,...,d} and E(G) = {e1,...,e,}, where ey = {js1,je2}. Let K be
a field. Consider the polynomial ring K[t] with d variables ti,ta,. .., tq.
The edge ring of G, denoted by K[G] is the subring of K[t] generated
by t,...,t°, where t* :=t;,,t;,,. Let p(es) be the (0, 1)-vector of R?
which has 1 only jsi-, jee-entries, and let Sg be the affine semigroup
generated by p(e1),...,p(er). Then K[G] is the affine semigroup ring of
Sa.

In [6], Ohsugi and Hibi characterized when K[G] is normal in terms
of the graph; see Section 3 for detail. Since K[G] is an affine semigroup
ring, by Hochster [5, Theorem 1], it is known that if K[G] is normal
then K[G] is Cohen-Macaulay. Hence it is natural to ask when K[G]
is Cohen—Macaulay. For a general affine semigroup ring, the character-
ization of its Cohen—Macaulayness has been investigated by Goto and
Watanabe [3] and Trung and Hoa [8, Theorem 4.1]. The purpose of
our study is to illustrate the characterization in terms of the graph.
Note that K[G] is normal if and only if K[G] satisfies Serre’s conditions
(R1) and (S2); see [2, Theorem 2.2.22]. Hibi and Katthén [4] give the
characterization for K[G|] satisfying (R1). On the other hand we try
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to characterize K[G] which satisfies (S2). Note that Serre’s condition
(S2) is a necessary condition for K[G] to be Cohen-Macaulay. The main
result of the present report is a necessary condition for K[G] to satisfy
(S2) in terms of a graph; see Theorem 4.1.

The organization of the present report is as follow. In Section 2,
we recall the characterization of a Cohen—Macaulay affine semigroup
ring. In Section 3, we recall the properties of an edge ring. Finally,
in Section 4, we give a necessary condition for an edge ring to satisfy
Serre’s condition (S2) in terms of a graph.

§2. Cohen—Macaulayness of affine semigroup rings

Recall that K[G] is an affine semigroup ring, as stating at Introduc-
tion. In this section, we recall the characterization of a Cohen—Macaulay
affine semigroup ring investigated by Goto and Watanabe [3] and Trung
and Hoa [8].

Let S € N be an affine semigroup. Then the affine semigroup
ring of S, denoted by KIS], is the subring of the polynomial ring
K[t] with d variables ty,ts,...,t; generated by {t* : € S}, where
t? =715 -ty for & = (z1,22,...,24). Let Cs be the convex ratio-
nal polyhedral cone spanned by S in Q?. We may assume that Cg is
d-dimensional. Let Fy,..., F,, be all the facets of Cg. Also let G be the
group generated by S. We set

SiZZS—SﬂFi
={x € G : there exists y € SN F; such that z +y € S}

and S" = (-, S;. Let J be a subset of [m] := {1,2,...,m}. Set
i¢J jes

Also set

Ty = {ICJ : I#@7mSﬂFZ#(O>}U{®}

iel
Then 7y is a simplicial complex.
Theorem 2.1 (Trung and Hoa [8, Theorem 4.1]). Let S be an affine

semigroup ring. Assume that Cs has m facets. Then K[S] is Cohen—
Macaulay if and only if the following two conditions are satisfied:

(i) 5§ =5
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(ii) Gy =0 ormy is acyclic for all proper subsets J of [m].

Remark 2.2. The first condition of Theorem 2.1 corresponds to
Serre’s condition (S2); see [1, Exercise 4.17].

§3. Edge rings

As noted in Remark 2.2, the condition (i) of Theorem 2.1 corre-
sponds to Serre’s condition (S3). Thus we investigate which graph G
satisfies the condition. In order to do this, we need the facets of Csg,,.
Fortunately, these have been studied by Ohsugi and Hibi [6]. In this
section, we recall their result.

Let G be a finite simple connected graph. We denote V(G) its vertex
set and E(G) its edge set. Let W C V(G). The induced subgraph of G
on W, denoted by Gy, is the graph whose vertex set is W and whose
edge set is given by {e € E(G) : e C W}. Also we set

N(G;W) :={v e V(GQ) : {v,w} € E(G) for some w € W}.

A subset T of V(G) is said to be independent if {vy,v2} is not an edge
of G for any distinct vertices v1,vy € T. Let T be an independent set
of G. Then we can consider the bipartite graph on T'U N(G;T) whose
edge set is given by

{{v,w} € E(G) : veT, we N(T;G)}.

We call such a graph the bipartite graph induced by T

A pair (C1, Cy) of odd cycles of G with no common vertex is said to
be exceptional if it has no bridge, that is, for any vertices v; € V(C)
and ve € V(Cy), {v1,v2} is not an edge of G. The graph G is said to
satisfy the odd cycle condition if it has no exceptional pair. We have
already known a graph G whose edge ring is normal:

Theorem 3.1 (Ohsugi and Hibi [6]). Let G be a finite simple con-
nected graph. Then K[G] is normal if and only if G satisfies the odd
cycle condition.

Since we have already known a normal graph, we focus on a non-
normal graph, namely, the graph whose edge ring is not normal, and in
what follows, we always assume that the graph G is non-normal. Note
that G is not bipartite.

In order to illustrate the facets of C's, we need some notion.

Definition 3.2. The vertex i € V is said to be reqular in G if each
connected component of Gy ;) has at least one odd cycle.
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Definition 3.3. A non-empty subset T of V is said to be funda-
mental in G if the following three conditions are satisfied:

(i) T is an independent set;
(ii)  the bipartite graph induced by T is connected;
(i) o TUN(G;T) # V(G), then each connected component of
Gv(e)\(Tun(a;T)) has at least one odd cycle.

The facets of C's, are given by the intersection of supporting hy-
perplanes of Cg,, which are defined by the regular vertices in G and
fundamental sets in G.

Theorem 3.4 (Ohsugi and Hibi [6, Theorem 1.7]). Let G be a
non-normal finite connected simple graph. Then all the supporting hy-
perplanes of Cg,, are the following ones:

() Hi = {(z1,22,...,74) € R? : ; = 0}, where i is a reqular

vertez in G.
(11) Hr = {($1,$2,...,Z‘d) S R? . ZieTxi = ZjeN(G;T)xj}’
where T is a fundamental set in G.

We close the present section by recalling the characterization of the
graph G whose edge ring satisfies Serre’s condition (R;) given by Hibi
and Katthan [4].

Theorem 3.5 (Hibi and Katthén [4, Theorem 2.1]). Let G be a fi-
nite simple connected graph. Assume that G is not bipartite. Then K[G]
satisfies Serre’s condition (Ry) if and only if G satisfies the following two
conditions:

(i) G\ {i} is connected for all regular vertex i in G,

(ii)  for each fundamental set T in G with T U N(G;T) # V(G),

the induced subgraph Gv (c)\(run(a;T)) i connected.

We note that if a non-normal graph G satisfies Serre’s condition
(Ry), then G does not satisty Serre’s condition (S2).

§4. Main result

Our purpose of the study is to characterize a Cohen-Macaulay edge
ring K[G] in terms of the graph G. As the first step of our study, we try
to characterize the Serre’s condition (S2); see Theorem 2.1 and Remark
2.2. In this section, we give a necessary condition for G satisfying the
Serre’s condition (S3), namely, satisfying Sg = S,

Before stating our result, we define one notation. Let C be an odd

cycle. Set
ec = Z e; € N7,
iEV(C)
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where e; is the i-th elementary vector of R%.
The following theorem is the main result of the present report.

Theorem 4.1. Let G be a finite simple connected graph. Suppose
that there exists an exceptional pair (Cy,Cs) satisfying following two
conditions:

(i)  for each regular vertex i € V(G)\ (V(C1) UV (Cy)) in G, both

Cy and Cy belong to the same connected components of G\ {i};

(ii)  for each fundamental set T in G with (V(C1) UV (Ce))N(T'U

N(G;T)) = 0, both Cy and Cs belong to the same connected
components of Gy (q)\(TuN(G:T))-
Then ec, + ec, € Si. In particular, S # S¢.

Theorem 4.1 is restated as follows:

Theorem 4.2. Let G be a finite simple connected graph. If
S = 8¢, then for each exceptional pair (Cy,C3), one of the follow-
ing 1s satisfied:
(i) there exists a regular vertex i in G such that both Cy and Cs
belong to different connected components of G\ {i}.
(ii)  there exists a fundamental set T in G such that both Cy and Cs
belong to different connected components of Gy )\ (run(c;T))-

Before proving Theorem 4.1, we consider which elements can be the
elements of Sg or S;. Note that Sg C S holds in general. Hence we
would like to know which element belongs to S¢; \ S¢-.

We need some more notation. Let I' = (e;,,...,¢;,) be a walk. We

set
€r,o = E SAPYIR) €re = § :ejzﬂ'
L 4

Note that e, is the /-th elementary vector of R” and er,,er. € N,
Also for f = (f1,...,fr) € N", we set

p(f) = Z fir(e;).

Let i be a regular vertex in G. Then we denote by I';, the subsequence
of I' whose edges contain i. Let T be a fundamental set in G. Then we
denote by I'r, the subsequence of I' whose edges contain an element of
N(G;T) and do not contain any element of 7.

For f = (f1,.-, fr)yg = (91,-..,9-) € N", we denote g < f if
g; < f; for all . Katthan proved the following proposition.
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Proposition 4.3 (Katthin). Let G be a finite simple connected
non-normal graph. Let (C1,Cs) be an exceptional pair of odd cycles of
G and f € N". Then ec, +ec, + p(f) € Se if and only if there exists a
walk I' which combine Cy and Cy with either er , < f orer . < f.

We give a proof of this proposition for the convenience of the reader.

Proof. “If” part is obvious. We consider “Only if” part.

Take v1 € V(Cy) and vy € V(C3). Set € := e,q1 := {v1,v2}.
(Recall that E(G) = {e1,...,e-}.) Then ¢ ¢ E(G) since (Cy,Cy) is
exceptional. Let G’ be the graph obtained by adding an edge €’ to the
graph G. Then there exists a (0,1)-vector g = (g1,...,9r4+1) € N'H1
with g,1 = 1 such that e, + ec, = p(g) for the graph G’.

On the other hand, since ec, +ec, + p(f) € Sg, there exists h € N”
with ec, + ec, + p(f) = p(h) for the graph G.

Identifying an element N” with the element N"*! whose (r 4 1)-th
entry is 0, we have p(g+ f) = p(h) for the graph G’. Then the binomial
tPtF) —£,(M) belongs to the toric ideal of G’. By [7, Lemma 1.1], there
exists an even closed walk IV = (¢/, ej,,...,¢;,) with e , < g+ f. Let
ej, be the last edge of I which contains the vertex of Cy and let e;,
be the first edge of IV which contains the vertex of C; after e; . Then
the subwalk I" of I' starting at e;, and ending at e;, has the desired
property. Q.E.D.

On the other hand, we have the following proposition.

Proposition 4.4. Let G be a graph with the same conditions as in
Proposition 4.3. Let (Cy,Ca) be an exceptional pair and f € N". Then
ec, +ec, + p(f) € S; if and only if the following two conditions are
satisfied:

(i)  for any regular vertez i in G such that Cy and Cy belong to dif-

ferent connected components of G\ {i}, there exists a walk T(?)
which combine C1 and Cy with either erm , < for era < f;
(i1)  for any fundamental set T in G such that C; and Cs 1bel0ng to
different connected components of Gy (a)\(run(a;T)), there ex-
ists a walk TT) which combine Cy and Cy with either erm , <

for er , < f.
Proof. “If” part is obvious. We consider “Only if” part.

Let ¢ be a regular vertex such that C; and C5 belong to different
connected components of G \ {i}. Since ec, + ec, + p(f) € S C
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Sa — Sag NH;, we can write

o, teo, o) = 3 ap@)— Y bople).

e€E(G) e'€E(Q),i¢e’

Then ec, + ecy + p(F) + o brp(€)) = Tocpe aenle) € Sc. Let
"= (fi,-.., f) be the element of N" such that p(f’) = >__ berp(€).
By Proposition 4.3, there exists a walk I'(¥ combining C; and Cs with
either e , < f+f orepw , < f+f". Notethat f; = 0if i € e,. Then
focusing on the entry ¢ with ¢ € ey, we see that e , < for e </f.

Let T be a fundamental set such that Cy andng belong to different
connected components of Gy (a)\(run(a;T))- Since ec, +ec, + p(f) €
St: € Sa — Sa N Hrp, we can write

ec, +ec, + p(f)

= Z aep(e) — Z berp(€’).

ecE(G) e’€E(G), e N(TUN(G;T))=0ore NT #0

Then ec, + ec, + p(f) + 2. berpl€)) = X .cp(q)aeple) € Sg. Let
"= (fi,-.., f) be the element of N" such that p(f’) = >__ berp(€).
By Proposition 4.3, there exists a walk T'7) combining €, and C5 with
either epr) , < f+ f' or epary . < f + f'. Focus on entries £ with
es,NT =0 and ¢ NN(G;T) # 0. Since f; = 0, we have enm < for

eF(T) Sf QED
T €

Propositions 4.3 and 4.4 show the gap between the sets Sg and
St:. In these propositions, we consider the elements which are of the
form ec, + ec, + p(f). Although these look special, in the proof of
the characterization of a normal edge ring given by Ohsugi and Hibi
[6] (Theorem 3.1), they reduced the discussion to the case of only one
exceptional pair. Hence we believe that we can also reduce the discussion
to such a case and the above proposition would be the first step for
the characterization of a non-normal edge ring which satisfies Serre’s
condition (S2).

Theorem 4.1 is an easy consequence of these propositions.

Proof of Theorem 4.1. By Proposition 4.3, we have ec, + ec, =
ec, +ec, +p(0) ¢ Sg. On the other hand, we have ec, +ec, € Si; by
Proposition 4.4. Q.E.D.
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