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Global existence of the spherically symmetric flow of 
a self-gravitating viscous gas 

Morimichi U mehara 

Abstract. 

In this paper we consider a free-boundary problem for the spher
ically symmetric flow of a self-gravitating viscous and heat-conductive 
gas over a rigid sphere. Considering the problem in the Lagrangian
mass coordinate system, we investigate the temporally global existence 
and behaviour of the solution. Especially, we focus our discussion on 
the corresponding stationary problem, whose solution gives an asymp
totic profile of the solution of the original (time-dependent) problem. 

§1. Introduction 

We consider a system of equations describing the spherically sym
metric motion of a viscous and heat-conductive gas bounded both from 
above and from below by a free-surface and a central rigid core (sphere), 
respectively. Both the self-gravitation of the gas and an attractive force 
due to the core drive the motion of the gas. Such a motion is described 
by the following equations in the Lagrangian-mass coordinate system 
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inn X (O,oo), n := (O,M). Here X En is the mass variable and M 
represents total mass of the gas. Imposed boundary conditions are 

(1.2) { 
( -p + ( (r2:: -4f-L~, Bx) lx=M = ( -pe, 0), 

(u, Bx)ix=O- (0, 0). 

The Eulerian position (radius) of the fluid particle at (x, t) is given by 

1 

r = r(x, t) = ( Rc 3 + 31x v(s, t) ds) 3 

with the radius of the core Rc (a positive constant), which satisfies Tt = u 
and rx = ?x· We seek to find, for any t > 0, the specific volume v = 
v(x, t), the velocity u = u(x, t) and the absolute temperature B = B(x, t) 
satisfying (1.1) and (1.2) for given initial conditions 

(1.3) (v,u,B)it=O = (vo,uo,Bo). 

In this paper we consider only the case that the gas is ideal, namely, the 
pressure p = p( v, B) and the internal energy per unit masse= e( v, B) are 
given by the equations of state: p = R~, e = e,B with the perfect gas 
constant R and the specific heat capacity at constant volume Cv· Here, 
f-L and ( are coefficients of the shear and the bulk viscosity, respectively, 
satisfying f-L > 0 and 3( - 4f-L 2: 0; a constant Pe 2: 0 is the external 
pressure; positive constants G and Me are the Newtonian gravitational 
constant and mass of the core, respectively. For simplicity we assume 
that f-L, (, Cv and /'i, (heat conductivity) are all positive constants. 

Systems of equations related to (1.1), (1.2) have been investigated 
as some stellar models appearing in the astrophysical arguments (see, 
for example, [1]). In the paper [2] a large-time behaviour of a stellar 
model closely-similar to ours was discussed. However, some statements 
and proofs in [2] seem not to be clear; for example, it looks rather hard 
to make hold the following estimate (Lemma 9 in [2]): 

ltlM Bvx 2 dxdT:::; C for any t > 0 

with some constant C > 0 independent of time, which played an impor
tant roll for the rest of the estimates in that paper. (The alternative 
estimate is found below, see Lemma 3.1.) Although, recently, the sys
tem (1.1)-(1.3) with f-L = 0, ( = ((v), /'i, = /'i,(v, B) was investigated by 
Ducomet and Necasova [3], the asymptotic behaviour of it was not dis
cussed in [3]. Global behaviours of viscous gases are obtained in, for 
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example, [4], [6] with no external force fields; in [13] with an attractive 
force due to a central core in a fixed annulus domain; in [12] with the 
self-gravitation of the gas under a one-dimensional motion. 

From physical point of view, it is expected that the solution of our 
problem (1.1)-(1.3) converges to the corresponding stationary solution 
as t -+ +oo in some sense. For barotropic viscous fluids, in [14] a 
stationary problem was discussed, and unique existence of the station
ary solution was obtained under a certain restricted condition. In the 
present paper we obtain the condition similar to the one in [14] guar
anteeing unique existence of the stationary solution of our problem (see 
Proposition 1). 

§2. Statements of theorems 

Let QT := nx (0, T). Firstly, note that we already have the following 
result concerning unique global solvability of our problem up to any fixed 
timeT. (Some notations are found in, for example, [5].) 

Theorem 1. Let a E (0, 1). Assume that Pe > 0 and the initial 
data in (1.3) 

(vo, uo, Oo) E cH<>(n) X (C2+<>(0")) 2 

satisfy the corresponding compatibility conditions and Vo, Oo > 0 on n. 
Then there exists a unique solution ( v, u, 0) of the initial-boundary value 
problem (1.1)-(1.3) such that 

( ()) (c<>, ~ (-Q ))3 (c2+<>, 1+~ (-Q ))2 V,Vx,Vt,U, E x,t T X x,t T 

for any positive number T and the following inequalities hold: 

(2.1) jv, Vx, Vtlg-; + ju, ()jg:<>) :<=:; C, V, () 2: c-1 in QT, 

where C is a positive constant dependent on the initial data and T. 

For the proof of Theorem 1, see [11], in which the case of not only 
polytropic and ideal gas, but also radiative and reactive gas was dis
cussed. 

In order to investigate asymptotic behaviour of the solution, we need 
to derive some uniform-in-time estimates of the solution. Let us consider 
a function v = v(x) and a positive constant fJ satisfying 

l ~(j = Pe + 1M G ~[v; 8 ds for x E [0, M], 

{M( - _ Mc+x) 
lo c,() + PeV- G r[v] dx =Eo. 

(2.2) 
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Here 
{M (1 2 Me +x) 

Eo := Jo 2uo + c,Oo + PeVo - G r[vo] dx, 

1 

f[V](x) := ( Rc 3 + 31x V(s) ds) 3 

for an arbitrary function V = V(x). Our main result is 

Theorem 2. Let T be an arbitrary positive number. Assume that 
a, J.L, ( and the initial data satisfy the hypotheses of Theorem 1 and that 
there exist a function v E C 1 (0') and a positive constant 0 satisfying 
(2.2). Moreover the condition 

(2.3) _ R . GM(Mc + M/2) ( 1 4Co) O 
Pe R 4 + R 3 > 

Cv c c 

is assumed to be satisfied with 

rv ·= _..!:._ [E GM(Mc + M/2)] vo. o + R . 
Pe c 

Then there exists a positive constant C independent ofT such that the 
inequality (2.1) holds for the solution (v, u, 0) of the initial-boundary 
value problem (1.1)-(1.3). Moreover, the solution (v, u, 0) converges to 
the state (v, 0, B) as t --+ +oo in the sense of H 1 (0.) n C(O). 

We consider the stationary problem corresponding to the problem 
(1.1), (1.2). Namely, find a solution V = V(x; 8) of the following bound
ary value problem 

(2.4) ~ (Re) __ -GMc+x 
dx V r[V] 4 

in n, RG VI =-
x=M Pe 

for some positive number e. We note that a function v mentioned in 
Theorem 2 is a solution of the problem (2.4). It is easy to confirm 
that the problem (2.4) has solutions for any number e > 0, by using 
Schauder's fixed point theorem (see [14]). Concerning the uniqueness of 
the solution, we have a sufficient condition for it. Namely, 

Proposition 1. Assume that the condition 

(2.5) 
GM(Mc+M/2) 4RMG O 

Pe- R 7 . > 
c Pe 

is satisfied. Then there exists a unique solution V E C 1 (0) of the bound
ary value problem (2.4). 
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In the subsection 3.1 we give sketch of the proof of Proposition 1. 
From physical point of view, it is natural that a number e is determined 
so that it satisfies the equality g(8) = 0, where 

- {M ( - Mc+x) 
g(e) := Jo eve+ PeV- G r[VJ dx- Eo 

with the solution V = V(x; 8) of the problem (2.4) (see (2.2)). Since a 
number e satisfying g(8) = 0 (if it exists) has an estimate 

Me:::;_.!_ [Eo+ GM(Mc + M/2)]' 
Cv Rc 

the uniqueness condition (2.5) becomes satisfied as far as we are in the 
situation of (2.3). We can say that if Rc is sufficiently large, then the 
equation g(8) = 0 has a solution near 

- 1 Eo 
eo:= Mev+R" 

Although the present author expects that the equation g(8) = 0 is 
also solvable under the condition (2.3), a more relaxed one than "Rc is 
sufficiently large", that is not obvious in this paper. 

§3. Outline of proofs of theorems 

3.1. Proof of Proposition 1 

Here we give a proof only for the uniqueness. We mainly follow the 
manner found in [14]. Let 

Re 
p(V) := v' !(h) := -G Me + X 

(3h)1 ' 

Firstly, from (2.4) we easily have 

h := r[Vj3. 
3 

(3.1) 1M [(Pe- p(V))cp'- f(h)cp] dx = 0 

for any cp E H 1(0) with cp(O) = 0. Let V1 and V2 be two solutions of 
(2.4), and take cp = h1 - h2 with hi := r[ViJ3 /3 (i = 1, 2). Then, from 
(3.1) we obtain 

13(Vl, V2) := 1M[(p(V1)-p(V2))(V1-V2)+(f(h2)- j(h1))(h1-h2)] dx = 0 
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We see that 23 (V1, V2 ) is estimated from below as 

Since Cauchy-Schwarz' inequality gives 

m~(h1- h2)2 ::; MlfV1- V2ll 2, 
xEO 

we obtain 

(3.2) 23 (v; V) > (Pe~ _ 4GM2(Mc + M/2)) llv; _ V 112 
1' 2 - R8 Rc 7 1 2 . 

If v1 1= v2, then the inequality (3.2) under the hypothesis (2.5) contra
dicts the fact 23(V1, 112) = 0. Q.E.D. 

3.2. Outline of proofs of Theorems 1 and 2 

Proof of Theorem 1 is achieved by continuation of the temporally 
local solution with the help of suitable a priori estimates of the solution. 
The fundamental theorem about local solvability of the problem had 
been already established in [7], [8], [9], which are applicable to our prob
lem without essential modifications. In [11] we also have had a priori 
estimates of the solution. 

To prove Theorem 2, first we get the following estimates in suitable 
Sobolev spaces: for some generalized derivatives of the solution 

we find a constant C independent of T such that 

sup ll(v, Vx, Vt, Vxt)(t)ll ::; C, 
tE[O,T] 

llu, e- BIIE(Qr) + 1T ll(v- v, Vx- Vx, vu)(t)ll 2 dt::; c, 

c-1 ::; v, e ::; c, lui ::; c in Qr 

with the norm 

lluiiE(Qr) := lluiiE1 (Qr) + lluxiiE1 (Qr) + lluxxiiE1 (Qr) + llutiiE1 (Qr)> 
1 

lluiiEl(Qr) := ( sup llu(t)ll 2 + {T llux(t)ll 2 dt) 
2 

tE[O,TJ lo 
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In addition to getting these bounds, we also obtain that llv-viiHl(n)nc(n)• 
llu, 0- BIIH2(fl)nC(i1)• llut, Otll and supxEIT lux, Ox I all converge to zero as 

time goes to infinity. The next lemma plays an essential roll in deriving 
the above estimates and the convergence results. 

Lemma 3.1. If the condition (2.3) is satisfied, then it holds 

for any t E [0, T], where C is a positive constant independent ofT. 

To obtain this lemma, we use the following energy equality: 

(3.3) ~ {M [:!_ r v(v- v) ds + ~(v- v) 2] dx 
dt Jo r 2 } 0 2 

+1M (Pe +1M G M~: 8 ds) (v- v)2 dx 

1M ~ { [ (2v - v)r2u]: - 1x (2vx - vx)r2u ds} dx 

+ fM (411'!!:.1 -1M 2~2 ds) v(v- v) dx lo r x=M x r 

+1M R({;l- O)(v- v) dx 

+1M [1M G(Mc+s) (r[~] 4 - r~) ds] v(v-v)dx. 

This equality is derived by multiplying the momentum equation 

p := p- f(x, t), 

u I 1M ( 2u2 Me + s) f(x, t) := Pe - 4p,- + - 3 + G 4 ds 
r x=M X r r 

by fox v(v- v) ds, and integrating it over [0, M]. When we are in the 
situation of (2.3), the last two terms of the right-hand side of (3.3) can 
be controlled. 

Complete proof of Theorem 2 will be found in the forthcoming (full) 
paper based on [10]. 
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