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Stability of ground states of NLS with fourth order 
dispersion 

Masaya Maeda 

Abstract. 

In this paper, we investigate the existence, uniqueness and stability 
of the ground states of nonlinear Schri.idinger type equations with a 
small fourth order dispersion. Such equations appear in the higher 
order approximation of the propagation of laser beam in Kerr medium. 
We show that for the critical case, the ground state, which is unstable 
in the absence of the fourth order dispersion, becomes stable with small 
fourth order term. 

§1. Introduction 

We consider the following nonlinear Schrodinger type equation with 
fourth order dispersion term: 

where w E R For the case w = 0, (1.1) is known as a nonlinear 
Schrodinger equation and it has received a great deal of attention (see, 
for example [1]). For the case w -=f. 0, (1.1) has been introduced in the 
series of work by Karpman and Shagalov (see [7] and references therein) 
to investigate the effect of small forth order dispersion term in the prop­
agation of laser beam in Kerr medium. From a mathematical point of 
view, (1.1) without the term -~u has been studied by Fibich, Ilan and 
Papanicolau [3], who described many properties of the fourth order NLS 
partially relying on numerical analysis. 

In this paper, we consider the existence, uniqueness and the stability 
of standing wave solutions u( x, t) = eiMt ¢>( x), where the real valued 
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function ¢ satisfies 

(1.2) 

Our aim is to investigate the difference between the cases w = 0 and 
w > 0 by looking at the stability of standing waves. Here by stability 
we mean the following. 

Definition 1.1. We say that ei~J-t¢w is stable if for any c: > 0, there 
exists 8 > 0 with the following property: when iiuo - ¢wiiH2 < 8, the 
solution u(t) of (1.1) with u(O) = u0 exists globally in time and satisfies 

sup inf llu(t)- eif'¢w(·- y)IIH2 < c:. 
t>O O,yER. 

If ei~J-t¢w is not stable, we say it is unstable. 

The case w = w0 and J.l = J.lo can be rescaled to the case w = J.loWo 
and J.l = 1. Thus, we set J.l = 1 without loss of generality. 

For the case w = 0, it is known that all standing waves are unstable 
[10]. Further, there exists a blow-up solution with a initial data arbitrary 
near the standing waves. For the case w =f 0, it is known that (1.1) is 
globally well-posed in H2 (~2 ) ([2]). Therefore, for arbitrary small w =f 0, 
the term w!:J.?u prevents the blowup. In this paper, we show that there 
exists a positive standing wave which is stable. 

We begin with the existence of standing wave for w > 0. Let 

Bw(u) 

Nw(u) 

2wll~ulli2 + 2IIVulli2 + 2llulli2 -llulli4, 
wll~ulli2 + 11Vulli2 + llulli2 -llulli4· 

Bw is a conservation quantity of (1.1). Then, set 

We call ¢w E Gw, the ground state. 

Remark 1. By the Lagrange multiplier method, ¢w E Gw satisfies 
(1.2) with J.l = 1. 

By a standard argument using the concentration compactness, we 
can show the existence of the ground state. 

Proposition 1. Gw =f f/J. 

The main results in this paper are the following two theorems. The 
first is concerned with the uniqueness of the ground states. 
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Theorem 1. If 0 < w « 1, then 

{ iO I 2} Gw = e cPw(·- y) 8 E lR, y E lR . 

In particular, we can take ¢w to be positive and radially symmetric. 

The second is concerned with the stability. 

Theorem 2. Let cPw E Gw. IfO < w « 1, then eit¢w is stable. 

There are several related results for the stabilization of ground states 
of cubic nonlinear Schrodinger equations in JR2 . For the linear potential 
case, see [4] and for the nonlocal nonlinearity case, see [8]. 

This paper is organized as follows. In Section 2, we prove Theorem 
1. In Section 3, we prove Theorem 2. 

§2. Proof of Theorem 1 

In this section we prove Theorem 1. Before starting the proof, we 
prepare some notations and propositions. Set 

Note that under the condition Nw(u) = 0, we have Sw(u) = llull~ = 
llulli4. For the case w = 0, it is well known that the minimizer of S0 

under the constraint N 0 ( u) = 0, u -1- 0 is attained by ¢0 (See, for 
example, Chapter 8 of [1]), where ¢0 is the unique positive radial solution 
of (1.2) with w = 0, p, = 1. 

Proposition 2. We have Go = { ei(} ¢o (· - y) I e E JR., y E JR2 }. Fur­
ther, let Un E H 1 (1R2 ) \ {0} satisfy No(un) = 0 and So(un)---+ So(¢o) as 
n---+ oo. Then, there exist 8n E lR and Yn E 1R2 such that ei0nun(·-yn) ---+ 
¢0 in H 1 (1R2 ) as n---+ oo. 

We first show the convergence in H 1 (JR2 ) by using the variational 
characterization of ¢0 (Proposition 2) and cPwn (Proposition 1). 

Lemma 1. Let cPwn E Gwn' then there exists { eWn} c JR., {Ywn} c lR2 

such that ei0wn cPwn (. - Ywn) ---+ ¢o as Wn ---+ 0 in H 1 (JR2 ). 

Proof. Take awn > 0 such that Nwn (awn ¢o) = 0. Then, 

Thus, we have awn > 1 and awn ---+ 1 as Wn ---+ 0. Since cPwn is the 
minimizer of Swn under the constraint Nwn ( cPwn) = 0, we have 
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Therefore, we see that {¢wn} is bounded in H 1 (JR.2). Next, let bwn > 0 
such that No(bwn¢wn) = 0. Then, since Nwn(¢wn) = 0, we have 

Thus, we have bwn < 1. Since ¢o is the minimizer of So under the 
constraint N0 (q'>0 ) = 0, we have 

Therefore, we have 

This implies, 

On the other hand, by the Sobolev embedding, we have 

Thus, Jl¢wn!IH1 and Jl¢wnll£4 are bounded away from 0. Therefore, 

Finally, we show {bwn ¢wn }nEN is a minimizing sequence of So under the 
constraint N 0 (u) = 0 and u =f 0. 

where o(1) -t 0 as Wn -t 0. Proposition 2 and the fact bwn -t 1 as 
Wn -t 0, gives the conclusion. Q.E.D. 

By a standard bootstrap argument, we can prove the following. 

Lemma 2. Let ¢w E Gw, then there exist {Ow} C IR, {Yw} C IR2 

such that ei0w¢w(· -yw) -t ¢o as w -t 0 in Hm(IR2 ) for arbitrary mEN. 

We now show the uniqueness of ground states by using Lemma 2. 

Proof of Theorem 1. Suppose there exists Wn -t 0 such that there 
exist ¢wn, '1/Jwn E Gwn such that ¢wn, '1/Jwn -t ¢o in H 4 (1R2 ) and there are 
no y E IR2 , 0 E lR such that ¢wn = ei0'¢wn(·- y). Let 

Fj(wn,y,O) .- (¢wn- ei0'¢wn(·- y),8xi¢o), j = 1,2, 

F3(wn,y,O) .- (¢wn-ei0'¢wn(·-y),iq'>o), 
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where (u, v) = Re Jn~.2 uv dx. Then, Fj (0, 0, 0) = 0 (j = 1, 2, 3) and 
8~?'F2 '~)) (0, 0, 0) is invertible. Thus, by the inverse function theorem, Y1,y2, 

there exists y(wn) E !R.2 and B(wn) E JR. such that F(wn, y(wn), B(wn)) = 0 
and y(wn) -+ 0, B(wn) -+ 0. Set 1/Jwn = eiO(wn)'I/Jwn (· - y(wn)). Then, we 
have 1/Jwn -+ ¢o in Hm(JR.2) for arbitrary m. 

Now, subtract the two equations which ¢wn and 1/Jwn satisfies. Then, 

(wnb.2 -b.+ 1)wn = U1,nWn + U2,nWn, 

where Wn = (¢wn- '¢wn)/ll¢wn- '¢wnllvx> and Ul,n = (¢wn + '¢wn)1/Jwn' 
U2,n = ¢~n. Note that (wnb.2 - b.+ 1)-1 is a bounded operator from 
H 8 to H 8+2 with the operator norm bounded by 1. Thus, we have 

where we have used Lemma 2 and llwnll£<"' = 1. Further, we have 

llwniiH4 < IIUl,nWniiH2 + IIU2,nwniiH2 
< (IIUl,niiH2 + IIU2,niiH2)2 , 

llwniiHa < (IIUl,niiH4 + IIU2,niiH4)3 . 

Since U1,n -+ 2¢o and U2,n -+ ¢5 in H 4 (!R.2), llwniiHa is bounded. 
Therefore, by the Sobolev embedding H 6 (JR.2 ) '---+ W 4·=(JR.2 ), we see 
that llb.2wniiL= is bounded. 

Next, Wn-+ w0 in Cloc for some w0 , where w0 satisfies 

(-b.+ 1- 2¢5)wo- ¢5wo = 0, 
(wo, i¢o) = 0, (j = 1, 2). 

Since it is known that KerL is spanned by Oxj¢0 , (j = 1, 2) and i¢0 (see 
[11]), we have w0 = 0. 

Now, let Xn such that lwn(Xn)l = 1. Take Sn such that eisnwn(Xn) = 
1. Then, Re eisnwn attains its maximum at Xn and satisfies, 

Then, we have lxnl -+ oo because Wn -+ 0 in CPoc· However, we have 
IUj,n(Xn)l -+ 0 (j = 1, 2), Wnb.2wn(Xn) -+ 0 and -b.wn(Xn) 2 0. This 
contradicts (2.1). 

Finally we show the positivity. Set, aw = (1 + v'1- 4w)/2 and 
bw = (1- v'1- 4w)/2w. Note that we have 

wb.2- b.+ 1 = ( -wb. + aw)( -b.+ bw)· 
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Let Kw be the integral kernel of ( -w!::l + aw)-1 • That is 

(2.2) 

It is known that Kw is a positive function. Now, minimizing Bw under 
the constraint Nw(u) = 0, u # 0 is equivalent to minimizing fiw under 
the constraint N(v) = 0, v # 0 where 

2IIVvlli2 + 2bwllvlli2 -II( -w!::l + aw)-112vllih 

11Vvlli2 + bwllvlli2 -II( -w!::l + aw)-112vlli4· 
Taking u = ( -w!::l + aw)-112v, one can show that these two problems 
are equivalent. Now, we show that if Vw is a minimizer, then also lvwl is 
a minimizer. Indeed, we have 

by the positivity of the integral kernel. Thus, we have 

Now, suppose 0 = Nw(vw) > Nw(lvwl). Then, there exists some t E (0, 1) 
such that Nw(tlvwl) = 0. However, since Bw(vw) 2: Bw(lvwl) > Bw(tlvwl), 
we have a contradiction. Thus, we have Nw(vw) = Nw(lvwl). This shows 
that also lvwl is a minimizer. Now, Uw := ( -w!::l + aw)- 112 lvwl is a 
minimizer of the original minimizing problem. Since Kw is positive, we 
see that Uw is positive. Therefore, from the uniqueness result, we have 
that ¢w is positive. Q.E.D. 

§3. Proof of Theorem 2 

We show the stability of the ground state by using the stability cri­
terion of Grillakis, Shatah and Strauss [5]. To use the criterion, we need 
to check the spectral property of the linearized operator and smoothness 
of the map w r-+ ¢w. 

Lemma 3. Let 0 < w « 1 and let ¢w E Gw be given as a positive 
radially symmetric function. Then, the following holds. 

(i) Ker(w!::l2 - !::1 + 1- 3¢~) = span(Ox1 ¢w, Ox2 cPw)· 
(ii) w!::l2 - !::1 + 1- 3¢~ has only one negative eigenvalue and it is 

uniformly bounded away from zero with respect to w. 
(ii) a(w!::l2 - !::1 + 1- 3¢~) n (0, oo) is bounded away from zero. 

Lemma 4. There exists co > 0 such that w r-+ ¢w is C1 ((0, co); H 2 (JR2 )). 

Further, 8w¢w is bounded in L2 (IR2 ) for wE (0, co). 
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Since the proofs of Lemmas 3, 4 are standard, we omit the proof. 
Now, let '1/Jw(x) = w112¢w(w112x). Then, eiwt'l/Jw is a solution of 

(3.1) iut = 6.2u- 6.u- lul 2 u, (x, t) E !R!.2 x R 

Therefore, to prove Theorem 2, it suffices to show that eiwt'l/Jw is stable 
under the flow of (1.1). Let 

S1,w(u) = 2(ll6.ulli2 + 11Vulli2 +wlluiii2) -llulli4, 
d(w) = Sl,w('l/Jw)· 

By Lemmas 3, 4, we can apply the stability criterion of Grillakis, Shatah 
and Strauss, which is the following. 

Theorem 3. Let 0 < w « 1. Then eiwt'l/Jw is stable if d"(w) > 0. 

Remark 2. d'(w) = (S~,w('l/Jw),8w'!fJw)+2II'!/Jwlli2 = 2ll'l/Jwlli2· There­
fore, by Lemma 4, d is twice differentiable if 0 < w « 1. 

Lemma 5. For sufficiently small w > 0, d"(w) > 0. 

Proof. Recall the equation ¢w satisfies, 

(3.2) 

Differentiating (3.2) by w, we obtain 

(3.3) -6.2 ¢w = (w6.2 - 6. + 1- 3¢~)8w¢w· 

By computing JJR2 (3.2) x 8w¢w dx - JJR2 (3.3) x ¢w dx, we have 

(3.4) r 16.¢1 2 dx = 2 r ¢~8w¢w dx. 
JJR2 JJR2 

Now, we compute d"(w). Since d(w) = ll'l/Jwlli4 = wll¢wlli4, we have 

d'(w) ll¢wlli4 + 4w r ¢~8w¢w dx = ll¢wlli4 + 2wll6.¢wlli2, 
JJR2 

d"(w) r (4¢~8w¢w + 2l6.¢wl 2 + 4w6.¢w6.8w¢w) dx. 
JJR2 

Thus, we have 

By Lemmas 2 and 4, we have 

Jw ~2 6.¢w6.8w¢wdxl::; wll6.2¢wiiL2118w¢wli£2-+ 0, (w-+ 0). 

Therefore, we have the conclusion. Q.E.D. 
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