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Stability of ground states of NLS with fourth order
dispersion

Masaya Maeda

Abstract.

In this paper, we investigate the existence, uniqueness and stability
of the ground states of nonlinear Schrodinger type equations with a
small fourth order dispersion. Such equations appear in the higher
order approximation of the propagation of laser beam in Kerr medium.
We show that for the critical case, the ground state, which is unstable
in the absence of the fourth order dispersion, becomes stable with small
fourth order term.

§1. Introduction

We consider the following nonlinear Schrédinger type equation with
fourth order dispersion term:

(1.1) iug = wA%u — Au — |u?u, (z,t) € R? x R,

where w € R. For the case w = 0, (1.1) is known as a nonlinear
Schrédinger equation and it has received a great deal of attention (see,
for example [1]). For the case w # 0, (1.1) has been introduced in the
series of work by Karpman and Shagalov (see [7] and references therein)
to investigate the effect of small forth order dispersion term in the prop-
agation of laser beam in Kerr medium. From a mathematical point of
view, (1.1) without the term —Awu has been studied by Fibich, Ilan and
Papanicolau [3], who described many properties of the fourth order NLS
partially relying on numerical analysis.

In this paper, we consider the existence, uniqueness and the stability
of standing wave solutions u(zx,t) = e'“!¢(z), where the real valued
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function ¢ satisfies
(1.2) 0= WA — Ap+ g — |66,

Our aim is to investigate the difference between the cases w = 0 and
w > 0 by looking at the stability of standing waves. Here by stability
we mean the following.

Definition 1.1. We say that e'**¢,, is stable if for any e > 0, there
exists § > 0 with the following property: when ||lug — ¢u||g2 < §, the
solution u(t) of (1.1) with w(0) = ug exists globally in time and satisfies

sup inf ||u(t) —e* - — < e.
sup inf () - (- ~ )]

If et ¢, is not stable, we say it is unstable.

The case w = wy and g = pgy can be rescaled to the case w = powp
and g = 1. Thus, we set i = 1 without loss of generality.

For the case w = 0, it is known that all standing waves are unstable
[10]. Further, there exists a blow-up solution with a initial data arbitrary
near the standing waves. For the case w # 0, it is known that (1.1) is
globally well-posed in H2(R?) ([2]). Therefore, for arbitrary small w # 0,
the term wA?u prevents the blowup. In this paper, we show that there
exists a positive standing wave which is stable.

We begin with the existence of standing wave for w > 0. Let

Su(w) = 2wl|Aullfe +2/VullZ: + 2llullZs — llullzs,

wllAulfz + |[VullEs + lullZ> — [lullLs-

&

Ve

=
I

S, is a conservation quantity of (1.1). Then, set

w = H*(R? Ny, =Y, Yuw = inf w .
G = {ue HEI\ (0} | M) =0 S0 = | int 5.0
We call ¢, € G, the ground state.

Remark 1. By the Lagrange multiplier method, ¢, € G, satisfies
(1.2) with p = 1.

By a standard argument using the concentration compactness, we
can show the existence of the ground state.

Proposition 1. G, # 0.

The main results in this paper are the following two theorems. The
first is concerned with the uniqueness of the ground states.
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Theorem 1. If 0 < w K 1, then
Go={e“0u(-—y) | 0 R,y eR?}.
In particular, we can take ¢, to be positive and radially symmetric.
The second is concerned with the stability.

Theorem 2. Let ¢, € Go,. If 0 < w < 1, then e, is stable.

There are several related results for the stabilization of ground states
of cubic nonlinear Schrédinger equations in R?. For the linear potential
case, see [4] and for the nonlocal nonlinearity case, see [8].

This paper is organized as follows. In Section 2, we prove Theorem
1. In Section 3, we prove Theorem 2.

§82. Proof of Theorem 1

In this section we prove Theorem 1. Before starting the proof, we
prepare some notations and propositions. Set

llull?, = wl[Aul[Zz + [ Vul|Zs + |lullZ.

Note that under the condition N, (u) = 0, we have S, (u) = ||u||2 =
||ul|1+. For the case w = 0, it is well known that the minimizer of Sp
under the constraint No(u) = 0, u # 0 is attained by ¢o (See, for
example, Chapter 8 of [1]), where ¢ is the unique positive radial solution
of (1.2) withw =0, p=1.

Proposition 2. We have Go = {€“¢o(- —y) | 6 € R,y € R*}. Fur-
ther, let u, € H'(R?)\ {0} satisfy No(un) =0 and So(un) — So(¢o) as
n — co. Then, there exist 0, € R andy, € R? such that e, (-—y,) —
¢o in HY(R?) as n — 0.

We first show the convergence in H'(R?) by using the variational
characterization of ¢o (Proposition 2) and ¢,,, (Proposition 1).

Lemma 1. Let ¢, € G,,,, then there exists {0, } C R, {y, } C R?
such that €%n ¢, (- — yu,.) = ¢o as w, — 0 in H(R?).

Proof. Take a,, > 0 such that N,,_ (a,, ¢o) = 0. Then,
ag,, = (wallAgol|Z2 + llgol[7r1) /llgollFn = 1 + wnllAdollZ2/llgol 71

Thus, we have a,, > 1 and a,, — 1 as w, — 0. Since ¢, is the
minimizer of S, under the constraint N, (¢, ) =0, we have

161z, = Sun(Pun) < Sun(@w,b0) = ad,_||goll%, -
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Therefore, we see that {@,, } is bounded in H*(R?). Next, let b,,, > 0
such that Ng(by, ¢, ) = 0. Then, since N, (¢, ) =0, we have

0%, = lldw, i /b, 11e = 1 = wallAdu, 72/ 116w, |1

Thus, we have b,, < 1. Since ¢o is the minimizer of Sy under the
constraint Ng(dg) = 0, we have

b0l |%: = So(#0) < So(buon Bun) = B Puom 151 < | |12

Therefore, we have
1bwnllZ, < al 6w, 12, < a, (Wall Aol + lI6u,llEn) -
This implies,
wallAdu, |72 < waad, [[Adoll72 + (af, = Dlldw,llin = 0, (W — 0).
On the other hand, by the Sobolev embedding, we have

6w [z < NwnllZ, = llbwnll1s < Clidw, i

Thus, ||y, ||z and ||¢y,||r+ are bounded away from 0. Therefore,
1> 07, =1—wnl|Apu, |72/ ldu, 14 = 1, (wn —0).

Finally, we show {b,, ®w,, }nen is a minimizing sequence of Sy under the
constraint No(u) = 0 and u # 0.

1B G [ < 02, 1600, 15, < B, a2, IollZ, = lléoll: +o(1),

where o(1) — 0 as w, — 0. Proposition 2 and the fact b,, — 1 as
wy — 0, gives the conclusion. Q.E.D.

By a standard bootstrap argument, we can prove the following.

Lemma 2. Let ¢, € G, then there exist {0,} C R, {y.} C R?
such that €%« ¢, (- —y,) — ¢o as w — 0 in H™(R?) for arbitrary m € N.

We now show the uniqueness of ground states by using Lemma 2.

Proof of Theorem 1. Suppose there exists w,, — 0 such that there
exist @y, , Y, € Gy, such that ¢y, , Y, — ¢o in H*(R?) and there are
no y € R?, § € R such that ¢, = e, (- —v). Let

Fj(wn,y, 6) = <¢wn — ew’(/fwn(‘ - y)aazj¢0>a .7 = 1527
F3(wn7 Y, 0) = <¢wn - 6ie¢wn ( - y), i¢0>7
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where (u,v) = Re [, utdz. Then, F;(0,0,0) = 0 (j = 1,2,3) and
W(O, 0,0) is invertible. Thus, by the inverse function theorem,
there exists y(w,,) € R? and #(w,,) € R such that F(w,, y(wy),8(w,)) =0
and y(wn) = 0, O(wn) = 0. Set 1, = e®@n)yp, (- —y(wy,)). Then, we
have 9, — ¢o in H™(R?) for arbitrary m.

Now, subtract the two equations which ¢, and 121% satisfies. Then,

(wnAz - A+ l)wn = Ul,nwn + U2,n7Dna

where wn, = ($u, — Yun)/||bw, = Y llLoe and Uy n = (Gu, + Vo)
Uz, = ¢2, . Note that (w,A? — A+ 1)7! is a bounded operator from

H?® to H*t? with the operator norm bounded by 1. Thus, we have
lwnllgz < |Urnwnllrz + [U2n®@nllze < ||Usnllce +[|UzmllLz,

where we have used Lemma 2 and ||wy||p~ = 1. Further, we have

IA

HUl,nwnHH2 + HU2,n?DnHH2
< (Unllaz + 11U2nllH2)3,
lwnllze < (|Usnllgs + |Uznllms)?.

Since U, — 2¢9 and Uz, — ¢2 in HA(R?), ||wy||gs is bounded.
Therefore, by the Sobolev embedding H(R?) — W*°(R2), we see
that ||A2%w,||L~ is bounded.

Next, wy, — wg in C’lloC for some wg, where wq satisfies

|Jwn || s

A

Lw = (—=A+1-2¢Ywo— dpawo =0,
<’U)(), axj ¢0> = <w07i¢0> = 07 (.7 = 1’ 2)

Since it is known that KerL is spanned by 9,0, (j = 1,2) and i¢g (see
[11]), we have wg = 0.

Now, let @, such that |w,(z,)| = 1. Take s, such that e**~w,(z,) =
1. Then, Re e**~w,, attains its maximum at x, and satisfies,

(2.1) (wnA2 — A+ 1)Re e**"w, = Re (eiS"(U17nwn + UQ’n’U_]n))

Then, we have |z,| — oo because w,, — 0 in C? . However, we have
|Ujn(zn)] = 0 (5 = 1,2), wpyA%wy(z,) — 0 and —Aw,(z,) > 0. This
contradicts (2.1).

Finally we show the positivity. Set, a, = (1 + v/1 —4w)/2 and

b, = (1 — /1 —4w)/2w. Note that we have

WA — A+ 1= (—wA +a,)(—A +b,).
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Let K, be the integral kernel of (—wA + a,,)~*. That is
(2.2) (—wA +ay,) tu = K, *u.

It is known that K, is a positive function. Now, minimizing S, under
the constraint N, (u) = 0, u # 0 is equivalent to minimizing S, under
the constraint N(v) =0, v # 0 where

Sulw) = 2(IVolfa + 2buflol[Fe — [|(~wA + aw) V20| 7,
No(v) = [[Vollfs +bullvllFe — [I(~wA + au) 0|7

Taking © = (—wA 4+ a,,)~'/?v, one can show that these two problems
are equivalent. Now, we show that if v,, is a minimizer, then also v, | is
a minimizer. Indeed, we have

1Vol[Z2 = [[V[o]l[Z2, [[(~wA +au) " ?0l|1a < [[(-wA + a0) "2 J0]||74,
by the positivity of the integral kernel. Thus, we have
gw(vw) 2 S’w(#vw‘)a Nw(vw) 2 Nw(|vw|)-

Now, suppose 0 = N, (v,) > N,,(|v,,|). Then, there exists some ¢ € (0,1)
such that N,,(t|v,,|) = 0. However, since S, (v,,) > S, ([va]) > Su(t|ve]),
we have a contradiction. Thus, we have N,,(v,,) = N,,(|v,|). This shows
that also |v,| is a minimizer. Now, u, = (—wA + a,)"?|v,| is a
minimizer of the original minimizing problem. Since K, is positive, we
see that wu,, is positive. Therefore, from the uniqueness result, we have
that ¢, is positive. Q.E.D.

§3. Proof of Theorem 2

We show the stability of the ground state by using the stability cri-
terion of Grillakis, Shatah and Strauss [5]. To use the criterion, we need
to check the spectral property of the linearized operator and smoothness
of the map w +— ¢,

Lemma 3. Let 0 < w K 1 and let ¢, € G, be given as a positive
radially symmetric function. Then, the following holds.
(i) Ker(wA? —A+1—3¢2) = span(9y, du, O, Pu)-
(i) wA? - A+ 1—3¢2 has only one negative eigenvalue and it is
uniformly bounded away from zero with respect to w.
(i) o(wA? —A+1-3¢2)N(0,00) is bounded away from zero.

Lemma 4. There ezists eq > 0 such that w — @, is C1((0,¢0); H*(R?)).
Further, 8,¢., is bounded in L*(R?) for w € (0,&o).
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Since the proofs of Lemmas 3, 4 are standard, we omit the proof.
Now, let 9, (7) = w'/2¢,,(w'/%z). Then, ey, is a solution of

(3.1) iug = A%u — Au — |u®u, (z,t) € RZxR.

Therefore, to prove Theorem 2, it suffices to show that e*1),, is stable
under the flow of (1.1). Let

Siw(w) = 2(||Au||Zz +[[Vaullfz + wlullf2) — [[ullzs,
d(W) = Sl,w(d)w)-

By Lemmas 3, 4, we can apply the stability criterion of Grillakis, Shatah
and Strauss, which is the following.

Theorem 3. Let 0 < w < 1. Then e**,, is stable if d’(w) > 0.

Remark 2. d'(w) = (57 ,, (), 0utbu)+2[[Yul|72 = 2|[¢w|72. There-
fore, by Lemma 4, d is twice differentiable if 0 < w < 1.

Lemma 5. For sufficiently small w > 0, d"(w) > 0.
Proof. Recall the equation ¢,, satisfies,

(3.2) 0 =wA2¢, — A¢,, + ¢, — 2.
Differentiating (3.2) by w, we obtain

(3.3) —A%p, = (WA — A +1—3¢2)0,¢..

By computing [p2(3.2) X 0wy dz — [p2(3.3) X @y, dz, we have

(3.4) /R |A¢1? dx = 2 /R #38,,¢., di.

Now, we compute d”(w). Since d(w) = ||t)u |14 = w||¢w||1«, we have

26) = lulits 4w [ 620,000 = 6ullbe+ 201001 5,
d'(w) = /R ] (462 0ubw + 2| A¢u|* + 4wAP, A, dy) da.
Thus, we have
d" (W) = 4]|Ady |22 + 4w /R A¢, A, ¢, d.

By Lemmas 2 and 4, we have

\w/ Ay ADyby, dz| < w||A%¢y||12]|0wdwl|zz — 0, (w — 0).
R2

Therefore, we have the conclusion. Q.E.D.
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