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Quadratic nonlinear Klein—Gordon equation in 2d,
Cauchy problem

Nakao Hayashi and Pavel I. Naumkin

Abstract.

We consider the Cauchy problem for the two dimensional nonlinear
Klein—Gordon equation with a quadratic nonlinearity. In the present
paper we find more natural conditions for the initial data than those
of previous works to ensure the existence of scattering states.

§1. Introduction

Consider the Cauchy problem for the two dimensional nonlinear
Klein—Gordon equation with a quadratic nonlinearity

(1) O2v— Av+v =22 (t,z) € R xR?

with the real-valued data v(0,z) = v (z), v:(0,2) = v1 (z), where X €
R. By changing the dependent variable u = (v +i(iV)7! vt) /2, we find
that u satisfies the following Cauchy problem

(2) Lu=iA(iV) " (u+7)

with the initial data u(0,2) = up = (’U() +i (V) vl) /2, where L =
8 +1i(iV), (iV) = v/1— A. In what follows we study equation (2).
Our aim is to find more natural requirements on the initial data wq,
comparing with the previous papers [7], [10].

Our main result is the following.

e > 0 is small, @ > 1. Then there exists ¢ > 0 such that (2) has a

Theorem 1. Assume that ug € H®! with |lugl|ge. < €, where
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unique global solutionu € C (R; H') satisfying the time decay estimate
lu (@®)|lpa < Ct~1. Furthermore for any uo € H*' with luollggar < €,
there exists a unique final state uy € H®Y such that

lim ||e**V)t
t—o0

=0,
Ha,¢

U—U+’

where 0 < 0 < 1.

Note that equation (2) has some gain of regularity in the nonlin-
earity in spite of its critical large time behavior. Using the identity

1= <%V>_2 —t72A <%V>_2 , we split the nonlinearity in equation (2)

Lu = i\ <%v>_2 (V)Y (u+1w)*

(3) —iAtT2A (V)T <EV>W2 (u+a)?,

where the first term has more gain of regularity and the second one has
a better time decay. We apply the method of normal forms by Shatah
[11] to remove the quadratic nonlinearity iA <it_1V>_2 (V)Y (u+ )
from the right-hand side of (3). In order to do it, we define the bilinear
operators for j =1,2,3

iz (E+n) 7 " dfdﬁ
9= [ [ OO0 gy

with symbols Sy (§,1) = (£ +n) + (&) + (n), S2(&n) = (E+m) — (&) —
n), Ss(&mn) = (E+n) + (& — (n). The bilinear operators 71,7z, Tz
correspond to the nonlinear terms 2, u?, ]u|2, respectively. Then we
find from (2)

(4) L(u+N1) =Ny + N3+ Ny,
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where
N = —A<§v>_ (VYL (5 () + T (u, ) + 275 ()
Ny = —i/\t_QA(iV>_l<§V>_ (u+7)?,

. -2
N3 = 2t_3A<%V> M,

Ny = —2A<§v>_ (@V)™ (T (u, Lu)
+Ts (u, Lu) + T3 (u, Zu) + T (Lu, W)

The first and second terms in the right-hand side of (4) are the qua-
dratic nonlinearities with an explicit additional time decay, whereas the
third term is a cubic nonlocal nonlinearity since in view of equation (2)
T (@, Lu) = —iATy (H, (V)Y ! (u +ﬂ)2), and so on. If we could apply
the Holder inequality to the bilinear operators 7;, we would get the de-
sired result easily. Unfortunately it is impossible, so we encounter the
derivative loss difficulty applying Proposition 2 below. The higher order
of the derivative loss implies the smoothness of the initial data. This is
the reason why sufficiently smooth initial data were required in paper
[10]. The derivation of equation (4) is similar to that of papers [11] and
[10]. Another nonlinear transformation was proposed by Kosecki [7] for
a single equation and refined by Sunagawa [12] to a system of nonlinear
Klein—-Gordon equations. Note that the derivative loss does not occur
in the one dimensional case (see [6]).

Also an important tool of papers [7], [10], [12] is obtaining the time
decay estimates through the vector A = (9;, V, P, Q) with P = ¢tV + 2,
and Q = 2,0, — £20;,, which was found by [8] and improved by [2].
Roughly speaking, the proof of [2] requires the estimates of A*, and the
proof of [8] needs estimates of A? with a compact support condition.
To improve the regularity conditions on the initial data we use the time
decay estimates from [4] and estimates of the bilinear operators from [5]
comparing with papers [2] and [10]. So we can reduce to 2 the order
4 of the vector A used in [2] and the 4-th order of the derivative loss
in [10] we reduce to a small order § > 0. In paper [10], the 37-th order
of a vector A was used, though their results include the nonlinearities
containing the derivatives of the unknown functions (see Remark 1).
Our method with the splitting argument (3) can not be applied to the
nonlinearities from [10] and systems from [1], [12], directly since that
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nonlinearities do not have a gain of regularity. In order to treat the
nonlinearities containing the derivatives of the unknown function such as
a (Vu)®+b (8,u)?, we need the L*®-time decay estimates for the solutions
with a requierement uy € H$ at least, which follows by the estimate
||e—i(i‘7>"u0“Héo < Ct7'luollgys- Note that our method (time decay
and bilinear estimates) without (3) still works for general nonlinearities
such as a (Vu)? + b (8;u)? if we assume that ug € H2,

Define the operator J = (iV) e~ *(VtzeiiV)t = (V) £ 4-itV, which
is analogous to the operator z + itV = e~ 522e%2 in the case of the
nonlinear Schrodinger equation (see [3]) and commutes with £ : [£,J] =
LT — JL = 0. However J is not a purely differential operator, so it is
apparently difficult to calculate its action on the nonlinearities. We use
also the first order differential operator P = tV + z0; which is closely
related to J by the identity P = Lz—iJ, acts easily on the nonlinearities
and it almost commutes with £ : [£,P] = —i (iV) ™' VL, where we used
the commutator [a:, (iV)ﬂ] =BV’ V.

We denote the Lebesgue space by L? with 1 < p < co. The weighted
Sobolev space is Hp»® = {¢ € L?; |[(z)® (iV)™ ||, < 0o}, form,s € R,

1 < p < oo, where (z) = /1 + |z|>. For simplicity we write H™* =
H7"® and H™ = H™O. We denote the Fourier transform of the function
¢ by

— 1 _ 1 —iz-&
}'qb:d)—%/Rze ¢ (z) dz.

Define the function space X = {¢ € C ([0,T];L?);[|¢|lx, < oo}, where
the norm

Iollx, = Sup (16 O llgze + ¢ ()] e

€[0,T]
+1Po O)llga—s + TS B)llgga—r)

with a > 1. The local existence of solutions in X can be easily proved.

Proposition 1. Assume that ug € H®!, where ¢ > 0 is small,
a > 1. Then there exists T = O (||u0||;1},1) such that (2) has a unique
solution v € C ([-T,T]; H*?') satisfying lullx, < Clluollgge: -

§2. Preliminary estimates

We first state a time decay estimate from paper [4].
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Lemma 1. The estimate is valid

lle < O (191l s + TSN s )

for all t > 0, where 2 < g < oo, provided that the right-hand side is
finite.

The following estimates for the bilinear operators 7; were proved in
paper [5].

Proposition 2. The bilinear operators T;, j = 1,2,3, are bounded
from H? (R?) x HY (R?) to H,° (R?), ie.

175 (£, Dlleye < Cllf g I9llerz

wherelgpgrgoo,%-l—%:l—l-%—%,1§l§2,a,ﬁ,720amsuch

thatc+B8>1,v>1, 0or8>1,0+v>1.
From Proposition 2 we obtain
Lemma 2. Let o+ 8 > 1,7y > 1, or § >

1
c+bBi>lm>lLorfi>1,0+7 >1, and%-%%
1 <1< 2. Then the following estimates are valid

275 (8, ) lgg-o < Clidllggsr 19 llery

and

IPTs @ W)lae < C (IPElug + 19l ) Wl
+C Il (1Pl + 10lgzs )

for 1 < j <3, provided that the right-hand sides are finite.

Proof. Integrating by parts we obtain z7; (¢,v) = T; (z¢,9) +
Tie) (¢,%) , where the operator

Tio @) @) = gz [ | [ =€ (19eS] (6m) 8(6) 3 (n) de
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is estimated as in Proposition 2. Also integrating by parts we find

PT; (9, 9) ()

- iw(E+n) (190 (6) D b (6) iV _ dédn
- /R 2 /R ) (595.(6) 6 (1) + 3 (€) IV (n)) 75 (€7)
i) (9,5(V) () 3Ed0
+/Rz . Veelw (E+n (c%qs(é))d}(n) 5725, (€,1)

io-(64m) > dédn
+/R2 /R2 Ve M (€) 0 (n) 4in2S; (€,7)
= T;(P¢,9)(z) +T; (¢, P¥) (z)
+Tje) (0:9, %) (z) + Tj(m) (¢, 00) (2) .

Therefore the second estimate of the lemma follows from Proposition
2. Q.E.D.

§3. Proof of Theorem 1

We consider the a priori estimate of the solution in the norm

lullx, = ts[%%](”u(t)”Ha+“ut(t)”H°‘*1
e b

TPy ®)llge-r + 17w @)llgar)

where a > 1. Also we denote X7, = {¢ € Xr; l9llx, < p}, where
p =¢3, e > 0. By the Sobolev embedding theorem with 1= % - X,
x 2 0 and by Lemma 1 we get the estimate

2_
lullegy < Cllullggger < CE 7 (Il o g + 1TV 1)

2

(5) < Ot (Jluflyge + | Tullggans) < Cptr X7,

A

where 2 <7 < 00,0 <y <woand x =max (0,2+7— 2% —a).

First we estimate the norm ||u (t)|/z- . We choose v = a—1 > 0
sufficiently small. Also we denote v = 1+ u, u = 2. By equation (4)
we get

flu () + N1 () lga < llu(0) + N1 (0) 4o
e /0 NG (7) + N (7) + Na ()| g dr
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Applying Proposition 2 with s = 2, r = %;%a and estimate (5) we

obtain

IMillge < Ct* Ty (@) + T2 (v, w) + Ts (u, W) | o

< Ot |lullge lullygy < CPQt”_a_;l < CprtH.

Next applying the Holder inequality, the Sobolev embedding theorem

and estimate (5) with ¢ = 2 we get

INVallgge < CE*72 [[(u+3) V (u+T)l|ps
< 7?2 Jlullyge < CP*

The nonlinear term N3 is estimated similarly to A

||N3”I—Ia S Ctﬂ_l ||7-i (ﬂa -ﬂ) + 75 (u’ u) -+ 72’» (ua ﬂ)”HD‘~7 S Cp2t_7.

Finally we estimate A by Proposition 2 with s = ﬁ, r= M;—a

estimate (5)

and

3
_ o —1 2
Walhae < €72 375 (697 v ),
< GtV ullggy lullfae < CPETTET2 < Cp*T
By equation (2) we find
lutllgres < Nulege + C w97, < Cp+ O
Next by the identity J = iP — iLx we get
(6) [Tullga-r < Pullge— + [|£2ullga-r -
Multiplying both sides of equation (2) by z, we obtain

Ieaulgar < llo, (V] ullggars +C | [2,69) 7] w0

(7) +C o (u+ap?|

Ha—2 :

Since z = (iV)™' 7 — itV (iV) ', by estimate (5) we have

INA

C Hu (iv)? juHL2 +Ct lluV (V)™ u‘

o o7

Ha-2 L2

IA

Cllullys | Tull2 + Ct lullf.s < Cp?.
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Therefore by (6) and (7) we obtain || Julge-1 < Cp + Cp®. Thus we
need to estimate the norm || Pul|gga_: - Since [£,P] = —i (iV) ™' VL, the
application of the operator P to equation (4) yields

®) L(Pu+N)) = (P — i (V)" v) (Na + N3 +Ny) .
Hence integrating with respect to time and taking H* !-norm we get
1P (u+ N) O)llge—r < P (w+ N1) (0)[lga—s
t
(9) +C/ “(’P—-i(iv>—1 V) (N2 + N3 +N4)|| dr.
0 Ho-1
By the above estimates we have
H(N)‘l V (Mo + N3+ /\&)HHH < Cp*t™ + Cp3t™.

‘We use the commutators

[ac, (iV)ﬁ} = BEVYP2Y, [m <'v>ﬂ] :,Bt_2<%'V>B‘2V,

[at, <fv>_ﬁ] - _Bt3A <§v>‘ﬁ_2, [P,(N)ﬂ = B(ivY? % va,

| e

t

[Pk, 0] = —6x10:, and
i \7? i\ P2 i\ P2
[P, <—v> } =pt2 <-v> V — Bt 3zA <-v> )
t t t
<C

Therefore
i\ 2 i\ 2
P <zv> vy o <EV> Po
He-1
(10) +C 10l gra-s + C llpllggas + Ct ™" 2]l gros -
Taking ¢ = T1 (@, ) + Tz (u, w) + 273 (v, T) we get
[PN1lga—r < Ct* [Pollga-1-v + C 10ellgze-s

+C ||¢llgga-s + Ct 7 || oz -

4
24+v—«

Ha—2

Applying Lemma 2 with s =2, r = and estimate (5) we find

Pollger-m < CIPullga—r + sullge-r) lullay

< CpHTE < CpE
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Since z = (iV) " J—itV (iV) " we have t ™ [|ull o <t | T Ul greet +
||l gge- Therefore by Lemma 2 we find

7! ez < O [ullggan lullyg; < CoPt™.

Hence we get
IIPN1I|HQ—1 < szt_p’.

Next we estimate PN5. By (10), the Sobolev embedding theorem and
estimate (5) with ¢ = % we get

“,PN2“HQ—1
a—2 2 -1 2
ct*2 (JuPullpa + fudrulgs + ulfe + ¢ [lzu?] . )
Ct* 2 ||ull 2 (IPullgga-s + 10ctllgra-s
+ [Jullga-1 + 7 |zl gga-1) < Cp7t°.

IN

(A

The term PN3 is estimated in the same manner as PN

PN sllggocs < CH [P llggasr + C |86 1a-s
+Ot [ Bllggans + O [lodllgama < Cp?7.

Finally we estimate PAy. By (10) with ¢ = T1 (@, Lu) + T2 (u, Lu) +
Ts (u, Lu) + T3 (Lu, @) we find

[PNillga—r < Ct*[[Pllga-rs + Cll0idllga—s
+C [|4llgga-s + Ct7" [zl gga-s -

We use the equation (3) and Proposition 2 to get

| Pl gga-1-
< Ct"i: PT; (u <fv>_2 (ivy ™ (u+ﬁ)2>
>~ _ J ’ i
Jj=1 Ha—-1—v
3 i -2
+Ct 2N | PT; (u,A(iV)_1<ZV> (u+ﬂ)2)
J=1 Ho—1—v
< Ot ([ Pullggans + luellggas) (Iluzllmz_a +i IluVulle)
. —2
+Ct* [[ul| g 7><%v> (V) (u+7)?
HY ,
I—a
i -2
+Ct 2 ||u gy || PA (iV)_1<iV> (u+a)*
Ha~l
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Then as above in view of estimate (5) we obtain

21 H“2||L . < CpPr2a

2—a

27 [uVullye < CE 7 ull 2 [fullga < CP*E7 7207,

o\ -2
i o —1 _\2
[l uf| gga-r P<ZV> (V)Y (u+7w)
H'Y
i—a
1 _
< ottt (JuPull s+ Juul | o+t 1||zu2HLﬁ)
< CpPtT
and
i\ 2
o fuly |[PAG) 7 (57) ()
t Ha-1
< Cpt o2 (JluPullps + luwllg + 7 ||lzu?|| L)
< Cpit.

Hence we find t* ||P¢| ga-1-» < Cp3~7. In the same manner we esti-
mate |Oilgga-s » |¢lgas a0 1 [2]gga-s - Thus

PN 4]l a1 < Cp*t 7.
Collecting the above estimates we get
(11) lullx, < C lluollggan +Cp*

The time decay estimate of Theorem 1 follows from (11). By the integral
equation associated with (4)

¢
w(t) = e V)0 +/ e~ HiVIt-T) p (u) dr,
0

where w = u + N1, F (u) = N2 + N3 + Ny, we obtain

t
6 () = SV (s) = [T () ar

8

Therefore as above we get the estimate

ei(iV)tw (t) — HiVisy, (S)‘

<Cls)™*

H«
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for all t > s > 0. Since w = u + N7 and ||V (t)]|ge < C ()" we find

eVt (1) — eiV)3y (S)HHa <C{(s)™".

By the Cauchy—Schwarz inequality we find

ei(iV)tu (t) _ ei(z‘V)su (S)H
He.6

. L 0
< C ez(zV)tu (t) _ ez(zV)su (s)' e
L L 1-6
% 81(1V)tu (t) _ ez(zV)su (s)l H < C <S>—(1—9)

with 0 < 8 < 1. This completes the proof of the theorem.

Remark 1. We briefly explain the reason why the proof given in
[10] requires smooth data. By the energy estimate we get from (2)

t
> IAulge <Ce4C [ S IACule Y JAulgede
|al<2m 0 |aj<m lal<2m

where A = (0, V,P,). Then applying the time decay estimate of
Georgiev to (4) we obtain a rough estimate

& Y 1A% (u=Ti @u) - Ta (u,u) = T (u,0)) g0

lal<m
t
< Ce+C / @7 IAulfe YD A%l dt
° ol <[] +k la|<m-+i+k
2
' o . dt
< Ce+C ) > 1A% Y A% e
0 [a|<m |a|<m+l+k t)

if [m;—l] + k < m (the correct estimate can be written by the Paley-
Littlewood partition of unity). From which the desired estimate follows
if we take k = 4 due to the derivative loss in the estimates for the bilinear
operators and [ = 4 due to the derivative loss in the time decay estimates
by Georgiev. Hence we need 2m > 24.
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