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A note on quadratic residue curves
on rational ruled surfaces
Hiro-o Tokunaga
Abstract.

Let ¥ be a smooth projective surface, let ' : S’ — ¥ be a double
cover of ¥ and let 4 : § — S’ be the canonical resolution of §’. Put
f = f'ou. An irreducible curve D on ¥ is said to be a splitting
curve with respect to f if f*D is of the form Dt + D~ + E, where
Dt #D-, D™ = O’}D+7 oy being the covering transformation of f
and all irreducible components of E are contained in the exceptional
set of p. In this article, we consider “reciprocity” concerning splitting
curves when ¥ is a rational ruled surface.

§0. Introduction

Let ¥ be a smooth projective surface and let Z’ be a normal pro-
jective surface with finite surjective morphism f' : Z’ — 3 of degree 2.
Let p : Z — Z' be the canonical resolution (see [4] for the canonical
resolution) of Z’ and put f := f’ o u. We denote the involution on Z
induced by the covering transformation of f’ by o;. The branch locus
Ay of f' is the subset of ¥ consisting of points x such that f is not
locally isomorphic over z. Similarly we define the branch locus Ay of f.
Note that Ay = Ay. In [10], we introduce a notion “a splitting curve
with respect to f” as follows:

Definition 0.1. Let D be an irreducible curve on 3. We call D a
splitting curve with respect to f if f*D is of the form

ffD=D"+D +F,

where Dt # D=, 03D" = D™, f(D*) = f(D~) = D and Supp(E) is
contained in the exceptional set of p. If the double cover f: Z — ¥ is
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uniquely determined by its branch locus Ay and D is a splitting curve
with respect to f, we say that “Ay is a quadratic residue curve mod D”.

Remark 0.1. One can similarly define a splitting divisor with re-
spect to a double cover or a quadratic residue divisor for higher dimen-
sional cases.

We here recall our notation introduced in [10]. Suppose that f :
Z — ¥ is uniquely determined by Ay. For an irreducible curve D on %,
we put

(A;/D) = 1 if Ay is a quadratic residue curve mod D
! | -1 if Ay is not a quadratic residue curve mod D.

Remark 0.2. Note that any double cover is determined by its
branch locus if there exists no element of order 2 in Pic(X). This condi-
tion is satisfied if X is simply connected, for example.

In [10], we studied splitting quartics @ with respect to a double
cover, fo : Zg — P2, branched along a smooth conic C. Our key idea
in [10] is that we consider a double cover f, : Z; — P? in order to
determine the value of (C/Q). In other words, we showed that a kind of
“reciprocity” holds between C' and @ ([10, Theorem 2.1}). Our purpose
of this article is to prove “reciprocity” for some curves on rational ruled
sufaces. More precisely we consider a generalization of Theorem 1.2 in
[10], which is a “reciprocity” between sections and trisections on rational
ruled surfaces. Note that our proof of [10, Theorem 2.1] is based on {10,
Theorem 1.2]. Let us explain our setting.

Let 34 (d: even) be the Hirzebruch surface of degree d. Throughout
this article, we fix the following notation:

e Ag: the section of &4 with AZ = —d.

e [ a fiber of the ruling of ¥4.

e B; (i = 1,2): irreducible curves on %4 such that B; ~ (2g; +
1)(A0 + dF) (Z = 172agi € ZZO)'

Also we always assume that

(*) neither singular point of B; nor By is in By N Bs.

Let p} : S; — ¥4 be the double cover of X3 with branch curve Ag+B;
and let p; : S; — S] be its canonical resolution and put p; := p} o ;.
The ruling ¥4 — P! induces a hyperelliptic fibration of genus ¢; on S;,
which we denote by ¢; : S; — P!. Since ¢; has a canonical section
O; arising from Ay, one can consider the Mordell-Weil group MW (Js, )
of the Jacobian of the generic fiber S;,. For an irreducible curve C
not contained in any fiber of ¢;, s(C) denote the element of MW (TJs,)
determined by C as in [8, §3]. Then we have
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Proposition 0.1. Suppose that

e Bj has only nodes (resp. at worst simple singularities) if go > 2
(resp. g2 =1), and
o DBy is a splitting curve with respect to py; and p3By is of the
form B + By .
If s(By) is 2-divisible, then By is a splitting curve with respect to
Pi1-

Proposition 0.2. Suppose that By has at worst simple singularities
~and MW (Js,) = {0}. If By is a splitting curve with respect to p1, then
we have the following:
e Bj is a splitting curve with respect to pa and p5B; s of the
form B + By .
o s(BF) is 2-divisible in MW (Js,).

Remark 0.3. (i) The condition MW (Js,) = {0} can be replaced
by more geometric condition (see Remark 1.1).

(i) For € B1NBg, we denotes the intersection multiplicity between
B; and By at x by I;(Bj, Bz). Note that if there exists a point x €
B1N By such that I,(B1, By) is odd, then B; (resp. Bs) is not a splitting
curve with respect to po (resp. p;). Hence under the conditions of
Propositions 0.1 and 0.2, we may assume that I,(Bi, B2) is even for
Vx € By N Bs.

From Propositions 0.1 and 0.2, we have the following theorem, which
is a generalization of [10, Theorem 1.2]:

Theorem 0.1. Let By and Bs be as before. If g1 = 0 and I,(By, Ba)
is even for all x € By N By, then

(Ao + B1/By) = (~1)7CED)
where, for an element s € MW (Js,), €(s) is defined as follows:

(s) = 0 if3s, € MW(Ts,) such that s = 2s,
A B if As, € MW(TJs,) such that s = 2s,.

¢1. Preliminaries

1.1. Summary on cyclic covers and double covers

Let Z/nZ be a cyclic group of order n. We call a (Z/nZ)- (resp. a
(Z,/27.)-) cover by an n-cyclic (resp. a double) cover. We here summarize
some facts about cyclic and double covers.
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Fact: Let Y be a smooth projective variety and let B be a reduced
divisor on Y. If there exists a line bundle £ on Y such that B ~ n.,
then we can construct a hypersurface X in the total space, L, of £ such
that

e X is irreducible and normal, and
e 7 := pr|x gives rise to an n-cyclic cover, where pr is the canon-
ical projection pr: L =Y.
(See [1] for the above fact.)

As we see in [9], cyclic covers are not always realized as a hyper-
surface of the total space of a certain line bundle. As for double covers,
however, the following lemma holds.

Lemma 1.1. Let f : X = Y be a double cover of a smooth projective
variety with Ay = B, then there exists a line bundle L such that B ~ 2L
and X is obtained as a hypersurface of the total space, L, of L as above.

Proof. Let ¢ be a rational function in C(Y') such that C(X) =
C(Y')(\/). By our assumption, the divisor of ¢ is of the form

(¢) =B +2D,

where D is a divisor on Y. Choose £ as the line bundle determined by
—D. This implies our statement. Q.E.D.

By Lemma 1.1, note that any double cover X over Y is determined
by the pair (B, L) as above. In particular, if there exists no 2-torsion in
Pic(Y), then £ is uniquely determined by B as 2£ ~ 2L implies £ ~ L’.

1.2. Review on the Mordell-Weil groups for fibrations
over curves

In this section, we summarize some results on the Mordell-Weil
groups given by Shioda in [7, 8].

Let S be a smooth algebraic surface with fibration ¢ : S — C of
genus g (> 1) curves over a smooth curve C. Throughout this article,
we always assume that

e  has a section O and
o ¢ is relatively minimal, i.e., no (—1) curve is contained in any
fiber. _
Let S, be the generic fiber of p and let C(C) be the rational function
field of C. S, is regarded as a curve of genus g over C(C).
Let Js := J(S,) be the Jacobian variety of S,. We denote the set
of rational points over C(C) by MW(Js). By our assumption, MW (Js)
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is not empty and it is well-known that MW (Js) has the structure of an
abelian group.

Let NS(S) be the Néron-Severi group of S and let Tr(¢) be the
subgroup of NS(S) generated by O and irreducible components of fibers
of ¢. Under these notation, we have:

Theorem 1.1. If the irreqularity of S is equal to C, then we have
MW (Js) = NS(S)/ Tr(¢p).
In particular, MW (Js) is finitely generated.

See [7, 8] for a proof.

Let p; : S; = X4 (i = 1,2) be the double covers of ¥4 with branch
loci Ag + B; (i = 1,2) as in the Introduction. Then we have

Lemma 1.2. There exists no unramified cover of S;. In particular,
Pic(S;) has no torsion element.

Proof. By Brieskorn’s results on the simultaneous resolution of ra-
tional double points([2, 3]), we may assume that B; is smooth. Since the
linear system |B;| is base point free, it is enough to prove our statement
for one special case. Chose an affine open set U = X4 \ (Ao U F) of ¥4
isomorphic to C? with a coordinate (t,z) so that a curve z = 0 gives
rise to a section linear equivalent to Ag + dF'. Choose B; whose defining
equation in U is

B;: fp,(t,x) = 2291 — 294 _ ) =0,

where o; (i = 1,...,(2g;+1)d) are distinct complex numbers. Note that
e B; is smooth,
e singular fibers of ¢ are over o; (i = 1,...,(2g; + 1)d), and
e all the singular fibers are irreducible rational curves with unique
singularity whose local analytic equation is given by v% —u29:+1
=0.
Suppose that there exists an unramified cover -y : §i — S;,deg~y > 2, and
let § : S; — P! be the fibration induced by ¢;. As v is unramified, v*(0;)
consists of disjoint deg~y sections. Choose one of them, 67;, in v*O;.
Let S; 25 C 23 P! be the Stein factorization. Then deg(py o p1)] 6, =
deg g| o, =1L Hence deg p1 = deg ps =1 and § has a connected fiber.
On the other hand, since all the singular fibers of ¢; are simply
connected, all fibers over o (i = 1,...,(2¢g; + 1)d) are disconnected.
This leads us to a contradiction. Q.E.D.
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Corollary 1.1. The irrequarity h'(S;, Os,) of S; is 0. In particular,
MW (Ts,) = NS(5:)/ Tr(p:),
where Tr(p;) denotes the subgroup of NS(S;) introduced as above.

Proof. By Lemma 1.2, we infer that H!(S;,Z) = {0}. Hence
h'(S;, Os,) = 0. Q.E.D.

Remark 1.1. By Corollary 1.1, MW(Js,) = {0} if and only if
NS(S;) = Tr(p;). We use this geometric condition in our proof of Propo-
sition 0.2.

§2. Proof of Proposition 0.1

Let us start with the following lemma:

Lemma 2.1. f: X = Y be the double cover of Y determined by
(B, L) as in Lemma 1.1. Let Z be a smooth subvariety of Y such that (i)
dimZ > 0 and (it) Z ¢ B. We denote the inclusion morphism Z —'Y
by . If there exists a divisor By on Z such that

e *B=2B; and

o L~ Bl,
then the preimage f*Z splits into two irreducible components Zt and
7.

Proof. Let flp-1(z) : f7(Z) — Z be the induced morphism.
f71(Z) is realized as a hypersurface in the total space of +*L as in usual

manner (see [1, Chapter 1, §17], for example). Our condition implies that
f*(Z) is reducible. Since deg f = 2, our statement follows. Q.E.D.

Lemma 2.2. Let Y be a smooth projective variety, let 0 1 Y — Y
be an involution on'Y, let R be a smooth irreducible divisor on'Y such
that o|r is the identity, and let B be a reduced divisor on'Y such that
c*B and B have no common component.

If there exists a o-invariant divisor D on'Y (i.e., c*D = D) such
that

o B+ D is 2-divisible in Pic(Y), and

o R is not contained in Supp(D),
then there exists a double cover f : X — Y with branch locus B + ¢*B
such that R is a splitting divisor with respect to f (see Remark 0.1 for
a splitting divisor and a quadratic residue divisor).

Moreover, if there is no 2-torsion in Pic(Y), then B + o*B is a
quadratic residue divisor mod R.
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Proof. Since Y is projective, there exists a divisor D, on Y such
that
(1) R is not contained in Supp(D,), and
(2) B+ D ~2D,.
Hence B+0*B ~2(D,+0*D, — D). Let f : X — Y be a double cover
determined by (Y, B+ 0*B, D, +0*D, — D) and let ¢ : R < Y denote
the inclusion morphism. Since o|g = idg,

*B =1"0c*B, (Do — D) = 1"(6"D, — D),
we have

B ~ (2D, — D)
= "D, +*(6*D, — D)
*(Dy 4+ 0D, — D).

Hence, by Lemma 2.1, R is a splitting divisor with respect to f.
Moreover, if there is no 2-torsion in Pic(Y'), f is determined by B+oc*B.
Hence B + ¢*B is a quadratic residue divisor modR. Q.E.D.

Proposition 2.1. Let py : Sy — Xg and p1 : S1 — Xq be the double
covers as in the Introduction. Under the assumption of Proposition 0.1,
if there exists a o,,-invariant divisor D on Sp such that Bf + D is
2-divisible in Pic(S2), then Bs is a splitting curve with respect to p;.

Proof.  Let 1 and 9 be rational function on 3, such that C(S7)(=
C(S1)) = C(Z4)(V¥1) and C(Sy)(= C(S2)) = C(Za)(v/42), respec-
tively. Note that (1) = Ag + By + 2D; and (¢2) = Ag + Bs + 2Ds
for some divisors Dy and D2 on 4. Let X’ be the C(X4)(v/41, vV¥2)-
normalization of X4 and let ¢ : X — S5 be the canonical resolution of the
induced double cover of Ss by the quadratic extension C(X4)(v/41, v/42)

IO
N\

R := (p3B2)req \ (the exceptinonal set of Sy — S3),

Put
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where @ denotes the closure of e. Note that R is smooth as g : So — 54
is the canonical resolution. We infer that By is a splitting curve with
respect to p; if and only if R is a splitting curve with respect to g. Now
by Lemma 2.2, our statement follows. Q.E.D.

We are now in position to prove Proposition 0.1. We first note that
the algebraic equivalence = and the linear equivalence ~ coincides on S;
by Lemma 1.2.

The case of gy > 2. Let s¢ be an element in MW(Js,) such that
250 = s(By) on MW(Js,). By [8], there exists a divisor D on Sy such
that s(D) = sg. By [8], D satisfies the following relation

’ d
2D ~ B + (2Dfy —2g1 —1)Os + {2D02 + 5(2D}c2 — 291 — 1)} fo+E,

where f, denotes a fiber of ¢y and = is a divisor whose irreducible com-
ponents consist of those of singular fibers not meeting O2. By our as-
sumption on the singularity of Bs, we can infer that any irreducible
component of E is op,-invariant. As 05,02 = O, 07 f2 = f2, by Propo-
sition 2.1, our statement follows.

The case of g, = 1. Let sg be an element in MW(Jg,) such that
280 =S5 (Bi{”)

By Theorem 1.1 and Corollary 1.1, we have

280 — s(B]) € Tr(pa).

Let ¢ : MW(Js,) — NSg(:= NS(S2)®Q) be the homomorphism given in
[7, Lemmas 8.1 and 8.2]. Note that there will be no harm in considering
NSgq since NS(S3) is torsion free. By [7, Lemmas 8.1 and 8.2], ¢(s)
satisfies the following properties:

(i) &(s) = s mod Tr(p2)o(:= Tr(p2) @ Q).

(ii) ¢(s) is orthogonal to Tr(ps).

Explicitly ¢(s) is given by
¢(s) = s — Oy — (sO3 + x(Os,))f2 + the contribution terms.

The contribution terms is a Q-divisor arising from reducible singular
fiber in the following way:

Let f, be a singular fiber over v € P! and let ©,,0 be the irreducible
component with 020, ¢ = 1.

o If s meets O, g, then there is no correction term from f,.
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o If s does not meet O, ¢, the contribution term from f, is as

follows:

Let ©41,...,0,,—1 denote irreducible components of f,
other than ©, and let 4, := ((©,,:0, ;)) be the intersection
matrix of ©4.1,...,0,,,_1. With these notation, the contri-
bution term is

561},1
Z(ev,la-H’@v,'r‘,,fl)(“A;l) ’
% sev,rv—l

By our assumption on B; N By, both of Bfﬁ meet any O, ¢ only and so
does s(Bi") by [6, Theorem 9.1]. By [7, Lemma 5.1], we have

Bf ~ s(BY) + 29102 + n»
for some integer n, and
¢(s(BY)) = s(By") ~ Oz — (s(B )02 + x(0s,))fe-
Put

#(s0) = 80 — O2 — (5,02 + x(Os,))f2 + Z Contr,,

vERed(p2)

where Red(pz) = {v € P!|p; ' (v) is reducible} and Contr, denotes the
contribution term arising from the singular fiber ¢5 L(w). Since 2s¢ —
s(BY) € Tr(p2), $(2s0) — ¢(s(Bf)) = 0 in NSg. Hence

(x) 2s0— By ~q (1—291)02+ (25002 — s(Bf)Oz
+x(0s,) —n)f2 — 2 Z Contr,.

vERed(p2)

Thus
2 Z Contr, ~q F,
vERed(p2)
for some element E € Tr(p2).
Claim. 237, goq(p,) Contr, € Tr(p2).

Proof of Claim. We first note that 2ZveRed(cp2) Contr, = E in
Tr(p2)g- Since Og,fs and all the irreducible components of reducible
singular fibers which do not meet Oy form a basis of the free Z-module
Tr(ps) as well as the Q-vector space Tr(p2)q, F is expressed as a Z-linear
combination of these divisors. As Contr,, is a Q-linear combination of the



574 H. Tokunaga

irreducible components of reducible singular fibers which do not meet
O2, i 23 cRed(yp,) Contry & Tr(yp2), then we have a nontrivial relation
among Oa, f2 and all the irreducible components of reducible singular
fibers which do not meet Os. This leads us to a contradiction. Q.E.D.

By Claim, we have
(i) Contr, = 0 if the singular fiber over v is of type either I, (n:
odd), IV or IV* and
(ii) if Contr, # 0, one can write Contr, in such a way that

1
Contr,, = §D1,v + Da y,

where D ,,, Dy, € Tr(p2) and Dy, is reduced.
Since s + 0,50 € Tr(ys), we have

1
§(D1,y +0,,D1,) € Tr(ps).

Therefore we infer that we can rewrite D; , in such a way that

1

_ / * 7
Dl,v ‘D17v+o—p2D1,’U+ 1,v

where
/ * / :
e Dy, # 0,,D1 , and there is no common component between
/ * /
1,0 and oy D ,,, and
e cach irreducible component of DY, is op,-invariant.

In particular, D, , is op,-invariant. Now put

D = 02 + Z D17v—|—
vERed(p2)

((25002  S(Bf)0s + x(Os,) — )

_9 [(28002 - S(Bf)gz +x(0s;) — n)D ;)

(25002 — s(Bf )02 + x(0s,) — n)] ;
2

D, 3:504'9102_[ 5

+ Z (D1,w + Day),
veRed(p2)

where [o] means the greatest integer not exceeding . Then the relation

(*) becomes
Bf + D ~2D,.

As 05,02 = Oy, 0p,f2 = f2, by Proposition 2.1, our statement follows.
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§3. Proof of Proposition 0.2.

We first note that NS(S1) = Tr(yp1) by Remark 1.1. Choose an
affine open subset U of 2 as follows:

o U:=3%,\(AgUF)=C2
e Let (t,z) denote an affine coordinate of U. B; and B, are

given by
Bi:fithw) = 22 4a(Ne® 4 +al) (1) e,
By: folt,x) = 2%t 4 aPa? 4 pal) (1) € Clt,al,

where deg a,(:)(t) <dk (i=1,2).

Under these circumstances, (p})~'(U) is given by

(pll)_l(U) = Spec(C[t,x,Cl]), C12 = f1.

By our assumption,

NS(S1) =Tr(p) =ZO, ®Zfr & P T,
vERed(p1)

where

e §; denotes a fiber of ¢; : §; — P*,

e Red(ypy) := {v € P' | o7 '(v) is reducible}, and

e T, := the subgroup of NS(S1) generated by irreducible compo-

nents of ¢7*(v), v € Red(y,), not meeting O;.

Since Bf © = 0 for any irreducible component of ¢;*(v), v € Red(¢1),
not meeting O1, and T, is a negative definite lattice with respect to the
intersection pairing, we may assume B;" ~ 01 + bf; for some a,b € Z.
Since By = o*;;lB;r ~ aa;101 +boy 1 = aO1 + bf; and B; + By ~
pi B2 ~ (292 + 1)(201 + dfy), we have

B;r ~ By ~ (292 +1) (Ol + gﬁ) .
Let 9™ € C(S1)(= C(S1)) such that
(W) = Bf - (2g+1) (01 ; gfl)

(6,67 = By~ o+ (04 5h).
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By choosing f; = pj F', we may assume that both rational functions
¢T and o3 9 are regular on p; }(U). Hence by [5, Theorem 2.29, p.147],

they are also regular on p} " (U). This means that

1/)+|U = g(t’x)+h(t:$)clu
0;1¢+IU = g(t:m)_h(th)gla

for some g,h € C[t,z]. On the other hand, one can choose a rational
function ¢ € C(X4) in such a way that

(¥) = B2 — (292 + 1)(A¢ + dFy) and 9|y = fa(t, z).

Since (piy) = (o, ¥1), we infer that piy) = (non-zero constant) x
*oy ¥+, Hence we may assume that piyly = ¢t|yoy ¢y, ie,

fat,z) = ¢° — K2 f1.

From this equation, we infer that B; is a splitting curve with respect to
p2. Since the generic fiber of S5, is given by

422 - f2(t7 x) =0,

we may assume Bf'lsw7 is given by (o — g = 0 and f; = 0. If we put
D5 := the divisor given by (o' — g = 0 and h = 0, then the divisor of the
rational function (3 — g on Sy ,,

Bf s, , +2Dals, , — (292 + 1)O2]s, -

Hence s(Bi") + 2s(D3) = 0 in MW (Js, ).
QE.D.

84. Proof of Theorem 0.1

Under the assumption, we first note that

e B is a section of 4, i.e., By is smooth and isomorphic to P!,

e S = Xy and NS(S;) = Tr(p1) (e, MW(Js,) = {0} by
Remark 1.1), and

e B is a splitting curve with respect to ps.

Hence if s(B}")(= Bi") is 2-divisible in MW (Js, ), then By is a split-
ting curve with respect to p; by Proposition 0.1. Conversely, if Bs is a
splitting curve with respect to p1, s(Bj") is 2-divisible by Proposition 0.2.
As p; is determined by Ag + Bj, our statement follows.



Quadratic residue curves 577

Acknowledgments. This research is partially supported by Grant-
in-Aid 22540052 from JSPS. The author thanks the referee for his/her
comments on the first version of this article.

References

[1] W.Barth, K. Hulek, C. A. M. Peters and A. Van de Ven, Compact Complex
Surfaces. 2nd ed., Ergeb. Math. Grenzgeb. (3), 4, Springer-Verlag, 2004.

[2] E. Brieskorn, Uber die Auflésung gewisser Singlaritdten von holomorpher
Abbildungen, Math. Ann., 166 (1966), 76-102.

[3] E. Brieskorn, Die Aufldsung der rationalen Singularitéten holomorpher Ab-
bildungne, Math. Ann., 178 (1968), 255-270.

[4] E. Horikawa, On deformation of quintic surfaces, Invent. Math., 31 (1975),

43-85.

[5] S. Iitaka, Algebraic Geometry, Grad. Texts in Math., 76, Springer-Verlag,
1982.

[6] K. Kodaira, On compact analytic surfaces. II, Ann. of Math. (2), 77 (1963),
563-626.

[7] T. Shioda, On the Mordell-Weil lattices, Comment. Math. Univ. St. Pauli,
39 (1990), 211-240.

[8] T. Shioda, Mordell-Weil lattices for higher genus fibration over a curve, In:
New Trends in Algebraic Geometry, Warwick, 1996, London Math. Soc.
Lecture Note Ser., 264, Cambridge Univ. Press, 1999, 359-373.

[9] H. Tokunaga, On a cyclic covering of a projective manifold, J. Math. Kyoto
Univ., 30 (1990), 109-121.

[10] H. Tokunaga, Geometry of irreducible plane quartics and their quadratic
residue conics, J. Singul., 2 (2010), 170-190.

[11] O. Zariski, On the purity of the branch locus of algebraic functions, Proc.
Nat. Acad. Sci. U.S.A., 44 (1958), 791-796.

Department of Mathematics and Information Sciences
Graduate School of Science and Engineering

Tokyo Metropolitan University

1-1 Minami-Ohsawa, Hachiohji 192-0397

Japan

E-mail address: tokunaga@tmu.ac.jp





