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Proof. Suppose that V>3P gatisfies (29) outside a compact neigh-
borhood C' of Supp(c). We verify that the forms Ch(V?4#P) as well as
the form 3(o, V24P) are supported on C. Thus if x € C*(N) is equal to
1 on C, we see that the differential forms c(o, V24P ) and Ch(V2d2r)
coincide. Q.E.D.

Remark 2. If F is compact, the closed differential form Ch(Va%r)
represents the Chern character of a difference bundle [D*]—[D~], where
[D*] and [D™] are complex vector bundles (isomorphic outside F') on a
compactification N of N (see for example [8]). Thus Ch(V*¥?) is a
representative of the Chern character as defined by Atiyah and al. in
[2, 5]. In this case, Theorem 5.2 is just the multiplicativity property of
the Chern character in absolute theories.

5.2.2. Gaussian look In [17], Mathai-Quillen gives an explicit rep-
resentative with “Gaussian look” of the Bott class of a complex vec-
tor bundle N — B. The purpose of this paragraph is to compare the
Mathai-Quillen construction of Chern characters with “Gaussian look”
and the Quillen relative construction.

Let N be a real vector bundle over a manifold B. We denote by
7 : N — B the projection. We denote by (z,£) a point of N with x € B
and £ € N,. Let £* — B be two Hermitian vector bundles. We consider
a morphism o : 7*EF — 7*E~.

We choose a metric on the fibers of the fibration N — B. We work
under the following assumption on o.

Assumption 1. The morphism o : 7€+ — n*E~ and all its partial
derivatives have at most a polynomial growth along the fibers of N — B.
Moreover we assume that, for any compact subset KCp of B, there exist
R >0 and ¢ > 0 such that* v2(x,&) > c||€||? when ||£]| > R and z € K.

We may define the sub-algebra Ag,.,,.(NV) of forms on N such
that all partial derivatives are rapidly decreasing along the fibers. Let
Hiecrap({V) be the corresponding cohomology algebra. Under Assump-
tion 1, the support of ¢ intersects the fibers of 7 in compact sets. We
have then a canonical map from Hg, (V) into He o (N). We will
now compute the image of Chgyp(o) under this map.

Let V = VT @ V~ be a connection on £ — B, and consider the
super-connection A = 7*V so that A?(t) = n*V + itv,. Then, the
Quillen Chern character form Chg(o) := Ch(s, A, 1) has a “Gaussian”
look.

rap

1This inequality means that ||o(z, &)w||? > c||€||?|w]|? for any w € &,.
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Lemma 6. The differential forms Ch(o,A,1) and B(0,A,1) are
rapidly decreasing along the fibers.

Proof. The curvature of A°(t) is
F(t) = *F — t?02 + it[r*V, v,].

Here F € A?(B,End(€)) is the curvature of V. Assumption 1 implies
that [7*V,v,] € AY(N,End(7r*€)) has at most a polynomial growth
along the fibers. Furthermore, for any compact subset Kp of the basis,
there exists R > 0 and ¢ > 0 such that v2(z,£) > c||£||*> when [€|| > R
and z € Kp.

To estimate eF(®), we apply Lemma 9 of the Appendix, with H =
t?v2, and R = —n*F — it[n*V,v,]. The smallest eigenvalue of H is
greater or equal to t2c||£||?, when ||€]] > R, and R is a sum of terms
with strictly positive exterior degrees. Remark that R is a polynomial
in ¢ of degree 1 and is bounded in norm by a polynomial in ||£|| along
the fibers. It follows that from Lemma 9 that, for ¢ > 0, we have

[0 (2. €) < PRIy e cter"

Our estimates on the polynomial growth of R in ¢ and ||| implies
that there exists a polynomial @ such that, for ¢t > 0,

(30) | 5@ @) < Qe e lel”,

for (z,£) € N, z € Kp, ||| > R.

This implies that Ch(c, A, 1) = Str(eF()) is rapidly decreasing along
the fibers. Consider now B(c,A,1) = —i [~ Str(vs eF"))dt which is
defined (at least) for ||£|| > R. The estimate (30) shows also that
B{o, A, 1) is rapidly decreasing along the fibers. We can prove in the
same way that all partial derivatives of Ch(o, A,1) and 8(o, A, 1) are
rapidly decreasing along the fibers: hence Ch(o, A, 1) € Aj.. .., (N) and

B(o, A1) € Afee rap(IV \ Supp(0)). Q.E.D.

Proposition 7. Quillen’s Chern character form Chq(0) € Afec rap(
N) represents the image of the class Cheup(o) € H N) in Heerap(
N).

Proof. Choosing x supported on ||£]] < R+ 1 and equal to 1 in
a neighborhood of ||¢ [[ < R, the transgression formula of Lemma 5:
c(o, A, x) — Ch(o, A, 1) Xfo (0,A,8)ds) +d ((x —1)B(a, A, 1)) im-
plies our proposition, since the form c¢(o, A, x) represents Chgyp(0o) in
Hace-rap(N)- Q.E.D.

Supp(o) (
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When the fibers of 7 : N — B are oriented, we have an integration
morphism [o o : Hice rap(N) — H*(B).

Corollary 1. We have [, Chq(o) = [5,.. Chsup(o) in H*(B).

5.3. Examples

If £ is a trivial bundle N x E on a manifold N, an endomorphism
of End(€) is determined by a map from N to End(E). We employ the
same notation for both objects, so that if o is a map from N to End(E),
we also denote by o the bundle map o[n,v] = [n,0(n)v], for n € N and
veEE.

We will use the following convention. Let E = ET & E~ be a
Zy-graded finite dimensional complex vector space. Let A be a super-
commutative algebra (the ring of differential forms on a manifold for
example). The elements of the super-algebra A4 ® End(F) will be repre-
sented by matrices with coefficients in 4. This algebra operates on the
space A ®@ E. We take the following convention: the forms are always
considered as operating first: for example, if ET = C and E~ = C, the

matrix ( 0 a ) represents the operator

g 0

o (35)=(80) (1)

on A® E.

5.3.1. The cotangent bundle T*S'. We consider T*S' := S' x R
the cotangent bundle to the circle S*. The group K°(T*S?!) of K-theory
is generated, as a Z-module, by the class [o] of the following elliptic
symbol.

Take £t = £~ the trivial bundles T*S* x C over T*S!. Let u €
C(R) be a function satisfying u(¢) = 1 if |£| > 1 and u(§) = 0 if
|€] < 1/2. The symbol o : £T — £~ is defined by the map o : T*S* —
Endc((C) =C:

0 o Ju@e?, i £>0;
ole ’O_{U(é), if £<0.

Here Supp(c) = {(e?,&); u(¢) = 0} is compact. Note that the class
[0] € K°(T*S') does not depend on the choice of the function wu.

We choose on £% the trivial connections V¥ = V~ = d and we let
A = V* @&V~ be the trivial connection on £+ & £~. Then Ch(A) = 0.
The curvature F(o, A, t) of the super-connection

20=(5 2)* (m@e “9)
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is represented by the matrix ( Z ;b ) where a(t, (e%,£)) = —t2u(£)?
and ‘

w0 o[ —item 0w (€)dE — iu(€)do), i € >0
M8 = {—itw(ﬁ)df, if ¢€<0.

Then eF(@AY s represented by the matrix et (&) ( ‘;1 _Zb ),

Where
. 1 -9 ] l 0 . :

Thus 7(c, A, t) = — Str (iv, eF (@A) is given by

. —2ite~t" O’ y(£)2dg, if £ <O
At)(e?,¢) = ’ N
n(o, A, t)(e”,§) {0, i £>0.

Finally, integrating n(o,A,t) in ¢ from 0 to oo, we find that 5(c, A)
(which is defined on {(e,&); u(€¢) # 0} = T*S* \ Supp(0)) is equal to

(32) Bo, A)(e”,€) = {0, if £<0,u()#0.

‘We have then proved the following

Proposition 8. e The relative Chern class Chyei(0) is represented
(0, 5(c, A)).

o The Chern class with compact support Chc(o) is represented by the
differential form —i 1>9dxAd@ where x € C*(R) is compactly supported
and equal to 1 on [—1,1], and 1> is the characteristic function of the
interval [0, oo|

Note that the differential form —i 1>9dx A df is of integral —2¢m on
T*S! (which is oriented by df A d€).

5.3.2. The space R?2. Now we consider the case where N = R? ~ C.
Take £T = £~ the trivial bundles N x C over N. We consider Bott’s
symbol oy : EY — £ which is given by the map g4(2) = 2 for z €
N ~ C. The support of o is reduced to the origin {0}, thus o, defines
an element of K°(R?). Recall that the Bott isomorphism tells us that
K°(R?) is a free Z-module with base o3. _

We choose on £% the trivial connections V¥ = V™ = d. Let A =
V+@& V™ be the trivial connection on £ ®E~. The curvature F (o, A, t)
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of the super-connection A% (t) = ( g 2 ) + ( z?z 182 ) has the

matrix form (see (31))

—t2|2|2 0 . 0 dz
F(Ub,A,t):< 0| l —tzlzl2 )——'Lt( dz 0 ).

Thus

2 .
eF(os:At) _ e_t2|z|2 1- %dzdi —z;fd?
—itdz 1+ Ldzdz

and n(ap, A, t) = — Str (iv,, eF@A1) is equal to
(33) n(ob, A, t) = —t(Zdz — zdz) et 1" .

When 2z # 0, we obtain that B(gp, A)(z) = f0°° n(op, A, t)dt is equal to
2|%lz(zdi —Zdz) = —id(arg z). Thus we have
(34) Chyei(op) = [0, —i d(arg 2)].

It is easy to see that Ch,e1(0b) is a basis of the vector space H*(C, C\{0}).
Take f € C*°(R) with compact support and equal to 1 in a neigh-
borhood of 0. Let x(z) := f(]z|?). Then the class Ch.(0y) € H}(R?) is
represented by the differential form c(os, A, x) = x Ch(A) + dx5(os, A).
Here the differential form Ch(A) is identically equal to 0. We obtain

clon, A x) = d(f(121*) A Blos, A)
—f'(|2|)dZ A dz.

Remark that c¢(os, A, x) is compactly supported and of integral equal
to 2im on R? (with orientation dz A dy). Thus 5—c(0s, A, ) is a repre-
sentative of the Thom form of R2.

Remark 3. Fort > 0, the Chern character of the super-connection
A (t) is the degree 2 differential form with “Gaussian look”

Ch(op, A, t) = —e "t 12" 2d2dz.
For any t > 0, Ch(as, A, t) and c(os, A, x) coincide in the cohomol-

09Y Hecrap(R?), as follows from Proposition 7. In particular they have
the same integral.
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§6. Riemann-Roch formula in relative cohomology

In this section, we work with differential forms with real coefficients
until Subsection 6.4. ‘

6.1. Some notations

Let V be an Euclidean vector space of dimension d, with oriented
orthonormal basis e, es,...,eq. We identify the Lie algebra so(V) of
SO(V) with A2V as follows: to an antisymmetric matrix A in so(V), we
associate the element ), (Ae;, ej)e; Aej of A%V. This identification
will be in place throughout this section.

The Berezin integral T : AV — R is the R-linear map which vanishes
on A*V for i < d and is such that T(e; Aea A--- Aeg) = 1.

6.2. Thom class in relative cohomology

Let M be a manifold. Let p: V — M be a real oriented Euclidean
vector bundle over M of rank d. In this section, we give a construction
for the relative Thom form, analogous to Quillen’s construction of the
Chern character. Here, we use the Berezin integral which is the “super-
commutative” analog of the super-trace for endomorphisms of a super-
space.

Recall the sub-space Agy., ., (V) C A*(V) of (real) differential
forms on V which have a compact support in the fibers of p: V — M.
We have also defined the sub-space Aj,. ,,,(V). The integration over
the fiber, that we denote by p., is well defined on the three spaces
AV, V\ M), Afper opi(V) and Al ., (V) and take values in A*(M).
A Thom form on V will be a (real) closed element which integrates to
the constant function 1 on M.

Let V be an Euclidean connection on V. As the structure group of
V is the Lie group SO(V) with Lie algebra so(V'), the curvature F of
V is a two-form with values antisymmetric transformations of V. We
will identify the curvature to an element F € A%(M, A?V) according to
the isomorphism so(V) ~ A2V described above. Let T : I'(M,AV) —
C*°(M) be the Berezin integral that we extend to a R-linear map T :
A*(M,AV) — A*(M). The pfaffian of an element L € A*(M, A%V) is
defined by: Pf(L) := T(el).

Definition 6.1. Let V be an Fuclidean connection on V, with cur-
vature form F. The Euler form Eul(V,V) € A*(M) of the bundle
V — M is the closed real differential form on M defined by Eul(V, V) .=
Pf (—£). The class of Eul(V, V), which does not depend on V, is de-
noted by Eul(V) € HI(M).
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Remark 4. Since the pfaffian vanishes when the rank of V is odd,
the Euler class Eul(V) € HA(M) is identically equal to O when the rank
of V is odd.

Let us consider the vector bundle p*V — V equipped with the pull-
back connection p*V. Let x be the canonical section of the bundle p*V.
We consider the Z/2Z graded algebra A*(V, Ap*V) which is equipped
with the Berezin integral T : A*(V, Ap*V) — A*(V).

Let fY € A*(V,Ap*V) be the element defined by the equation

1
(35) Y = —t3x||? + tp*Vx + —2-p*F.

We consider the real differential forms on V defined by

T(eftv),

(37) nh o= —T(xeftv).

(36) ct

Here the exponentials are computed in the super-algebra A*(V, Ap*V).
To be more concrete, this calculation is performed explicitly for a rank
two bundle in Example 6.2 at the end of this subsection.

Lemma 7. The differential form Ct is closed. Furthermore,

4

7:Ch = —d(3)-

(38)

Proof. The proof of the first point is given in [7] (Chapter 7, The-
orem 7.41). We recall the proof. We denote by ts(x) the deriva-
tion of the super-algebra A*(V, Ap*V) such that ta(x)s = (x,s) when
s € A°(V, Alp*V). We extend the connection p*V to a derivation V* of
A*(V, Ap*V). We consider the derivation V" — 2t (x) on A*(V, Ap*V).
It is easy to verify that

(39) (VN = 2tia (%)) fY = 0.
Then, the exponential e/ satisfies also (V" — 214 (x))(ef? ) = 0. The

Berezin integral is such that T(ia(x)a) = 0 and T(V"a) = d(T(a)) for
any a € A*(V, Ap*V). This shows that d (T(e/*)) = 0.
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Let us prove the second point. We have d o T (x eft ) =
To (VA — 2tua(x))(x e’ ), and since (V7 — 2tea(x)) efd =0, we get

(V" — 21€L/\(x))(xeftV ) = (V" =2ta(x)) - x) eft
= (V'x—2t|x|?) e
d v
= —_ ft
i

Q.E.D.

When t = 0, then C9 is just equal to Pf(E) = (—m)¥2Eul(V, V).
When ¢ = 1, then Ck = T(e/7) = e~ I*I”Q is a closed form with a
Gaussian look on V : @ a differential form on V with a polynomial
growth on the fiber of ¥V — M (we will be more explicit in a short
while). This differential form was considered by Mathai-Quillen in [17].

We have 7, = eIl Q(t) where Q(t) is a differential form on V
with a polynomial growth on the fiber of V and which depends poly-
nomially on ¢ € R. Thus, if x # 0, when ¢ goes to infinity, 7% is an
exponentially decreasing function of {. We can thus define the following

differential form on V\ M :

(40) By = /0 , dt.

If we integrate (38) between 0 and oo, we get CQ = d(8,) on V \ M.
Thus the couple (C, 85) defines a canonical relative class

(41) [PE(E),85] € H*(V,V\ M)

of degree equal to the rank of V.

We give the explicit formula for this relative class in the case of a
rank two Euclidean bundle in Example 6.2.

Consider now the cohomology with compact support in the fiber
of V. Let Cy be the image of [Pf(¥), 8] through the map Pgper cpr :
H* (V7 v \ M) - 7-(?ibelr cpt (V)

Proposition 9. Let x € C=(V) be a function with compact support
in the fibers and equal to 1 in a neighborhood of M. The form

C} = x PE(3) + dxBn

1s a closed differential form with compact support in the fibers on V.
Its cohomology class in Hg,,, ..(V) coincides with Cy : in particular,
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it does not depend on the choice of x. We have ép* (C¥) = 1, with
ca = (~1)"“T2 a2 Thus LCY is a Thom form in Afpe; i (V).

Proof. The first assertions are consequence of the definition of Cy.
To compute p, (CY), we may choose x = f(||x||?) where f € C*®(R)
has a compact support and is equal to 1 in a neighborhood of 0. We
work with a local oriented orthonormal frame (e1,...,eq) of V : we have
X =Y, Tie;, and p*Vx =Y dr;e; + z;p*Ve;.

The component of maximal degree in the fibers of the differen-
tial form 7%, is (— 1) -1 o=t o] Yo (=DFzrdzy - -dzy, - - dzg (see
Proposition 11). Then the component of maximal degree in the fibers
of the differential form dx A n} is

—2(=1) T (|22 |2 e 1 dy - - dara.

Hence, using the change of variables z — %x,

20 5 [T ([ el e o)
- o [ (L (el el )i

(%)

P« (Cé)

z||? —|lx
Since for t > 0, I(t) = & (fR f(u) llz? d:v), we have p, (C§) =
(—1)“5 foael=l® dg = (—1) 5 xd/2, QED.

Using the differential form C}, it is possible to construct represen-
tatives of a Thom form with Gaussian look.

Proposition 10 (Mathai-Quillen). The differential form C} is a
closed form which belongs to Aj.. .,(V). We have gld—p* (CR) =1, with

eq = (—=1)*“F 142, Thus «CJ is a Thom form in A%, ., (V).

Proof. By Proposition 11, the component of maximal degree in the
fibers of the differential form CL is the term

ddl

(- 1) e~lel* dzy - - - dzg. Q.E.D.

rap (

We summarize Propositions 9 and 10 in the following theorem.

Theorem 6.1. Let p : V — M be an oriented FEuclidean vector
bundle of rank d equipped with an Euclidean connection V, with curva-

ture F. Let ¢q := (—1)ﬂd_;‘11wd/2. Let T : A*(V,Ap*V) — A*(V) be the
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Berezin integral. Let

1
1= —Plx|*+tp"Vx + Sp°F,
nh = —T(xeftv),

o0
0

o Thya(V,V) = £ (P£(%),6r) is a Thom form in A*(V,V\M). It
defines a Thom class

Thea(V) € H*(V,V\ M).

e Th.(V,V,x) = éC{‘, == (xPE(E) + dxBn) is a Thom form in
AX (V). Here x € C*(V) is a function with compact support in the fibers
of V and equal to 1 in a neighborhood of M. It defines a Thom class

The(V) € HX(V).

o The Mathai-Quillen form Thyq(V,V) = LCL = LT (eff’ ) is a
Thom form in A% ,.,(V). It defines a Thom class

ThMQ(V) € H::iec-rap (V)

Thus the use of the Berezin integral allowed us to give slim for-
mulae for Thom forms in relative cohomology, as well as in compactly
supported cohomology or in rapidly decreasing cohomology.

Example 6.2. Vector bundle of rank 2.

We write explicitly the formulae of this subsection in the case of an
Euclidean bundle V — M of rank 2 in a local frame. Let (e1,e2) be a
local oriented orthonormal frame. Let V be an Fuclidean connection on
V, so that Ve; = nea, Vea = —ne1, where n is a real valued one form
on M. Then

F =dn(e; A ea), P*Vx =me; + nzeg
with n = dzy — 2, M2 = dz2 + 717, and
1
Y = —|z|* + t(ner + mez) + gdn(er Aea).

The exponential of f in the super-algebra A*(V,Ap*V) is
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v 202 d
eft =e ! llzf (1 + ?nel Neg + t(mel + 7}262) — t2(771 A 772)61 A 62) .

- Thus we have the formulae:

22,
Cg\ = e ||z || (__2,'1 —t2n1/\7]2)7
—2||z12
nh = te 1o (zymy — zomy),
172 — T2
B = SR
2|z

So Thom forms are given by

-1
o Thyy(V) = - [dn, n+

$1d$2 — Z'Qdil?l
27 ’

]

o ThV) =3 (27 lal)dz: Adaz + d (f(lal?) Am) ),

where f is a compactly supported function on R, identically equal to 1
in a neighborhood of 0,

1 2
o Thumq(V) = Py e~ lI=l (2d;r1 Adza —dn+d (||z]|?) A 17).

6.3. Explicit formulae for the Thom forms of a vector bun-
dle

Let us give explicit local formulae for a general Euclidean vector
bundle.

Given a local oriented orthonormal frame (e1, ..., eq) of the vector
bundle V, we work with the identification (m,z) — >, z;e;(m) from
M x R? into V. The element p*Vx is then equal to Y, m;e; with n; =
dz; + Y, zk(Vex, €;).

If I = [i1,dg,...,4p] (With 43 < @2 < -+ < 4p) is a subset of
(1,2,...,d], we use the notations e; = e;; A---Ae;, and ny =i, A - -An,, .
The curvature F decomposes as F := ). j F;je; A e;. For any subset

Iof[1,2,...,d], we consider the two form Fy:=3", .../ .. Fije; Nej
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with values in AV;, where V; is the sub-bundle generated by the e;,i € I.
Let Pf(F;) be its pfaffian. One sees easily that

F

(42) ez =Y Pf(§)e; in A'(M,AV).
I

Only those I with |I| even will contribute to the sum (42), as otherwise
the pfaffian of F'; vanishes.

If I and J are two disjoint subsets of {1,2,...,d}, we denote by
€(I,J) the sign such that ey Aey =€(I,J)eruy.

Proposition 11. e We have Thye (V) = 61 [P£(E), Bn] with

TEnJ
B = kXI:J’Y(kIJ y P (5E) Tz

with
1 JEIMEIESY)
Yery =31 = T ('J'T“) (1, J)e({k}, T U J).

Here for 1 < k < d, the sets I, J vary over the subsets of {1,2,...,d}
such that {k} UI U J is a partition of {1,2,...,d}. Only those I with
|I| even will contribute to the sum.

e The class The(V) is represented by the closed differential form

= (£l PEC) + 27 (alP) (Y iz

where f is a compactly supported function on R, identically equal to 1
in a neighborhood of 0.

e We have
Thyq(V) = )d/z ey 1'% eI, 1) PE(EE ).
Here I runs over the subset of {1,2,...,d} with an even number of

elements, and I' denotes the complement of I.

Proof. It follows from the explicit description of our forms and from
the formula [;°e~*" t%dt = 1T(%1).
Q.E.D.
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6.4. More notations
We recall notations from [7]. Let V be an Euclidean vector space

of even dimension d = 2n with oriented orthonormal basis e1, es, . .., €q4.
Let C(V) be the Clifford algebra of V. Then C(V) is generated by
elements ¢; with relations c;c; + cj¢; = 0, for i # j, and ¢Z = —1. We

denote by £ : C(V) — AV the symbol isomorphism. Thus, for 1 < i; <
ig < -+ < i < d, we have X(c; ¢y - Ci ) = €, Neiy Ao+ Aey,. Let
CH(V) = 271 (A*V). We denote by 7 : C(V) — so(V) the map such
that 7(c)v = cv —wve, for ¢ € C(V) and v € V. Then 7(c;c;)(ei) = 2e;,
for i # j. We denote by S = St & S~ the complex spinor space. We
denote by c the Clifford action of C(V) on S. If v € V, then c(v) on S
interchanges S* and S~ and satisfies ¢(v)? = —||v||?Ids. The supertrace
of the action of the even element cjca...cq on S is (—2:)™.

Let V = Re; @ Rey be of dimension 2 . We consider the super-
algebra A ® C(V) where A is a super-commutative algebra. Then for
a1, a2 odd elements in A, and b an even element of A, we have

exp(aic1 + azce + bejea) = cos(b) + sin(b)erce

sin(b) sin(b) — b cos(b) sin(b)
—_—a10a2 —
b2
This formula can be verified using, for example, the differential equa-
tion % exp(tX) = X exp(tX) for the exponential (see also [7], proof of

Proposition 7.43).

+

(a1c1 + azce) + a1a2c1Ca.

6.5. Riemann-Roch relation

Let p: V — M be an oriented Euclidean vector bundle of even rank
d = 2n with spin structure, and let S — M be the corresponding spin
super-bundle. Let C(V) — M be the Clifford bundle. We denote by

c: C(V) — Endc(S)

the bundle map defined by the spinor representation.

The vector bundle § is provided with an Hermitian metric such that
c(v)* = —c(v) for v € V. Consider the morphism oy : p*ST — p*S~
defined by ’

oy = —ic(x)

where x : ¥V — p*V is the canonical section. Then the odd linear map
Vg, : P*S — p*8§ is equal to —ic(x).

Let V be an Euclidean connection on V. Then as explained in
Subsection 6.2, the curvature F of V may be identified to an element
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of A(M,A%V). Thus L7'F is an element of A(M,C(V)), where ¥ :
C(V) — AV is the symbol bundle map. The connection V induces a
connection VS on S with curvature FS (see Lemma 8). We work with
the family of super-connections on p*S:

A? = p*V® + te(x)
We see that the curvature of the super-connection A{ is the even element
F¢ € A*(V,p*Endc(S)), given by
Ff = —t2||x||2 + tc(p* Vx) + p*F®
where FS € A%2(M,Endc(S)) is the curvature of V.
Lemma 8. e The following relation holds in A?(M,Endc(S)):

1
FS = 5c(z:—lF).

o We have FS = c(f;), where f; € A*(V,p*C(V)) is given by

1
fi = —t|x|* + tp*Vx + §p*2'1F.

o The image of f; by the bundle map ¥ is equal to the map fY €
A*(V,p*AV) defined in (85).

We consider now in parallel the closed differential forms
Ch(av, V¥, 1) :=Str (exp(Ff)), Cl :=T (expa(f)) -

In the first case the exponential is computed in the super-algebra
A*(V,p*Endc(S)), and the forms Ch(oy, VY, t) have complex coeffi-
cients. In the second case, the exponential is computed in the super-
algebra A*(V,p*AV), and the forms C¥ have real coefficients.

In Example 6.4, we will perform the explicit calculation of exp(F¢)
for a bundle of rank two.

We also consider in parallel the differential forms

nt := — Str (c(x) exp(FS)), ni:=-T (X . eXp/\(ftv)) .

Note that the forms n! have complex coefficients, and that the forms n
have real coeflicients.

In the next definition, we return to the original definition of the
curvature F of the Euclidean connection V, that is we consider F as a
2-form with values antisymmetric transformations of V.
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Definition 6.2. We associate to the vector bundle V, equipped with
the connection V, the closed real differential form on M defined by

A\(V) = det 1/2 <_F—}?_—F) .

ez —e 2

Its cohomology class A(V) € H*(M) is the A-genus of V.

Proposition 12. We have the following equalities of differential
forms on V:

Ch(oy, VY, t) = (—2i)" A(V)~* C4
and
ne = (=20)™ A(V)™! nj.

Proof. The proof of the first relation is done in [7], Section 7. The
same proof works for the second equality. Let us give here a brief idea
of the proof. Let Stre be the super-trace on A*(V,p*C(V)) such that
Stre(a) = Str(c(a)) for any element a € A*(V,p*C(V)). We have then
to show that

(13)  Stro (expo(f)) = (~20)" AV) ™ T (exp(Tf)
and
(44) Stre (x . expc(ft)) =(=20)" A(V)"' T (x . exp,\(Eft)) .
If V is an oriented Euclidean vector space of even dimension 2n,

we have the following fundamental relation between Strc(expo(a)) and
T(expn(Xa)) for a € C%(V):

(a) _1(a)
(45)  Strc(expe(a)) = (~2i)"™ det /2 (e——T‘%—> T(exp,(Za))

(see [7], Section 3). We see then that (43) is an extension of (45) to the
case where a € A~ QCH(V)+AT*®C?(V) (here A is a super-commutative
super-algebra). This is verified by an explicit computation when V is of
dimension 2, using the formula for the exponential that we recalled in

Subsection 6.4.
Q.E.D.

We can now conclude with the
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Theorem 6.3. o We have the following equality in H*(V,V \ M):
(46) Chyei(oy) = (2im)™ A(V)™' Thya(V).

e We have the following equality in H:(V):

(47) Che(oy) = (2im)™ A(V)™! The(V).
e We have the following equality in H,. ,op(V):
(48) Chq(oy) = (2im)™ A(V)™! Thug(V).

Remark that these identities holds at the level of the representatives.

Example 6.4. Vector bundle of rank two.
We return to Example 6.2, and keep the same notations. Then we
have

- 1
fi= —t2||$||2 +t(mer + nec2) + ‘2‘(d77)0102-

We use the formula for the exponential recalled in Subsection 6.4,
and we obtain

z d d sin( 42
oft — o= t’llzll? (008(777) + sin(%’)clcg +t (%12) )(7}101 + 1202)
2 sin(d—z’l) (%’1) cos(%’l) tzsin(%’l) )
mnz — mrnzcics .
(52 ()

The supertrace of the action of c1co on S is —2i. Thus we obtain

T TR R i
Ch(oy,VV,t) = (=2i)e el (Sm( 277) t2s?§2ﬂ2))mnz)
. d
nt = (=20 te Il —Sl?;?:) (a:mz —m2771),
2
- (-9 sm( 2 ) (112 — Tamy)
be = 0@y o

Finally, the relative Chern character form associated to oy is

sin(d—;l) .+ (x1dzo — z2dz1)

(49 Chealov) = (=) =g} EER
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We have

d
det1/2( - ¥ F): (3) .
ez —e” 2 sin(d—z’l)

Thus we see that we have the relations

(50) Chyel(oy) = (2ir) AV)™! Thea(V),

(51) Che(ov) = (2im) A(V)™! The(V),
and

(52) Chg(ov) = (2im) A(V)™" Thuq(V)

at the level of differential forms.

§7. Appendix

We give a proof of the estimate used in this article. It is based on
Volterra’s expansion formula: if H and R are elements in a finite dimen-
sional associative algebra, then e+ = ef + 5~ [, (H, R) where

(53) Ix(H,R) = / e’ Re2H R... Re®H Res+1H (s, ... dsy,
Ag

Here Ay is the simplex {s; > 0; 81 + 82 + -+ + Sk + Sk+1 = 1} which

has the volume 7 for the measure ds; - - - ds.

Now, let A = &R A; be a complex finite dimensional graded com-
mutative algebra with a norm || - || such that ||ab|| < ||a]|||b]|. We denote
by Ay = ®FA;. Thus wf*! =0 for any w € A,. Let E be a finite
dimensional Hermitian vector space. Then End(F) ® A is an algebra
with a norm still denoted by || - ||. If H € End(E), we denote also by H
the element H ® 1 in End(F) ® A.

We denote by Herm(E) C End(F) the subspace formed by the Her-
mitian endomorphisms. When H € Herm(FE), we denote by sm(H) € R
the smallest eigenvalue of H : we have

” e H ” =emM®  forall H € Herm(E).

Lemma 9. Let P(t) = Ef:o i—k, Then, for any R € End(E) ® A4,
and H € Herm(E), we have

H e—(H+R) ” < e—sm(H) P(”R”)
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Proof. Let ¢ = sm(H). Then ||[e *# | = e7%¢ for all u > 0. The
term I (H, R) of the Volterra expansion vanishes for k¥ > R since the
term e*t# R... Re**+1 belongs to End(E)® Aj. The norm of the term
Ix(H, R) is bounded by % e~°||R||*. Summing up in k, we obtain our
estimate. Q.E.D.

The preceding estimates hold if we work in the algebra End(F) ® A,
where F is a super-vector space and A a super-commutative algebra.
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