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New examples of elements in the kernel
of the Magnus representation of the Torelli group

Masaaki Suzuki

Abstract.

From our previous paper, it is known that the Magnus represen-
tation of the Torelli group is not faithful. In this paper, we show a
certain kind of elements in the kernel of the representation.

§1. Introduction

Let 34 be an oriented closed surface of genus g and ¥, ; a compact
surface removed an open disk from 34. We denote by M, ; the mapping
class group of 3, 1 relative to the boundary, that is the group of isotopy
classes of orientation preserving diffeomorphisms of g ; which restrict
to the identity on the boundary. Let Z,;; be the Torelli group of ¥y,
that is, the normal subgroup of M, | consisting of all the elements which
act trivially on the first homology group of 34 ;.

A group is said to be linear, if it admits a finite dimensional faithful
representation. In [6] and [1], it is proved that the mapping class group
of a closed surface of genus two is linear. However, the linearity of the
mapping class group of a surface of higher genera is still not known.

It is shown in [13] that the Magnus representation of the Torelli
group

r1: Iy — GL(2¢; Z[H))
is not faithful for g > 2, where H = H(%,,1;Z). Then this representa-
tion cannot determine the linearity of the Torelli group Z, ;. In [16], we
characterized which commutators of two BSCC maps lie in the kernel of
r1, where the Dehn twist along a bounding simple closed curve is called
BSCC map.
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Let K41 be the normal subgroup of Z,; generated by all BSCC
maps. Morita constructed a homomorphism

d1 : ’ngl a— Z,

which is a secondary characteristic class of surface bundles. See [8], [10],
[11] and [12] for details. The following open problem is mentioned in
[12]: determine whether the Magnus representation of the Torelli group
detects di or not. In other words, does there exist some ¢ € kerr; so
that dq(p) # 0.

In order to investigate the above problem, we will present new ex-
amples of elements in the kernel of the Magnus representation of the
Torelli group in this paper. In particular, we will describe a relation
between the kernel of Z, 1 — Z,, which is denoted by G, and the kernel
of r1, where Z, is the Torelli group of 3,. More precisely, the following
is proved in this paper:

Main Theorem . (1) Let ¢y be a BSCC map and ¥ € G. Then

[¢, 7977 € kerr.

(2) The 3-rd derived subgroup of G is contained in the kernel of ry.
(3) Let 1,2 be elements of the commutator subgroup of G. Then

[1, 02]l¢1, 05 1] € kerry.

However, the value of d; for each element in the kernel of r; which
is shown in this paper is zero. Then these elements are not useful to
answer the above problem of Morita. We note that all the elements
mentioned in [13], [16] map to zero by d.

In Section 2, we review the definition and the irreducible decompo-
sition of the Magnus representation of the Torelli group. In Section 3,
we study some properties and examples of the Magnus representation,
which are needed to prove the main results. In Section 4, the main
results of this paper are shown, that is, we present a certain kind of
elements in the kernel of r1, which do not appear in the previous papers

[13], [16].

§2. Definition and irreducible decomposition of the Magnus
representation of the Torelli group

In this section, we recall the definition of the Magnus representation
of the Torelli group and its irreducible decomposition from [9], [13] and
[14].
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Fig. 1. Generators of I'y

We fix a system of generators ay, ..., ag, B1,. .., 3y of the free group
'y =m1(Xy,1) as shown in Figure 1. Let us simply write 71,...,72,4 for
them.

Definition 2.1. We call the mapping
r: Mg1 — GL(2g;Z[Ty))

9¢(v;)
¥ ( v )i,j
9

the Magnus representation of the mapping class group, where o
Z[l'y] — Z[Ty] is the Fox derivation of the integral group ring Z[['o]
and ~: Z['g] — Z[I'y] is the antiautomorphism induced by the mapping
ey

The mapping 7 is not a homomorphism but a crossed homomor-
phism. In other words, we have the following.

Proposition 2.2 (Morita [9]). For any elements ¢, 9 € My 1, we
have

r(py) =r(p) - r(¥)

where ?r() denotes the matriz obtained from r(v) by applying the au-
tomorphism ¢ : Z[T'o] — Z[Ty] on each entry.

Since the Torelli group acts trivially on H, we obtain a genuine
representation of the Torelli group as follows. We restrict 7 to the Torelli
group Z, 1 and reduce the coefficients to Z[H|:

r1:Zg1 — GL(2¢; Z[H)).

That is to say, this homomorphism r; is the composite r* of the mapping
r by the abelianization a : I'o — H. We call r; the Magnus representa-
tion of the Torelli group.
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The Magnus representation of the Torelli group is reducible, but not
completely reducible. More precisely, we have the following irreducible
decomposition.

Theorem 2.3 ([14]). For g > 2 there exists a non-singular matriz
P € GL(2g; R) such that for any element ¢ € I,

1 Po, () Pos ()
0

P lri(p) P = pB(p) po, ()
010 Ca 0 1

Moreover, pp is o (29—2)-dimensional irreducible representation of Iy 1.

Here R = Z[z;*1, y; !, TZIT] (D Z[H]) where x;, y; (i = 1,...,9) are

obtained by abelianizing «;, B; respectively.

Though the actual value of P is slightly complicated, we express it
explicitly according to [14]. That is to say,

Py 0 0 —tPy \7' .
PZ(pZ Lq>'<fl@<(zg_1 o”) Q2 1))

where I is the identity matrix of degree k£ and

1—y1_1 0
IT—yo™t 1 -yt
Y2 Y2
Py o= - ) .
1—y, b 1—y, ! 1—y, !
1—&81*1 0
1—562*1 ].—.’192_1
Py =
l—zyt 11—zt 01—zt
0 1
Q2 =
.. 1
1 0

In this paper, we write 7} () for P~ r1(p)P for simplicity.
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§3. Some properties of pg, b, ; Pbs; Pbs

In this section, we show the product formulas of pg, s, pb,, pPbs and
calculate them for elements of the kernel of the projection Iy — 1y,
where 7, is the Torelli group of ¥,.

Lemma 3.1. For any elements 1,92 € Zy1, we have

(1) pB(p1v2) = pBY1)pB(W2),
) o, (p102) = oo, (2) + po, (01)pB(P2),
(3)  pby(Pr02) = pB(P1) 06, (02) + Pby (1),
) Pos(p102) = Py (92) + o, (91) b, (92) + Pos (1)

Proof. By ri(p1p2) = r1(p1)r1(2), we get

1| p, (p192) | pos(p1902)
0

pB(P102) | P, (P102)

0 0---0 1
L | p, (1) | ooy (1) 1| pb,(02) | Pos(2)
0 0
pB(1) | o, (1) 2| pB(92) | Pos(2)
010 ---0 1 0/0---0 1

Q.E.D.

Next, we consider the kernel of the projection Z, ; — Z,. The kernel
of Zg1 — g4, denoted by G, is isomorphic to the fundamental group
m1(T1X4), where T1X, is the unit tangent bundle of ¥,. It is known that
G is generated by ¢, &;, BG;, (i=1,...,9), see [4], [7] for details. These
generators T¢, &y, ; are given as follows. Let a4, ;—, Biy, Bi—, ¢ be the
curves in Figure 2, 3 and 4. Then &; € Zy, (respectively B; € Ty1),
which is a lift of a; (respectively 3;) to mi1(T1Xy), is a product of the
Dehn twist along a;; (respectively 5;+) and the inverse of the Dehn
twist along o;_ (respectively §;—). Besides, 7¢ is the Dehn twist along
a curve ¢ which is parallel to the boundary of 3, ;.

Lemma 3.2. For any element 5 € G = ker(Z4,1 — Z,), we have

pa(7) = ag—2, o, (37" = =[Vpes(3)s 6 (F71) = —[1]6, (7)-



484 M. Suzuki

Fig. 2. Simple closed curves a;y and o;_

Fig. 3. Simple closed curves §;4 and 3;_

Fig. 4. Simple closed curve ¢

where [y] represents the homology class of v whose lift to m1(T124) is 7.
In particular, if ¢ belongs to the commutator subgroup of G, then

pB(P) = Lg—2, po,(07") = =ps, (), Pro(071) = —pi, ().
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Proof. By direct calculations, we have

Bi(aj) =
{ [ah,Bl] T [0197 ﬂg]ﬂlalﬁl Jj=1
Biloa, B1] - - [ag, BglajBg, ag] - -+ [Br,ca]fr 2<j<g ’
B1(B;) =
{ B j=1
Biloa, Bu] - - - [og, BglBi[Bgs gl - - - [Br,cu]B1 2<j<g

Then the Magnus matrix r, (ﬂl) is given by the following equations:
a 901 (o) _ ) 1=gi+ 0 j=1
da; b+ (1 —-7;)(1-7:) 2<j<g
o [ 961(5:) :{0 j=1
oy n(1-g)(1-9;) 2<j<g

a 8~I(O‘j) o { 51’1'(1—:31)—(1—.’1_51') j=1
0B; S 0l =Z5) (1 —-3)(1-25) 2<j<g

I

{ 511, J:l
5g zyl +61 1(1 _yJ) yl(l _xz)(l _yj) 2 SJ S g

Here z; = 21, 7; = y—!. Moreover, the conjugation this matrix by P is
described as

pB(,él) :gIIQg—Za pbl(ﬁl) = (_glvov"'ao)a
3
29—

oy (B1) =10,...,0),  pp,(B1) =0
N

2g—2
Similarly, we can compute the other matrices pp(d;) and pg(5:):
p(@) = Zilag—a, pp(Bi) = Jilzg—2-
In addition, more simple computations show

pB(1¢) = Iag—2.
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These proved the first equation of the statement. Furthermore, the first
equation and Lemma 3.1 follow that

0=p6, (%) = p6, () + 1] o0, 371)
0=p5, (37 = [V 00 (1) + 6, (%)

This completes the proof. Q.E.D.

Lemma 3.3. Let v be a BSCC map, that is, the Dehn twist along
a 0-homologous simple closed curve. Then we obtain

(1) Pby (w) = Pb; (w)PB (’d))r
(2) Pb, (w) = PB (w)pbz (@/1),
(3)  po, (¥)po, (¥) =0,

(4) (pB(¢) — Iyy—2)* = 0.

Proof. 1t is shown in [15] that the Magnus matrix r;(¢) of a BSCC
map 1 can be written as

r1(¢) = Iog + uv
where u € Z[H|?9,v € *Z[H]?? and vu = 0. Then we get
(1) (M) = Izg)? = (P7lri(¥)P — Ipy)? = P luwwPP~tuvP = O.
On the other hand, by Theorem 2.3 the following equation holds:

(ri(¥) — Iag)?

0 Pby (d}) Pbs (w) 0 Pby (w) Pbs (1/})
0 0
= pa() =1 | pu, () p(W¥) — I | ps, ()
0---0 0 0 0---0 0
8 Pby (1/)):03(1/}) — Pby (1/)) Pby (w)sz (w)
= : (ps(¥) — I)? pB(¥)pb, (V) — po, (V)
0 0---0 0

By comparing (1) with the right hand side of the above equation, we
arrive at the statements of Lemma 3.3. Q.E.D.
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§4. Main Theorem

In this section, we present several types of elements in the kernel of
the Magnus representation of the Torelli group.

Theorem 4.1. Let 1 be a BSCC map and ¥ € G = ker(Zy1 — Iy).
Then

[, 797 "] € kerr;.

Proof. 1f ¢’ denotes 3937}, it is sufficient to prove r|(yv’) =
r1(¥'1). Thus we will show that

(1) pB(ww) pB(Y'Y) =0,
(2) po, (YY) = po, (W) = 0,
(3) po, (W') — pu, (W) = 0,
(4) pos (YY') — pos (V') = 0.

First, Lemma 3.2 says that pp(¥) is central, so we have

(2) pe(7)ps(W)pB(H) ™" = pB(¥).

Then we obtain the following by the above equation.

pe(WY") — pp(Y'Y)
p()p(H)psW)ps(7) ™" — pe(M)PEW)PB(F) pB(Y)
= 0 by (2).

Next, we calculate py,:

Pby (11”/1/) — Pby (1/1/1/’)
= o, (V) + oo, (V)pB (') = po, (V) — o, (V) p(Y)

by Lemma 3.1 (2)

—[v]pe, (7) + oo, (W) + [Y]ow, (F)pB(¥) + po, (V) pB ()

—poy (V) + {[V]pe, () = [Vpw, (¥) = e, (MpB(¥) }o(¥)
by Lemma 3.2

— oo, (I — 2p5(¥) + pp(¥)*} by Lemma 3.3

~[lpe, I = pa())?

= 0 by Lemma 3.3

I
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Similarly, we get pp, (V') — pb, (¥'10) = 0. Finally, we obtain

Pos (V") — pos (V')
= pos (V") + po, () po, (V") + Py ()
—Pbs (V) = Pby (V) pb, (1) = Py (¥) by Lemma 3.1 (4)
= o (W) {=pBW)s, (7) + 1™ 06, (¥) + 5, (1)}
—{=[pe, (7) + [V]pe, (¥) + [V]oe, (T)pB (V) }ob, (¥)
by Lemma 3.1 and 3.2
= 0 by Lemma 3.3.

This completes the proof. Q.E.D.

Suppose ¢ be an element of Z, ; such that pp(yp) = Iag—2, ps, () =0
and pp,(¢) = 0. Then the Magnus matrix r}(p) commutes with that
of any element of Z, ;. This means that [p,Z, 1] C kerr;. One of such
elements is 7. We show other elements satisfying these properties.

We denote by G(¥) the k-th term in the derived series of G so that
GO = @G and G+ = [aF) G*)],

Theorem 4.2. If  belongs to G, then pp(p) = Izg—2, pp, (p) =0
and pp, () = 0.

Proof. Let g1, 92,93, g4 be elements of G. It is sufficient to prove
the statement for the case ¢ = [[g1,92], [93,94])]. By Lemma 3.2, for

9,9 € G, p(lg,¢']) is the identity matrix. Then we get pp(¢) = Izg—2.
Moreover, pp, (¢) is computed as

po(0) = pu([91,92][93, 94ll92, 91][94, 93])
pv, (915 92]) + po. ([93, 94]) + po, ([92, 91]) + pb, ([94, 93])
by Lemma 3.1 and 3.2

= pbl([glvg2]) + pbl([93v94]) - pbl([gl792]) - pbl([g3’g4])
by Lemma 3.2

= 0.

A similar calculation follows that py,(p) = 0. This completes the proof.
Q.ED.

Corollary 4.3. The commutator [G®,T, 1] is contained in kerr;.

In particular,
G® C kerry.

Proof. This follows directly from Theorem 4.2 and the argument
before Theorem 4.2. ’ Q.E.D.
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Corollary 4.4. Let @1, 2 be elements of G, Then

le1, 2], 05 '] € kerry.

Proof.  Since [ip1, 2] and [¢1, 5 '] belong to G, it is sufficient to
show

pbs([(pl’ (p2][901u ‘;02—1]) =0.

We reclall that pp, ([01,02]) = 0, ps,([01,95']) = 0, ps(p:) = Izg—2,
oy (5 1) = —po, (0i), oy (07 ") = —pb, (0:) by Lemma 3.2.

pos ([e1, @2]le1, 05 1)
= pos([p1,92]) + pos (01,02 ]) + poy (21, 2] v, (1, 02 1)
= pos(P102) + pos (97 03 1) + po, (P1002) 08, (07 105 1)
+pbs (105 1) + by (07 1 p2) + p1, (1605 1)1, (07 02)
= Py (1) + Pos (02) + b, (1) P1, (02)
055 (1) + Pos (03 1) + oo, (97 v, (031)
+{pv, (p1) + o, (92) H—pbs (1) = pr, (02)}
+0b5 (1) + pos (05 1) + pb, (01) 6, (93 1)
05 (07 1) + pbs (02) + 5, (07 1) b, (02)
+{pv, (1) = o, (92) H=pb2 (1) + po, (02)}
= 2{pbs (1) + s (1) — Py (1) P (1)}
+2{pbs (92) + s (93 1) = Po, (02) P, (02)}
= 2{pps(01) + o5 (21 1) + 6, (21) 6, (07 1)}
+2{ s (02) + b5 (93 1) + b, (02) 6, (03 1)}
—0

This completes the proof. Q.E.D.
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