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Abstract.

We describe the group version of the trace maps given in [29]. This
gives rise to abelian quotients of symplectic IA-automorphism groups
of nilpotent quotients of the fundamental groups of compact surfaces.
By making use of them, we construct a representation of the group
Hg,1 of homology cobordism classes of homology cylinders introduced
by Garoufalidis and Levine [6]. We define various cohomology classes
of Hy,1 and propose a few problems concerning them. In particular,
we mention a possible relation to additive invariants for the group ©3
of homology cobordism classes of homology 3-spheres.

§1. Introduction

As is well known, the mapping class group M(X,) of a closed ori-
ented surface 3, of genus g > 2 can be identified with the orientation
preserving outer automorphism group of m 34. This is the classical the-
orem of Dehn and Nielsen. In the case of a compact oriented surface Eg
with one boundary component, the corresponding mapping class group
M(Zg,rel 822) relative to the boundary is canonically isomorphic to
the subgroup of the automorphism group of m; Eg consisting of elements
which preserve a particular element representing the boundary curve.
Henceforth, we simply denote this group M (X9, rel 959) by Mg 1.

Since the action of Mg ; on m; 22 preserves its lower central series,
it induces a series of representations pg of Mg 1 into the automorphism
groups of free nilpotent quotients of leg with nilpotency class d =
1,2,---.
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On the other hand, the kernels of these representations induce a fil-
tration on the Torelli subgroup Z, 1 C M, 1 and the associated graded
Lie algebra can be mapped injectively into the graded Lie algebra con-
sisting of all the derivations of the free graded Lie algebra generated by
the first homology group H = H 1(22; Z). This embedding is called the
Johnson homomorphism, which we denote by 7. It can be said that =
gathers the “differences” between the successive representations pg and
pd+1 for all d.

Many works have been done concerning the Johnson homomorphism
7 and through them the image of 7 has been shown to capture a smaller
and smaller part of the target. First it was shown to satisfy a certain
symplecticity condition and then it was proved to be in the kernel of
certain abelian quotients of the relevant Lie algebra which we called the
traces (see [29]).

The purpose of the present paper is to lift the traces as homomor-
phisms with abelian targets defined on certain symplectic automorphism
groups of nilpotent quotients of mZg rather than in the context of Lie
algebra homomorphisms.

We expect that these lifts will be useful in the study of the group
Hg.1 of homology cobordism classes of homology cylinders over 22 which
was introduced by Garoufalidis and Levine [6]. This is because of their
result that the above series of representations pg can be extended to
their group H, 1 and these are all surjective onto some symplectic auto-
morphism groups of nilpotent quotients of Eg.

Part of the results of this paper were sketched in section 11 of [33].

§2. Symplectic automorphism groups

Let 3, denote a closed oriented surface of genus g and we denote
by Eg = %, \ IntD? a compact oriented surface of genus g with one
boundary component. Consider the mapping class group

Mg1= WoDiff(Eg,rel 822)

of Zg relative to the boundary. Let I' = m Zg denote the fundamental
group of Eg which is a free group of rank 2g. We have a distinguished
element

¢=lo1,B1] [ag, Byl €T

which corresponds to the boundary curve of 22 so that it descends to
the single defining relation for the fundamental group m X4 of the closed
surface, where «;, 0; denotes a standard system of generators of I'. Then
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by the classical theorem of Dehn-Nielsen adapted to the case of one
boundary component due to Zieschang, we can write

(1) Mg = Autel = {p € AutT; o(() = (}.
Now we consider the lower central series
Ioy=T,T; =T}, To=[T1,T},-, Ty=[Tg-1,T],---
of I' and also consider the quotient groups
Ny=T/Ty (d=1,2,---)

which we call the d-th nilpotent quotient of I'. The first one NV is
nothing but the abelianization of I' so that we have an identification

N1 =H= Hl(ZS,Z)

We also denote by (y the image of { in Ng under the natural projec-
tion I'—=Ny. The first one is trivial, namely (; =0 € N; = H. However
the second one can be identified as

g
Cg:wOZinAyiEAZHgFl/FQCNQ

i=1

where wyg is the symplectic class and x;, y; denote the homology classes
of a;, B; respectively.

Definition 2.1. We define two subgroups of Aut Ny as follows.

AutoNy = {p € Aut Ng; 9(Cq) = Ca}
AutgNg = p(AutyNay1)

where p : Aut Ngy1—Aut Ny denotes the natural projection.

The subgroup AutgNy was introduced by Garoufalidis and Levine
[6] which plays a fundamental role in their theory of the group, denoted
by Hg 1, of homology cobordism classes of homology cylinders over 22.
The concept of homology cylinders in turn was introduced by Habiro
[9] and Goussarov [7] independently. The above definition is a slight
modification of their original one and the reason why we consider another
subgroup Aut(Ny will be explained in Remark 2.2 below.

It is easy to see that the first group Autg/N; = AutgH can be identi-

fied with the symplectic group Sp(2g,Z) (whereas notice that AutyN; =



446 S. Morita
GL(2g,Z)). By definition, these subgroups AutoNg (d = 1,2, --) make
a projective system of groups
s — Autg Ng— Autg Ng_1— - - - —> AutgNo—AutgNy.
The expression (1) induces representations
(2) pd : Mg1—AutgNg
and the totality of these representations gives rise to a homomorphism
Poo t Mg 1 = AutOF——aliLnd_)ooAuthd

which is known to be injective.
The induced filtration

{Mgi(d)}a, Mygi(d) =Ker(pa : Mg 1—AutoNg)

of the mapping class group was considered by Johnson [14] and it is
called the Johnson filtration. The first group M, 1(1) is nothing other
than the Torelli group denoted by Z, ;.

To describe the structure of AutgNg more precisely, let

Egvl = @ Cg’l(d)
d=1

be the free graded Lie algebra generated by H = H;(X4;Z) so that
Lg1(1) = H,Ly1(2) =2 A’H, and L41(d) = T'y_1/Tq in general (see
[27]). Next let

bo1 = EP ba.1(d)
d=0 .

be the graded Lie algebra consisting of symplectic derivations of the free
Lie algebra £, 1, namely those derivations which kill the symplectic class
wo € L4.1(2). Here the submodule

hg,1(d) = {D € Hom(H, Lg,1(d + 1)); D(wo) =0}

of by 1 is the one consisting of symplectic derivations with degree d. As
was shown in [29], the Poincaré duality H* = H induces a canonical
isomorphism

g1 (d) = Ker([, | H ® Lg1(d+ 1)—Lg(d +2)).

Now Garoufalidis and Levine proved in the above cited paper [6] that
there is a short exact sequence

3) 1—bg,1(d)—AutogNgt1—AutgNg—1.
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Remark 2.2. It may appear that the definition of the subgroup
Auty N4 given in Definition 2.1 is more natural than that of AutgoN,.
However this is not the case because of the following reason. Since the
group Ny is defined as the quotient of I" by its d-th commutator subgroup
I'y and since the element ¢ belongs to I'y, the condition of preserving
the element (3 becomes vacuous on

Ker(Aut Ng—Aut Ng_1) = Hom(H, Ly 1(d))

(see [30] for the above isomorphism). The subgroup Auto/Ny is defined
so as to eliminate this point. In particular, we have an isomorphism

Aut) N,/AutgNy = Hom(H, Lg.1(d))/bg.1(d — 1)

for any d > 2.

If we restrict the homomorphism pg41 given in (2) to M, 1(d), then
we obtain a homomorphism

Ta = pa+1lamg1 (@) : Mg1(d)—bg,1(d) C Hom(H, Lg1(d + 1))

which was introduced by Johnson [12][14] and is now called the d-th
Johnson homomorphism (but with the target narrowed by [29]). See
also Kawazumi’s work [17] for his theory of Johnson maps which are
certain extensions of Johnson homomorphism.

In our paper [29], we constructed an Sp-homomorphism

trace(2d + 1) : by 1(2d + 1)— S H

for any d = 0,1,2,.--- where S*H denotes the symmetric algebra of
H. We proved that trace(2d + 1) vanishes identically on Image 12441
while trace(2d + 1) ® Q is surjective for any d > 1. It follows that the
cokernel of the homomorphism py becomes larger and larger as d tends
to infinity.

On the other hand, there exists a natural homomorphism

(4) L Mg 1—Hgn

from the mapping class group to the group H, 1 of Garoufalidis and
Levine, already mentioned above. They proved the following remarkable
theorem.

Theorem 2.3 (Garoufalidis-Levine [6], see also Habegger [8]). For
any d, there exists a homomorphism

ﬁd : Hg71 —>Authd
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such that pg = pg o . It follows that the natural homomorphism ¢ :
Mg1—Hg1 is injective because poo 15 injective. Furthermore all the
homomorphisms pq are surjective.

They apply a theorem of Stallings in [38] to show the existence of g4
and for the surjectivity of it, they use an argument of Kervaire-Milnor
in [20]. They call their group H, 1 an enlargement of the mapping class
group (see [25]).

In contrast to the case of the mapping class group, they point out
that the induced homomorphism

Poo - Hg71—> !&H AutoNy

d—oo

is not injective because the group ©3 of homology cobordism classes of
homology 3-spheres is contained in the center of the group H,,1 while
all the homomorphisms g4 vanish on it.

In relation to the problem of determining the image of g, Sakasal
[36] considered the acyclic closure T2 of T' due to Levine (see [24])
and proved the following theorem (we refer to the above cited papers
for the definition of the acyclic closure of a group because it is rather
complicated and we do not use it in this paper).

Theorem 2.4 (Sakasai [36]). There exists a natural homomorphism
p*Y  Hg1—Aut TV
and its tmage can be identified as
Image p®Y = Autgl'*Y = {p € AutT'*; p(¢) = ¢}

where ( € I'*Y denotes the image of ( € I' under the natural injection
r—Teey,

We refer to the above cited paper of Sakasai as well as [37] for further
results concerning the structure of Hg ;.

In view of the above results, it is a very important problem to ana-
lyze the structure of the groups AutgNy.

§3. Rational forms of symplectic automorphism groups

In this section, we embed AutyNy into a linear algebraic group over
Q, which we denote by Autg(Ng ® Q), as a discrete and Zariski dense
subgroup. We may call the latter group the rational form of the former
group. We also describe the Lie algebra of Autg(Vg ® Q) explicitly.
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For this, we begin by recalling a few results from section 2 of [30]
where we analyzed the structure of Aut Ny. We showed that we can
embed Aut Ny into the automorphism group Aut(Ny;®Q) of the Mal’cev
completion Ny ® Q of Ny and also that the group Aut(Ny ® Q) has a
natural structure of a linear algebraic group over Q.

We shall show that almost the same argument applies to the sub-
group AutgNy; C Aut Ny which consists of elements satisfying the sym-
plectic constraint (see Definition 2.1).

First let IAutgNg4 denote the kernel of the projection

AutgNg—>AutogN; = Sp(2g, 7).

It is the subgroup of AutyNy consisting of elements which act on the
abelianization H1(Ng) & H trivially and we have a short exact sequence

1—IAutoNg— Auto Ny—Sp(2g, Z)—1.
The short exact sequence (3) restricts to
(5) O—ﬁbg,l(d) ——-)IAut0Nd+1 —TAutgNg—1

which turns out to be a central extension. It follows that the group
TAutoNy4 is a nilpotent group for any d. Let (IAutoNg) ® Q denote its
Mal’cev completion.

Now it was shown in [30] (Proposition 2.5) that there exists an
embedding

(6) t:Ng—Ng®Q

of Ny into its Mal’cev completion Ny ® Q and this induces an injective
homomorphism

1y 1 Aut Ng—Aut(Ng ® Q)
whose image is Zariski dense. Furthermore Aut(Ng; ® Q) is a linear
algebraic group over Q so that the extension

(7) 1—TAut(Ng ® Q)—Aut(N; ® Q)—GL(29,Q)—1

splits, where IAut(Ny @ Q) denotes the kernel of the natural projec-
tion Aut(Ng ® Q)—GL(2¢,Q) and it is the maximal normal unipotent
subgroup.

We have a distinguished element #(¢;) € Ng ® Q and the subgroup

Auto(Ng ® Q) = {p € Aut(Ng ® Q); (i(¢a)) = i(Ca)}

of Aut(Ng ® Q) is clearly an algebraic subgroup because the condition
for an automorphism to preserve a particular element is an algebraic
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one. Furthermore i,(AutyNy) is contained in Auty(Ng® Q) as a Zariski
dense subgroup.
Finally, we consider the natural projection

P Aut(Ngt1 @ Q)—Aut(Ng ® Q)

and define Autg(Ny ® Q) to be the image of Auty(Ngt1 ® Q) under p,
namely we set

Auto(Ng ® Q) = p(Auty(Nay1 ® Q)).

Clearly the above projection p is a rational morphism. Hence we can
conclude that Autg(Ng ® Q) is algebraic because it is the image of the
algebraic group Auty(Ng+1 ® Q) by a rational morphism. It is then easy
to see that i(AutgNg) is Zariski dense in Auto(Ng ® Q).

Summarizing the above argument, we have the following proposi-
tion.

Proposition 3.1. The group AutgNy can be embedded into a linear
algebraic group Autg(Ngq ® Q) as a Zariski dense subgroup and we have
a split short exact sequence

1—TAuto(Ng ® Q)—Auto(Ng ® Q)—Sp(29,Q)—1

where TAutg(Ng @ Q) s the mazimal normal unipotent subgroup. Fur-
thermore, the subgroup IAutgNy is mapped to IAuty(Ny®Q) as a Zariski
dense subgroup and this gives an explicit construction of the Mal’cev
completion (TAutoNy4) ® Q of the nilpotent group IAutoNy.

Next we describe the Lie algebra of Aute(Vy®Q). As in the previous
section, let by, denote the graded Lie algebra over Z consisting of all
the symplectic derivations of the free Lie algebra £, ;. Also let

;1 = @ hg,l(k)
k=1

be the ideal of b, ; consisting of all the derivations with positive degrees.
We consider the rational forms

be) =by1 ®Q=EDv2, (k)

k=0

where b2, (k) = b1 (k) ® Q and

hot = Do (k).
k=1



Symplectic automorphism groups of nilpotent quotients 451

In particular, we have

hei(0) = sp(29,Q), bF,(1) = A’Hg.
Definition 3.2. For each d = 1,2, - -, we define the truncated Lie
algebras, denoted by bgﬂd] and h%{ [d], by setting
f)gl[d] = f)?,l/f(d)
hetld = b /1(d)

where I(d) denotes the ideal consisting of derivations with degree > d.
Additively, we can write

d—1

bg;[d] = @ hgl(k)
k=0
d—1

bo1ldl = Db (k).
k=1

Theorem 3.3. The Lie algebras of the algebraic groups Auto(Ng ®
Q) and TAutg(Ng ® Q) are isomorphic to the truncated Lie algebras

boild, beild]
respectively.

Before proving the above result, we prepare a few facts. First of all,
let ng denote the Lie algebra of the Mal’cev completion Ny ® Q of the
free nilpotent group Ny. Then, as is well known, the exponential map
induces a natural bijection '

exp:ng =N ®Q.
This then gives rise to an isomorphism
(8) Autn? = Aut(N; ® Q)

between the corresponding automorphism groups. Also the restriction
of (8) gives rise to an isomorphism

(9) TAut n? = TAut(Ny ® Q)
where TAut ng is defined by the following exact sequence

1—IAut n§— Aut n§—GL(2g, Q)—1
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which is essentially the same as (7). These bijections as well as isomor-
phisms are compatible with respect to the projection Ny®@ Q—Nyz_1 ®Q
so that the following diagram is commutative

(10)
Hom({Hyg, Lﬁgl d) 22—  Aut ng Aut “8)—1

H explg explg

Hom(Hg, £2,(d)) —2— Aut(Na® Q) —= Aut(Ny-1 ® Q).

surj

Now let us consider the particular element

&g = exp~ L (i(Ca)) € nY

and make the following definition.
Definition 3.4. We set
Auty, ng ={pe Autn?: o(@4) = 0a}
Auton§ = p(Autgnd, )

where

p: Aut n&l —Aut ng’

denotes the natural projection.

Then, all the above argument can be adapted to the cases of Auty
and Autg. In particular, the restrictions of (8) and (9) induce canonical
isomorphisms

(11) Auton? 2 Auto(Ny ® Q)
(12) TAutg nd 2 TAute(Ny ® Q),
respectively.

As a final step towards the proof of Theorem 3.3, we recall a classical
result (see [27]) that the Lie algebra of the Mal’cev completion Ny ® Q
of the free nilpotent group N, is isomorphic (though not canonically)
to the free nilpotent Lie algebra which is defined as the truncated Lie
algebra

£2,0d) = 2,/

where Jg denotes the ideal of the free Lie algebra Egl consisting of
elements with degree > d. Thus additively we can write

d
59,1 [d] = @ 531 (k)
k=1
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In this Lie algebra, we have a particular element, namely the symplectic

class
wo € L3,(2) X A*Hg C L2/[d] (d>2).

Lemma 3.5. For any d > 2, the natural homomorphism
Aut £2[d]—Aut £2,[d - 1]
15 surjective and we have the following exact sequence

1—Hom(Hg, LZ, (d))—Aut L2, [d]—Aut £Z,[d - 1]—1.

Proof. Ifd=1, £2,[1] = Hg so that
Aut £2[1] = GL(29,Q).

Since the abelianization of the Lie algebra [Zgl [d] can be identified with
Hg, we have a representation

r: Aut £, [d]—GL(2g, Q).

On the other hand, clearly the action of GL(2g, Q) on Hg extends canon-
ically to that on ﬁgl[d] for any d so that we have a canonically split
extension

1—TAut L2 [d]—Aut L3, [d]--GL(29,Q)—1

where IAut ﬁgl [d] denotes the kernel of the representation r. Hence, for
the surjectivity, it is enough to show that the natural homomorphism

T1Aut £2[d]—TAut £Z,[d — 1]

is surjective. Any element ¢ € TAut £81 [d — 1] gives rise to an endomor-

phism of £21[d] which we denote by . Therefore it suffices to prove
that this extended endomorphism ¢ is in fact an isomorphism. For this,
it is enough to show that for any element u € Lﬁgl(l) = Hg, there exists

an element £ € Eg 1[d] such that

o(&) = u.
Since ¢ is an isomorphism by the assumption, there exists an element
¢ € £2,]d — 1] such that

p(€) = u.
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Then, for some element 1 € Egl(d), we have
GE) =u+n.
It is easy to see that the action of any element in JAut L’gl [d] on Egl (d)
is trivial. If we set £ = £ — 1), then
p) =ut+n-—n=u

Therefore @ is an isomorphism as required.
Finally, the fact that the kernel of the homomorphism

Aut £2, [d]—Aut £2,[d - 1]

is isomorphic to Hom(Hyg, 581 (d)) can be seen easily, where any element
f in this module acts on Egl[d] by

Hgsur—u+ f(u) € Lgl[d].

This completes the proof. Q.E.D.

The following is the main technical fact which will be used in the
proof of Theorem 3.3.

Lemma 3.6. Let
E=wo+E& 4 +E €L [d]

be any element with &, € Lgl(k) (k =3,---,d). Then there exists an
element
v € TAut £g1[d —1]

such that
Plwo) = ¢

where ¢ € TAut ﬁgl[d] is the extension of ¢ as in the proof of Lemma
3.5.

Proof. We use the induction on d. The claim clearly holds for
d = 2, because £ = wq in this case so that we can set ¢ = id. Suppose
that it holds for the cases 2,--- ,d — 1, and we prove the case d. By the
induction assumption, there exists an element ¢ € IAut L4 ;1[d — 2] such
that

Ylwo) =€ € Lg4]d 1]
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where 1[) € TAut £, 1[d — 1] denotes the extension of ¢ as in the proof of
Lemma 3.5 and

E=wo+&+ - +&_1.
Now consider the element

W € TAut £,1[d]

which denotes further extension of ¥. Then we see that

= p(wo) — £ € L2, (d)

because

P(wo) = € mod LT (d).
Since the bracket operation
Ho ® £2,(d - 1)—LY, (d)

is surjective, we can write
g
n=Y (&7l +Wud)) (36 € LI (d-1))
=1

where 1, ,Zq, Y1, ,Yg is a symplectic basis of H. Now define an
element ¢ € TAut L’gl[d — 1] by setting

(@) = () + 6, o(y) = V(y:) — v

and let ¢ € TAut £21 [d] denotes its extension. Then we have

B(wo) = Z {W@:) + 8, 9w) -}

g9

_1/) wO Z{"Bza’}/z 517:‘/1]}
=€+n—ﬁ—£

because _ .
Y(x;) = z; mod Ji, P(y;) =y mod Ji.

Thus the claim holds for the case of d and this completes the proof.
Q.E.D.
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Definition 3.7. We set
Auty £2,[d] = {p € Aut £ [d]; p(wo) = wo}
Auto £2,]d] = p(Auty L2, [d +1])
where
p: Aut Lgl[d + 1]—Aut Egl[d]
denotes the natural projection.

Proposition 3.8. The group Autg Egl[d] s a linear algebraic group
over Q which can be expressed as the following canonically split extension

1—TAutg L2, [d]—Autg L3 [d]--Sp(2g, Q)—1.

Furthermore the Lie algebras of Autg Egl[d] and TAutg Egl[d] are canon-
ically isomorphic to bgl[d] and [)81‘ [d], respectively.

Proof. For the former half of the claim, almost the same arguments
as in the case of Auto(Ng ® Q) (see those arguments given before the
statement of Proposition 3.1) apply to the present case as well. In fact,
this Lie algebra case is even simpler than the group case. In fact, it is
easy to see first that Aut Egl [d] is a linear algebraic group over Q. Then

Auty, L’Sl [d] is shown to be an algebraic subgroup because it consists of
elements which fix a particular element wg. Then, since the natural
projection p is rational, its image Autg Eg)’l[d] is also algebraic. The

splitting is canonical because Sp(2g, Q) acts naturally on Egl[d] as an
automorphism group preserving the symplectic class wg.

Now we prove the latter half of the claim. By a well known fact,
the Lie algebra of the Lie group Aut Cg,l[d] is isomorphic to that of

derivations of the Lie algebra ﬁgl[d] which we denote by Der Egl[d].

Since Egl[d] is a graded Lie algebra, the above derivations are also
graded and we can write

d
Der £2,[d] = €P Hom(Hg, Lq.1(k)).
k=0

Furthermore we have the following canonically split exact sequence of
Lie algebras

0—1IDer £2 [d]—Der £, [d]—gl(2g, Q) —0
where IDer .Cgl[d] denotes the kernel of the natural homomorphism

Der £, [d]—gl(2g, Q)
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and it is the Lie algebra of TAut E@ 11d].
Keeping in mind Definition 3. 7 we define

Derf £3,[d] = {D € IDer £, [d] : D(wp) = 0}
Derg EQ 11d] = p(IDer, E?l [d+1])

where
p : IDer E‘gl[d + 1]———>£81[d]

denotes the natural projection. Then it is easy to see that Derg Egl[d]

is the Lie algebra of Autg [Zgl[d] and similarly IDerg Egl[d] is the Lie
algebra of TAutg Lgl[d]. Since

Dero £2,[d] = §2,[d], IDero £2,[d] = H%}1[d]

by definition, the proof is finished.
Q.E.D.

Proof of Theorem 3.3. First of all, Auto(Nz® Q) and [Autg(Ng® Q) are
isomorphic to Autg ng and TAutg ng by (11) and (12), respectively.
On the other hand, it is a classical result that the Lie algebra ng

is isomorphic to the truncated Lie algebra Egl[d] (see [27]). Although
there is no canonical isomorphism between the two Lie algebras, it is
easy to see that any isomorphism

Limg —“’EQl[d]
satisfies the condition
UPa) =wo + &3+ +&a
for some &, € L41(k) (k = 3,---,d). By Lemma 3.6, there exists an
isomorphism ¢ € Aut Egl [d] such that

olwo) =wo + & +---+ &4

1

Hence, replacing ¢ by ¢~ o ¢, we may assume

{Bq) = wo.

It follows that
Autong = Auto £Z,[d].

Finally, we know by Proposition 3.8 that the Lie algebras of
Autg Lgl[d] and TAutg ﬁg’l[d] are canonically isomorphic to bgl[d] and
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b?ﬁr [d], respectively. Summarizing the above, we can now conclude that
the Lie algebras of Autg(Ng ® Q) and TAuto(Ng ® Q) are isomorphic to
b?’l[d] and hg’; [d], respectively, as required.
This completes the proof.
Q.E.D.

Remark 3.9. As mentioned above there is no canonical isomor-
phism between the two Lie algebras n2 and ﬁQ 1[d]. The latter Lie al-
gebra is canonically isomorphic to the graded L1e algebra associated to
the lower central series of the Lie group Ny ® Q. However if we consider
the analogues of the above Lie algebras corresponding to a closed sur-
face, then according to Hain [10] each complex structure on the surface
induces a canonical isomorphism between the two Lie algebras tensored
with C, namely § and £5[d]. In fact, Hain showed this at the level of
the Torelli group by making use of Hodge theory.

§4. Group version of the trace maps

In this section, we give a definition of the group version of the trace
maps given in [29].

As was already mentioned in section 2, the trace maps consist of a
series of certain homomorphisms

trace(2k + 1) : hy1 (2k +1)—S*'H (k=0,1,2,---)

where S2*+1 H denotes the (2k + 1)-st symmetric power of H. As before,
if we denote by Hp the rational homology group H ® Q = H; (Eg;@)

and also by '731 the corresponding rational form of b4 1, then we have
the rational trace maps

trace(2k + 1) : b2, (2k + 1)—S* ' Hy  (k=0,1,2,---)

which were proved to be surjective for all k. The first trace, namely
trace(1) is nothing but the contraction

he1(1) = A*Ho—Hg
which is a unique (up to scalars) Sp-equivariant non-trivial morphism.
The totality of these trace maps gives rise to an abelian quotient
o0
trace : hgT'—’ASHQ @ @ Sk g
k=1

of the ideal 27
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If we consider the truncated Lie algebra f)?ﬂ“ [d], then we obtain an
abelian quotient
¢
(13) trace : f)?ﬁ [d]—A3Hg ® @ S g
k=1
where ¢ denotes the largest integer such that 20+ 1 < d— 1.

On the other hand, we know by Theorem 3.3 that the Lie algebra of
TAuto(Ng ®Q) is isomorphic to b%f [d]. Since the commutator subgroup
of any Lie group corresponds to the commutator ideal of the associated
Lie algebra, and since the real form NyQR of Ny®Q is simply connected,
we have a canonical isomorphism

(14) Hi(IAutg(Ng ® Q) = Hy(h31[d)).

By combining (13) with (14), we obtain a homomorphism

. 4
trace : [AutoNy C TAuto(Ny ® Q)—A*Hg & @) 5%+ Hy.
k=1

In particular, we call the homomorphism
frace(2k + 1) : TAutgNg—S*+*1Hy  (2k+1<d —1)

the group version of the trace map. If we further use Proposition 3.1,
then we can conclude that the above homomorphism can be extended
to a crossed homomorphism

trace(2k + 1) : AutgNg—S?* 1 Hy (2k+1<d—1)

on the whole group AutgNy. Thus we obtain the following theorem.

Theorem 4.1. For any d > 2, let £ denote the largest integer such
that 204+ 1 < d—1. Then the group version of traces trace(2k + 1) gives
rise to a homomorphism

¢
IAutoNa—A*Hg & P 5+ Hg
k=1
whose induced homomorphism on the Mal’cev completion (IAutoNg) ®
Q 2 TAuto (N, ®Q) is surjective. Furthermore the above homomorphism
can be extended to the whole group AutgNy as a crossed homomorphism
so that we obtain a homomorphism

14
AutoNg— (ASH@ oD SQ’MH@) % Sp(29, Q).
k=1
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Conjecture 4.2. The above theorem gives the abelianization of the
nilpotent group TAutoNg modulo torsion. More precisely

4
Hy(TAutoNg; Q) 2 A*Ho © @) S+ Hg.
k=1

As an evidence for the above conjecture, we would like to mention
Kassabov’s work in [15] which treated the case IAut Ng where there is
no symplectic constraint. Here we also remark that suitably modified
version of the results of this section are valid for Aut Ng and IAut Ng
without the symplectic constraint.

If the above conjecture were true, then we could conclude that

H1 (AutoNd; Q) = 0.
This follows from the following exact sequence
-+ —Hy (IAutoNg; Q)sp— H1(Auto Ng; Q) — H1(Sp(29; Q); Q) = 0

because clearly we have

I3
H,y (A?’HQ b @ S2k+1HQ> =0.
Sp

k=1

Remark 4.3. The results of this section are valid for the closed
surface case as well. More precisely, let I' = m1 X, be the fundamental
group of X4 and let N, denote its d-th nilpotent quotient. Then accord-
ing to Labute [23], the graded Lie algebra associated to the lower central
series of I is given by

Ly = Lg1/(wo)
where (wg) denotes the ideal generated by the symplectic class wg. Let
Out™ N, d

denote the orientation preserving outer automorphism group of Ny and
we define a subgroup of it by setting

Outf N = Image (p : Outt Nygy 1 —Out™ Ny)

where p denotes the natural homomorphism. Then we have a short exact
sequence B B
1—IO0utf Ng—Outd Ny—Sp(2g, Z) —1.
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On the other hand, there is a surjective homomorphism
(15) hg,1—bg := Der L,/Inn

of Lie algebras, where Inn denotes the Lie subalgebra consisting of all
the inner derivations. We can also consider truncated versions of these
Lie algebras. Now it can be shown that the traces vanish on the kernel
of the above homomorphism (15). Then suitably modified versions of
the arguments in this paper imply the following result.

Namely, the group version of traces t/rac/e(Qk + 1) give rise to a
homomorphism

4
Outf Ny— ((A3H@/HQ) P 52k+1HQ> x Sp(2g, Q)
k=1

whose induced homomorphism on Outg (N; ® Q) is surjective.

In this way, we can avoid rather technical arguments related to the
condition for automorphisms of free nilpotent groups or Lie algebras
to preserve certain particular elements related to the symplectic class
wg: However we treated the case of compact surfaces with boundary
because of the following merits. One is that it is more suited to the
group Hg1 and the other is that it is much more convenient for explicit
computations.

§5. A representation of H,

As was already mentioned in section 2, Garoufalidis and Levine [6]
(see also Habegger [8]) proved that the homomorphism

ﬁd : Hg,1 ———>Aut0Nd

is surjective for all d. On the other hand, if we combine Proposition 3.1
with Theorem 4.1, we can conclude that there exists a homomorphism

14
AutgNg—> <A3HQ P S2k+1HQ> x Sp(29,Q)

k=1

whose image is Zariski dense. Since these homomorphisms are compat-
ible with respect to d, by letting d go to the infinity, we obtain the
following result.

Theorem 5.1. There exists a homomorphism

(16) p:Hg1— (A?’H@ e 52k+1H@> » Sp(2g,Q)

k=1
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whose image is Zariski dense.

Let TH,4,1 denote the kernel of the homomorphism

Hg,1—Sp(29,Q)

which is the analogue of the Torelli group in the context of the group of
homology cylinders. Then the restriction of the representation p to the
subgroup ZH, 1 gives rise to a homomorphism

(17) p:ITHe1— A Ho @ S** ' Hy
k=1

whose image is Zariski dense. Hence we obtain the following corollary.

Corollary 5.2. The subgroup THq 1 of Hg,1 is not finitely generated
because the rank of its abelianization is already infinite.

Here we mention that Sakasai [37] proved that the abelianization of
the IA automorphism group IAut F2<Y of the acyclic closure F2>% of a
free group F), of rank n > 2 has infinite rank.

The above result shows a sharp contrast with the case of the Torelli
group Z,; which is known to be finitely generated by Johnson [13] for
any g > 3.

Question 5.3. Does the homomorphism p in (17) give the abelian-
ization of the group TH, 1 modulo torsion?

This question should be very difficult to answer. If it would be
affirmatively answered, then it would follow that

Hl(HgJ; Q) =0
because of the following exact sequence

tee ‘—’Hl(IHg,IJ Q)Sp_“)Hl (Hg,l; Q)_’Hl (Sp(2g; Z)a Q) = 0.

§6. Cohomology classes of H, ;

The homomorphism

p:Hg1— <A3H@ 4 S2k+1HQ) x Sp(2g, Q)

k=1
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given in Theorem 5.1 induces the following homomorphism in cohomol-
ogy

oo Sp
(18) Qler,ca,---J@ H <A3H@ oD Sz’““HQ> — H*(Hg,1;Q)
k=1

where
Q[Cla Cc3, - ] = gEII;O H*(Sp(anQ)’ Q)

corresponds to the stable cohomology of Sp(2g, Q) determined by Borel.
Thus we obtain many cohomology classes of the group H,,1 and it is an
important problem to determine how non-trivial classes they are.

The mapping class group M, is a subgroup of Hy 1 by [6] so
that we can consider the restriction of the above cohomology classes to
H*(M,g,1;Q). Since we know that the traces vanish identically on Mg 1,
it is enough to consider the following composition of homomorphisms.

(19)  Qlev, s, -] @ H' (A Ho)™— H' (Hy13Q)—H" (My.1;Q).

It was proved in [31] that the factor H*(A®Hg)SP gives rise to all the
Mumford-Morita-Miller classes in H*(M,g 1;Q). Then by making use
of Kawazumi’s result in [16], an explicit formula for the above homo-
morphism was given in [18][19] thereby it was proved that its image is
precisely the subalgebra generated by the above classes. Thus we can
conclude that the Mumford-Morita-Miller classes are already defined as
cohomology classes in H*(Hg,1;Q).

On the other hand, the Grothendieck-Riemann-Roch theorem (or
the Atiyah-Singer index theorem for families), applied to the Hodge
bundle over the moduli space of curves, implies that there are close
relations between the Chern classes of the Hodge bundle, which come
from Q[ea, c3, - - -] above, and the Mumford-Morita-Miller classes of odd
indices (see [34][28]). Thus we have the following question.

Question 6.1. Do the aforementioned relations between the Chern
classes of the Hodge bundle and the odd Mumford-Morita-Miller classes,
which hold at the level of H*(Mg,1;Q), continue to hold in H*(Hg1;Q)?

There is a natural homomorphism
Hg1—Hg411

and all the cohomology classes defined above are stable with respect to
g. Thus, keeping in mind Harer’s stability theorem [11] as well as recent
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remarkable result of Madsen and Weiss [26] for the cohomology of the
mapping class groups, we can ask the following.

Question 6.2. Does the (rational) cohomology groups of Hg 1 sta-
bilize with respect to g? If so, what is the stable cohomology of Hg1?

§7. Group of homology cobordism classes of homology 3-
spheres

In this section, we consider a series of certain elements in the sec-
ond cohomology of Auto Ng and Hy 1. These elements for the latter
group are the simplest special cases of the construction of elements of
H*(Hgy,1;Q) given in the previous section. They are also the group ver-
sion of previously defined classes given in the context of Lie algebras
which we now recall.

We defined in [32][33] a series of cohomology classes

toks1 € H2(h2y)

by setting
top+1 = trace(2k + 1)*(t2x+1)

where trace(2k + 1) : hg1—+52k+1HQ is the (2k + 1)-st trace map and
tor+1 € H?(S?*T1Hg)SP = Q is the generator.
These cohomology classes tor4.1 correspond to certain elements

pr € Hap(Out Fopyo; Q)

via a theorem of Kontsevich [21][22] (see also Conant and Vogtmann
[1]) which relates H *(581) with the rational homology groups of the
outer automorphism groups Out F,, of free groups F,, with n > 2, or the
quotient space of the Outer Space of Culler and Vogtmann [3] by Out F, .
In particular, the non-triviality of tox4; is equivalent to that of pg. The
non-triviality of t3 was proved in [32] and that of both elements p; and
ua was proved by Conant and Vogtmann [1] where they interpreted and
extended these classes in the context of the geometry of the Outer Space.

However the non-triviality of higher classes togyi,ux for £k > 3 is
still unknown at present.

Now we define the group version of the above classes as follows. By
Theorem 4.1, we have a crossed homomorphism

trace(2k 4+ 1) : Autg Ny—S* 1 Hy (2k+1<d—1).
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Definition 7.1. We define
tor+1 € H*(Auto Ng; Q) (2k+1<d—1)

by setting
t2k+1 = trace(?kr -+ 1)*(L2k+1).

Since these classes are compatible with respect to d, we may consider

tor+1 € H*( lim AutoNa; Q)

d—o0
As for the non-triviality of o541, we have the following result.

Proposition 7.2. Suppose that topy1 € H2(bg1) is non-trivial.
Then togy1 € H?(Auto Ng; Q) is also non-trivial. Conversely, the non-
triviality of the latter class implies that of the former class.

Proof. The class tar41 € H2(h§1) is already defined as a second
cohomology class of the truncated Lie algebra bgl [d] for any d > 2k + 2.
Hence if g1 is non-trivial, it is so at the level of H 2([)?,1[d])' Since

bgl[d] is the semi-direct product of bg"{[d] with sp(2g,Q), the above
non-triviality condition is equivalent to that of the restricted element

top41 € 15’2(‘;)?3L [d])®P

to the ideal f)?j [d]. On the other hand, by Theorem 3.3, f)gﬂd] is
isomorphic to the Lie algebra of IAuty(N4 ® Q) which is a nilpotent Lie
group. Therefore, by a theorem of Nomizu [35], the non-triviality of the
above restricted element is equivalent to that of the restricted element

£2k+1 S H2(IAut0(Nd ® @))Sp

which is the same as the non-triviality of the class fox+1 € H2(Auto(Ng®
Q)) because Autg(Ng®Q)) is the semi-direct product of IAute(Ng ® Q)
with Sp(2¢,Q). The result follows from this: Q.E.D.

Thus we know only the non-triviality of 3 and 5. However it seems
to be reasonable to expect that all the classes would be non-trivial.

As was already mentioned in section 2, we know by Garoufalidis and
Levine that the group ©3 of homology cobordism classes of oriented ho-
mology 3-spheres is contained in their group H, 1 as a central subgroup.
Hence we can consider the quotient group

Hy1 =Hg1/03.
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Since the representations j4 are all trivial on ©3, they induce a homo-
morphism
Doo :ﬁg,1—+ m AutgNg.

d—00

Conjecture 7.3. All the classes
Pao(t2rt1) € H2(Hg15Q)
are non-trivial while all the classes
Poo(toii1) € H2(Hg,15Q)

are trivial.

If this conjecture would have an affirmative solution, then the 2-
cocycles representing 5% (far+1) would be coboundaries of certain 1-
cochains which are functions H, 1 —Q. The restriction of these functions
would yield certain homomorphisms ©3—@Q. We expect that the above
argument would be useful to analyze the structure of ©3.

Recall here that Furuta [5] proved that the rank of ©3 is infinite.
See also Fintushel and Stern [4] for another proof.
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