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On the stable cohomology algebra of
extended mapping class groups for surfaces

Nariya Kawazumi

Abstract.

Let ¥, ; be an oriented compact surface of genus g with 1 boundary
component, and I'y; the mapping class group of 3, ;. We determine
the stable cohomology group of Iy ; with coefficients in H*(24,1;Z)%",
n > 1, explicitly modulo the stable cohomology group with trivial
coeflicients. As a corollary the rational stable cohomology algebra of
the semi-direct product I'y 1 x H1(X, 1;Z) (which we call the extended
mapping class group) is proved to be freely generated by the generalized
Morita-Mumford classes m;;’s (i > 0, j > 1, i + j > 2) [11] over the
rational stable cohomology algebra of the group I'y ;.

Introduction

Let g > 2 be an integer, ¥, an oriented compact surface of genus g
with 1 boundary component, and I'y; the mapping class group of X, 1.
Similarly let ¥, be an oriented closed surface of genus g, and I'y the
mapping class group of £,. We denote by H the first integral homology
group of the surface X,1, H1(34,1;7%), which can be regarded as that
of ;. The mapping class groups I'y and I'y 1 act on it in an obvious
symplectic way.

One of the earliest works in the study of twisted (co)homology of
the mapping class group with symplectic coeflicients is Morita’s paper
[18] computing the first homology group with coefficients in H. Here he
proved Hi(I'y1; H) = Z and Hy(I'y; H) = Z/(2 — 2g). In particular, the
integral homology H;(T'g; H) depends on the genus g. This suggests to
us the situation in the symplectic twisted (co)homology for I'g 1, which
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we would like to call the ‘bordered’ case, is different from that in the
‘closed’ case I'y.

The Harer stability theorem [3] and the theorem of Madsen and
Weiss [16] are the most important facts on (coYhomology of the mapping
class groups. The former states the cohomology group of the mapping
class group with trivial coefficients is independent of the genus ¢ and
the number of boundary components of the surface, provided that the
degree is smaller than g/3 [3] or g/2 [8]. Moreover Ivanov [7] has gen-
eralized this theorem to those with twisted coeflicients in the ‘bordered’
case. These theorems enable us to consider the stable cohomology group
of the mapping class groups for surfaces. When we consider trivial co-
efficients Z (resp. Q), we denote it by H*(I'eo; Z) (resp. H*(T'o; Q)).
The latter theorem established in 2002 [16] gave a loop-space descrip-
tion for H*(I's; Z). As a corollary it is proved the rational stable coho-
mology algebra H*(T'; Q) is generated by the Morita-Mumford classes
€; = (—I)H—llﬁi [17] [21]

Looijenga [15] proved that the rational stable cohomology group of
the mapping class group I'y, the ‘closed’ one, with coefficients in any
irreducible representation of the rational symplectic group was a free
module over H*(I"; Q), and described its free basis. His computation is
involved with geometric considerations on the moduli orbifold of complex
algebraic curves including a theorem on Hodge theory [2]. Here it is
remarkable that his results are based on the Harer stability theorem
with trivial coefficients.

In [11] we independently constructed a bigraded series of cohomol-
ogy classes of the mapping class group I'y 1, the ‘bordered’ one, with
coefficients in the exterior algebra A* H. These series are twisted gener-
alizations of the Morita-Mumford classes [17] [21], and are easily modi-
fied to those with coefficients in the n-fold tensor product H®", n > 1.

The present paper is a revised version of the author’s preprint [12].
In §§1-3 we will consider only the ‘bordered’ case, i.e., the case when the
surface has boundaries. Our purpose is to prove the stable cohomology
group of the mapping class group with coefficients in the n-fold tensor
product H®" n > 1, is a free module over the algebra H*(T'x;Z) and
some combinations of the (modified) twisted Morita-Mumford classes
give its free basis (Theorems 1.A and 1.B). This implies the Ivanov sta-
bility theorem with coefficients in any finite dimensional rational sym-
plectic coefficients. Following Looijenga [15] we deduce them from the
Harer stability theorem with trivial coefficients, but use the Lyndon-
Hochschild-Serre spectral sequence for a pair of groups introduced in
[11] instead of geometric considerations including Hodge theory. As
a corollary the rational cohomology algebra of the semi-direct product
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H %Iy (which we call the extended mapping class group) is proved to be
stabilized and to be freely generated by the generalized Morita-Mumford
classes over the rational stable cohomology algebra of the mapping class
group in the stable range (Theorem 1.C). After the original version was
completed, the twisted Morita-Mumford classes turned out to lift to the
mapping class group with punctures [13]. This will be discussed in §4,
where we will also discuss briefly what the theorem of Madsen and Weiss
[16] brought to our results. ‘

The author would like to express his gratitude to Shigeyuki Morita
and Youichi Shibukawa for helpful discussions, and to the organizing
committee of the 37th Taniguchi Symposium, especially to Mika Seppéla,
for part of the original version of this paper was achieved during the
Ssymposium.
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§1. Results

Let g > 2, 7,s > 0 be integers, and X7 | a 2-dimensional oriented
connected C° manifold (i.e., oriented surface) of genus g with r ordered
boundary components and s ordered punctures. The group of path-
components wo(DiffJ’(E;T)) is denoted by I'j . (or M; ) and called
the mapping class group of genus g with r ordered boundary compo-
nents and s ordered punctures. Here Difft (Z;ﬁr) denotes the topological
group (endowed with C'*° topology) consisting of all orientation preserv-
ing diffeomorphisms of X7, which fix all the boundary points and the
punctures pointwise. When s = 0, we drop the indices: g, = 221”
Ly, = Iy, and similarly ¥, = 29, Ty = T} ;. Throughout this pa-
per we often denote by H 1(ZJ;T) the first integral singular cohomology
group of the space X7 .. The group Fg’q acts on it in an obvious way
provided that ¢ > r and t > s. When s = 0 and r = 1, we often write

simply

(1.1)  H:=H(E,1;Z) = Hi(2y;Z) = H (2, Z) = H' (S4.1;Z).
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The isomorphism H;(X4;Z) = H'(3,;Z) is the Poincaré duality map,
which is invariant under the action of the mapping class group I'y.

In view of the Harer stability theorem [3] there exists an integer N(g)
depending only on the genus g such that the forgetful map I'; .., —
' . given by forgetting the (r + 1)-st boundary component induces an
isomorphism

H*(T3,4132) = H'(T 5 Z)

g”r’
for any * < N(g) and s,r > 0. Harer [3] proved N(g) > ¢/3, and later
Ivanov [8] improved the inequality; N(g) > g/2. Now consider a natural
central extension

(1.2) 0—=Z—T; - =1

given by collapsing the (r + 1)-st boundary component to the (s+ 1)-st
puncture. Let e € H*(T5%"; Z) be the Euler class of the central exten-
sion. Then, substituting Harer’s isomorphism into the Gysin sequence
of the extension (1.2), we obtain a natural decomposition

(1.3) H*T:t',z) = H* (T

g.r g,m

JZ) & eH**(T5tH Z) = H*(T5 5 Z)[e]
for x < N(g) (cf. [17] [4] [15]).
Our first theorem in the present paper is

Theorem 1.A. Ifs>0,r > 1 and n > 0, we have

H* T s HY(SS 3 Z)%™) = H*(Tg1; H®™) @po(r, 1 2) H*(T; 3 Z)
for degrees < N(g) —n. Here the RHS is a tensor product over the
graded algebra H*(I'y 1; 7).

If we denote by e(,) the Euler class corresponding to the a-th punc-
ture, 1 < a < s, then H*(T'],;Z) = H*(L'y1;Z)[eqy, - - ., €(s)] for * <

N(g) from (1.3). Hence Theorem 1.A means

H* (L5 s HY(ES 5 Z)%™) = HY(Ug; H¥") @z Zleqry, - - e(s)]
for degrees < N(g) — n.

As a consequence one deduces the Ivanov stability theorem [7] for
the I'S -module H'(X; ;Z)®" and any finite dimensional rational Sp-
modules.

To describe the cohomology group H*(I'y 1; H®™) we need to intro-
duce some notions related to the mapping class groups. Observe the
surface 2517,1 is obtained by glueing the surfaces ¥4, and 26’2 along
boundary components. The infinite cyclic group Z acts on the surface
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2372 by rotating the puncture and fixing all the boundary pointwise.
So the group I'y; x Z is embedded into the group T}, (cf. e.g.[6]).
The Lyndon-Hochschild-Serre spectral sequence of the pair- of groups

(T'5.1,Tg,1 x Z) introduced in [11]§1 induces the fiber integral
(1.4) m: HYT, |\ Tgy x Zy M) — HU?(Dg 15 M)

for any T'y 1-module M. Here we mean by H9(T; |, Ty 1 x Z; M) the g-th
cohomology group of the kernel of the restriction map

C*(Ty1,Tg1 X Z; M) := Ker(C*(Ty 1; M) — C*(Ty 1 X Z; M)

of the normalized standard cochain complexes C*(-;-) [5].

The cohomology class w defined below plays an important role
throughout this paper. Regard the surface E;,l as a subsurface obtained
by deleting one interior point from the surface ¥, 1. The cohomology
exact sequence of the pair of spaces (£41,%} ;) gives a I'} ;-exact se-
quence

(15) 00— H'(S,1)=H — H'(3;,) » H*(341,%5;,) =Z — 0.

We denote by w the image of 1 € Z = H°(T'} ;;Z) under the connecting
homomorphism ¢* induced by (1.5):

(1.6) w:=6*(1) € HY(T} ; H).

The restriction of w to the subgroup I'g 1 X Z (C I’;l) is null cohomolo-
gous. In fact, choose a simple curve [ inside the subsurface £f ,(C T} ;)
connecting the puncture to a point on the boundary of Z;l. The 1-

cocycle w; € ZH('} |; H) given by

(17) wl(fY):’Yl_leHa ’yergly,lv

represents the cohomology class w € H 1(F;1;H ). Clearly we have
wi(y) =0 for any v € T'y1 x Z.
Thus, in view of the cohomology exact sequence

0— H'T} g1 x Z;H) —» H'(Tg ;; H) — H'(Ty1 X Z; H),

there exists a unique element of H*(I'! ;,T'y 1 X Z; H) mapping to w. We

9.
also denote it by
w€ H'(T; 1,Tg1 x Z; H).
For a finite subset S of the natural numbers N we form the power
of w

w® € H¥ (T} |, Ty x Z; H®%),
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which we multiply in numerical order. Let ¢ > 0 be an integer satisfying
the condition

(1.8) 14+45 > 2
Then we define the twisted* Morita-Mumford class m; s by
(1.9) mi s = m(e'w’) € HEHS=2(T, | g®%)

where m is the fiber integral given in (1.4) and e € H*(['y,1;Z) is the
Euler class of the central extension (1.2) for r =1, s = 0.

Definition 1.1. A set P = {(S1,i1),(S2,42),...,(S,,i,)} is a
weighted partition ? of the index set {1,2,...,n} if
(1) The set {51, Sa,...,S,} is'a partition of the set {1,2,...,n}

{1,2,...,n} =] Sar Sa#0 (1<Va<w)

a=1

(2) i1,%2,...,%, > 0 are non-negative integers.
(3) Each (S,,1,) satisfies the condition (1.8): i, + §5, > 2.

We denote by P, the set consisting of all weighted partitions of the
index set {1,2,...,n}. For each weighted partition P = {(S1,%1),
(S2,12);...,(Sv,4u)} € P we define the twisted Morita-Mumford class

(1_10) Mp 1= M4, 5,Miy 8y "+ My, 5, c H?(Zia)+n—2u<1—‘g71; H®n)
Theorem 1.B. For degrees < N(g) —n
H*(Fg,l;H®n) — @ H*(ngl;Z)mﬁ — @ H*_degmi’\(l—‘gJ;Z).
Pep, Pep,

By the extended mapping class group we mean the semi-direct prod-
uct
F;,r = H x F;,r = Hl(ZgJ;Z) X Ff},r'

This group was studied in [1]. The generalized Morita-Mumford classes
m;; € H*(I'g.1;Z) are constructed as follows [11]. In a similar way to

Iy1xZC I‘;,l the group 1:;1 x Z is embedded into the group F};,r Using

'In [11] and [12] the author called it the generalized Morita-Mumford class.
2We use the term ‘partition of a set’ following Stanley [22] p.33.
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the simple curve [ in (1.7), we define a 2-cocycle w; € Z (I‘ 1 Lgn [y1 X Z: Z)
by
(111)  @i(ury, ugye) i=nvel = 1) -wy, i, up € H, 71,72 €Ty 1,

where - denotes the intersection product on H = Hy(X,4;Z). Its image

@ in H? (F .15 Z) is equal to the Euler class of the central extension
0—Z — Hy(S);Z) n T}y — Hy(Sg15Z) xTh, =TL, — 1.

The forgetful map 7 : Fl 17 f; induces the fiber integral

(1.12) L HI(TL, Toq x Z;Z) — H972(Ty 13 7).

g,

Thus we can define the generalized Morita-Mumford class
miy = m(e'@w’) € H*%~2(T, 1; Z)
fori >0, j > 0 with i 45 > 2. Clearly m; ;10 is equal to (the image of)
the i-th Morita-Mumford class e; (= (—1)"*'x;) € H*(T,; Z) [17] [21]:
m =€ € H21(Fg 1;Z).
Theorem 1.C.
H*(Tg1;Q) = H* (Do X Hi(S91:2);Q) = H* (Dg,1: Q) © Qi)
for degrees < N(g), where integers i and j run over the domain

{(6,/)) €EZxZ; i>0,5>1andi+j>2}.

§2. Stable Cohomology with Coefficients in H'(3,1;Z)®"

This section is devoted to the proof of Theorems 1.A and 1.B.
Suppose r,s > 1. We have a natural commutative diagram of for-
getful maps

s ™ s—1
Fgﬂ” Fg,r

(2.1) wl Wl

1 T
Fg,l ngl

Here the upper and the lower n’s are given by forgetting the s-th and
the first punctures, respectively, and the left and the right w’s by for-
getting the punctures from the first to the (s — 1)-st and the boundary
components except the first.
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We regard the surface X7, as a subsurface obtained by deleting
one interior point from the surface Z;;l and numbering the resulting
puncture the s-th. The inclusion homomorphism H*(£5') — H'(Z5 )
is equivariant under the forgetful map 7 : I'; . — ngrl, and so induces
a I'y -exact sequence :

2.2 0— HY (2 - HY(Z® ) —» H*(2374 %2 V=7 — 0.
g,7 a,7 g,7 g,

We denote by w = w(,_1) the image of 1 € Z = H°(T; ,;Z) under the
connecting homomorphism ¢* induced by (2.2):

(2.3) W= wie = 0°(1) € BN s HY(E)).

From the commutative diagram (2.1), the homomorphism induced by
the forgetful map w
HY(Ty s H) — HY(Ty  H) — H Ty HY(Z0h)
maps w defined in (1.6) to w = w(s_1) defined in (2.3).
The kernel of the forgetful map = : F;f;l — I'y . forgetting the
(s + 1)-st puncture is naturally isomorphic to 71 (%] ) (s > 0), and so
we have a Gysin exact sequence

o HI(TS 5 M) N HOTSHY M)
(2.4) BHTNDS G HY(SS,) ® M) — HIPHIS (M) — -

for any I'; .-module M. Here we denote the Gysin map (the fiber in-
tegral) by my to distinguish it from the fiber integral m introduced in
(1.4).

Theorem 2.1. Let I and J C N be mutually disjoint finite index
sets. Suppose s >0 and r > 1. Moreover if I # 0, assume s > 1. Then
the forgetful map w induces an isomorphism

(2.5) H*(I$ s HY (S ¥ o HY(ZS )%

9,7

= (@ w® ® H* (g q; HEVI=9)) Que(r,.:z) H Ty Z)
sci

for degrees < N(g) —#(I U J), where w® € HﬁS(F;’l; H®%) is the power
of the class w defined in (1.6). The RHS is a tensor product over the
graded algebra H*(T'g 1; 7).

In particular, if I = @ and J = {1,2,...,n}, we obtain Theorem 1.A
stated in §1.
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Proof. We write simply H,) = HYX},) = H'(X5,;Z). The
I's -exact sequence (2.2) is rewritten to

(26) 0—>H(S_1) —>H(5) — Z — 0.

We prove the theorem by double induction on (I U J) and #I. When
I'UJ =0, the theorem is trivial. Suppose #(I U J) > 1.
(A). The case I = §: Let jp be the minimum of J and set J_ :=
J — {jo}. From the inductive assumption applied to J_ the forgetful
homomorphism
™ HY (TS 5 Hio®7-) — H* (3t H i, ®7-)

79 r )
) g,

can be identified with 7* : H*(I' ;Z) — H*(I'St!;Z) tensored by
H*(Tg,1; H®'-))®py=(r, ,z), and so has a left inverse over H*(T'S ).
Hence the Gysin sequence (2.4) splits into the H*(I'; ,)-split exact se-

quences

0— H*(TS s Hy®'-) —

g,7m
(2.7) H*(D5H H @) B (03 s Heyy ® Hig®'-) — 0

for * < N(g) —#§J—. When s =0 and r = 1, we have
0— H*(Ty1; H®-) —
(2.8) H*(T}  H®-) B H YTy s H® H®-) — 0

g,1»
for * < N(g)—4J—. Compare the exact sequence (2.7) with the sequence
(2.8) tensored by ®g+(r, ,)H*('; ;). Then the forgetful map w induces
an isomorphism

w* H*(FS 'H(S)®H(S)®J') E)H*(ngl; H®H®J“)®H*(FQVI)H*(F;)T

g,7?

for * < N(g) — #J. Here we use the fact the map w induces an isomor-
phism
@ H*(Tgy) ®n~(r,,) H*(T;,) = H*(T5h)

deduced from (1.3) and (2.1). Finally label the first H and H() the
index jg. Thus the induction proceeds.

(B). The case I # §: Then we suppose s > 1. Choose an index
to € I. Set I_ := I — {ip} and Jy := J U {ig}. The sequence (2.6)
induces a I'y .-exact sequence

0— H(s—1)®1 ®H(s)®J BN
(2'9) H(5—1)®I_ ® I{(S)@)J0 - H(s—1)®1? & yAEY X H(S)®J — 0.
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By the inductive assumption applied to the index sets I_ and Jy
H* (T3 Hom)®'™ ® Hiy )

@ w ®H*(Fg,1;H®(JOUI__S))) ®H*(Fg,1) H*(F;’T).
SCI_-

Each element of the RHS lifts to a (uniquely determined) element of
H*(T3 ; H®U-Y79)) Hence the map

. goU- UJo)) H*(T¢

gr7H(5 1) I_®H< ®J0)

H*(T®

g,
has a right inverse for * < N(g) — #(Z U J). Therefore the cohomology
exact sequence induced by the sequence (2.9) splits into a split exact
sequence

Gio}
0 — H* (T3 5 Hiom)®'- @ Hiy )"
H* (FgrvH(s 1®I®H ®J)_)H*( graH(s 1)®I ®‘E[( )®JO) 0

for x < N(g) — #( U J). Thus we have

H*(Tg 05 Hs- 1>®I®H<s>®‘])
= H* (5, He1)® ® Ho®")

a(wl™ @ H* (I ;s Hsy®'- @ H»®7))
= (@ w¥ ® H*(Tg1; HOYU-=9)) @y (p, ) H*(T5 )

sci-
a( P Wt @ H*(Tg,1; H¥VV-"9)) @po(r, ) H*(T5,)
sci-
= (@wS®H*(F911;H®(JU1—S))) ®H*(Fg,1) H*(ng],'r)
scI
for x < N(g) — #(Z U J). This completes the induction. Q.E.D.

We have introduced two sorts of fiber integrals or Gysin maps in-
duced by the forgetful map 7 : I'y ; — T'g; in (1.4) and (2.4). These
two Gysin maps are related to each other in the following way.

Lemma 2.2. For any I'y 1-module M we have

H? ( gl,]\/[) — HP(Fgl,

wul wul

Fgl XZ H®M) ——————-)Hp (ngl;H(X)M).

M)

HP'H’(Fg 1



Stable cohomology of extended mapping class groups 393

Here we write simply H = HY(,1;7Z) as in (1.1).

Proof. Let G be a group, K a subgroup of G and M a G-module.
We define the cohomology group H*(G, K; M) by that of the kernel of
the restriction map

C*(G, K; M) := Ker(C*(G; M) — C*(K; M)

of the normalized standard cochain complexes C*(-;-) [11]§1. Consider
a normal subgroup N of G satisfying the condition: KN = G. In [5]
p.118, L.27ff and p.119, 1.6ff two mutually equivalent filtrations (A;) and
(A;‘) are introduced on the normalized standard cochain complex, and
induce the (ordinary) Lyndon-Hochschild-Serre spectral sequence. The
filtration (A}) (or equivalently (A;)) restricted to C*(G, K; M) induces
the Lyndon-Hochschild-Serre spectral sequence of pairs of groups [11]:

E}? = HP(G/N; HY(N,N N K; M)) = H"*(G, K; H).

In our situation we consider the case G = I“;l, K =141 xZ
and N = m(8g1) C T}, Since HP7H(Tg1; H{(m1(Eg1); M)) = 0 for
i > 2, any u € HP(I'} |; M) is represented by a cocycle z whose value

g,
2Z(Y1,725 -+ 2 Yp)s Y1, Y25+ -1 Vp € F;l, depends only on v; and the cosets
Y2m1(Eg.1), -, ¥pT1{Eg,1). We denote by rp_12z the cocycle given by
restricting v, into m (X4,1) and regarding o, . . ., yp as elements of 'y 1 =

I} 1 /m1(Eg1). By definition we have myu = [rp_12] € HP"'(Tg1; H ®
On the other hand the cocycle w U z defined by

(w U Z)(fYOv’Yla . 7A/p) = w(’YO) & IYO(Z(’YD’YQv .. °a’Yp))a

for vo,71,...,% € 1"51771, represents the cup product wUu € H”H(F;l,
I'y1x Z; H® M). The value (wU z)(vo,71,- - -,7Yp) depends only on o,
v, and the cosets vam1(Zg1),- .., Vpm1(Zg,1)-

Hence, from a computation involved with [11] Lemma 2.3,
g
m(wUz)(v2, -5 7p) = — Zai@)z(biv'ﬁ ) Hhi®z(a T 2 ),
i=1

where {a1,az,...,a4,b1,b2,...,bg} is a usual symplectic generating sys-
tem of the fundamental group m(X,,1). This implies m(wU 2) = rp_12
and so m(w Uu) = [m(wU 2)] = [rp—12] = myu, as was to be shown.

Q.E.D.
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Proof of Theorem 1.B. We prove the theorem by induction on n.
When n = 0, the theorem is trivial, so we assume n > 1. Set J =
{1,2,...,n}, jo = 1 and J_ = {2,...,n}. Recall the exact sequence
(2.8) in the proof of Theorem 2.1. From Theorem 2.1 and (1.3) the
Gysin map my restricted to

(H*(Tg1; H® ) @eZle) & P w’ @ H*(Tg1; HOV-79) ® Z[e]
P#£SCJI-

is an isomorphism onto H*~1(I'y1; H®’) for x < N(g) —n+ 1. We
denote Sy := SU{1} for § C J_. Lemma 2.2 implies

my(e'w’) = m(e'wt) = my 5, € H*(Lg1; HE).
Therefore from the inductive assumption we obtain

(210)  H*(Tg1; H®") = H*(Tg,1; H®Y)

@ é mi,g, H*(Dyg1; HEU-=9))

P#£ScJ_ i=0

& P mi (1 H* (Tg.1; H®-)
i=1
= @ mpH"(Ly1;7)
Pep,

for x < N(g) — n, which completes the induction. Q.E.D.

§3. Stable Cohomology Algebra of Extended Mapping Class
Groups

Let i and j be integers with ¢ > 0, j > 1 and ¢+ j > 2. As in [11],
we define .
mij = m(e'w’) € B*H2(Ty 1 N H),

where m is the fiber integral (1.4), and w’ € H/(T} |, Tg1 x Z; \'H) is
the j-th power of w.

The n-th symmetric group &,, acts on the set P, of the weighted
partitions of {1,2,...,n} by

oP :={(c(51),i1), (0(S2),i2), ..., (a(S,),in)},

where ¢ € 6,, and P = {(S1,11), (S2,72), ..., (Su,i,)} € Pn. The &,-
orbits in P, are parametrized by the set Q,, defined as follows.
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Definition 3.1. A sequence @ = ((j1,%1), (J2,%2), .-, (4u,1,)) is a
weighted partition of the number n if

(1) The sequence (j1,jz,...,4,) is a partition of the number n
NiAJet-tgp=n 1252225 21

(2) i1,i2,...,1, > 0 are non-negative integers.
(3) ia > Z.a—Jf-l if ja, = ja+1-
(4) Each (j,,1,) satisfies the condition: i, + j, > 2.

We denote by Q,, the set consisting of all weighted partitions of the
number n. Define

= ((ﬁSlvil)a (ﬁ527i2)7 ERER (ﬁSVaiV)) € Qn

for P = {(51,%1), (S2,%2), ..., (Sy,i,)} € P, provided that §S; > #5 >
- > #S, and ﬁS = jjS(H_l = dq > ig+1, (1 < a < v). Then the map

A Pn — Qp, P AP induces a bijection A : P, /&, = Q,. Define
m@ = Mgy 5 My g, 0t My, G, € HZ(2ia+ja_l)(Fg>1; /\ H)

for @ = ((J1,%1), (J2,%2)s - -+, (Juytv)) € Qn. The canonical projection
A H®" — A"H maps mp to +m, 5 for any P € P,
(3.1) A(mp) = +myp € H (Tg1; \ H).

Theorem 3.2. Let k be a field with chk > n or = 0. Then we have

gla/\H Yo1:k) = @H g1;K

Qen

@ H*—deg 7"5(1—‘%1; k)
Gean

for degrees < N(g) —n.

As a corollary we obtain Theorem 1.C. In fact, let h : H xI'y; =

lle — H denote the twisted 1-cocycle uy +— u, u € H, v € I'y 1. Then
we have

=—uhUw) € ZQ(I‘g 1w Ta1 X Z),
where 1 H®? — 7, is the intersection pairing. If we define M; : H®? —
Z by Mj(ui ®--- @ugj) :=[[1_y u(uk ® ujsr), then

G = £M;(Wew?) € H¥W9(TL | T, x Z).
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Since A’/ comes from the group I/“;/l, we obtain
(3.2) miy = £ M;(him, ;) € H¥ 94T, ;).

The Lyndon-Hochschild-Serre spectral sequence of the group extension
H—Ty1=HxTy1— Ty is given by

ER9 = HP(Dgy; \"H) = HP*(T, ).

From (3.2) the class m,; € E5"777%7 lifts to the class +m;; €

H?*%2i=2(T', ). This proves Theorem 1.C.

Proof of Theorem 3.2. We define the order in each P= {(S1,11),
(S2,i2),...,(Su,iu)} € Py by
(1) #81 > fS2 > -+ > {5,
(2) It ﬁSa = ﬁSa—!—ly lg > ia+1~
(3) If 4S, = #5441 and i, = ig4+1, then the minimum of S, is
smaller than that of S,41.

Furthermore we denote

12 .-« n
where the indices are set in numerical order inside each subset S,. In
other words, if ¥, : {1,2,...,485.,} — S, is the unique order-preserving

bijection, then we have 75(i) = 1q(i — o= 18S) for Sl 4S, < i <

ZZ:1 ﬁSb-
Let the n-th symmetric group &,, act on H®" by
o(u1 ®ur @+ § un) = (SIENOLo(1) ® Ug(z) @+ B U(n)
foro € &, u; € H (1 <i<n). Then we have

(3.3) Temp =mp € H*(Tg1; HOM).

for 7 € &, and P € P, with 7(P) = P. In fact, from the (anti-)
commutativity of cup products we have r.w® = w? if § C {1,2,...,n},
T € 6, and 7(S) = S. Hence 7.m;s = m;s. Furthermore, since
degm; s = S mod 2, we have

S T . . e . .
T S . m; smy T = My, sy T
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for ;T c {1,2,...,n} with S =T and SNT = 0. Hereif ¢ : S — T

is the unique order-preserving bijection, then ( 75, 1,5: ) maps s € S to
o(s), and t € T to =1 (2).

Now, for any ¢ € &,,, the permutation CT_lTa( p7p " fixes P. From
(3.3)

_ 1 o -1
OWMp =T,y Tp ,Mp = (51gn7'a(}3)7'}3 )md(ﬁ,).

Therefore for any Py € P,, the sum D Per-t (B (8180 Tp)m g is invariant
under the &,-action. This means m, 5 # 0 in H*(Ty,1; A"H @ k).

The group H*(Ty,1; H®™) is decomposed into a direct sum of &,,-
submodules parametrized by 9, = P,/&,, which implies m@’s, @ €
Qn, are linearly independent over H*(I'y 1; k).

From the assumption on the characteristic of the field k the map A, :
H*(Ty1;(H®k)®") —» H*(T'y1; \"H ® k) is surjective. By Theorem
1.B the H*(Ty,1;k)-module H*(T'y1; (H ® k)®") is generated by mp,
P € P, for ¥ < N(g) —n. Hence, from (3.1), the H*(Ty.1; k)-module
H*(Ty1; N"H ® k) is generated by meg, @ € Q. Q.E.D.

§4. Concluding Remarks

After the original version was completed in 1995, the twisted Morita-
Mumford classes turned out to lift to the mapping class group My . :=
T} o [13] [14]. The cohomology class w € H'(T} ;; H) in the previous
sections has already appeared in Morita’s work [19]. To explain it fol-
lowing [14], we introduce the fiber product M, := Mg, xp, M, of
the group M, .. with respect to the forgetful map 7 : M, = I‘;’O —Ty.
Since the kernel of 7 is naturally isomorphic to the fundamental group
T124, we have an isomorphism

Mg EmEgx Mg, (p,0) > (o', ).

In [19] Morita introduced a twisted 1-cocycle

ko ZMg,* — H, (‘Pa 1/)) — WMPAI]

taking the homology class of ¥p~! € mX,. As in §1 we choose a simple
curve £ on E;J connecting the puncture p; to a point pg on the boundary.
Take a diffeomorphism ¢, : (X4, p1) — (24, po) sliding the point p; along
the curve £. Define a homomorphism @’ : F;l — Mg . by forgetting
the puncture p; and collapsing the boundary to a new puncture pg,
and w” : F;,l — Mg . by forgetting the boundary. A homomorphism
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¢: T — Mg, is defined by ¢ — (' (¢), Yew" (p)1he ™). Then we
obtain

(4.1) ag*(ko) = —we € Z'(Ty 13 H)

by a straight forward computation ([14] Lemma 4.1).

Now let e be the Euler class of the forgetful central extension Z —
g1 — Mg, and € the pull-back of e by the second projection 7 :
Mg — Mg, (p,9) — 1p. Then the twisted Morita-Mumford class

(4.2) mi s = m(E(—ko)®) € H¥T45-2(M,, .; H®S)

is defined for any 7 and S C N with ¢+ 1S > 2. Here m is the Gysin map
of the first projection 7 : Mg, — My, (¢,%) — @. As was proved in
[13] [14] by (4.1), this is exactly a lift of m; s € H*(I'y1; H®S) defined
in §1. We define mp € H*(My.; H®™) for P € P, in a similar way to
§1. From Theorem 1.B we have

Theorem 4.1. For degrees < N(g) —n

H*(Mg,; H®") = @ H* (Mg ; ZYymp.

Pep,

Consider the semi-direct products ./T/l:; = Hx M, and Hx M, ,.
Making use of ky instead of w, we can define a 2-cocycle ko € Z 2(H %
M, .;Z) and the generalized Morita-Mumford class m;; for i,j > 0
with i+7 > 2 in a similar way to (1.11) and (1.12). Then from Theorem
1.C we obtain

Theorem 4.2. For degrees < N(g)
H* (Mg,4;Q) = H' (My; Q) @ Qs i 20,j 2 1 and i+ 2 2]

In 2002 Madsen and Weiss [16] gave a loop-space description of
H*(Two;Z) and proved the algebra H*(T'oo;Q) is generated by the
Morita-Mumford classes. This result improves ours in the present paper
in a surprising way. Theorem 1.C and Theorem 1.B are improved to the
following.

Theorem 4.3. For degrees < N(g)

H*(Ty1;Q) = Qlimig; 1,7 >0, andi+j > 2).
Theorem 4.4. For degrees < N(g) —n

H*(Ty1; HO") = P Qlej; 5 > 1mp.
PeP,
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Theorems 4.1 and 4.2 also have appropriate improvements.

Finally we give a brief remark on a relation to the Johnson homo-
morphism [9]. Let Z, 1 be the Torelli group, i.e., the kernel of the action
of the mapping class group I'y;; on the integral homology group H.
Johnson [10] proved the first Johnson homomorphism 7, : Z,1 — A* H
induces the isomorphism H;(Z,1;Q) = /\3 H ® Q. The twisted Morita-
Mumford classes are related to the extended Johnson homomorphism
k:T,p — 3 LASH mtroduced by Morita [20]. It extends the homomor-
phism 7; and is equal to & 5Mo,3. Let Sp(H) denote the symplectic group
of H. The extended homomorphism k induces a natural homomorphism

(4.3) /\H T,1;Q)) ® M)SPH) _ j*(T, 1: M)

for any finite dimensional Q[Sp(H)]-module M. It was proved in [13]
[14] the image of the map is exactly the submodule generated by the
Morita-Mumford classes e;’s and the twisted ones. The Madsen-Weiss
theorem implies the map kys is stably surjective. In fact, Theorem 4.4
is applicable, because M is regarded as a Sp(H)-submodule of some
H®n ® Q
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