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The dynamics associated with certain digital 
sequences 

Peter Hellekalek 1 and Pierre Liardet 2 

Abstract. 

We present measure-theoretical dynamical systems behind certain 
types of digital sequences. This kind of result is a prerequisite if one 
sets out to study harmonic properties for this type of sequences with 
the method of skew-product transformations. 

§1. Introduction 

This paper is on dynamical aspects of certain types of digital se
quences which are based on q-additive functions, including the so-called 
(t, s)-sequences. In particular, we exhibit the dynamical system behind 
the Sobol'-Faure sequence ([22, 7]) and many other sequences introduced 
by H. Niederreiter and C.P. Xing [18, 20]. 

The background of this paper is the following. In the theory of 
uniform distribution, two types of sequences play a central role. The first 
type are the "na" -sequences, which are sequences of the form ((no:) )n>o, 
where a = ( 0:1, ... , a 8 ) a fixed vector. The symbol ( · ) denotes the 
fractional part, and we let (no:):= ((na1 ), ... , (na8 )). The second type 
of sequences are the "digital (t, s)-sequences". The general principle of 
their construction is due to Niederreiter [17, 18] and incorporates earlier 
elementary constructions, the so-called van der Corput sequence and the 
Halton sequences (see L. Kuipers and H.Niederreiter [11] for details and 
references). 

The dynamical system behind any na-sequence is clearly the trans
lation by a on the s-dimensional torus. The cases of van der Corput and 
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Halton sequences are also well-understood (see P. Hellekalek [9]). The 
dynamics involving more advanced types of digital (t, s)-sequences like 
the Sobol'-Faure sequence are not known. In this work, we will under
take the first steps towards this open problem. In particular, we will 
exhibit 

• the dynamical systems associated with a class of q-additive 
functions, including the digital (t, s )-sequences in base q con
structed from infinite matrices (see Theorems 7 and 10), 

• as a special case, the dynamical system behind the Sobol'-Faure 
sequence in any prime base (see Corollary 2). 

This paper is organized into six parts. The next section provides 
the necessary notation, definitions and background to state and develop 
our results. The definitions of (t, m, s)-nets and (t, s)-sequences are pre
sented following Niederreiter [17] and classical examples are given. The 
section ends with the proof that any ( t, s )-sequence is well-distributed, a 
natural result which has already been observed by J. Dick [4] (see The
orem 1.16, p. 31). Our proof is different from Dick's reasoning. 

Section 3 shows the natural interplay between digital (t, s)-sequences 
and q-additive sequences which take their values in specific abelian 
groups. 

Section 4 exposes the construction of a skew product built over a 
dynamical system with a so-called cocycle map and reviews basic tools 
for proving ergodicity of a given skew product. The aim is to apply the 
ergodic machinery, previously used by the authors in several places like 
[9, 13, 14, 15]. Any suitable q-additive sequence leads to a skew-product 
transformation which is uniformly quasi-continuous (see definition 6) a 
fact established and exploited in Section 5 (Theorem 7). 

Section 6 furnishes a simple criterion to recognize whenever skew 
products issuing from q-additive sequences are ergodic (Theorem 10) 
and applications are given. Our criterion is the dynamical version of the 
algebraic one given by G. Larcher and H. Niederreiter [12] for digital 
sequences derived from formal Laurent series. Particular examples end 
this last part. 

§2. Definitions, notations and background 

The dynamical systems approach to study statistical properties of 
a sequence~ = (xn)n in a compact metrizable space X proceeds in two 
steps: in step (i) one has to find the dynamical system behind the given 
sequence, and in step (ii) one has to employ properties of this system to 
discover distribution properties of the sequence. 
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Step (i) usually starts with a probability space (n, C, v), a C-mea
surable map s : n ---> n preserving the probability v (i.e.' v = v 0 s-l) 
and a measurable coding map c: n---> X such that Xn = c(Sn(w0 )), n 2: 
0, where Wo is an appropriately chosen element of n. Additionally, we 
require the sequence (Sn(wo))n to be uniformly distributed with respect 
to the measure v and, as a counter part, the sequence (xn)n should be 
uniformly distributed with respect to the image probability v o c- 1 . This 
will be the case if the coding map c is continuous. 

In this paper, we only consider standard measure-theoretical dy
namical systems. These are quadruples T = (Y, B(Y), J-L, T) where Y 
is a compact metrizable space, B(Y) (simply denoted by B or omitted 
if the reference toY is clear) is the Borel a-algebra of Y, Tis a Borel 
map and J-L is aT-invariant Borel probability measure on Y. Recall that 
a map f : Y ---> Z from Y into a topological space Z is said to be J-L
continuous if the set of points of discontinuity of f is J-L-negligible. The 
map lE : Y ---> R. denotes the characteristic function of the subset E of 
Y, lE(x) = 1 if x E E and lE(x) = 0 otherwise. The subset E of Y is 
said to be J-L-continuous if its characteristic function is J-L-Continuous. A 
point y in Y is said to be (T, J-L )-generic (or simply T -generic) if for all 
continuous maps g : Y ---> R., one has 

(1) 

The dynamical system T is said to be regular if T is J-L-continuous. 
Step (ii) usually requires T to be regular, because the restriction to 

continuous maps is often too restrictive. Moreover, under the assump
tion of regularity, the limit (1) still holds for any J-L-continuous map g 

if y is T-generic. Recall that a subset E of Y is said to be a bounded 
remainder set (or a subset with bounded local discrepancy) for the se
quence w = (Tny)n, if there exists (3 E [0, 1], called admissible frequency, 
such that the sequence 

N ~----* SN(E,w) = L (lE(Tny)- (3) (N 2: 1) 
OS,n<N 

is bounded in N. The number SN(E,w) is, by definition, the local 
discrepancy of the first N points of w relative to the set E. Another 
reason to work with regular dynamical systems T = (Y, B(Y), J-L, T) is 
that if E ( c Y) is a J-L-continuous bounded remainder set for the sequence 
w = (Tny)n where y is T-generic, then there exists Gin L 00 (Y,J-L) such 
that lE- J-L(E) =GoT- G (see [15], Theorem 2). 
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Let 1!'8 denote the s-dimensional torus, s 2: 1, and let A stand for 
the normalized Haar measure on 1!'8 • We usually identify 1!'8 with the 
s-dimensional unit cube [0, 1)8 • An interval in the unit cube will be, 
by definition, a box of the form [u, v) := Ilj=duj, Vj) with 0 ::; Uj < 
Vj ::; 1 for all indices j. A classical, very successful strategy to construct 
sequences in the unit cube with low discrepancy is first to find subsets 
Z of N points such that the local discrepancy 

S(J, Z) = L (lJ(Z)- .X(J)) 
zEZ 

is uniformly bounded for a suitable family of intervals J. This leads 
to the following, now classical definitions of (t, m, s)-sets and (t, s)
sequences in base q for a given integer t E {0, ... , m }: 

Definition 1. Let t and m be integers such that 0 ::; t ::; m. A set 
Z of N = qm points in 1!'8 is a (t, m, s)-net in base q if S(J, Z) = 0 for 
every interval J of the form 

with integers dj, aj such that dj 2: 0, 0 ::; aj < qdi ( 1 ::; j ::; s) and 
z=;=l dj = m- t (i.e., .X(J) = qt-m ). 

Definition 2. An infinite sequence w = (wn)n~o in 1!'8 is called a 
(t, s)-sequence in base q if, for all integers k 2: 0 and m > t, the sets 

are (t,m,s)-nets in base q. 

Readily, any interval J that satisfies Definition 1 is a bounded re
mainder set for any (t, s)-sequence w. In fact, for any N 2: 1, and any 
m, 

JSN(J,w)J < qm. 

For constructions and properties of (t, s)-sequences we refer the reader 
to the fundamental papers of Niederreiter [17, 18, 19]. In particular, it 
is known that there are combinatorial obstructions to the existence of 
(t, m, s)-nets limiting the construction of (t, s)-sequences (for example, 
(0, s)-sequences do not exist if s > q, but for s::; q and q a prime number, 
such a sequence exists). Also, general lower bounds on t, related to the 
base q, are given in [20]. For example t 2: ~ -logq (q-l}~+q+l. 

We will employ Niederreiter's building block construction method 
(see [16]) in a simplified version. To this aim we introduce 
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(i) Rq = {0, 1, ... , q - 1 }, the set of digits in base q which will be 
identified with the ring Z/qZ of residues mod q. 

(ii) Zq, the totally disconnected compact group of q-adic inte
gers, equipped with its normalized Haar measure J.Lq. An el
ement in Zq will be represented by an infinite sequence a = 
(ao, a1, a2, ... ), ai E Rq for any j ~ 0 (see [5]). 

(iii) cp, the radical-inverse map (also called Monna map, see [11]), 
cp:Zq ~ [0,1], 

00 

"""' ai cp(ao, a1, a2, ... ) = L.....- Hl . 
j=O q 

Note that cp is continuous. For any t E [0, 1) there exists a unique element 
i := (to, h, t2, ... ) in Zq such that t = 2:~0 tkq-k-l with tk =1- q -1 for 
all indices k large enough. The map t f-+ i defined on [0, 1) is one-to-one, 
the right inverse of cp and continuous at any point t such that qnt ¢. 0 
(mod q) for any integer n. 

An integer n ~ 0 will be identified with the element ii = (no, n 1 , ... ) 

of 'Zq via its q-adic representation 

hence 
cp( ii) = no + n1 + n2 + ... + ni + ... 

q q2 q3 qJ+l 

For a given dimension s ~ 1, we choose 

(iv) bijections '1/J?) : Rq ~ Rq, for j ~ 0, 1 :S i :S s and define the 
permutations 'ljJ(i) : Zq ~ Zq, 

In the sequel we assume that '1/J]i) (0) = 0 for all sufficiently large 
j and we emphasize this fact by saying that 'ljJ(i) is a q-digit 
permutation. Any q-digit permutation 'ljJ : Zq ~ 'Zq induces a 
natural q-digit permutation on N, namely n f-+ 2:i2:0 'l/Jj(nj )qi, 

that we still denote by 'ljJ but we will set 1/; to emphasize that 
the value of 'ljJ is considered in Zq. 

(v) N X N-matrices c(lJ' ... 'C(s) over Rq· 

For n EN, ii = (no, n1, n2, ... ), we set 

(3) (1 :S i :S s). 



110 P. Hellekalek and P. Liardet 

Note that the product, row 'lj;(i) ( ii) by matrix C(i), is well defined in Zq. 

Explicitly, if C(i) = (ck~) k?o, then 
(2::0 

{/J(il(n)·C(i) = (f= '1/Jki)(nk)ck~) 
k=O R 

This construction yields a sequence w = (xn)n>o, Xn = (x~1 ), ... x}:l), 
in the torus 11'8 , which is called a digital (t, s )-sequence in base q if w 
is a (t, s )-sequence. The integer t ~ 0 is the quality parameter of this 
sequence. The distribution properties of w depend on the choice of the 
digit permutations 'lj;(i) and the choice of the matrices C(i). 

Example 1. (Sobol'-Faure sequences) Assume that q is a prime 
number and let C be equal to the infinite Pascal triangular matrix 

(4) C= 

(~) 
@ 

0 

G) 

(m~2) (m;-2) 

(m~1) (m;-1) 

0 

(m-2) m-2 
( m-1) m-2 

0 

0 

0 

( m-1) 0 
m-1 

where each entry is taken modulo q. The sequence 

will be called the (generalized) Sobol'-Faure sequence in base q on the 
torus 'll'q (see Sobol' [22] for q = 2 and Faure [7] for arbitrary prime 
bases q). Note that n >--+ 'P(ii) is the classical Vander Corput sequence 
in base q. Actually, Hq is a (0, g)-sequence (see [7]). 

Discrepancy of ( t, s )-sequences win base q has been intensively stud
ied by H. Niederreiter in [18]. For example, he gave the following sim
plified bound for the star discrepancy 

N D!v(w) :::; C(s, q)qt(log NY, (N ~ 2) 

where the constant C(s, q) depends only on q and s. We shall need a 
qualitative result in the following form: 
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Theorem 1. Any (t, s )-sequence w is well-distributed. 

Proof. We show that limN I11N2:=~~~- 1 f(wn)- fx f d)..l = 0 for all 
continuous functions f : 1rs ----> JR. 

Any such f will be uniformly continuous on the compact space 'll's. 
For this reason, for a given c > 0, there exists a suitable partition of 
'Jl'S into q-adic boxes Ja = rr;=1 [ aj I qdj' ( aj + 1) I qdj) such that, for any 
index a= (a1, ... , as), 

(6) 

where Va = ( a1 I qd1 , ••• , as I qd,) denotes the lower left endpoint of the 
interval Ja. This property can be obtained easily if we choose sufficiently 
large positive integers d, m, and d1, 1 :::; j :::; s, such that d1 > d Y j, 
sd > t, and m- t = 2:=;=1 d1. In other words, we consider sufficiently 
small boxes Ja to obtain (6). 

We observe that 

1 k+N-1 

N L J(wn) - ~s jd).. 
n=k 

= ~ L L (t(wn)lJJwn)- f(va)lJJwn)) 
n a 

+ ~ L L (t(va)lJ" (wn)- f(va)A(Ja)) 
n a 

+ ( L f(va)A(Ja) - ~J d)..), 
a 

where Ln stands for 2:=~~~ - 1 and La indicates summation over all 
a= (a1, ... ,as), 0 S:: a1 < qd1, 1 S::j S:: s. 

The first and third sums are, in absolute value, both smaller than 
c. This is due to (6), and holds independently ofk. The absolute value 
of the second sum is bounded from above by (2IN) llflloo q2m-t. This 
estimate is also independent from k and follows from 

k+N-1 

I L (lJJwn)- A(Ja)) I < 2qm 
n=k 

for any index a. We obtain the bound 

k+N-1 2 
I~ L f(wn) - ~J d)..l S:: 2c + N llflloo q2m-t, 

n=k 
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which yields the theorem. 0 

§3. q-additive sequences and related (t, s)-sequences 

We begin by introducing the familiar notion of q-additive functions 
(or sequences). Let A be an arbitrary but fixed additive abelian group 
with neutral element OA. For any integer n and any element a E A we 
set n·a := 'I:,7=l a and ( -n)·a = n·( -a), as usual. 

Definition 3. A sequence f : N -> A is said to be a q-additive 
function if 

f(O) = OA and f(n) = L f(njqJ), 
J20 

where n = no + n 1q + · · · + njqJ + ... is the q-adic expansion of the 
nonnegative integer n. In addition, f is said to be strongly q-additive if 
f(aqJ) = a·f(qi) for any j;::: 0 and a= 0, 1, ... , q- 1. 

In case A is a subgroup of llJ, the group of complex numbers of 
modulus 1, a q-additive function will be called q-multiplicative, in ac
cordance with common practice. Note that if 1/J is a digital permutation 
of N and f : N -> A is a q-additive function, then there is a sequence 
g : N -> A periodic of period a power of q, such that the sequence 
n >---+ f('lj;(n))- g(n) is q-additive. 

Example 2. (Sum-of-digits function) The classical example of a 
q-additive function is the sum-of-digits function Sq : N-> ZjqZ, 

sq(n) = L nj (mod q). 
)2:0 

Note that Sq is strongly q-additive and, for q = 2, is called the Thue
Morse sequence in the literature. 

Example 3. (General 2-additive functions) Any A-valued 2-addi
tive function f is strongly 2-additive and is determined by the sequence 
(!(2k))k>O· Readily, any sequence (c:k)k>O in AN determines a unique 
2-additi.;e function fc: : N-> A by setting f(2k) = Ek· These sequences, 
also called generalized binary Morse sequences, were introduced by M. 
Keane [10] from combinatorial and dynamical points of view. 

Let Aq be the compact product group Aq = (ZjqZ)N, equipped 
with its normalized Haar measure A~;.. 0 , which is also equal to the Haar 
measure /-Lq on Zq. From a purely topological point of view, Aq and Zq 
are the same space and so, using the same formula, the Monna map cp is 
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also defined on Aq. We use the symbol IIj both for the j-th projection 
(ao, a1, a2, ... ) ~ aj from Zq to Z/qZ and the similar j-th projection 
from Aq to Z/qZ. 

Example 4. {Digital sequences and q-additive functions) Assume 
that f : N ---+ Aq is a q-additive function and set /j = IIj o f. The maps 
/j : N ---+ Z/ qZ are q-additive and by definition 

(7) f(n) = (fo(n), ft(n), h(n), .. . ) . 

Let 'lj;(i), i = 1, 2 denote arbitrary q-digit permutations. Then we asso
ciate with f and 'ljJ = ('1/J(l), '!j;<2>) the sequence ['1/J, f] in 'll'2 given by 

(8) 

Going back to the general construction (3), let F = {fk : N---+ ZfqZ; k ~ 
0} be a family ofZ/qZ-valued strongly q-additive functions and let 
f: N---+ A.q be the strongly q-additive function (7). The sequence (3) is 
obtained from (8) by taking C(l) equal to the identity matrix and c<2> 

equal to the following matrix C(F): 

( 

fo(l) ft(l) 
fo(q) ft(q) 

C(F) = . . . . .. 
fo(qk) ft(qk) 

0.. . .. 

fk(l) .. "] !k(q) ... 
0.. . . . . 

fk(qk) ... 
. . . . .. 

§4. Skew product associated to a q-additive function 

4.1. Generalities on skew products 

Let T = (Y, B(Y), J.L, T) be a standard dynamical system that we 
assume to be invertible, let A be a compact metrizable abelian group 
equipped with its Haar measure AA and let 1 : Y ---+ A be a Borel 
function. The transformation T-y : Y x A ---+ Y x A is given by 

(9) T-y(y, a) = (Ty, a+ !(Y)). 

Readily, T-y is invertible and the product measure J.L ® AA is T-y-invariant. 
In fact, this constitutes a measure-theoretical dynamical system T-y = 
(Y x A, B(Y x A), J.L ®>.A, T-y), called skew product overT with 'Y· It
erating T-y introduces the cocycle r: (n, y) ~ 'Yn(Y) ((n, y) E Z x Y) for 
Twith 

ifn>O, 
ifn=O, 
ifn < 0, 
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so that T-y(y, a) (Tny, a+ 'Yn(Y)). The cocycle r is said to be a 
coboundary forT, if there exists a Borel map c: Y ---->A such that for 
all rational integers n, 

f(n, y) = c(Tny)- c(y) J.L-a.e. 
There are at least three general basic tools to prove the ergodicity of the 
skew product T,, whenever Tis already ergodic. The first tool involves 
functional equations associated with all nontrivial characters of A, and 
has emerged previously in the literature in ([1, 3, 23, 24]). The general 
case where A is not commutative, can be found in [14]. Actually, the 
criterion can be stated as follows: 

Theorem 2. Assume that T is ergodic. The skew product T-y is 
ergodic if and only if for any nontrivial character x of A the functional 
equation 

(11) V(y) = x('Y(y))V(T(y)) J.L-a.e. 

has no Borel map solution V: Y----> U. 

The second tool is related to the notion of essential values introduced 
by K. Schmidt [21]: 

Definition 4. An element a in A is called an essential value of the 
cocycle r for T associated with 1' if for any Borel set B of Y such that 
J.L(B) > 0 and for any neighborhood V of a, one has 

(12) J.L(U (Bnr-nBn{yEY; 'Yn(Y)EV})) >0. 
nEZ 

To simplify, we will speak of essential values of 1' for T. Note that 
condition (12) can be replaced by the following one which might appear 
to be stronger but is in fact equivalent: 

(13) U (BnT-nBn{yEY; 1'n(Y)EV}oF0· 
nEZ 

The set of essential values forms a closed subgroup E('Y) of A and, as a 
corollary of a general result of K. Schmidt [21] we have: 

Theorem 3. T, is ergodic if and only if E('Y) =A. 

We need also the following result ([21], Theorem 3.9):· 

Theorem 4. With the above notations, r is a coboundary for T if 
and only if E('Y) = {OA}· 
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The third tool is related to the notion of generic points for standard 
measure-theoretic dynamical systems. 

Theorem 5. Assume that T is regular, ergodic, and 1: Y----+ A is 
p,-continuous. Then Ty is ergodic if and only if for any T-generic point 
y E Y and any point a in A, the pair (y, a) is Ty-generic or, equivalently, 
the sequence 

is uniformly distributed with respect to the product measure p, ® AA. 

Proof. See [13], Theorem (2.1). 

4.2. Dynamics from q-additive functions 

In order to construct the dynamical system associated with a q

additive function, we will introduce successively the q-adic odometer Tq, 

the discrete derivative of a sequence, the cocycle associated with a given 
q-additive sequence and finally the skew product above Tq using such a 
co cycle. 

Recall that the q-adic odometer Tq = ( T, Zq, J.Lq) is defined by 

The map T is continuous and it is well-known that Tq is uniquely ergodic 
and that P,q is the unique invariant measure. 

A k-tuple w = (w0 , ... ,Wk-d in {0,1, ... ,q-1}k will also be de
noted as a word w0 · · · Wk-1 of length lwl := k. The cylinder set [w] 
defined by w in Zq is given by 

[w] = {x E Zq; Xm = Wj, 0 <:::: j < k}, 

its length being the length of w. In analogy to this definition, we intro
duce the cylinder set defined by w in N: 

[w;N]={nEN; n=no+n1q+n2q2 + ... , n1 =wj, O<::::j<k}. 

If w =A, the empty word, one puts [A] = Zq and [A; N] = N. 

Definition 5. (Discrete derivative) Let A be an abelian group and 
let f : N----+ A be any sequence. We define the discrete derivative !:1f of 
f as the sequence 

n e---> !:1f(n) = f(n + 1)- f(n). 
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Let f : N ---+ A be any q-additive function. It is easy to see that the 
discrete derivative !:l.f is constant on the cylinder set [(q- 1)k0; N] = 
[(q- 1, q- 1, ... , q- 1, i); N] of length k + 1, 0 :::; i < q- 1 and k 2 0, 
and takes the value 

Ck,i := f((i + 1)qk)- f(q- 1)- · · ·- f((q- 1)qk-l- f(iqk). 

The set Zq can be partitioned in the form 

k>O 
()~·i<q-1 

where [(q- 1)0 0] denotes the cylinder set [OJ and -1 stands for the 
element (q- 1, q -1, q- 1, ... ). As a consequence, the sequence !:l.f can 
be extended to all of Zq. We use the same notation for this extension: 

!:l.f(x) = { Ck,i ~f X E [(q- 1)ki], 0:::; i < q- 1, 
OA lfX=-1. 

If A is a topological group, !:l.f : Zq ---+ A is continuous in every point 
of Zq \ { -1}. The value 0 A of !:l.f at -1 will be replaced eventually 
by limx->-l,x#-1 !:l.f(x), if this limit exists. We associate with !:l.f the 
cocycle (n, x) f-7 !:l.nf(x) forT defined by 

{ 
!:l.f(x) + .. · + !:l.f(x + n- 1) 

!:l.nf(x) = OA 
!:l.f(x + n) + !:l.f(x + n + 1) + · · · + !:l.f(x- 1) 

and the skew product 

Tj : Zq X G ___. Zq X A, 

TJ(x, a)= (x + 1, a+ !:l.f(x)). 

ifn>O, 
ifn=O, 
ifn<O, 

In particular, Tj(x, a)= (x + n, a+ !:l.nf(x)) for any n E Z, and 

Tj(O, OA) = (n, f(n)), 

if n 2 0. Note that f(n) is not defined for negative integers n. 
From now on, we assume that A is a compact metrizable abelian 

group. The above skew product Tf := (Zq x A, B(Zq x A), J.Lq Q9 AA, Tf) 
is regular. In fact, the points of discontinuity of T f belong to { -1} x A. 
Due to that fact, Theorem 5 can be rephrased as follows: 

Corollary 1. Tf is ergodic if and only if any point (x, a) ofZq x A is 
( Tf, J.Lq Q9 >.A)-generic. In particular, if Tf is ergodic, then Tf is uniquely 
ergodic. 
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Proof If TJ is ergodic, the individual ergodic theorem says that J.Lq 0 >.A
almost every couple (x,a) is (TJ,J.lq 0 >.A)-generic. We want a stronger 
result. Theorem 5 says that for any T-generic point x and any a E 

A, the sequence (x, a) is Trgeneric, but all points in Zq are T-generic. 
Reciprocally, assume that all points (x, a) are (TJ, J.lq 0 >.A)-generic and 
let v be a Borel probability measure, Trinvariant and ergodic. Since 
Zq x A is compact and metrizable, by a classical result v-almost all 
points are (TJ, v)-generic. Therefore fx f dv = fx f d(J.Lq 0 >.A) for all 
continuous maps f : X ----> JR., so that v = J.Lq 0 >.A, proving that TJ is 
uniquely ergodic. D 

Remark 1. As long as we are concerned with general q-additive 
sequences f : N ----> A, the introduction of a q-digit permutation 'ljJ is 
irrelevant because the sequence f o 'ljJ is also q-additive up to a peri
odic sequence of period a power of q. More precisely, let r be an in
teger such that '1/Jj(O) = 0 if j ~ r and define g : N ----> A by g(n) = 
z:=;:~ f('I/Jj(nj)qJ). The sequence g is periodic of period qr in the sense 
that g(n + qr) = g(n) for any integer n. Then, F = f o 'ljJ - g is q
additive. The map g extends naturally to a unique continuous map 
G on Zq. In fact G(x) = g( z=;=D Xjqj). Consequently, the discrete 
derivative of f o 'ljJ extends to a continuous map on Zq \ { -1} such 
that !l(f o '1/J) = !lF + G(x + 1) - G(x). The skew product Tfo'I/J 

related to !l(f o 'ljJ) is conjugate to the skew product TF by the map 
(x, a) f--> (x, a- G(x)). Hence, from a dynamical point of view, there is 
no restriction to assume that '1/Jj(O) = OA for all j. 

The following result says that a q-additive sequence is well-distribu
ted as soon as the sequence is uniformly distributed. The proof can 
be found in the literature for particular situations only but was finally 
proved for general scales of numeration systems by G. Barat in his Doc
toral Thesis [2]. We shall give a simple prooffor constant base q, inspired 
by [15]. 

Theorem 6. If a q-additive sequence f : N ----> A is uniformly 
distributed {for the Haar measure of A), then the sequence is well
distributed. 

Proof. By assumption, for any nontrivial character X of A one has 
limN j;y z=:;:01 x(f(n)) = 0 and we have to show that 

(14) 1

1 k+N-1 I 

lim sup N L x(f(n)) = 0. 
N k;::o n=k 
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M 1 
For any c, 0 < c < 1, choose M 2: 1 such that I I:;=O x(f(n))l :::; 
qM c I 4. For N 2: 4qM I c and any k 2: 0 let a and b the integers defined by 
the inequalities aqM :::; k < (a+ 1 )qM :::; bqM :::; N + k < (b + 1 )qM. Put 
S(u,v) := I:~:~x(f(n)) for short and note that S(rqM, (r + 1)qM) = 
x(f(rqM))S(O, qM). From the equality 

S(k, N + k) = -S(aqM, k) + S(aqM, bqM) + S(bqM, N + k) 

and the inequality (b- a)qM :::; N + qM, we obtain 

IS(k,k+N)I < 2qM +(b-a)IS(O,qM)I 

< 2qM +(b-a)qMcl4, 

< cN(112 + 114 + 114) = eN. 

Assertion (14) follows. From now on, it is a standard routine to conclude 
that n f---> f(n) is well-distributed. D 

§5. Applications to (t, s)-sequences 

In this section we prove the following general result. 

Theorem 7. For each i = 1, ... , s - 1 let f(i) : N --+ Aq be a 
q-additive function and let 'lj;(i) be a q-digit permutation. Set f .
(!(1)' ... 'f(s-1)), '1/J = (vPl' ... ·lj)s-1)) and 

f • '1/J: n f---> (!(1) o 'lj;(1)(n), ... 'f(s-1) o 'lj;(s-1)(n)). 

Assume there exists an integer t 2: 0 such that 

n f---> (cp(ii), cp(/(1) o 'lj;(1l(n)), ... 'cp(f(s-1) o 'lj;(s-1)(n))) 

is a (t,s)-sequence. Set A= (Aq) 8 - 1 . Then the skew product 

Tfe,p(x, a) = (TX, a+~(! • '1/J)(x)) ((x, a) E Zq x A) 

is uniquely ergodic. 

Before beginning the proof we introduce the notion of uniform quasi
continuous transformations 

Definition 6. Let X be a compact metrizable space. A Borel trans
formation T : X --+ X is said to be uniformly quasi-continuous if the 
set D of its discontinuity points verifies the following property: for all 
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c: > 0, there exists a continuous map g: X---. [0, 1] and an integer N(c:) 
such that lv ::; g and for any integer N ~ N(c:), the inequality 

(15) 
1 

sup N L go Tn(x) ::; c: 
xEX O~n<N 

holds. 

If T is uniformly quasi-continuous, then T is JL-continuous for any 
T-invariant measure JL. The next result explains the reason why we have 
introduced this definition. 

Lemma 1. Let X and T : X ---. X be as in the definition above. 
Let~ E X be such that the sequence (Tn~)n<:::o is dense in X and assume 
that for any continuous map f : X ---. R., the sequence of means 

Mk(f) : N I-> ~ L f 0 rk+n(~) 
O~n<N 

converges uniformly ink EN. Then, T is uniquely ergodic. 

Proof. The lemma is classical if T is continuous. To prove the gen
eral case, we introduce the space CJR(X) of real continuous maps on X, 
equipped with the supremum norm ll·lloc, and we consider the linear 
map L : CJR(X) ___. R., L(f) := limN tr Lo<n<N f 0 rn(~). Clearly, L is 
positive, continuous and L(lx) = 1. By the Riesz representation the
orem, there exists a unique positive Borel probability measure v which 
represents L. Let us prove that v is T-invariant. To this aim, it is 
enough to show that for any non negative continuous map f : X ---. R., 
the equality fx f dv = fx f o T dv holds. Let D be the set of disconti
nuity points of T; the set of discontinuity points of f o T is contained 
in D. Choose an arbitrary c: > 0 and let g: X---. [0, 1] be a continuous 
map such that (15) holds as soon as N is large enough, say N ~ N(c:). 
The function 

h =max{! o T, 2llflloog} 

takes the value 2llflloo9 on the open set U := g-1(]!,oo)) while the 
closed set g-1(1) is included in U and contains D. Therefore, h is 
continuous at any point x of X. By construction, 0 ::; f o T ::; h ::; 
f o T + 2llflloo9 and, after integration, 
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But we also have 

0 < ~ L 11 oTn(~)- ~ L It orn+l(~) 
osn<N osn<N 

1 
< 211/lloo N L g 0 rn(~). 

0Sn<N 

Passing to the limit, one gets 0::::; fx 11 dv- fx f dv::::; 211/llooc· These 
inequalities lead to the estimate 

ifxfdv- LfoTdvl ::::;211/llooc· 

Consequently, fx f dv = fx f o T dv. 
Next we show that for any y E X, 

the convergence being uniform in y. To this goal, let us introduce the 
set DN(Y) = {n EN; 0::::; n <Nand Tny ED} and its complementary 
set CN(Y) = {0, 1, 2, ... , N- 1} \ DN(y). The choice of g implies that 

(16) card(DN(Y))::::; Nc-

for any N ~ N(c-) (and any y E X). Take Tf > 0; independently of 
c and y, there exists N 1 (ry) such that, from the assumption of uniform 
convergence of the family of sequences Mk(f), the inequality 

holds if N ~ N 1 (ry). Without lost of generality, we may replace f by f
fx f dv. This choice simplifies the proof by making use of the property 
fx f dv = 0. For any integer M ~ N1(ry), set 

DM,c:(y)= U (n-Nl('rf),n]nN. 
nEDM(Y) 

The complementary set of DM,c:(Y) in {0,1,2, ... ,M -1} is the union 
of disjoint intervals, namely If1,c:(y), f = 1, ... , L = L(M, c-, y), with 

L 

(17) L card(Ift,c:(Y)) ~ (1- c-Nl(Tf))M 
1'=1 
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in case M 2: N(c:). We may force E ::; 2N~(ry) in order to have non 

empty intervals Ii1 e:(Y) and set (omitting the reference to M, E and y 
to simplify the not~tion) 

Write Je = [ae, be) (interval in N) for short. By construction, be - ae 2: 
N 1 ( 17) and rae (y) is a continuity point of the maps rm for integers m 2: 0 
such that ac + m < be. Hence, there exists a neighborhood We of rae (y) 
such that for any z in WR and any integer m, 0::; m <be-aR, one has 

For any integer R = 1, 2, 3, ... , L, select an integer kc satisfying rke (0 E 

We. This choice is allowed due to the fact that {rn~; n E N} is dense 
in X. Summing the above inequalities leads to 

be-a1 -1 

L j(rm+ke(~))l :S: (be-aR)~ 
m=O 

while 

b,-a,-1 
I L Jorm+ke(~)~:S:(bc-aR)~. 

m=O 

Taking into account (17), we cut the sum S := I:~~-;;1 f o rn(y) into 
three parts to obtain 

L b,-a,-1 
lSI< L:IL:Jorn(y)- L J(rm+k'(O)I 

£=1 nEJ' m=O 
L b,-a,-1 

+2.:::1 L Jorm+k'(OI+c:N1(17)MIIflloo 
e=1 m=O 

L 

< L(bR- ae)~ + c:N1(17)MIIflloo· 
£=1 

If we put E = 2 (II!II=~ 1 )Nl(ry), then for any M 2: N(c:) (note that N(c:) > 
N1 ( 17) by (17)) we derive 
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Going back to the general case, we have proved that for any continuous 
map f : X --+ JR. the sequence of means i:J '£;::0

1 f o Tn(y) converge 
uniformly in y to fx f dv. It follows that Tis uniquely ergodic with the 
unique invariant measure v. D 

Lemma 2. Let A= A 1 x · · · x A 8 _ 1 be a direct product of compact 
metrizable abelian groups. For any q-additive function f(i) : N --+ Ai 
and any q-digital permutation 1/J(i) : N --+ N (0 :::; i :::; s- 1), the skew 
product TJ•1/J, where f •1/J = (J(ll o'tj;C 1l, ... , f(s- 1) o'lj/s- 1l), is uniformly 
quasi-continuous. 

Proof. The set D of discontinuous points of TJ•1/J is contained in { -1} x 
A. For any integer k 2': 1, the function g = 111kjxA is continuous and 
since T realizes a circular permutation of the qk cylinder sets in 'llq of 
length k, one gets 

1 "" n ( ) 1 1 sup N .L... go Tf•1/J x :::; --,:; + N , 
xEZ,, 0"5,n<N q 

proving that TJ•1/J is uniformly quasi-continuous. D 

Proof of Theorem 7 
Let L : [0, 1) 8 --+ 'llq x (Aq)s- 1 be the one-to-one map defined by 

L(to, t1, ... , t 8 _ 1 ) = (£;;, i;_, ... , t:=-;.). By construction, the sequence 
n--+ L(cp(n), cp(J(ll o 'tj;(ll(n)), ... , cp(f(s- 1) o 'lj;(s- 1l(n))) is just 

(18) n--+ (n, f • 'tj;(n)) 

and satisfies the following property: for any integer m 2': t, any s-uple of 
words w = (wo, ... Ws-d on the alphabet {0, 1, ... , q- 1} with lwol + 
· · · + lws-11 = m- t, and any integer k 2': 0, one has 

kq"' "5,n<(k+1)q"' 

The linear combinations of characteristic functions l[wo] x [w,] x ... x [w,_,] 

with '£;:~ iw1 I > t being dense in the space of all continuous maps f : 
'llq x (Aq)s- 1 --+JR. equipped with the uniform convergence topology, we 
may easily adapt the proof of Theorem 1 to show that the sequence (18) 
is well-distributed in the compact group 'llq x (Aqy- 1 . But the same 
result holds for the sequence Tf•1/J (6, O(A,,)'-') = ( n, f • 1/J( n) - f • 'tj;(O) ). 
Then, due to Lemma 2 we may apply Lemma 1 to conclude the unique 
ergodicity of TJ•1/J· D 
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Corollary 2. Let q be a prime number and let Hq denote the digital 
(0, q)-sequence (5) of H. Faure. Then the skew product THq defined on 
Zq x (Aq )s-l is uniquely ergodic. 

§6. Applications to q-additive functions 

6.1. Discrete valued q-additive functions 

We begin with a result that describes the structure of a general 
q-additive function with discrete values and continuous derivative. 

Theorem 8. Let A be a discrete abelian group and let f : N ----) A 
be a q-additive function. The discrete derivative b.f can be extended 
continuously to all of Zq if and only if there exist an integer s, a q
additive periodic sequence g with period q8 , and an element a in A such 
that 

(19) f(n) = g(n) + l; J ·a 

for all n EN. 

Proof. It is clear that Formula (19) defines a q-additive function whose 
discrete derivative can be extended continuously to all of Zq. Recipro
cally, assume that b.f has a continuous extension on Zq. The group A 
being a discrete space, b.f must be constant on some cylinder set con
taining -1 = ( q - 1, q - 1, q - 1, ... ) . Therefore, there exists an integer 
s;:::: 0, such that b.f is equal to a constant con [(q-1) 8 ; N]. In particular, 
for any digit e E {0, 1, ... , q- 2}, one has f((e + 1)q8 )- b8 - f(eq 8 ) = c 
with bs = I:o:::J<s f((q- 1)qi). Hence the following equalities 

f(q 8 )- f(O) f(2q 8 )- f(q 8 ) 

f(3q 8 ) - f(2q 8 ) 

f((q- 1)q8 )- f((q- 2)q8 ) 

hold, ensuring f(eq 8 ) = e·f(q8 ) for e = 0, ... , q- 1. In addition, com
puting b.f on the cylinder set [(q -1) 8 +10], we get f(qs+l)- b8 - f((q-
1)q8 ) = c, but we also have f(q 8 ) - bs = c hence, with the previous 
relations, we obtain f(q 8 +1) = q·f(q8 ). The same relations hold if we 
replace s by s + k, k ;:::: 0. Therefore f(eq 8 +k) = eqk·f(q8 ). To obtain 
the decomposition (19), we introduce the periodic sequence g of period 
qs' 

g(n) = L f(nJqi), 
O:Sj<s 
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where n = ~ ·>o n1q1 is the standard expansion of n in base q. Now, 
}_ 

(f- g)(n) = ~j~s n1qJ-s·f(q8 ) but this sum is precisely l:; J ·a with 

a= f(qs). D 

We consider Theorem 8 for the case where A is a finite q-torsion 
group: 

Theorem 9. Assume that A is a finite group such that every ele
ment of A is of order a power of q and let f : N ---+ A be a q-additive 
function. Then the following assumptions are equivalent: 

(i) 6.f can be extended continuously to all of Zq; 
(ii) f is periodic and the period is a power of q (i.e., there exists 

an integer K ::::0: 0 such that f(n + qK) = f(n) for all n EN); 
(iii) 6.f, defined on 'llq, is a co boundary for T. 

Proof. (i) =} (ii): Due to Theorem 8, we only have to show that n f-+ 

l n I q8 J ·a is periodic with a period equal to a power of q. By assumption 
there is an integer r such that qr·a = OA, hence l(n+qs+r)lq8 j-a = 
l n I q8 J- a as expected. 

(ii) =} (i) and (ii) =} (iii): These implications are obvious. In fact, if 
f is periodic with period a power of q, say qK, one can extend f to the 
continuous map G on Zq by the formula G(x) = f(~~~1 x1q1). 

(iii) =} (i): Assume that 6.f is a coboundary and cannot be extended 
by continuity to all of 'llq· In other words, the sequence n f-+ Cn,o (with 
Cn,O = f(qn)- f(q- 1)- f((q- l)q)- · · ·- f((q- l)qn- 1)) does not 
converge. Since A is finite, for any integer k ::::0: 0, there exists nk > k such 
that f(qn')- f((q-1)qk)- f((q-1)qk+ 1)-· · ·- f((q-1)qn'- 1 ) =/: OA and 
we can construct two increasing sequences of integers (mk)k and (nk)k 
such that mk < nk and f(qn')- f((q -1)qmk)- f((q -1)qmd1)- · · ·

f((q- 1)qn<- 1 ) = c =/: OA. We claim that cis an essential value of the 
cocycle 6.f. Take any Borel set B in Zq with hq(B) > 0. There exists 
M ::::0: 0 such that hq(BnT-q"' (B))> 0 for all m ::::0: M. Now observe that 
the set of x E 'llq such that (xm,, ... , Xn,-1, Xn,) = (q-1, ... , q-1, 0) for 
infinitely many integers k has Haar measure 1. Hence, there exists k such 
that mk ::::0: M and hq(B n T-q"'' (B) n {x E 'llq; 6.q"'kf(x) = c}) > 0. 
This gives a contradiction with the fact that the set of essential values of 
a coboundary is reduced to the trivial subgroup {OA} (see Theorem 4). 
D 

This result will provide a simple criterion to recognize whenever TJ 
is ergodic. 



Dynamics of digital sequences 125 

6.2. Criterion for ergodicity 

Let <I> be the Z/qZ-module of all Z/qZ-valued q-additive functions 
and set 

<I>o = {g E <I>: 3£ EN, \In EN g(n + l) = g(n)}. 

Definition 7. A family :F = {!k : N ____, ZjqZ, k:::: 0} of q-additive 
functions will be called independent modulo <I> 0 if for all m > 0 and 
(Eo, ... , Em-1) E (Z/qZ)m the following implication holds: 

Theorem 10. Let :Fir) = Ukr) : N ____, ZjqZ, k:::: 0}, r = 1, ... , s-
1 be s - 1 families of q-additive functions, let f(r) : N ____, Aq denote the 
q-additive function 

and define the q-additive function F : n f--f A.~- 1 by 

F(n) = (f(1l(n), ... 'f(s-l)(n)). 

The skew product ( TF, Zq x A~-l, /-tq 0 ,\A;;-t) is ergodic (hence uniquely 

ergodic) if and only if the hypothesis 

(H) the family :F = Ukr); k :::: 0, 1 :::; r < s} is independent modulo 
<I>o 

holds. 

Proof. We use Theorem 2. Assume that the skew product is not ergodic. 
There exists a nontrivial character x of A.~- 1 and a Borel map V : 
Zq ____, 1U such that x o t::.F = V o T jV. Note that x o t::.F = t::.(x oF) 
(with a multiplicative law) and by Theorem 4, the group of essential 
values of t::.(x oF) for T is reduced to {1 }. Moreover, the corresponding 
cocycle takes its values in lUq, the group of q-th roots of unity in lU. 
Consequently, we may also assume that V takes its values in lUq (see 
Theorem 4). Theorem 9 implies that x oF is periodic with period a 
power of q. The character x has the form 

(20) 
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. h ( (1) (s-1)) A s-1 th (r) b . . t . {0 1 wit a = a , ... , a E &q , e x1 emg m egers m , , ... , q-

1} that correspond to characters x(r) of A.q, namely 

1 mr 

x(r) ( u) = exp ( 2i1f- L xY) ·Uj) ( u = ( Uo) U1) U2) ... ) ) . 

q j=O 

Let g be the Z/qZ-valued q-additive function given by the nontrivial 
linear combination 

s-1 m,. 

(21) g = l:l:x)''l.tj'"l. 
r=lj=O 

By construction exp( i g) = X o F, so that g belongs to <Po. This proves 
that the hypothesis (H) is not verified. Reciprocally, assume that there is 
a nontrivial finite linear combination (with coefficients in Z/qZ) between 
elements of :F which belongs to <I> 0 . In other words, one has a nontrivial 
relation ( 21) with g in <I> 0 . Extend g to a continuous map G : Zq --> 1U q 
and let x be the character of &g- 1 defined by (20). By construction, xis 

nontrivial and the continuous map V = exp( 2~"' G) verifies the functional 
equation V(x) = x(.6.F(x))V(Tx). Hence, by Theorem 2, the skew 
product in not ergodic. D 

Remark 2. (i) The hypothesis (H) implies that all maps fkr) are 
distinct. 

(ii) Up to a coboundary for T, Theorem 10 contains the case where 
digit permutations are involved (see Remark 1). We let the interested 
reader rephrase the theorem for digit permutations. 

Corollary 3. Under the assumption of Theorem 10, the sequence 
n f--7 ( 'P( n ), cp(f(l) ( n) ), ... , cp(f(s-I) ( n))) is well-distributed in 'Jl'S. 

The proof is clear. D 

6.3. Applications 

Theorem 10 is a basic and efficient tool to prove ergodicity. Let us 
illustrate this fact through a few interesting applications. 

6.3.1. First we pay attention to the criterion given in [12] to en
sure that a digital sequence based on formal Laurent series is uniformly 
distributed. Let Z/qZ[[z- 1]] be the ring of formal Laurent series with 
coefficients in Z/qZ. Actually, the base q is not assumed to be a prime 
number. We begin by associating to any strongly q-multiplicative func
tion u: N--> Z/qZ the formal Laurent series [u] = 2: >o u(qJ)z-J. If 

)_ 

u belongs to <I> 0 with minimal period qd, then [u] is a polynomial in 
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z- 1 of degree d. Choose formal Laurent series Lr = Lk>O ut") z-k in 
Z/qZ[[z- 1]] (1 ::::; r::::; s- 1) and define the matrices -

(r) 
u2k-1 

Consider the digital sequence 

(22) 

which is also the Ag- 1-valued strongly q-additive function 

u = (U(l)' ... 'u!s-1)) 

with Aq-valued strongly q-additive functions u!rl : N ----+ Aq given by 

U(r) = (uJrl' uir)' uYl' ... ) where the strongly q-additive functions 

Ukr) : N----+ ZjqZ are defined by 

(23) uY\n) = L ni·U~~j. 
i2:0 

In [12] the authors proved (with q prime) that the sequence (22) is 
uniformly distributed if and only if 

(HS) 1, L1, ... , Ls-1 are linearly independent over the ring ZjqZ[z]. 

To see the equivalence between (HS) and (H) in this particular case, 

we first observe that [UY)J = zJLr- L~~~ u~r)zj-i (and [uJrl] = Lr)· 
Hence, a nontrivial linear combination of 1 and the Lr over Z/qZ[z] gives 

rise to a nontrivial relation of the form Po(z) +I:;:~ 'L~o xY)[UY)l 
with Po E Z/qZ[z]. In fact Po must be constant and the nontrivial 
linear combination 

s-1 m,-

L (L:xYluYl) =co 
r=1 j=O 

over ZjqZ shows that the hypothesis (H) is false. Reciprocally, assume 
that a relation (21) holds between the family of q-multiplicative functions 

f (r) = U(r). In other words 
J J 

s-1 m,. 

[g] = L (l:x]r)zj)Lr + P(z) 
r=1 j=O 
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for a suitable polynomial P(z) in the variable z. Hence, property (HS) 
is false. Finally, we have proved 

Proposition 1. Let U : n f--7 ( fiC(l), ... , fiC(s- 1)) be the digital 
sequence (22) constructed from formal Laurent series L1, ... , Ls-1 as 
above. Then the skew product Tu is ergodic (hence uniquely ergodic) if 
and only if the hypothesis (HS) holds. D 

6.3.2. Consider the family of 2-additive functions given by 

with (0 = 0 if j < k. The sequence F defined as in Theorem 10 with 
s = 2 is nothing else than the Sobol'-Faure sequence H2 in (5) and we 
already know (Corollary 2) that the corresponding skew product TH2 is 
uniquely ergodic. Let us derive this result from Theorem 10 without 
using the fact that H 2 is a (0, 2)-sequence. To this aim, we have to 
prove that the given family {fk; k :::: 0} is independent modulo <Po. 
This is due to the easy observation that the matrix ( 4) contains block 
of consecutive rows of the form 

1 0 0 

* 1 0 

* * 1 

* * 

0 

* 

0 

0 
0 

1 0 

A similar proof holds for any prime number q but involves all matrices 
cr (1 :::; r:::; q- 1) and requires the nice relation (see [7]): 

(Cr)jk = rj-k G) (mod q). 

6.3.3. From any ergodic skew product TJ with a q-additive function 
f: N--+ Aq we can produce many others. In fact, let f = (fo, h, h, ... ) 
be any Aq-valued q-additive function and set :F = {!0 , h, h, ... }. For 

h . 1 < . < 1 1 t -c(i) - {f,(i) f(i) f(i) } b bf "1 eac t, _ t _ s - , e .r - 0 , 1 , 2 , . . . e a su am1 y 
of :F such that {:F(ll, ... ,:F(s- 1)} form a partition of :F. Finally, de-

fine the Aq-valued q-additive functions f(il = U6il, fiil, fJil, ... ) and 
the (Aq) 8 - 1-valued q-additive function F = (f(l), ... , f(s- 1l). The fol
lowing proposition and corollary are a straightforward consequence of 
Theorem 10: 



Dynamics of digital sequences 129 

Proposition 2. With the above notation, the skew product Tf 

Zq x Aq ----> Zq x Aq is ergodic if and only if the skew product 

Tp : Zq X (Aq) 8 - 1 ----> Zq X (Aq)s- 1 

is ergodic. 

Corollary 4. With the above notation, assume that the sequence 
n t--+ (cp(n),cpof(n)) is uniformly distributed in [0,1) 2 . Then these
quence n t--+ (cp(n), cp o F(n)) is uniformly distributed in [0, 1) 8 • 

Remark 3. When the base q is greater than 2, we can easily 
produce Z/qZ-valued q-additive functions g which are not of the form 
f o '1/J, where f is a strongly q-additive sequence and '1/J a q-digit per
mutation. This is the case, for example, of the q-additive sequence 
g given by g(aqJ) = c1 for all a = 1, 2, ... , q - 1 and j ~ 0, where 
(cj)j is any sequence in ZjqZ which is not the null sequence. To con
tinue this illustration, let gk, k = 0, 1, 2, ... be a family of such Z/qZ
valued q-additive sequences with sequences (c1k)J?.O· Choose each Cjk 

in {0, 1} satisfying Cjk = (k) (mod 2). Then, the structure of the 
Pascal triangular matrix (4) mod 2, exhibited above, can be used to 
prove that the family ofsequences gk verifies the hypothesis (H). Hence 
r9 with g = (go,g1 ,g2, ... ) is ergodic. In particular, the sequence 
n t--+ (cp(n, cp(g(n))) is well distributed in [0, 1)2 but is not a digital 
(0, 2)-sequence, due to the fact that this map is not one-to-one. 

In a forthcoming paper we will continue this work by considering 
several coprime basis q1, ... , qr· The main question is to characterize 
qi-additive sequences Fi : N ----> A.qi such that the direct product T = 
Tp1 x · · · x TF,. is ergodic. Note that Tis also a skew product above the 
ergodic translation (xt, ... , x 8 ) t--+ (x1 + 1, ... , Xr + 1) on Zq1 X··· X Zqr 

with the cocycle F : n t--+ (Fl(n), ... , Fr(n)). Such functions which are 
also digital (t, s)-sequences are of main interest. 
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