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Holder continuity of solutions to quasilinear elliptic
equations with measure data

Takayori Ono

Abstract.

We consider quasi-linear second order elliptic differential equa-
tions with measures date on the right hand side. In this talk, we
investigate Holder continuity of solutions of such equations.

§1. Introduction.

Let G be a bounded open set in R (N > 2) and 1 < p < N.
Suppose that v is a signed Radon measure on G. We consider quasi-
linear second order elliptic differential equations with measure date of
the form

(E,) —div A(z, Vu(z)) + B(z, u(z)) = v,

where A(z,£) : RY x RY — R satisfies structure conditions of p-th
order and B(z,t) : RV x R — R is nondecreasing in t (see section 2
below for more details).

Hélder continuity of a solution to the equation (F,) was investigated
in [17], [8] and [6]. In these papers, they showed that the solution of
(E,) is locally Holder continuous with some exponent if the signed Radon
measure v satisfies the condition that there exist constants M > 0 and
0 < B < X\ with

|v|(B(zo,7)) < M rN-p+8(p—1)
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whenever B(z,3r) C G, where A is a number depending on N, p and
structure conditions for A and B. Further, in [7], in the case B = 0 in
the equation (E,), namely for the equation

(1) —div A(z, Vu(z)) =v

and v is a nonnegative Radon measure, Kilpeldinen and Zhong showed
that a solution to the equation (1) is Holder continuous with the same
exponent . In this talk, we extend this result to the case of the equation
(E).

Throughout this paper, we use some standard notation without ex-
planation.

§2. Preliminaries.

We assume that 4 : RYN xRY — RY and B : RY xR — R satisfy
the following conditions for 1 <p < N :

(A1) z — A(z,€) is measurable on RN for every ¢ € RN and
¢ — A(z, €) is continuous for a.e. z € RV ;

(A2) A(z,€) - &> aq|élP for all £ € RY and a.e. x € RN with a
constant oy > 0;

(A3) |A(z,8)] < aglé|P~! for all € € RN and a.e. € RY with a
constant as > 0;

(A4) (Alz,&1) — Az, £&)) - (& — &) > 0 whenever &, & € RV,
& # &, for ae. z € RV,

(B.1) z + B(z,t) is measurable on R" for every t € R and t —
B(z,t) is continuous for a.e. z € RN ;

(B.2) For any open set G € R” there is a constant a3(G) > 0 such
that |B(z,t)| < a3(G)(|t|P"1+1) forallt € Rand ae. x € G;

(B.3) t B(z,t) is nondecreasing on R for a.e. z € RY.

We consider elliptic quasi-linear equations of the form
(E) —div A(z, Vu(z)) + B(z, u(zx)) = 0.

For an open subset G of RY, we consider the Sobolev spaces W?(G),
Wy ?(G) and W F(G).

Let G be an open subset of RV. A function u € W.P(G) is said to
be a (weak) solution of (E) in G if

/A(x,Vu)-chd:c+/B(a:,u)cpdsc:O
G G

for all ¢ € C§°(G).
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A continuous solution of (E) in an open subset G of R" is called
(A, B)-harmonic in G.

We can see the following proposition by the proof of [14; Theorem
4.7]. By carefully analyzing the proof of [14; Theorem 4.2 and Theorem
4.7), we can choose constants ¢ and 0 < A < 1 independent of the radius
RifR<1.

Proposition 2.1. Let G be a bounded open set. Then there are
constants ¢ and 0 < X < 1 such that for B(xzg,R) € G and for every
(A, B)-harmonic function h in G with |h| < L in B(zo, R),

osc(h, B(zg,7)) < c (—;5)/\ (osc(h, B(zo, R)) + R),

whenever 0 < v < R < 1. Here ¢ depends only on N,p, a1, a2, a3(G)
and L and X\ depends only on N,p, a1, 0z and az(G).

In the case of A(z, &) = |¢|P~2¢ and B = 0, namely for the p-Laplace
equation, we can choose A = 1 ([4; Lemma 2.1]).

We recall the following propositions ([13; Theorem 2.2 and putting
k = 0 in Definition 2.1, and Lemma 3.1]).

Proposition 2.2. Let G be a bounded open set and My > 0. Then
there is a constant ¢ such that, for every (A, B)-harmonic function h in
G, nonnegative n € C§°(G) and constant M with |M| < Mo,

/ IVhPnpPdz < ¢ / max(h — M,0)? (n* + |Vn|?) dx
{h>M} G
+ ¢ (Mo + 1)”/ n® dz,
{h>M}

where ¢ depends only on p, a1, ag and az(G).

Proposition 2.3. Let G be a bounded open set, My > 0, v € (0, p].
Then there is a constant ¢ such that, for every r € (0, 1] with B(xg,r) €
G, an (A, B)-harmonic function h in G and a constant M with |M| <
M07

1/~
1
sup |h—M|<c | =—— |h — M|"dx +cr,
B(zo.r/2) |B(z0,7)| JB(zo,r)
where ¢ depends only on p, a1, az, az(G), v and M.

Lemma 2.1. Let G be a bounded open set. Then there is a constant
¢ depending only on p, N, a1, a2 and as(G) such that for B(zo,R) C G
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with R < 1, u € WYP(B(zo, R)) and the (A, B)-harmonic function h
with h —u € W}"P(B(zo, R))

1/p
(/ |Vh|P da:)
B(Io,R)
1/p 1/p
<c / |ulP dz + / |VulP dz + RN/P
B(zo,R) B(zo,R)

Proof. Fix B = B(zg,R) C G with R < 1 and let || - ||p,¢ denote
the usual L?(G)-norm. It follows from (A.2), (A.3), (B.2) and (B.3) that

VAL g < a;‘/A(x,Vh)-Vhdx
' B
= of' {/ A(:c,Vh)-Vudx—/ B(ac,h)(h—u)dr}
B B
< a7l an | VRIES I Vulls — a7t /B B(z, u)(h — u) dz
< oyl | VAP [ Vullys

+ oyt a3(G) lIlul + 11575 llu = Rllp,5-
Because h — u € Wy '?(B), by the Poincaré inequality we have
[k = ullp,p < c||Vh = Vullpp < c(|Vhlp,p + [|Vullp,5);
where we can take ¢ depending only on N because R < 1. Also,
lul + 1157 < ¢ (lulll + RNED/P),

with ¢ = ¢/(p) > 0. Thus, by the above inequalities and Young’s in-
equality we have

IVhIE s < allVAIE S IVulys
+ ez ([ully g + RYPV/P) (|[Vhp5 + | Vulp,5)
1
< SIVRIE s +ea(IVully 5+ [ul} 5 + RY).
Hence ||VA|? g < 2¢3 (| Vul? g+ [|ulb 5 + RY), which implies the de-
sired inequality. O

Lemma 2.2. Suppose that G is a bounded open set and B(zo, R) €
G. There exists a number A = \(N,p, a1, az,a3(G)) > 0 such that for
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every 0 < r < R <1 and (A, B)-harmonic function h in G with |h| < L
in B(xo, R) it holds that

N—p+pA
/ |VhIP dz < ¢ (1) / |VhIP dz +c RV,
B(zo,r) R B(zo,R)

where ¢ = ¢(N,p, 01, az,a3(G), L) > 0.

Proof. We may assume that 0 <7 < %—. From Proposition 2.2 and
Proposition 2.1 we obtain

/ VAP dz < — {(h— inf R)?+(L+1)PrP}da
B(zo,r) ™ JB(xo 27«) B(zo,2r)

Si sup h— inf h| 4+ (L+1)PrP 3ol
TP B(zo,2r) B(zo,2r)

<crN-P
P
(1))\ sup h— inf h+R + (L +1)PrP
R B(zo,R/2) B(xzo,R/2)
pA P
<crN-P (1) sup h— inf h| +RP;.
R B(zo,R/2) B(xzo,R/2)

On the other hand, setting

hp = hdzx,

.
| B(o, R)| B(z0,R)

by Proposition 2.3 and the Poincaré inequality, we have

P
sup h— inf h
B(zo.R/2)  B(w0.R/2)

< 2 sup |h—hg/f

B(zo,R/2)
C
|h — hg|P dz + ¢ RP
[B(zo, R)| J (20, )

c RP

< — Vh|Pdx + ¢ RP.
| B(zo, R)] B(zo.,R)l |
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Hence,

/ |Vh|? dx
B(xo,T)

IA

A/ 1\NP
erN-p (L ; (—) / |Vh|P dz + RP
() (&) fown

N—p+pA
c (L) o / |Vh|P dz + ¢ RY.
R B(IU,R)

§3. Holder continuity of solutions to (E,).

In this section, we establish Holder continuity of solutions to the
equation (E,). First, we recall the following Adams’ inequality ([17;
Theorem 3.3)).

Proposition 3.1. Suppose that v is a nonnegative Radon measure
supported in an open set Q such that there is a constant M with the
property that for all z € RY and 0 < r < o0,

v(B(z,r)) < M r°

wherea=g(N/p—1),1<p<qg<ooandp < N. Ifue Wol‘p(Q), then

1/q 1/p
</ |u|qd1/> <cMY4 (/ |Vul? da:) ,
Q Q

where ¢ = ¢(p,q, N).

Let G be an open subset in RY. A function v : G — R U {oo}
is said to be (A, B)-superharmonic in G if it is lower semicontinuous,
finite on a dense set in G and, for each bounded open set U and for
h € C(U) which is (A, B)-harmonic in U, © > h on U implies u > h in
U. (A, B)-subharmonic functions are similarly defined.

To show Hélder continuity of solutions to the equation (E,), we
prepare the following lemma.

Lemma 3.1. Suppose that G is a bounded open set, B(xo, R) € G,
0 < B <1, v is a signed Radon measure on G such that

[v|(B(z0,7)) < o rN-p+B8(p—1)

for every 0 < r < R and u € Wﬁ,‘f(G) is a solution of (E,) in G
with |u| < L in B(xe,R). Then for every 0 < r < R <1 and e >
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0, there exist constants ¢1 = c1(N,p,a1,a2,a3(G),L) > 0 and cz =
c2(N,p,a1,a2,03(G), B, co,e,L) > 0 such that

7\ N—p+pr
/ |V'u,|p dr < a ((—) +€)/ |Vul? dz
B(zo,r) R B(zo,R)

+ Cc2 RN-ptPB

where X\ is the constant in Lemma 2.2.

Proof. We may assume that 0 < 7 < £. Let h be an (A, B)-
harmonic function with u — h € Wy?(B(z, R)). First, we will show
that

(3.1) b < I’

on B(z,R) with L' = L'(A,B,G,L). Let By be a ball containing
G. There exists an (A, B)-harmonic function hg in By belonging to
W3P(By) (see [10; Theorem 1.4]). Then hg is continuous on By and
hence bounded in G. Let —m; < hg < ms in G with m; > 0 and
mg > 0. Then, v; = hg + m1 + L is (A, B)-superharmonic and v; > L
in G5 and vy = hg — mg — L is (A, B)-subharmonic and ve < —L in G.
Since

0 > min(0,v; — k) > min(0, L — k) > min(0,u — k) € Wg*(B(z, R)),

min(0, v; — h) € Wy ?(B(z, R)). Hence by the comparison principle (see
[16; Proposition 5.1.1 and Lemma 2.2.1)), v1 > h, so that h < L+mq +
mq. Similarly, we see that ve < h, which shows h > —(L + m1 + ma).
Thus, we have (3.1) with L' = L + my + ma.

Next, we note that |v| € (Wol’p(V))* for any V € G, that is, |v| is
in the dual space of W, ?(V). Indeed, there exists an A-superharmonic
function U in G satisfying

— div A(z, DU(z)) = |v|

with min(U, k) € WO1 P(G) for all k > 0, where DU is the generalized
gradient of U (see [5; Theorem 2.4]). Then by [6; Theorem 4.16], U
is locally bounded in G. Thus, U € W.P(G) (see [3; Corollary 7.20)).
Hence we see that |v] € (WyP(V))* (cf. [6; p.142]). Thus, by (A.2),
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(A.3) and (B.3) we have

oy / |[VulPdxr < / Az, Vu) - Vudz
B(zo,r) B(zo,r)
= / (A(z,Vu) — A(z,Vh)) - (Vu — Vh) dz
B(zo,r)
(3.2) +/ Alz,Vh) - (Vu —Vh) dz
B(zo,r)

+/ Az, Vu) - Vhdx
B(zo,r)

IN

/ (A(z, Vu) — A(z, Vh)) - (Vu — Vh) dz

B(IU,R)

+as / (IVhP~Y |Vl + |VuP~1|Vh]) do
B(I(),R)

+ -/B(xo.,R) (B(z,u) — B(z,h)) (v — h) dz

= / (u—h)dv
B(:E().,R)

+ag / (|VAP~Y | Vu| + |VulP~!|Vh|) da,
B(zo,r)

in the last inequality we have used that u is a solution of (E,), |v| €
(WaP(V))*, h is (A, B)-harmonic and u — h € Wy ?(B(z, R)). Set

I = / (u—h)dv
B(IL‘U,R)

and

I =a / (IVR[P~HVu| + |VulP~Vh]) dz.
B(zo,r)

Let g= (N —p+08(p—1))/(¥ —1) and 1/g+1/¢' = 1. Since u —h €

W& P(B(z, R)), by Hélder’s inequality, Adams’ inequality and Young’s
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inequality we have

/ fu — hdlv|
B(Z‘U,R)

1/q 1/¢’
<( [ -] ([ aw
B(xo0,R) B(z0.R)
1/¢ Y
<c (RN—PWP—U) / lu — h|2d|v]|
B(Io,R)

1/p
< cR"5 (N-pt6p) / |V(u — h)Pdx
B(xo,R)

1/p

1/p 1/p
X / |VulP dz + / |ulP dx + RN/P
B(I(),R) B(I(},R)

ScRN”pJ’ﬂ’H»ﬂe/ |Vu|pdac+c/ |ulP dx 4+ ¢ RN,
2 JB(zo.R) B(zo.R)

where we have used Lemma 2.1. Hence we have

(3.3) n< [ ju-hldy
B(Zo,R)
< ¢ RN-PHAP | % € / |Vul|? dz,

B(.’Eo,R)

where we have used that R < 1 and N — p + 8p < N imply RN <
RN—P+6P_ Here c depends on N, p, a1, az, az(G), 3, co, € and L. Also,
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Young’s inequality, Lemma 2.2 and (3.1) yield

I, < it |VulPdz + ¢ / |Vh|P dx
2 B(zo,r) B(zq,r)
N—p+pA
< 4 |Vul? dz + ¢ (1) / |Vh|P dz + ¢ RN
2 B(zo,r) R B(zo,R)
< 4 |Vul|? dx
2 JB(wo,r)
7\ N-p+pr N
(34) +c (—) / |Vul? de + / lulPdz | +cR
R B(zo,R) B(zo,R)
< G |Vul?P dx
2 B(zo,T)
N-—p+pA
+e (L) / |VulP dx + ¢ RN ~PTAP,
R B(zo,R)

where again we have used Lemma 2.1, (3.1) and RN < RN-ptPp Tt
follows from (3.2), (3.3) and (3.4) that

/ |Vul|? dz
B(zo,r)

N—p+pA
<¢ r pre + € |[VulP dz + co RN-p+p8,
R
B(x(),R)

0

To achieve the aim in this section, we need the following two propo-
sitions in [2; III Lemma 2.1 and III Theorem 1.1].

Proposition 3.2. Let A, 71 and 2 be positive constants such that
Y2 < 1. Then there exists a constant €9 = €o(A,11,72) > 0 with
the following property: if f(t) is a nonnegative nondecreasing function
satisfying

¥
fr) <A {(%) l—l—s} f(R)+ BR™
forall0<r <R < Ry with0<e<eg, Rg >0 and B > 0, then

tn<c{(5)" 1@ +Br}

for all 0 <7 < R < Ry with a constant ¢ = ¢(A,v1,72) > 0.
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Proposition 3.3. Let v € W'?(B(zo,R)), 1 < p < N. Suppose
that for all x € B(zg,R), all T, 0 <1 <é(z) = R— |z — zo|

VulPdz < L? (L
/B(z,r) | é(z)

holds with 0 < 8 < 1. Then, u is Hdolder continuous in B(xq, p) with the
exponent 3 for all 0 < p < R.

Theorem 3.1. Let G be a bounded open set and u € Wl{)’cp(G) N
L (G) is a solution of (E,) in G. Suppose that v is a signed Radon
measure on G such that there exist constants M > 0 and 0 < 3 < A,
where A = A(N,p, a1, a2, a3(G)) > 0 is the number in Lemma 2.2 above,
with

) N—p+pB

lv|(B(z, 7)) < M pN-ptBE-1)

whenever B(x,3r) C G. Then u is locally Hélder continuous in G with
the exponent 3.

Proof. 1f B(xzg,4R) C G with R < 1, then Proposition 3.2 and
Lemma 3.1 yield that

r\ N-pt+pB
/ |VulPdr <c / |VulPdz + 1 (—) )
B(x,r) B(z0,2R) R

whenever z € B(xo,R) and 0 < r < R, where ¢ > 0 depends on N, p,
a1, @z, a3(G), M, B and suppg(,, 2r) [u|- Hence, by Proposition 3.3, u
is Holder continuous in B(zg, p) with exponent 8 for 0 < p < R. a
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