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A decomposition of the Schwartz class by a
derivative space and its complementary space

Takahide Kurokawa

Abstract.

Let D(R™) be the class of all C*° —~functions on R™ with compact
support. For a multi-index o we denote D*(R™) = {D%p : ¢ €
D(R™)}. We give a direct sum decomposition of D(R™) by D*(R")
and its complementary space.

§1. Introduction

Let R™ be the n-dimensional Euclidean space. The points of R™ are
ordered n-tuples x = (z1,--- ,xy), which each z; is a real number. If
a = (a1, - ,ap) is an n-tuple of nonnegative integers, then « is called
a multi-index, and we let |o| = a; + -+ a, and ol = ay!- - - ap!. The
partial derivative operators are denoted by D; = 9/0x; for 1 < j < n,
and the higher order derivatives by

olal
n 8:(,“111 . al.%n. '

Following L.Schwartz [4] the notation D(R™) (the Schwartz class) stands
for the class of all infinitely differentiable functions on R™ with compact
support.

L.Schwartz uses the following fact about P(R™) in the discussion of
primitives of distributions [4: sections 4 and 5 in Chap.II].

Fact. Let 6p(t) € D(R') be a function which satisfies
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Then ¢ € D(R™) can be decomposed uniquely as follows:
(1.1) e(z) = x(z) + Axz, -+, zn )00 (1)

where x € D' (R™) = {D1¢ : ¢ € D(R™)} and A € D(R""'). Namely, if
we put
UN(R™) = {A(x2,* ,zn)00(z1) : A € D(R"1)},
then
D(R™) = D'(R") @ U (R™)
where the symbol @& means a direct sum. :

Moreover some authors deal with orthogonal decompositions of the
Lebesgue spaces and the Sobolev spaces related to certain kinds of dif-
ferential operators ([1], [2], [3]).

In this article we are concerned with a direct sum decomposition of
the Schwartz class D(R™) related to the higher order differential operator
D*. Namely we treat the following problem.

Problem. Let a be a nonzero multi-index and D*(R™) = {D%p :
¢ € D(R™)}. Give a direct sum decomposition of D(R") by means of
D*(R™) and its complementary space.

The next section is devoted to study of the problem.

§2. A decomposition of the Schwartz class

As we saw in section 1, D(R™) = D! (R™) ®U'(R"). In order to give
a direct sum decomposition of D(R™) by means of D*(R"), we must con-
struct the complementary space of D*(R™). We need two preparations.
For a multi-index o = (a1, -+ , ) We set

Ma:{je{lv"'vn}:aj#o}
and for j=1,--- ,n let
R”’j:{(xl,--- ,Zn) € R™ 1 x; = 0}.

First we note that

Lemma 2.1. (¢f. [4: Section 5 in Chap. II]) Let f € D(R™)
and o be a nonzero multi-index. Then the following two conditions are

equivalent:
(I) There ezists u € D(R™) such that D*u = f.

(II)
/ f(xla"'vxja"'7x")x§dxj=0

forj€ My, £=0,--- ,0; — 1 and any (z1,---,0,-++ ,z,) € R™.
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Secondly, we need the following fact: For a nonnegative integer m,
there exist functions {6;};=0.1,..,m C D(R') which satisfy the condition

i i _ 1, ] = Z <.
(21) Lmej(t)t dt_{ 0, j?él (.777’-0717"'7771')'
The first step is

Lemma 2.2. For a nonnegative integer m there exists a function
6(t) € D(R') such that

> ; 1, i=0
(2.2) / o(t)t'dt = { o
oo () O’ 1:17...’m'
Proof. - We take a function 7(t) € D(R!) such that
oc
(2.3) / n(t)dt =
We put

0(t) = n(t) + Zc]n

where 1) is the derivative of order j of 1 and ¢; (j =1,---,m) are
constants. We show that we can choose ¢; (j = 1,---,m) such that
6(t) satisfies (2.2). Since [~ n@W(t)dt =0 (j = 1,---,m), by (2.3) we
have
oC
/ 0(t)dt = 1.
— 00
Hence we must choose the constants ¢; (j =1, ,m) which satisfy
o
(2.4) Zc]/ t)t'dt = / ntt'dt, i=1,2,---,m.
—0oC

We show that the linear equation (2.4) with respecttoc; (j = 1,2,--- ,m)
has a solution. We consider the coefficient matrix

A= (/ n@(t)t"dt) .
—oc i,5=1,+,m

We see that for j > 4

oC oo
/ nWitidt = (—1)° z'/ Y=V (t)dt = 0
—o00 —o0
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and
[ wea = vt [ aera = -1y

Therefore the matrix A is a triangular matrix and the diagonal elements

are (—1)75! (j = 1,--- ,m). Hence the determinant of A is not zero.
Consequently the linear equation (2.4) has a solution. Thus we obtain
the lemma. O

Using Lemma 2.2 we prove

Lemma 2.3. For a nonnegative integer m, there exist functions
0,;(t) € D(RY) ( =0,1,---,m) which satisfy (2.1).

Proof. By Lemma 2.2 there exists a function 6(t) € D(R!) which
satisfies (2.2). We put

—1) .

Then for j > ¢ by integration by parts we have

/oo 0;(t)t'dt = Ly /oo 09 (t)t'dt = (——w /oo 60— (t)dt = 0.

1

— 00 ] —0C ]' — 00

For j < i (< m) it follows from integration by parts and (2.2) that

/_Z g;(t)t'dt = (=1)% ( ; )/_Z O(t)t'" 7 dt =0

where ; > = Wz—'ﬁ Moreover, for j = 7 by integration by parts and
(2.2) we see that
/ 0,(t)tdt = (-1)2@;/ o(t)dt = 1.
-0 -]' —O0C

Thus the functions 6; (j = 0,1,---,m) satisfy (2.1). The lemma was

proved. O
From now on let & = (o, -+ , ap) be a nonzero multi-index with M, =
{71,-+- ,Jk} and m = max;=1.... n(e; — 1). For the nonnegative integer

m we take the functions {6;(t)};=0.1,....m C D(R!) in Lemma 2.3.
In the decomposition (1.1) of ¢ € D(R™), M(x2, - ,Z,) is given by

oo
)\(IEQ,"' ?:E’n) :/ 90(551"" 7$n)d$1-

— 00
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Indeed, if we put

then

/ X(xlv"' 7:Cn)dx1

— o0

—‘-/ o(z1, -+, xp)dzy —/ oz, ,In)dfl/ Oo(xy)dzy =0

—00 —o0 —0oC

because of f_oooc Oo(x1)dx; = 1. Hence by Lemma 2.1 we see that x €
DY(R™).

Taking the above situation into account, we introduce linear opera-
tors T* and U* on D(R™). First, for p € D(R™) and 1 < i < n,0 <
£ < m, we put

£

Siep(z) = (/oo o(T1, Ty ,xn)x*zd:ci) 0;(z:).

j=0 /=0

We note that S; 0 € D(R™). For 1 < p < k, let M, , denote the
collection of subsets of M, which have p elements. For {i1,---,ip} €
M, p we set

Sa( 10 8p) Sil-,ail—l .. 'Sip,aip—-b

For ¢ € D(R™), by Fubini’s theorem S*(1:* %) () is given by

Qiy — Qip —
(2.5) §eaein) (1) = Z Z
s1=0 sp=0

(/ / (1, ,xn)xff“'l"f:difil"'d-’Ei,,) Os, (ziy) -+ 05, (23, ).

In particular, the order in the definition of S*(1-""+%) i irrelevant.
Next, for 1 <i<nand 0 < £ <m we set

Tie=1-Si,
Further we define

@ e - e .
T _TJ1~,Dtj1—1 T]k7ajk.—1'
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It follows from the definition that

(2'6) T = (I - Sjl,%‘l—l) (= Sjk,ajk—l)

1)P+1 Z Sa('il-,"'aip)_

~
|

NE

T

p=1 {i1,ip YEMa,p
Finally we define
k . .
(2.7) U=J-T% = Z(_I)P‘H Z golin,ip)
p=1 {i1,,ip}EMa p

For a subset {ky,--- ,ks} C {1,---,n}, the notation f({zk,, -, Tk, }°)
stands for a function of the remaining variables of {xg,, - ,zx,}. For
example, f({xl}c) = f(x27 T 71‘71)'

Referring to (2.5) and (2.7) we define tensor product functions of
order « (associated with {6;};—0,1,....m) as follows. If a function f €
D(R™) which has the following form

k a;,—1
PRI SRR DU SO o)
p=1 {i1, . ip}EMa,p 51=0 sp=0

)‘ilr" ,ip3S1,te :Sp({xil y Ty xip}c)esl (Iil) e esp (xip)

satisfies the conditions

(2.9) () Ao ipisye s, € D(R™TP),

(2.10) (i) for 2<p<k,{i1, -+ ,ip} € My, and

OSSI Sa’i]—la"'aosspgaip—la
Ay, 1p7317’ \Sp {xzu"‘ Iz,,})
Sp ~ =
”’s[ {1;“}) “'Iipdxil”'dx’ik'“dxip
(£:1a27"'7p)7

then we call f a tensor product function of order o, where the symbol
~~ indicates that the variable underneath is deleted. . We denote by
U (R™) the set of all tensor product functions of order a.

A fundamental property of tensor product functions of order « is
the following.
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Lemma 2.4. Let f be a tensor product function of order o with the
form (2.8). Then

o oc ¢
/ / f(xl,... ,mn)lel...xk‘:dxkl...dxkq
—oc —o0o
= )\kl,"' kgt ity ({‘Tkl y 0y Ty }c)

for 1 <q <k, {ki,--- ,kqg} € Maqand0<t; <ap, —1,---,0<¢t, <
ok, — L.

Proof. First we prove
oo .
@1 [ fone e an)ada = Aa({z)9)
— 00
for j = j1,--,jrand t = 0,1,--- ,0; — 1. For {iy,--- ,ip} € My p we

put

ai;—1 aip—l

ot {gy) =y e Yy / Aiy oo sipssn,oe s, ({Tins o0, T3, 1)

$1=0 sp=0 Y7
X0s, (iy) + - osp (xip)l‘;dl'j.

Then we have

o
/ flz, -z, zp)ahday
—o00

k
=D (P ST I ({a))

{ilf“' 7iP}EMﬂ,P

k—1
=Y (PG50 + Tp({2539) + (DR ({25}

p=1
where
Ip({_’]jj}c) — Z i ,ip({xj}c) (p =1,---,k)

{iz, ’ip}elumpvje{ila“' :ip}

and
Jp({z;}°) = > et ({zye) (p=1,0-0 k-1,

{i1,ip}EMa,p. 3¢ {1, ip}

We show that forp=1,2,--- ,k—1

(2.12) Tp({;}) = Ipr1({z;}°).
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First we consider J,({z;}¢). Forj & {i1, - ,ip}, letip_1 <j<ig ({=
1,2,--- ,p+1) with ¢9 = 0 and ip41 =n+ 1. Then by (2.10)

o0
/ )‘il,"'-,ip;sl,"'~,sp({xi17' o 7Iip}c)'r§’dxj

— 00
P . . o . . - ... . . - .. : c

- >‘11;"' 71(-1:.777417"':Zp§sl1"'13£A11t=5/:"'13p({x117 ,1'2@71,%],1'1“ 7I1p} )
where

A i PG P ¢ — )\j=ilt"'vip§t¢sla'."-,Sp ifl= ]-7
1150380 —1,7:%8, 7 ,2p381s s 8€—1:0,8¢5° 0 sSp T 3 —
C ’ ? Air, g Gist spt ifl=p+]1.

Hence
(2.13) Ip({z;}9) = > Z Z
{1, ip}EMa,p, 3¢ {1, ip} $1=0 sp=0

)‘i1,-~- 1,358, 1 ip;S1, 1 Se—1,1,8¢, 7sp({$il 77 s Lie_qs LTy Ligy w0 5 Ty }C)
X931 (‘ril) T esp (xip)

withig_1 < j <i4g. Next we consider Ipt1({z;}°). For {i1,--- ,ips1} €
Mg p1 with {31, ,ipt1} D 4, let § =i,. Since

/000 (2, )xtdif'—/ooe (g;-)ztda:'—{ 1, se=t,
s (2 1 - S ] -
¢ €)'y J o (ANl W iady} J 0’ Sg;ét

— o0

by (2.1), we have
e (a;)9

p+1

- Z Z / ’1’ Cilp+1381, 5 Sp el ({xll s x1p+1} )
s1=0 Spy1=0 ¥
X 0oy (Tiy) + + 051 (Tisr 25025
a;,—1 aip_H—l
= Z e Z Aig, s Ap1iS1y Spl {zigs iy 1)
s1=0 sp+1=0
= t
Xasl (xll) e 95@ (1‘“) e 63p+1 (fi”l) / 952 (CD]')Sdel‘j
—0o0
ai;—1 iy —lag, - Qi 1~
s1=0 8¢-1=0 8py1=0 Sp+1=0

. . . . e . .- : <
)‘211"'-,H-,"',lp+1;81,"--,514—1-,t-,514+1;"'-,5p+1 ({3:117 ’xua 7:I:7/p+1} )
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X981 (.’E“) e 93271 (xif—l )03£+l (xil+1) e 03p+1 (Iip+1)'

By putting u; = s1,- -+ ,ug_1 = Sp_1,Up = Sg41, " ,Up = Sp41, We have

Qip_g—laig -1 FXipp1 ™
It ({a)e Z IO Z
u1—0 Ug— 1—0 Upg = =0 up—()

c
)‘il,'" es e ip1iUL, e Ue—1,t U, vup({x";l PR 2 PR mip+1} )
Xaul(xll) ue 1(1:11 1)9uf(xle+1) oup(:rip-l-l)
with i, = j. Moreover, for {i1,- - ,ipy1} € Mo py1 with {i1, -+ ,ipy1} D
7 =1y we put
My = t1,- Myl = Tg—1,Mg = Tgq1," " ,Mp = Tpy1.

We denote Map; = {{i1,: - ,ip} € Map : j € {t1,---,%p}} and
Mg, = {{i1, -+ yip} € Moy 2 j ¢ {i1,---,ip}}. We note that the
above correspondence {i1,--- ,ipt1} — {mi,---,mp} is a one-to-one

and onto mapping from My pi1,; t0 MS , ;. Hence
(2.14) Ip1({z;}°)
a;; —1 QXig 3~ L Xiyyq ™ Qip1 ™
{’i].,"v,ip+1}€Ma,.p+1¢j6{’i1,---,ip+1} u1=0 up—1=0 u,=0 u,=0

C
)‘il;“' e iph13UL, U1t Ul -,up({xil IR VR xip+l} )

Xa’ul (xil) e ew—l (‘/'Eili—l )HW (Iié+1) e oup (Iip+1)

Qny — O, =
{mlx"'vmv}eMa,pfjg{mlt”'=mP} u1=0 uP-O
)‘ml-,"',mfvhj,mzr" yMp UL, Up— 1,8, e, up({xmlv s Tmy1s Ty
Tmgy - Imp} )0us (T, ) - up (wm,,)

with 40 = j and my—1 < j < me. Comparing (2.13) and (2.14) we
obtain (2.12). Therefore, by (2.1)

/Oo f(xlv"' yLgy e 7$")$;dtzll({rj}c)

a;—1 o
=Y / Ajis ({25}9)0s (z5)xhdzs = Njie ({5}°).
s=0 Y~
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Thus we obtain (2.11). Next, for 2 < g < k,{k1,-+- ,kq} € My,q and
0<t; <ag, —1,---,0<ty <oy, — 1, by (2.10) and (2.11) we have

/ / flzy,-x ):vk1 - -dewkl - dxy,
:/ / (/ flxr,--- ,:z:n):c’,fclld:vh) .’rz‘; ---:cfc‘;dxkz - dxg,

o0
=/ / /\kl;tl({wkl}c)rii"'xi‘f,d%"'dkaq
— 00

— oG

= )\klak2:"' JKgitita, - ytq({xkl yLhgy ' " s Tk, }C)
We have completed the proof of the lemma. ]

We state properties of the operators T* and U* which are important for
a direct sum decomposition of D(R™). We denote by e; the multi-index
which has 1 in the jth spot and 0 everywhere else (j = 1,2,--- ,n).

Lemma 2.5. Let y = (7, -+ ,7n) be a multi-index with v; = 0 and
0<¢<m. Then for p € DY(R"), Tjpp € DYH¢+Dei(Rn).
Proof. We note that j ¢ M., by the condition v; = 0. Let ¢ €

DY(R™). In order to show that Tjep € DYH+1ei (R by Lemma 2.1
it suffices to prove

)
/ Tj,[(P(Il,'-- s Lgy o ,In)a:fd:ci =0

fors=0,1,---,v—1ifie M, and s=0,1,--- ,£if i = j. First, let
i € M,. Then by the condition ¢ € DY(R") and Lemma 2.1 we have

oc
: s
/ Tj00(x1, -+ s Tsy- -, Tn)T; AT

— 00

o
S
:/ (p(xlv""xiv"'vxn)xidl.i

—00

o0 £ oC
_/ <Z (/ So(xlf" y Ly 3 Tgy e ,{En)fjdf,l:]) 9t(£])> x'?dx’i
T \t=0 W T

o0
S
:/ (p(:l:lv"' y Lyt ’In)xidl‘i

—Z(/ (/ (T, Ty Xy ,a:n)a:fd:m) a:ﬁdxj) 0:(z;)
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for s =0,1,---,7; —1. Next, let i = j. Then for s =0,1,---,¢ we
see that

o0
/ Tj‘l(p(ﬁﬂl,"' sy Ljy e ,zn).’tjdx]

-0

)
— s
__/ (p(a;l’... PR ,.'En)CL']d.'IIJ

—00

o0 l oC
—/ (Z (/ So(xl7 e ’:Eja e axn)m‘;dw]) at(xj)) .'E;dl']
—%0 \t=0 —o°

oo
S
:/ So(xlv"' yLgy e 7zn)x]dx]

— o0
£ o o
t=0 e —00
o0 o0
= (@1, Tj, 0+, Tp)TidT -/ o(x1,- Ty o+, Tn)TidT
—50 —00

because the functions {6;};=0.1,....m satisfy (2.1). Thus we obtain the
lemma. g

Lemma 2.6. (i) If ¢ € D(R"™), then T®p € D*(R").
(it) If o € D(R"), then U%p € U*(R").

Proof. (i) By using Lemma 2.5 repeatedly we obtain (i).
(if) Let ¢ € D(R™). By (2.5) and (2.7) U%p has the following
form:

k ai—1 Qi
Usp(a) =D (-1 Y > - 2
p=1 {i1, ip YEMa,p 81=0 $p=0

(/ / plxr,--- ,scn)xfll...xf:’dxil...dz,-p> 05, (ziy) -+ 05, (xi,)-

For {ila"'uip}EMa,p and 0 < s; Sail-—l,-”,OSspSaip—lwe
set

A

1, 48p381,7 ,8p ({Izl st s Ty, }c)

S S
::/ / 1;1’...’xn)xill...xi:d:vil...dxip‘
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It is clear that ;.. i,:s1,-,s, € D(R""P). Moreover, for 2 < p < k
and 1 < £ < p we have

Ail:"'vlpwsla' Sp {Inv"' xlp}c)

:/ / (/ xl»"'yajiu"'71:71)1":;(11‘1'5)

Sl...

/S\ s =
X T ”dx,l- dxi, -+ dxg,

Sp
= u/ Se {.’L‘w} )SL' I” “'xz‘ydxil"'dxiz"'dxi,,-

Thus U%p satisfies (2.9) and (2.10), and hence U%¢p is a tensor product
function of order . The lemma was proved. ]

Lemma 2.7. (i) If p € D¥(R"), then T%p = o.
(it) If o e UX(R"), then U%p = .

Proof. (i) Letyp e D¥(R™). Forp=1,2,-- ,kand {i1,---,ip} €
M, ,, since S@U1%) o is given by (2.5), we see that Sl i)y = 0
by the condition ¢ € D*(R"™), Lemma 2.1 and Fubini’s theorem. Hence
(2.6) implies that T%p = .

(ii) Let ¢ € U*(R™) and ¢ have the form (2.8). Then by (2.5),
(2.7) and Lemma 2.4 we have

k a'i,l_l a,;p—l

Up(z) = Z(—l)p+1 Z Z Z

{’i1.,---.,i,,}€]\/[mp s1=0 8p=0

p=1
</ / o(x1,- -+ Tn)Ts? "'ﬂﬁf:d%l ~-da:ip> Os, (ziy) - 05, (21,)
-G —0oC

k ;=1

P DO AND DD D Z

p=1 {i1,,ip}EMa, p 51=0 $p=0
Ail:"‘ Ap3S1,te 7Sp({xi1 » 7T 7xip}c)981 (1"11) T 98,, (Iip)
= p(z).

Hence we obtain (ii). O

Now we establish our main result.

Theorem 2.1. D(R") = D*(R") & U*(R™).
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Proof. Since ¢ = Tp 4+ U%yp for ¢ € D(R"), Lemma 2.6 gives
D(R™) = D*(R™) + U*(R™). Moreover, let ¢ € D*(R"™) N U*(R™).
Then Lemma 2.7 implies

p=T%+U% =p+¢ =20

Hence ¢ = 0. Therefore D*(R™) NU*(R™) = {0}. Thus we obtain
the theorem. ]

Remark 2.1. We note that Lemmas 2.6 (i) and 2.7 (i) (resp. Lemmas
2.6 (i) and 2.7 (ii)) imply T*(D(R™)) = D*(R™) (resp. U*(D(R")) =
U%(R™)). Moreover, (T%)~1(0) = U*(R™) and (U*)~1(0) = D*(R™).
We give the proof of (U%)~"1(0) = D*(R"). Let ¢ € D*(R™). Then
U = ¢ — T = ¢ — ¢ = 0 by Lemma 2.7 (i). Hence D*(R") C
(U*)~1(0). Conversely let ¢ € (U*)71(0). Then 0 = U%p = ¢ — T%p.
Hence ¢ = T% € D*(R™) by Lemma 2.6 (i). Therefore (U*)~!(0) C
D*(R"). The proof of (T*)~1(0) = U*(R™) is the same.
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