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A decomposition of the Schwartz class by a 
derivative space and its complementary space 

Takahide Kurokawa 

Abstract. 

Let D(Rn) be the class of all c= -functions on Rn with compact 
support. For a multi-index a we denote D"(Rn) = {D"ip : 'P E 
D(Rn)}. We give a direct sum decomposition of D(Rn) by D"(Rn) 
and its complementary space. 

§1. Introduction 

Let Rn be the n-dimensional Euclidean space. The points of Rn are 
ordered n-tuples x = (x1 , · · · , xn), which each Xi is a real number. If 
a = ( a 1 , · · · , an) is an n-tuple of nonnegative integers, then a is called 
a multi-index, and we let lal = a1 +···+an and a! = a1! ···an!. The 
partial derivative operators are denoted by D1 = 8/8x1 for 1 :::; j :S:: n, 
and the higher order derivatives by 

Following L.Schwartz [4] the notation V(Rn) (the Schwartz class) stands 
for the class of all infinitely differentiable functions on Rn with compact 
support. 

L.Schwartz uses the following fact about V(Rn) in the discussion of 
primitives of distributions [4: sections 4 and 5 in Chap.II]. 

Fact. Let 80 (t) E V(R 1 ) be a function which satisfies 

1: 80 (t)dt = 1. 
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Then cp E V(Rn) can be decomposed uniquely as follows: 

(1.1) cp(x) = x(x) + >.(x2, ... 'Xn)Oo(xl) 

we put 

then 
V(Rn) = V1 (Rn) ffiU1 (Rn) 

where the symbol ffi means a direct sum. 
Moreover some authors deal with orthogonal decompositions of the 

Lebesgue spaces and the Sobolev spaces related to certain kinds of dif­
ferential operators ([1], [2], [3]). 

In this article we are concerned with a direct sum decomposition of 
the Schwartz class D(Rn) related to the higher order differential operator 
Do:. Namely we treat the following problem. 

Problem. Let a be a nonzero multi-index and vcx(Rn) = {Dcxcp : 
cp E D(Rn)}. Give a direct sum decomposition of D(Rn) by means of 
vcx(Rn) and its complementary space. 

The next section is devoted to study of the problem. 

§2. A decomposition of the Schwartz class 

As we saw in section 1, D(Rn) = V 1 (Rn) !J)U1 (Rn). In order to give 
a direct sum decomposition ofD(Rn) by means ofVcx(Rn), we must con­
struct the complementary space ofVcx(Rn). We need two preparations. 
For a multi-index a = ( a1, · · · , an) we set 

Mcx = {j E {1, · · · , n}: aJ -=f. 0} 

and for j = 1, · · · , n let 

First we note that 

Lemma 2.1. (cf (4: Section 5 in Chap. II}) Let f E D(Rn) 
and a be a nonzero multi-index. Then the following two conditions are 
equivalent: 

(I) There exists u E D(Rn) such that Dcxu =f. 
(II) 

for j E Mcx,£ = 0, · · · ,aj -1 and any (x1, · · · ,0, · · · ,xn) E Rn,J. 
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Secondly, we need the following fact: For a nonnegative integer m, 
there exist functions {Bj }j=O,l,··· ,m C V(R1 ) which satisfy the condition 

(2.1) (j, i = 0, 1, · · · , m). 

The first step is 

Lemma 2.2. For a nonnegative integer m there exists a function 
B(t) E V(R1 ) such that 

(2.2) 
i=O 
i = 1,··· ,m. 

Proof. We take a function ry(t) E V(R1) such that 

(2.3) 

We put 

I: ry(t)dt = 1. 

m 

B(t) = ry(t) + LCj7](j)(t) 
j=l 

where ryUl is the derivative of order j of 7] and c1 (j = 1, · · · , m) are 
constants. We show that we can choose Cj (j = 1, · · · , m) such that 
B(t) satisfies (2.2). Since f~oo ryUl(t)dt = 0 (j = 1, · · · ,m), by (2.3) we 
have I: B(t)dt = 1. 

Hence we must choose the constants Cj (j = 1, · · · , m) which satisfy 

i = 1,2,··· ,m. 

We show that the linear equation (2.4) with respect to Cj (j = 1, 2, · · · , m) 
has a solution. We consider the coefficient matrix 

We see that for j > i 
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and i: 'TJ(j)(t)tidt = (-1)jj! i: 'TJ(t)dt = (-1)ij!. 

Therefore the matrix A is a triangular matrix and the diagonal elements 
are ( -1 )i j! (j = 1, · · · , m). Hence the determinant of A is not zero. 
Consequently the linear equation (2.4) has a solution. Thus we obtain 
the lemma. 0 

Using Lemma 2.2 we prove 

Lemma 2.3. For a nonnegative integer m, there exist functions 
Oj(t) E V(R1 ) (j = 0, 1, · · · , m) which satisfy (2.1). 

Proof By Lemma 2.2 there exists a function O(t) E V(R 1 ) which 
satisfies (2.2). We put 

Oi(t) = ( --~)i oUl(t), 
J. 

j = 0,1,·· · ,m. 

Then for j > i by integration by parts we have 

For j < i (:-=:; m) it follows from integration by parts and (2.2) that 

where ( i_ ) = .,Ci~ .),. Moreover, for j = i by integration by parts and J J. t J . 

(2.2) we see that 

Oi(t)tidt = (-1)2i~ O(t)dt = 1. 100 ., 100 
-oo J. -oo 

Thus the functions (}j (j = 0, 1, · · · , m) satisfy (2.1). The lemma was 
proved. 0 

From now on let a= (a1, ···,an) be a nonzero multi-index with Mo.= 
{j~, · · · ,jk} and m = maXi=l,··· ,n(ai- 1). For the nonnegative integer 
m we take the functions {Bj(t)}j=O,l,-·· ,m C V(R1 ) in Lemma 2.3. 

In the decomposition (1.1) of r.p E V(Rn), >.(x2 , • · • , Xn) is given by 

>.(x2,··· ,xn) = /_: r.p(x1,··· ,xn)dxl. 
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Indeed, if we put 

then 

I: x(x1,··· ,xn)dxl 

=I: tp(Xl, · · · , Xn)dxl- I: tp(x1, · · · , Xn)dxl I: Bo(xl)dxl = 0 

because of f~oc Bo(xl)dxl = 1. Hence by Lemma 2.1 we see that x E 

Vl(Rn). 
Taking the above situation into account, we introduce linear opera­

tors Ta and ua on V(Rn). First, for tp E V(Rn) and 1 ::; i ::; n, 0 ::; 
£ ::; m, we put 

We note that Si,£'P E V(Rn). For 1 ::; p ::; k, let Ma,p denote the 
collection of subsets of Ma which have p elements. For {i1 , · · · ,ip} E 

Ma,p we set 

For 'P E V(Rn), by Fubini's theorem sa(i,,··· ,ip)tp(x) is given by 

Q.,:l -1 Q.;.p-1 

(2.5) sa(i,, ... ,ip)tp(x) = 2.: ... 2.: 
s,=O sp=O 

(!00 
... Joe rn(Xl ··· X )X81 ···X8 PdX ···dX ) e (x· ) ... e (X·). 

Y ' ' n ~! 'lp 21 'lp 81 'll Sp 2p 
-oo -oc 

In particular, the order in the definition of sa(i,, ... ,ip) is irrelevant. 
Next, for 1 ::; i ::; n and 0 ::; £ ::; m we set 

Ti,£ =I- Si,£· 

Further we define 
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It follows from the definition that 

(2.6) 

k 

=I- ~)-l)P+l 

Finally we define 

k 

(2.7) U 0 =I- T 0 = 2:::( -l)P+l 

For a subset {k1 ,··· ,k8 } C {1,··· ,n}, the notation f({xk,··· ,xkJc) 
stands for a function of the remaining variables of { Xk 1 , • • • , xkJ· For 
example, f({xl}c) = f(xz,··· ,xn)· 

Referring to (2.5) and (2.7) we define tensor product functions of 
order a: (associated with {B1h=o, 1,. .. ,m) as follows. If a function f E 

V(Rn) which has the following form 

0:-il -1 O:ip-1 

(2.8) 2::: ... 2::: 
p=l 

Ai1 ,···,ip;s1 ,. .. ,sp({xi1 ,··· ,XiPY)es1 (Xi 1 )···BsP(xip) 

satisfies the conditions 

(2.10) (ii) for 2:::; p:::; k, {i1, · · · , ip} E Ma,p and 

Ait,···:ipiSt,···,sp({xi 1 ,··· ,Xip}c) 

(£=1,2,···,p), 
then we call f a tensor product function of order a:, where the symbol 
,......._, indicates that the variable underneath is deleted. We denote by 
ua ( Rn) the set of all tensor product functions of order a:. 

A fundamental property of tensor product functions of order a: is 
the following. 
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Lemma 2.4. Let f be a tensor product function of order a with the 
form (2.8). Then 

100 
•• ·100 

f(xt, · · · , Xn)X~11 • • • x~: dXk1 • • • dxk. 
-oo -oo 

= Akl,.··,k.;tl,···,t.({Xk1 , • • • ,xk.}c) 

for 1 ::=; q ::=; k, {kb · · · , kq} E Ma,q and 0 ::=;it ::=; O:k1 - 1, · · · , 0 ::=; tq ::=; 
O:kq - 1. 

Proof First we prove 

(2.11) I: f(x1,· ·· ,Xj,··· ,xn)x;dxj = Aj;t({x1}c) 

for j = Jt,··· ,jk and t = 0,1,··· ,o:j -1. For {i1,··· ,ip} E Ma,p we 
put 

O.il -1 O.ip -1 00 

Ji1 ,. .. ,iv({xj}c) = L ··· L 1 Aib"',iv;s1 , ... ,sv({xiu' .. ,Xiv}c) 
81=0 Sp=D -oo 

Then we have I: f(xl, · · · , Xj, · .. , Xn)x;dxj 

k 

= L(-1)P+l L Jil•··,iv({xj}c) 

k-1 

= L(-1)P+l(Jp({xJY) + Jp({xj}c)) + (-1)k+l h({xj}c) 
p=l 

where 

(p = 1, ... ,k) 

and 

(p=1,· .. ,k-1). 

We show that for p = 1, 2, · · · , k - 1 

(2.12) 
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First we consider Jp({xJ}c). For j t/- {i1, · · · ,ip}, let ic-1 < j < ic (£ = 

1, 2, · · · ,p + 1) with i0 = 0 and ip+l = n + 1. Then by (2.10) 

where 

Hence 

(2.13) 

AJ,it,··· ,ip;t,st,·:· ,sp 

A.it,'" ,ip,j;st,···,sp,t 

if£= 1, 
if£=p+l. 

Q.;,l-1 O'.·ip-1 

2:···2: 

X8s1 (Xit) '' 'eSp (Xip) 

withic-1 <j<ic. Nextweconsiderlp+l({xJ}c). For{i1,··· ,ip+l}E 
Ma,p+l with {i1, · · · ,ip+l} 3 j, let j = ic. Since 

I: Bs, (xi, )xjdxj = I: eSt (xj )xjdxj = { ~: 
by (2.1), we have 

fit, ... ,ip+t ( { Xj }c) 

St=O 

0:-;·p+l -1 

S£ = t, 
S£ i= t 

St=O 

L Ai1 .... ,ip+t ;s1 , ... ,sp+t ( {X it'· · · 'Xip+1 Y) 
Sp+t=O 

Q.;.l -1 Q.it-1 -1 0-i£+1 -1 

= 2: ... 2: 2: 
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X8s1 (Xi1) · · · 8s,_1 (xi,_1 )8s,+1 (xi,+1) · · · esP+1 (xip+J. 

By putting u1 = s1, · · · , ue-1 = sc-1, uc = se+b · · · , up= sp+l, we have 

a.i 1 -1 a.;,£-l -1 et£.e+t -1 

Ji1,···,ip+1({xjV) = I: ... I: I: 
U1=0 

X Bu 1 (Xi1) · · · Bu,_ 1 (xi,_1 )Bu, (xit+J · · · Bup (xip+1) 

withie =j. Moreover,for{i1, ... ,ip+l} E Ma,p+l with{i1, ... ,ip+l} 3 
j = ie we put 

We denote Ma,p,j = {{i1,· .. ,ip} E Ma,p: j E {i1, ... ,ip}} and 
M~,p,j = {{i1, ... ,ip} E Ma,p: j tf. {i1, ... ,ip}}· We note that the 
above correspondence {i1, ... ,ip+I}--> {m1, ... ,mp} is a one-to-one 
and onto mapping from Ma,p+l,j to M~.p,j· Hence 

(2.14) 

Ut-1=0 Ut=O 

Xm,, · · · , XmP }c)eu1 (Xm1 ) · • • BuP (xmP) 

with ic = j and me-1 < j < me. Comparing (2.13) and (2.14) we 
obtain (2.12). Therefore, by (2.1) 

1: j(x1, ... ,xj, ... ,xn)xjdt=II({x1V) 

C<j-1 00 

L 1 Aj;s({xJV)es(Xj)x;dxj = Aj;t({xj}c). 
s=O -oo 
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Thus we obtain (2.11). Next, for 2 ~ q ~ k, {kt, · · · , kq} E Ma,q and 
0 ~ t1 ~ ak1 - 1, · · · , 0 ~ tq ~ ak. - 1, by (2.10) and (2.11) we have 

/_: · · · /_: f(xl, · · · , Xn)X~11 • • • x!: dxk 1 • • • dxk. 

= /_: · · · /_: (/_: f(xl, · · · , Xn)X~11 dxk1 ) x~~ · · · x!: dXk2 · · · dxk. 

= /_: · · · /_: Ak1 ;t1 ( { Xk 1 Y)x~~ · · · x!: dxk2 · · · dxk. 

= Akl,k2,···,k0 ;tl,t2,. .. ,t.({xk1 ,Xk2, · · · ,xk.}c). 

We have completed the proof of the lemma. 0 

We state properties of the operators Ta and ua which are important for 
a direct sum decomposition of V(Rn). We denote by ej the multi-index 
which has 1 in the jth spot and 0 everywhere else (j = 1, 2, · · · , n). 

Lemma 2.5. Let"(= ("fl, · · · , "fn) be a multi-index with "fi = 0 and 
0 ~ f ~ m. Then for <p E V"~(Rn), Ty.<p E V"~+(Hl)ej (Rn). 

Proof We note that j ¢_ M"' by the condition "fi = 0. Let <p E 
V"~(Rn). In order to show that Tj,R.<{J E V"'+(Hl)eJ (Rn), by Lemma 2.1 
it suffices to prove 

for s = 0, 1, · · · ,"fi- 1 if i EM"' and s = 0, 1, · · · ,f if i = j. First, let 
i E MT Then by the condition <p E V"~(Rn) and Lemma 2.1 we have 

100 
Tj,R.<fJ(XI,··· ,xi,··· ,xn)xi,dxi 

-oo 

= 100 
<p(x1, ···,xi,··· ,xn)xi,dxi 

-00 

-/_: (t. (/_: <p(x1, · · · , Xi,··· , Xj, · · · , Xn)x;dxi) Ot(Xj)) xi,dxi 

= 100 
<p(x1, ···,xi,··· ,xn)xi_dxi 

-oo 

-t. (/_: (/_: <p(x1,··· ,xi,··· ,xj,··· ,xn)xi,dxi) x;dxj) Ot(Xj) 

=0 
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for s = 0,1,··· ,"fi -1. Next, let i = j. Then for s = 0,1,··· ,£we 
see that 

-1: (t. (1: cp(x1,··· ,x1,··· ,xn)x;dxj) Bt(xj)) xjdx1 

= 100 
r11(x1 · · · x · · · · x )x8 dx · ..,.., ' ' J' ' n J J 

-oo 

-t (100 
cp(x1,··· ,xj,··· ,xn)x;dxj) 100 

Bt(x1)xjdxj 
t=O -oo -oo 

= 100 
r11(x1 · · · X· • · • X )x8 dx · -100 

r11(x1 · · · X· • · • X )x8 dx -r ' , }' , n 1 J -r , , }' , n 1 J 
-oo -oo 

=0 

because the functions {Bj}j=O,l,··· ,m satisfy (2.1). 
lemma. 

Thus we obtain the 
0 

Lemma 2.6. (i) If cp E V(Rn), then T 01 cp E V 01 (Rn). 
(ii) If cp E V(Rn), then U 01 cp E U01 (Rn). 

Proof. (i) By using Lemma 2.5 repeatedly we obtain (i). 
(ii) Let cp E V(Rn). By (2.5) and (2.7) U01 cp has the following 

form: 

k Q,il-1 Q..;,p-1 

U01 cp(x) = 2:( -1)P+l 2: ... 2: 
p=l 

(100 ···100 
r11(x1 ··· x )x81 ···X8 Pdx· ···dx )e (x· )···0 (x· ). T ' ' n 'l.l tp Zl 2p 81 21 Sp 'Lp 

-oo -oo 

For {i1,··· ,ip} E M 01 ,p and 0 ~ s1 ~ Cl!i 1 -1,··· ,0 ~ Sp ~ aip -1 we 
set 
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It is clear that Ai1 ,. .. ,ip;81 ,. .. , 8 P E V(Rn-P). Moreover, for 2 ~ p ~ k 
and 1 ~ I! ~ p we have 

= 100 
· · ·100 (100 

tn(xl · · · x· · · · x )x8edx· ) ..,., ' ' 'tt' ' n 'l.£ 'l..e 
-oo -oo -oo 

81 ~ 8p ~ 
xx. · · · x. · · · x. dxi · · · dxi · · · dxi 11 't.t 'tp 1 I. p 

Thus uacp satisfies (2.9) and (2.10), and hence uacp is a tensor product 
function of order a:. The lemma was proved. D 

Lemma 2.7. (i) lfcp E va(Rn), then Tacp = cp. 
(ii) If cp E Ua(Rn), then uacp ~ cp. 

Proof. (i) Let cp E va(Rn). For p = 1, 2, · · · , k and {it,··· , ip} E 
Ma,p, since sa(il, ... ,ivlcp is given by (2.5), we see that sa(il, ... ,ivlcp = 0 
by the condition cp E va(Rn), Lemma 2.1 and Fubini's theorem. Hence 
(2.6) implies that Tacp = cp. 

(ii) Let cp E ua(Rn) and cp have the form (2.8). Then by (2.5), 
(2. 7) and Lemma 2.4 we have 

k O:il-1 O.ip-1 

uacp(x) = L( -l)P+1 2:···2: 
p=l 

(1·00 
•• ·100 

tn(x1 · · · x )x~ 1 · · · x8vdx· · · · dx· ) (} (x· ) · · · (} (x· ) "Y ' ' n 'l.l 'l.p 'tl 'l.p 81 'l.l Sp 'tp 
-oo -oo 

Oil -1 O:ip -1 

2:···2: 
p=l {it,"' ,ip}EMa,p 81=0 8p=O 

Ai1,. .. ,ip;81, .. ·,8v({xiu' · · ,Xiv}c)(}81(XiJ · · .()sv(Xiv) 
= cp(x). 

Hence we obtain (ii). D 

Now we establish our main result. 
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Proof Since r.p = T 01 <p + UC"<p for <p E V(Rn), Lemma 2.6 gives 
V(Rn) = va(Rn) + ua(Rn). Moreover, let <p E va(Rn) n ua(Rn). 
Then Lemma 2. 7 implies 

Hence <p = 0. 
the theorem. 

<p = Ta<p + Ua<p = <p + <p = 2<p. 

Therefore va(Rn) n ua(Rn) = {0}. Thus we obtain 
D 

Remark 2.1. We note that Lemmas 2.6 (i) and 2.7 (i) (resp. Lemmas 
2.6 (ii) and 2.7 (ii)) imply Ta(V(Rn)) = va(Rn) (resp. ua(V(Rn)) = 
ua(Rn)). Moreover, (Ta)-1 (0) = ua(Rn) and (U01 )-1 (0) = va(Rn). 
We give the proof of (Ua)-1 (0) = va(Rn). Let <p E V 01 (Rn). Then 
Ua<p = <p- Ta<p = <p- <p = 0 by Lemma 2.7 (i). Hence Va(Rn) c 
(U01)-1 (0). Conversely let <p E (Ua)-1 (0). Then 0 = Ua<p = <p- Ta<p. 
Hence <p = Ta<p E V 01 (Rn) by Lemma 2.6 (i). Therefore (U01)-1 (0) c 
va(Rn). The proof of (Ta)-1 (0) = ua(Rn) is the same. 
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