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Prolongation of holomorphic vector fields 
on a tube domain and its applications 

Satoru Shimizu 

Introduction 

In general, in the study of the holomorphic equivalence problem for 
complex manifolds, that is to say, the problem of investigating what 
happens when two complex manifolds are biholomorphically equivalent, 
it is one of standard ways to direct our attention to biholomorphic in­
variant objects. As a typical and good example of such objects, we have 
holomorphic automorphism groups. In fact, when Poincare showed that 
a ball and a polydisk in C 2 are not biholomorphically equivalent, he 
looked at their holomorphic automorphism groups, and showed that the 
dimensions do not coincide. One of the foundations of observations like 
this is the pioneer result of H. Cartan that the holomorphic automor­
phism group of a complex bounded domain has the structure of a Lie 
group. 

Now, when a holomorphic automorphism group has the structure of 
a Lie group, what advantage do we have? It seems that one advantage is 
that conjugacy theorems in Lie group theory can be applied. The con­
jugacy theorems are very powerful tools, and if they can be applied well, 
splendid achievements are produced. But, in order to apply the conju­
gacy theorems, we need to know a lot about the Lie group structure of a 
holomorphic automorphism group. So, since Lie algebra provides much 
useful information about Lie group, we are led to turning our eyes to the 
Lie algebra of complete holomorphic vector fields corresponding to the 
Lie algebra of a holomorphic automorphism group. Then, in the process 
of investigating such Lie algebras, we often come up against the prob­
lem of completeness, or the fundamental problem of judging whether a 
vector field is complete or not. In general, a judgement on the com­
pleteness of a vector field is very difficult to deal with. Actually, given 
a vector field, the problem of whether its integral curve is lengthened to 
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infinity or not has complicated aspects as the problem of solutions of au­
tonomous systems in the theory of nonlinear oscillations. But, in some 
geometric setting, there is a nice algebraic criterion on the completeness 
of a vector field. In this article, we discuss such a criterion in the case 
of holomorphic vector fields on a tube domain. Our objects of consid­
eration are polynomial vector fields on a tube domain To. We give a 
method of determining higher degree complete polynomial vector fields 
on To from the data on lower degree complete polynomial vector fields 
on To, which we call prolongation. Furthermore, we give its applications 
to the holomorphic equivalence problem for tube domains. 

§1. Basic concepts and results on tube domains 

We first recall some notation and terminology. An automorphism 
of a complex manifold M means a biholomorphic mapping of M onto 
itself. The group of all automorphisms of M is denoted by Aut(M). 
We denote by GL(n, R) 1>< en the subgroup of Aut(en) consisting of all 
transformations of the form 

en 3 z ~ Az + (3 E en, 

where A E G L( n, R) and (3 E en. Two complex manifolds are said to be 
holomorphically equivalent if there is a biholomorphic mapping between 
them. For a Lie group G, we denote by co the identity component of G 
and by Lie G the Lie algebra of G. If E = { · · ·} is a subset of a vector 
space V over a field F, the linear subspace of V spanned byE is denoted 
by EF ={ .. ·}F. 

We now recall basic concepts and results on tube domains. A tube 
domain To in en is a domain in en given by To= Rn +An, where 
n is a domain in Rn and is called the base of To. Clearly, each element 
~ E Rn gives rise to an automorphism 0'~ E Aut(To) defined by 

O'~(z) = z + ~ for z E To. 

Write :E = Rn. The additive group :E acts as a group of automorphisms 
on To by 

~ · z = O'dz) for~ E :E and z E To. 

The subgroup of Aut(To) induced by :E is denoted by :Ern. Note that if 
r.p E GL(n, R) 1>< en, then r.p(To) is a tube domain in en, and we have 
r.p:Ern'P- 1 = :Er,, where T=. = r.p(To). 

Consider a biholomorphic mapping r.p: To 1 ----+ To2 between two tube 
domains To 1 and To 2 in en. Then, by what we have noted above and 
[3, Section 1, Proposition], r.p is given by an element of GL(n, R) 1>< en 
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if and only if 'P is equivariant with respect to the 1:-actions. Biholo­
morphic mappings between tube domains equivariant with respect to 
the 1:-actions may be considered as natural isomorphisms in the cate­
gory of tube domains. In view of this observation, we say that two tube 
domains Tn1 and Tn2 in en are affinely equivalent if there is a biholo­
morphic mapping between them given by an element ofGL(n, R) ~en. 

If the convex hull of the base n of a tube domain Tn in en contains 
no complete straight lines, then Tn is holomorphically equivalent to a 
bounded domain in en and, by a well-known theorem of H. Cartan, 
the group Aut(Tn) of all automorphisms of Tn forms a Lie group with 
respect to the compact-open topology. The Lie algebra g(Tn) of the Lie 
group Aut(Tn) can be identified canonically with the finite-dimensional 
real Lie algebra consisting of all complete holomorphic vector fields on 
Tn. Throughout this article, we are concerned with tube domains whose 
bases have the convex hulls containing no complete straight lines. 

Let Zl, ... 'Zn be the complex coordinate functions of en and, for 
j = l,···,n, we write 81 = 8j8z1. Let D be a domain in en. Then 
every holomorphic vector field Z on D can be written in the form 

n 

z = "LJ1(z)a1, 
j=l 

where fl(z), · · ·, fn(z) are holomorphic functions on D. The vector field 
Z is called a polynomial vector field if fl(z), · · ·, fn(z) are polynomials 
in zt, · · ·, Zn. The maximum value of the degrees of the polynomials 
f1 ( z), · · · , f n ( z) is called the degree of Z. The following result is funda­
mental in our study. 

Structure Theorem ([3, Section 2, Theorem]). To each tube do­
main Tn in en whose base n has the convex hull containing no com­
plete straight lines, there is associated a tube domain T0 which is affinely 
equivalent to Tn such that g(T0 ) has the direct sum decomposition 

g(T0 ) = p + e 

for which 

p ={X E g(T0 ) I X is a polynomial vector fielcl}, 
r 

e = L {Ei, Ei}R, 
i=l 

( 
n ) ±- ±z; . j . Ei - e a. ± L Rai aJ ' 

j=r+l 

i = 1, · · · ,r, 



292 S. Shimizu 

where r is an integer between 0 and n and ai, i 
1, · · ·, n, are real constants. 

1, · · ·, r, j r+ 

The integer r is called the exponential rank of the tube domain Tro 
and is denoted by e(T0 ). This is well-defined, because it is readily veri­
fied that if two tube domains Tn 1 and Tn2 are affinely equivalent, then 
we have e(TnJ = e(Tn2 ). When a tube domain Tn satisfies e(Tn) = 0, 
we call Tn a tube domain with polynomial infinitesimal automorphisms. 

Our main theme in this article is a study of tube domains with 
polynomial infinitesimal automorphisms. This is motivated by the holo­
morphic equivalence problem for tube domains, which we will explain 
below. 

In terms of the notion of the affine equivalence of tube domains, the 
holomorphic equivalence problem for tube domains may be formulated 
as the problem of studying the connection between the two equivalences 
- the holomorphic equivalence and the affine equivalence - of tube do­
mains. It is clear that if two tube domains in en are affinely equiva­
lent, then they are holomorphically equivalent. What we have to ask is 
whether the converse assertion holds or not: 

Problem. If two tube domains Tn 1 and Tn2 in en are holomorphi­
cally equivalent, then are they affinely equivalent? 

When D1 and D2 are convex cones in Rn, an affirmative answer 
is given (see Matsushima [1]). On the other hand, when D1 and D2 

are arbitrary domains in Rn whose convex hulls contain no complete 
straight lines, there is a simple counter example. In fact, consider the 
upper half plane 

T(o,oo) = {x + Hy E e fx E R, y > 0} 

and the strip 

T(0,1r) = {X + Hy E e I X E R, 0 < y < 7r} 

in the complex plane. Then the tube domains T(o,oo) and T(o,1r) in e are 
holomorphically equivalent, but not affinely equivalent. We can clarify 
what causes a phenomenon like this by making use of the Structure 
Theorem stated above. 

Let Tn 1 and Tn2 be tube domains in en whose bases D1 and D2 

have the convex hulls containing no complete straight lines. Since the 
exponential rank of a tube domain is an affine invariant, it is natural to 
reformulate the holomorphic equivalence problem for tube domains as 
follows: 
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Problem(*). If e(To 1 ) = e(ToJ and if To 1 and To 2 are holomor­
phically equivalent, then are To 1 and To 2 affinely equivalent? 

The counter example shown above corresponds to the case where 
e(TnJ =I e(To2 ), because e(T(o,oo)) = 0 and e(T(o,,.)) = 1. On the 
other hand, when D1 and D2 are bounded domains in Rn, it is shown 
([5]) that if To 1 and To 2 are holomorphically equivalent, then we have 
e(To 1 ) = e(To2 ), and To 1 and Tn 2 are affinely equivalent. 

Specifying Problem ( *), we consider the following problem which 
has fundamental importance: 

Problem (**). If e(To 1 ) = e(To,) = 0 and if To 1 and To 2 are 
holomorphically equivalent, then are Tn 1 and To 2 affinely equivalent? 

When D1 and D2 are convex cones in Rn, we have e(T0 J = e(T0 ,) = 
0 (see [1]), and an affirmative answer to Problem(**) is given, as stated 
above. For an attempt to solve Problem ( **) in the case where To 1 

and To 2 are arbitrary tube domains with polynomial infinitesimal au­
tomorphisms, we need a further study of the structure of g(T0 ). The 
Prolongation Theorem given in the next section enables us to make a 
more detailed analysis of the structure of g(To) and, applying this, to­
gether with the classification result in [6] and so on, we can give an 
affirmative answer to Problem ( **) in various cases [4], [8], [9]. 

§2. Prolongation of complete polynomial vector fields on a 
tube domain and tube domains with polynomial infinitesi­
mal automorphisms 

Let To be a tube domain in en whose base n is a convex domain in 
Rn containing no complete straight lines. For a polynomial vector field 
Z on To of degree 2, we write 

2 

z = L (x(kJ + yCiy(kl), 
k=O 

where X(k), y(k) are polynomial vector fields whose components with 
respect to ch' ... ' On are homogeneous polynomials in Zl' ... ' Zn with 
real coefficients of degree k, and set 

ZrbJ = x(2l + yCiy(ll, 

Z[a] = x(l) + yCiy(O)' 

Z[sJ = X(o)_ 
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Note that Z = Z[s] + Z[a] + Z[b] + y'=IY(2). Our criterion on the com­
pleteness of Z is given in the following theorem. 

Prolongation Theorem ([7, Section 2, Prolongation Theorem]). 
Let Z be a polynomial vector field on Tn of degree 2. Then Z is complete 
on Tn if and only if one has Y(2) = 0, and the vector fields [ai, Z], i = 
1, · · ·, n, and Z[a] are all complete on Tn. Consequently, if Z is complete 
on Tn, then Z[b] is complete on Tn. Also, if Z = Z[b] and if the vector 
fields [ai, Z], i = 1, · · ·, n, are all complete on Tn, then Z is complete 
on Tn. 

The proof of this theorem is based on the fact that every infinitesi­
mal isometry on a complete Riemannian manifold is complete. It follows 
from this fact that Z is complete on Tn if and only if the coefficient func­
tions of Z satisfy the system of certain linear partial differential equa­
tions, and it is represented as the condition stated in the Prolongation 
Theorem. 

Now, when we are discussing tube domains Tn with polynomial 
infinitesimal automorphisms, it is one of the key points that a polynomial 
gives the Taylor expansion around the origin of the function it represents. 
In what follows, we give some fundamental results on g(Tn) obtained by 
combining the Prolongation Theorem above with this fact. 

2.1. General observations on an isotropy subalgebra of 
g(Tn) 

Let Tn be a tube domain in en whose base n has the convex hull 
containing no complete straight lines. We may assume without loss of 
generality that Tn contains the origin of en. Every element Z of g(Tn) 
has the Taylor expansion around the origin given as 

00 

Z= L:z<<kll, 
k=O 

where z((k)) is a polynomial vector field whose components with respect 
to all ... , an are homogeneous polynomials in Zt. ... , Zn of degree k. We 
write 

where Cji(Z), j, i = 1, · · ·, n, are complex constants. Let t denote the 
isotropy subalgebra of g(Tn) at the origin. Then t consists of those 
elements Z of g(Tn) which satisfy z((O)) = 0. An application of H. 
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Cartan's uniqueness theorem [2, Chapter 5, Proposition 1] yields the 
following result. 

Lemma 1. If Z is an element oft and if zCCl)) = 0, then Z = 0. 

This result implies that the linear representation of t given by 

t 3 Z f--+ (cji(Z)) E gl(n, C) 

is faithful, where gl(n, C) denotes the set of complex n by n matrices 
viewed as the Lie algebra of GL(n, C). We recall here that Tn has the 
Bergman metric ds}0 • Using the invariance of ds}0 under the action of 
~Tn, after a suitable real linear change of coordinates we may assume 
that the holomorphic vector fields a1, · · · , an form an orthonormal basis 
at the origin with respect to ds}0 • Then the matrix ( Cji ( Z)) is a skew­
Hermitian matrix for every element Z of t Indeed, this follows from the 
fact that every automorphism of Tn is an isometry with respect to ds}0 • 

2.2. Consequences of the Prolongation Theorem 

Let Tn be a tube domain in en whose base n is a convex domain 
in R n containing no complete straight lines, and suppose further that 
e(Tn) = 0, or g(Tn) consists of all polynomial vector fields which are 
complete on Tn. Then every element Z of g(Tn) can be written in the 
form 

where zCk) is a polynomial vector field whose components with respect 
to a1, ···,an are homogeneoUS polynomials in Z1, · · ·, Zn Of degree k. 
Note that, in (U), only finitely many zCkl•s are not equal to zero. We 
may assume without loss of generality that Tn contains the origin, and 
that al' ... ' an form an orthonormal basis at the origin with respect to 
the Bergman metric ds}0 • Then (U) gives the Taylor expansion of Z 
around the origin. Fork= 0, 1, 2, ···,we write 

zCkJ = xCkJ + J=IyCkJ, 

where X(k), y(k) are polynomial vector fields whose components are ho­
mogeneous polynomials with real coefficients of degree k. We define real 
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vector subspaces q,.s, a*, b of g(Tn) by 

q = { z E g(Tn) I z = t. z(k) = t. ( x(k) + yCiy(k)) } , 

.5 = { 01, · · · , On }R , 

a* = { z E g(Tn) I z = x(l) + yCiy(O)}' 

b = { z E g(Tn) I z = X(2 ) + yCiy(l) } . 

The Prolongation Theorem shows that q has the direct sum decomposi­
tion 

q = .s +a*+ b. 

Note that b is contained in the isotropy subalgebra e of g(Tn) at the 
origin. The following result on b is useful for a further study of the 
structure of g(Tn). 

Lemma 2 ([7, Section 4, Lemma 4.2]). Let Z = X(2 ) + yCiy(I) 

be an element of b and write 

where b1i(Z), j, i = 1, · · ·, n, are real constants. Then the following hold. 
i) X(2) = 0 if and only if y(I) = 0. 
ii) The real n by n matrix (b1i(Z)) is symmetric for every element 

Z ofb. 

As a consequence of ii) of Lemma 2, it should be observed that, 
when b is an abelian subalgebra of g(Tn), the matrices (b1i(Z)), Z E b, 
are simultaneously diagonalizable by a suitable orthogonal change of 
coordinates. 

§3. An application of Lie group theory to the holomorphic 
equivalence problem for tube domains 

The following result plays an important role in the study of the 
equivalence of Siegel domains. 

Conjugacy Theorem (cf. Matsushima [1]). Any two maximal 
triangular subalgebras of a real Lie algebra are conjugate to each other 
under an inner automorphism. 
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As a consequence of this result, we obtain a useful observation on an 
application of Lie group theory to the holomorphic equivalence problem 
for tube domains. Let 9t and 92 be two real Lie algebras. Consider a 
subalgebra .St of 9t sucu that ad X is nilpotent on 9t for every X E .St. 
Then, in view of Engel's theorem, there exists a maximal triangular 
subalgebra h of 9t containing .St. Similarly, consider a subalgebra .s2 
of 92 sucu that adX is nilpotent on 92 for every X E .s2, and let t2 
be a maximal triangular subalgebra of 92 containing .s2. Note that .St is 
contained in the nilradical nt of h, while .s2 is contained in the nilradical 
n2 of t2. Suppose now that there is a Lie algebra isomorphism ~ : 9t --f 

92 between 9t and 92. Since ~(tt) is a maximal triangular subalgebra 
of 92, it follows from the Conjugacy Theorem that there exists an inner 
automorphism a of 92 such that a(~(tt)) = t2. Since a(~(nt)) = n2, we 
see that a(~(.st)) and .s2 are subalgebras of n2. 

To apply the above observation to our study, let Tn 1 and Tn2 be two 
tube domains in en with polynomial infinitesimal automorphisms, and 
set 9t = 9(TnJ and 92 = 9(TnJ. Since 9(Tn1 ) consists of polynomial 
vector fields, it follows that ad X is nilpotent on 9(Tn1 ) for every element 
X of the subalgebra Lie Ern1 of 9(Tn1 ) corresponding to Ern1 • Therefore 
we can set .St = Lie Ern1 • Similarly, we can set .s2 = Lie Ern2 • Suppose 
now that Tn 1 and Tn2 are holomorphically equivalent. The above obser­
vation shows that we can find a solvable subalgebra tt of 9t containing .St, 
a solvable subalgebra t2 of 92 containing .s2, and a biholomorphic map­
ping '1/J : Tn1 --f Tn2 between Tn 1 and Tn 2 such that 'll(tt) = t2, where 
'II is a Lie algebra isomorphism of 9t onto 92 given as the differential of 
the Lie group isomorphism Aut(TnJ 3 g ~--t '1/J o go 7/J-t E Aut(Tn2 ). 

Note that both w(.st) and .s2 are n-dimensional abelian subalgebras of 
the nilradical of the solvable Lie algebra t2, and that if w(.st) and .s2 
are conjugate under an inner automorphism of 92, then we can conclude 
by [3, Section 1, Proposition] that Tn 1 and Tn2 are affinely equivalent. 
Thus the problem reduces to the investigation of certain solvable Lie 
algebras, and, as one direction to complete the story of our study, it 
seems to be important to study tube domains with solvable groups of 
automorphisms. 

§4. A class of tube domains with solvable groups of automor­
phisms 

Among tube domains with polynomial infinitesimal automorphisms, 
tube domains Tn whose bases n are convex cones are characteristic in 
the point that they have the property that if Aut(Tn) is solvable, then 
the identity component of Aut(Tn) necessarily consists of affine transfor-
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mations. On the other hand, when D is an arbitrary convex domain in 
Rn containing no complete straight lines, there is a tube domain Tn in 
en such that Aut(Tn) is solvable, but contains nonaffi.ne automorphism, 
as the following theorem shows. 

Theorem 1. Let Tn be a tube domain in en whose base D is 
a convex domain in Rn containing no complete straight lines and let 
n ~ 2. Assume that: 

i) Tn is a tube domain with polynomial infinitesimal automorphisms; 
ii) Aut(Tn) is a solvable Lie group; 
iii) Tn contains the origin of en and the orbit of G(Tn) through the 

origin has dimension n + 1, where G(Tn) = Aut(Tn) 0 . 

Then, in the notation of Subsection 2.2, g(Tn) coincides with q. More­
over, according to the cases of a) b =I { 0} and b) b = { 0}, the following 
hold. 

a) One has n ~ 3 and, after a real linear change of coordinates in 
en, a*, b and the nil radical n of g(Tn) are given by 

a*= { J=lo1 + 2z182}R +en a* (direct sum), 

b = { Rzlol + zio2}R, 

n = s + { Ra1 + 2z182}R· 

Also, any n-dimensional abelian subalgebra of n is conjugate to s by an 
inner automorphism of g(Tn). 

b) The nil radical n of g ( T n) has dimension less than or equal to 
n + 1. Also, any n-dimensional abelian subalgebra of n coincides with s. 

Combining this structure theorem with the observation given in Sec­
tion 3, we can give an answer to the holomorphic equivalence problem 
for a class of tube domains with solvable groups of automorphisms. 

Theorem 2. Let Tn 1 and To 2 be two tube domains in en whose 
bases D1 and D2 are convex domains in Rn containing no complete 
straight lines and let n ~ 2. Assume that: 

i) To 1 and To 2 are tube domains with polynomial infinitesimal au­
tomorphisms; 

ii) Aut(Tn 1 ) is a solvable Lie group; 
iii) There exists a point z0 of Tn 1 such that the orbit of G(Tn 1 ) 

through z0 has dimension n + 1. 

Under these assumptions, ifTo 1 and To 2 are holomorphically equivalent, 
then they are affinely equivalent. 
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