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A notion of Morita equivalence between subfactors 

Nobuya Sato 

Abstract. 

We will review a notion of Morita equivalence between subfac
tors, which is a variation of Morita equivalence in ring and module 
theory. The main result is stated as follows: for arbitrary two Morita 
equivalent subfactors of hyperfinite Ih factors with finite Jones in
dex and finite depth we can always choose a finite dimensional non
degenerate commuting square which gives rise to the subfactors iso
morphic to the original ones. As an application of Morita equivalence 
between subfactors in connection with recent developments of theory 
of finite dimensional weak C* -Hopf algebras, we will make a brief 
comment about the 3-dimensional topological quantum field theories 
obtained from subfactors with finite index and finite depth. 

§1. Introduction 

A basic tool to construct inclusions of hyperfinite II1 factors with 
finite Jones index would be the method of the commuting squares. From 
a finite dimensional non-degenerate commuting square 

Roo C Ro1 
n n 

R10 c Rn 
we can make the double sequence of finite dimensional C* -algebras { R;,j} 
by iterating the Jones' basic construction. Then we get horizontal and 
vertical inclusions of hyperfinite Ih factors with finite Jones indices N = 
V::::'=aRon c V::::'=oRln = M and P = V::::'=oRno c V::::'=oRnl = Q under 
the assumption that the Bratteli diagrams of the initial inclusions in the 
commuting square are connected. 

A natural question is whether there is any relationship between these 
two inclusions. In particular, when one of the inclusions is of finite depth, 
then it is of great interest to know whether so is the other. Such ques
tions were first raised by V. Jones in 1995. This question was answered 
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affirmatively using techniques of paragroup theory and the answer says 
these inclusions have the same "size as C*-tensor categories" [Sl]. 

When we have an inclusion of hyperfinite 111 factors with finite Jones 
index and finite depth, we can construct the topological quantum field 
theory in three dimensions (TQFT) based on the triangulation of the 
given 3-dimensional manifold V. This method was first done by Oc
neanu. In the case of a closed manifold, we get a complex number. The 
simplest example will be the three dimensional sphere 8 3 . In this case, 
the value of the theory is given by 1/(the size of C*-tensor category). 
With this observation and the above relationship between the vertical 
and horizontal inclusions, we can prove TQFT's constructed from the 
above vertical and horizontal inclusions are complex conjugate to each 
other [82]. This gives a finer answer to Jones' question. 

There should be a reasonable explanation for the above phenome
non. We will see this can be achieved by the notion of "Morita equiva
lence" between subfactors, which tells us that equivalent inclusions have 
"equivalent representation theory" to each other. Actually, the notion 
of Morita equivalence between subfactors is formulated in a quite similar 
way as the one in ring and module theory. With this equivalence, we will 
see there always exists some symmetry described by Morita equivalence 
on the commuting squares in question. 

§2. Definition and examples of Morita equivalence between 
subfactors 

The following observation is fundamental for our formalism. 
Let N C M be an inclusion of Il1 factors with finite Jones index and 

finite depth and let N C M C M 1 C M 2 C · · · C Mk C · · · be the Jones' 
tower of 111 factors obtained by the basic construction. By the assump
tion of finite depth, we have finitely many irreducible bimodules when 
decomposing a P-Q bimodule pL2 (Mk)Q, where P and Q are either of 
MorN. Hence, one gets a finite system of graded bimodules (called a 
graded fusion rule algebra) consisting of irreducible N-N, N-M, M-N 
and M-M bimodules in the sense that it is closed under the operations 
of the relative tensor product, conjugation and direct sum decomposi
tion of bimodules. We call a pair of these finite systems of four kinds of 
bimodules and additional information about homomorphisms between 
bimodules (called quantum 6j-symbols) a finite paragroup of (M, N)
type. In other words, for finite systems of M-M and N-N bimodules, 
a finite paragroup of (M, N)-type is defined when there exists an N
M bimodule which generates a finite system of four kinds of graded 
bimodules. 
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This gives rise to the following definition. We denote a finite system 
of P-Q bimodules with finite index by PMQ. 

Definition 2.1. Let A and B be lh factors. We say that a finite 
system of A-A bimodules AMA is Morita equivalent to that of B-B 
bimodules BMB, if there exist A-B bimodules and the four kinds of 
bimodules A-A, B-B, A-B, B-A make a finite system. We denote this 
relation by AMA rv BMB. (This is an equivalence relation.) 

Note that finite system of four kinds of bimodules in Definition 2.1 
gives a finite paragroup of (A, B)-type. 

We are ready to introduce the notion of Morita equivalence between 
subfactors. See [K] in the case of strongly amenable paragroups. 

Definition 2.2. Let A C B and C C D be inclusions of lh factors 
with finite Jones index and finite depth. We say that these two subfactors 
are Morita equivalent if BMB rv cMc. 

Since we have finite paragroups of (A, B)- and ( C, D)-type from the 
inclusions A c B and c c D respectively, we get AMA rv BMB rv 

cMc rv vMv. This means that one may use, for instance, AMA rv 

vMv instead in Definition 2.2. And the standard arguments in sub
factor theory give the equalities dimAMA = dimBMB = dimcMc = 

dimvMv, where dimAMA = I:xEAMA (dimAXA) 2 (Here, summation 
is taken over a representative set of irreducible A-A bimodules) is a 
global index (or dimension) for AMA· 

Typical examples are in order. 

Example 1 Let G be a finite group and H be its subgroup which 
is relatively simple. Two subfactors N C N ><J G and N ><J H C N ><J G 
obtained by the crossed product of an outer action of G on a II1 factor N 
are Morita equivalent because the systems of the N ><J G-N ><J G bimodules 
arising from both subfactors are identified by the Mackey machine of 
Ocneanu [KY]. 

Example 2 More generally, let PC Q C R be inclusions of II1 factors. 
Assume that the inclusion PC R has finite Jones index and finite depth. 
It is known that the intermediate inclusion of P C R is also of finite 
depth. Then the system of the R-R bimodules arising from Q C R is a 
subsystem of that arising from PC R. Moreover, assume that both of 
the system of the R -R bimodules have the same global indices. Then 
these two subfactors are Morita equivalent since both systems of the 
R-R bimodules are identified. Hence, P C R and Q C R are Morita 
equivalent in this case. 
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Example 3 Let N C M be an inclusion of II1 factors with finite index 
and finite depth. Then, inclusions N C M and N C Mk are clearly 
Morita equivalent. 

When we take k to be the least integer such that N C M becomes 
of depth two (this is possible since we are dealing with a finite depth 
subfactor), one finds that there is an action of a finite dimensional bi
connected weak C*-Hopf algebra A on Nand a crossed product algebra 
N ><l A is isomorphic to Mk, by a characterization of a depth two subfac
tor due to Nikshych and Vainerman [NVI]. Roughly speaking, a finite 
dimensional weak C*-Hopf algebra is a finite dimensional C* -algebra 
which satisfies axioms of a C* -Hopf algebra with non-unital coproduct 
and counit. See [BNS] for details. In [NV2], they proved a finite system 
of N-N bimodules arising from N C N :xJ A is equivalent to the cate
gory of unitary representations Rep( A*) as monoidal categories. Hence, 
a finite system of M-M bimodules arising from N C M and the finite 
system of Rep( A*) are Morita equivalent in a broad sense. 

Morita equivalence of subfactors is naturally associated with a finite 
dimensional non-degenerate commuting square 

Roo C Ro1 
n n 

R10 c Rn. 
As in Introduction, iterating the basic construction in the horizontal 
and vertical directions, we get two subfactors Mo C M1 and Qo C Q1, 

respectively. Instead of the language of commuting squares, we use the 
paragroup theoretical one. Then, we have the biunitary connection on 
the four finite bipartite connected graphs corresponding to the inclusion 
matrices in the initial commuting square. And by the string algebra 
construction, we have the following double sequence of finite dimensional 
C* -algebras. 

([ = Ao,o c Ao,1 c Ao,2 c C Mo = Ao,oo 
n n n n 

Al,O c A1,1 c A1,2 c c M1 = A1,oo 
n n n n 

Az,o c A2,1 c A2,2 c C Mz = Az,oo 
n n n n 

n n n 
Qo = Aoo,O c Q1 = Aoo,l c Qz = Aoo,2 c 

Assume that either Mo C M1 or Qo C Q1 is of finite depth. (Hence, 
by [Sl, Corollary 2.2], both of them are of finite depth.) By Ocneanu's 
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compactness argument, the higher relative commutant M 0 ' n Mk of the 
inclusion Mo C M1 is contained in Ak,o for each k. Denote V'k=0 M 0 ' nMk 
by Bk. See the following diagram. 

Eo c Ao,o c Ao,1 c Ao,2 c c Mo 
n n n n n 

B1 c Al,O c A1,1 c A1,2 c c M1 
n n n n n 

B2 c A2,o c A2,1 c A2,2 c c M2 
n n n n n 

n n n n 
Boo c Qo c Ql c Q2 c 

Then one can show that the system of the B':1-B':1 bimodules arising 
from B':1 C Q? is identified with that of the M 0-M0 bimodules arising 
from M 0 C M 1 . This implies that the subfactor B':1 C Q? is Morita 
equivalent to Mo C M 1 . Since one can verify that B':1 C Q~P C Q? 
satisfy the assumption of example 2, Q~P C Q? is Morita equivalent to 
Mo c M1. 

§3. Reconstruction of a commuting square from the equivalent 
sub factors 

In Section 2, we saw that horizontal and vertical inclusions of hy
perfinite II1 factors obtained from a finite dimensional non-degenerate 
commuting square are "opposite equivalent". Now, our main theorem 
claims that opposite equivalence of subfactors has enough information to 
insure that they certainly come from a finite dimensional non-degenerate 
commuting square. 

Let Dgc be the D-C bimodule DDc of the finite paragroup of 
( C, D)-type which canonically arises from C C D, AhB be the A-B hi
module ABE of the A-B paragroup which canonically arises from A C B. 
Denote the direct sum of the unitarily inequivalent irreducible C-A hi
modules by cXA. Construct the following inclusions of finite dimen
sional C* -algebras. 

End(g(gg)n-l ®c XA ® (hJi)n-lh) 
n 

End((gg)n ®c XA ® (hJi)n-lh) 

C End(g(gg)n-l ®c XA ® (hJi)n) 
n 

C End((gg)n ®c XA ® (hJi)n) 

Then, one can show that this is a non-degenerate commuting square of 
period two when n is large enough. Thus we have the biunitary connec
tion arising from the above commuting square. By the string algebra 
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construction, we get the following double sequences of finite dimensional 
C*-algebras Ak z =End(··· 0:9 g 0:9 g&J c *A 0:9 h 0:9 h ···),where c*A is an 

, ~ '---v---" 
k-folds !-folds 

irreducible C-A bimodule. See the following diagram. 

Ao,o(= End(c*A)) c Ao,l c Ao,2 c C Mo = Ao,= 
n n n n 

Al,O c A1,1 c A1,2 c c M1 = A1,= 
n n n n 

A2,o c A2,1 c A2,2 c c M2 = A2,= 

n n n 
Qo = A=,O c Q1 = A=,l c Q2 = A=,2 c 

Then we have our main theorem. 

Theorem 3.1. [S3] In the above notations, the subfactors M 0 C 

Ml and Qo c Ql are isomorphic to cop c DOP and A c B, respectively. 

Example Assume that the inclusion M 0 C M 1 obtained in the theo
rem is isomorphic to the inclusion R° C R, where R is the hyperfinite 
II1 factor and G is a finite group acting freely on R by a E Aut(R). 
Then, we know that the finite system of B'J:- B'J: bimodules arising 
from B;:]; C Q? is isomorphic to that of R 0 -R0 bimodules arising from 
R0 c R. In such a situation, Schaflitzel proved that B':,g C Q? is iso
morphic to R° C (R 0:9 Mn(C))H, where H ( C G) is a subgroup acting 
on R 0:9 Mn(q by aiH 0:9 Adw (w is a projective representation of H on 
Mn(C)) [Sc]. This characterization gives a restriction of the inclusion 
Q~P c Q?. Namely, it is isomorphic to R° C (R 0:9 Mn(C))H in a good 
situation (i.e., *-flat case) and in general it is an intermediate inclusion 
of R° C (R 0:9 Mn(C))H, i.e., R° C Q~P C Q? = (R 0:9 Mn(C))H. 

§4. A comment on topological quantum field theories in 3 
dimensions constructed from subfactors 

From an inclusion N C M of type II1 factors with finite index and fi
nite depth, we have two kinds of 3-dimensional topological quantum field 
theories (TQFT for short). Let us recall briefly how they are obtained. 

Since we have a finite paragroup of (M, N)-type, we have a graded 
fusion rule algebra. A space of homomorphisms Hom(pXq &Jq YR,P ZR) 
for irreducible X, Y and Z is a finite dimensional Hilbert space and 
has an orthonormal basis with respect to the inner product defined by 
( ~, 7)) = ~ · 7]* E End( Z) = C. Then, for each orthonormal basis of homo
morphisms ~1 E Hom(qAR 0R Ys,q Cs), 6 E Hom(pXq &Jq Cs,p Ds), 
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6 E Hom(pXQ®QAR,P BR), ~4 E Hom(pBR®RYs,p Ds), where P, Q, 
R, S are either of MorN and PXQ, RYs, QAR, pBR, QCs, pDs are ir
reducible bimodules, we have a complex number W(A, B, C, D, X, Yl6, 
6,6,~4) defined by ~4 · (6®id) · (id®6)* -~~ E End(pDs) =C. Then, 
the quantum 6j-symbol Z is defined by Z(A, B, C, D, X, Yl6, 6, 6, ~4 ) 

= [B]- 114 [G]- 114W(A,B,C,D,X,YI6,6,6,~4)· Now, we associate 
each tetrahedron with a quantum 6j-symbol. See the following figure. 

R 

p 

Let V be a compact 3-dimensional manifold without boundaries 
and T be a triangulation of V. For each vertex of (V, T), we assign 
the label either of M or N and fix it. Let Ce be the possible as
signment of irreducible bimodules in a finite paragroup to each edge 
of triangulation. Namely, we consider a face of a tetrahedron as a 
space of homomorphisms. For each assignment of Ce, let CJ be the 
assignment of an orthonormal basis of homomorphisms to each face 
of a tetrahedron. Now, ((V, T) is defined to be a complex number 
(dimP)-a Z::::ce L:c, Ilx:edges[X]hiZ (tetrahedron), where dimP is the 
global index of the finite paragroup P, a is the number of vertices and 
[X] = (dimNX)(dimXN)· The important point here is that ((V, T) 
does not depend on neither the triangulation or labelings of N and M 
on each vertex. Hence, we get a topological invariant of V and we may 
write ((V) instead of ((V, T). (When V has a boundary, some modifica
tion is needed.) Moreover, ( (V) can be extended to satisfy the axioms 
of a (unitary) TQFT in the sense of M. Atiyah [A]. Namely, ( is a 
functor from the category of cobordisms of surfaces to the category of 
finite dimensional Hilbert spaces with some properties for cut and glu
ing. This type of construction was first achieved by Turaev and Viro in 
the case of data from a quantum group of Uq(sl2 ) [TV] and the present 
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formalism using a paragroup is due to A. Ocneanu [01]. We call our ( 
the Turaev-Viro type TQFT obtained from a finite paragroup. 

The notion of Morita equivalence between subfactors is remarkably 
efficient when one constructs topological quantum field theory of Turaev
Viro type. Denote by (M-M (resp. (N-N) Turaev-Viro type TQFT 
constructed from the data of M-M(resp. N-N) fusion rules and asso
ciated quantum 6j-symbols obtained from N C M. Then, (M-M and 
(N-N give rise to the same TQFT's. More generally, we have the same 
TQFT's for finite paragroups arising from Morita equivalent subfactors. 

Ocneanu introduced a new construction of an inclusion of II1 factors 
with finite depth and finite index, the asymptotic inclusion M V (M' n 
Moo) C M 00 , from an inclusion of II1 factors N C M with finite index 
and finite depth, where Moo= V::'= 1 Mn. He had noticed that the finite 
system Moo of M 00-M00 bimodules arising from the asymptotic inclu
sion was an analogue of the quantum double in quantum group theory. 
Actually, he claimed that the finite system Moo has a non-degenerate 
braiding through TQFTofTuraev-Virotype [01], [EK]. In fact, one can 
prove that Moo satisfies the axioms of modular tensor category. Hence, 
with a general machinery of Turaev, one can construct a Reshetikhin
Turaev type TQFT based on Dehn surgery of 3-dimensional manifolds 
[02], [T]. 

By the definition of the Morita equivalence of two finite depth sub
factors, they give rise to the isomorphic Turaev-Viro type topological 
quantum field theories. Since, by Example 3 in Section 2, a finite depth 
subfactor N C M is always Morita equivalent to an inclusion of the form 
N C N ><1 A, where A is a finite dimensional weak C* -Hopf algebra, one 
knows that TQFT's obtained from the former and the latter are iso
morphic on one hand. On the other hand, a system of N-N bimodules 
arising from the latter inclusion is equivalent to the category of finite 
dimensional unitary representations Rep(A*) of the dual weak C*-Hopf 
algebra A* of A. Hence, we may conclude that Turaev-Viro type TQFT 
obtained from a finite depth subfactor is always obtained from the data 
of the category of finite dimensional unitary representations of a weak 
C*-Hopf algebra with quantum 6j-symbols. 

Keeping the situation in the previous paragraph, when we take the 
asymptotic inclusions for both N C M and N C N ><1 A, one can prove 
that the tensor category of M 00-M00 bimodules arising from the former 
inclusion is isomorphic to that of the latter because the original sub
factors are Morita equivalent and modular tensor categories obtained 
from the asymptotic inclusions are described by TQFT's of Turaev-Viro 
type [02], [EK]. Moreover, one can prove the latter tensor category 
is isomorphic to the category RepD(A*) of finite dimensional unitary 
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representations of D(A*) as unitary modular tensor categories, where 
D(A*) is the quantum double weak C*-Hopf algebra of A* [BS], [NTV]. 
As a consequence, the Reshetikhin-Turaev type TQFT obtained from 
N C M through the asymptotic inclusion is isomorphic to the one ob
tained from the category of finite dimensional unitary representations of 
the quantum double of a weak C*-Hopf algebra. Hence, TQFT's of both 
Turaev-Viro and Reshetikhin-Turaev type constructed from sub factors 
with finite Jones index and finite depth are obtained within the category 
of finite dimensional unitary representations of finite dimensional weak 
C* -Hopf algebras. See [S4] for more details. 
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