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On the Theta Lift for the Trivial Representation
Eng-Chye Tan

Abstract.

We describe the Howe quotient and theta lift for the trivial repre-
sentation of Sp(2n,R) for the dual pairs (O(p, q), Sp(2n,R)), within
the stable range (i.e., min (p, q) > 2n), by explicitly constructing the
Howe quotients.

81. Introduction

Let Sp(2k,R) be the symplectic group on R?* and §13(2k, R) be the
metaplectic group. If H is a subgroup of Sp(2k, R), we shall let H be the
pullback of H by the covering map from .§1’7(2k, R) to Sp(2k,R). The
oscillator representation w of :S'\;)(Zk, R) may be realized on a space of
holomorphic functions on C¥, using the Fock model.

Let (G, G') be a reductive dual pair in Sp(2k,R). A maximal com-
pact subgroup of Sp(2k,R) is U(k), the half-determinant cover of U (k).
In the Fock model, the space of U (k)-finite vectors of the oscillator rep-
resentation is P = P(CF), the space of complex-valued polynomials on
C*. We can assume that K = U(k)NG and K’ = U(k)NG' are maximal
compact subgroups in G and G’ respectively. We shall let lower gothic
symbols denote Lie algebras of Lie groups, e.g., g and g’ will be the Lie
algebras of G and G’ respectively.

For a reductive subgroup H (with maximal compact subgroup Ky =
U(k)NH) of Sp(2k,R), we denote by R(b, Ku, w) the set of infinitesimal
equivalence classes of irreducible (b, K ) modules realizable as quotients
of P. Consider the dual pair (G,G’). For p € R(g',I?,’,w), the Howe
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quotient corresponding to p is defined by (see [Ho2])
Qp)="7P/ N, P

where N, is the intersection of all (g, K')-invariant subspaces A of P
such that P/N 2 p as (g, K') modules. It is known (see [Ho2]) that

Qp) = p' ®p,

where p’ is a quasi-simple (g, K ) module of finite length, with a unique
irreducible quotient 6(p). The correspondence

p+— 0(p)

is commonly known as the (local) theta correspondence, and 6(p) is often
called the theta lift of p.

The pullback H of a Lie subgroup of Sp(2k, R) is a split or non-split
extension by Z/2Z depending on the dual pair under consideration. The
representations which occur in the theta correspondence are genuine, i.e.,
they do not factor to H. In the case where the cover of H is split, this just
means that they are of the form 7 ® sgn, where 7 is a representation
of H, and sgn is the non-trivial character of Z/2Z. If H = O(p,q),
the non-split cover H may be realized as H x Z/2Z with group law
(g,€)(h,6) = (gh, eb(det(g), det(h))r), where (-, -)r is the Hilbert symbol
of R. The character x of 5(p, q) given by

V=1 if det(g) = -1,

1 otherwise

X(g,6)=6'{

is genuine, and a genuine representation of 6(p, q) is of the form 7 ® x
for m € 6(1), q). In either case we will only refer to =.

Consider the dual pairs (O(p, q), Sp(2n,R)). It is easy to see that
the theta lift of the trivial representation of Sp(2n,R) (which we shall
denote by 6(1;p,q)) exist only if p + ¢ is even: For the dual pair
(O(p,q), Sp(2n,R)), S’;)(Qn, R) is split if p + ¢ is even and non-split if
p+gqisodd. So 1 € R(sp(2n,R), ﬁ(n),w) only if p+ ¢ is even. It is also
known that 8(1; p, q) is irreducible and unitary (see [HLi], [Li] and [ZH])
when min (p, g) > 2n, i.e., in the stable range. Beyond the stable range,
nothing much is known. For n = 1, these representations of O(p,q)
are known as ladder representations (see [AFR], [BZ] and [HT]) and are
studied in [BZ], [Kol] and [Ko2]. For all n, these representations are
“small” in the sense that they have small Gelfand-Kirillov dimensions
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and small rank (in the sense of [Hod4]). They “should” arise from appro-
priate quantization of nilpotent orbits (see [HLi] and [ZH]). In fact, in
[BZ] (the case where n = 1), it was shown that these are minimal rep-
resentations, i.e., their annihilators in the universal enveloping algebra
are the Joseph ideals.

The aim of this paper is to provide a basis of O(p) x O(q) highest
weight vectors for Q1) when min (p,q) > 2n. With such a basis, irre-
duciblity of Q(1)’s results from similar considerations as in [HT] (and
hence 4(1;p,q) = Q(1)). As we have noted, irreducibility and unitar-
ity for (1) follow from [Li]’s results (see Theorem 2.2 of [ZH] for the
argument). But our technique has invariant-theoretic flavour and has
the advantage of providing a model of the representation space which
might be useful to those who would like to make explicit calculations
on these representations. Technical difficulties have prevented a result
for the entire stable range, i.e., to include the cases min (p,q) = 2n. It
would seem that our techniques would still apply to these cases when
p # q. Unfortunately, we still find it difficult to extend the results to the
case when p = ¢ = 2n for n > 1. (In this particular case, by results of
[HLi], the theta lift of the trivial representation of Sp(2n,R) is precisely
the same as the theta lift of the trivial representation of Sp(2n — 2, R)
for the dual pair (O(2n,2n), Sp(2n — 2,R))).

Although we do not discuss it here, the construction works for the
dual pairs (U(p, q), U(n, n)), (Sp(p, ¢), 0*(4n)), (Sp(2m,R), O(n, n)) and
(O*(2m), Sp(n,n)) with appropriate condtions on p, g, m and n.

Another reason for the construction is to study the Howe quotient.
We believe that in the stable range (see [H4]), the Howe quotient (cor-
responding to a unitary representation or ”small” representation) is ir-
reducible. Evidence in support of this can be found in this paper as well
as [LZ1], [LZ2] and [PT]. The Howe quotient also features prominently
in many applications; see [KV2] and [Zh] (and the references therein)
for applicatons to invariant distributions and [KR] (and the references
therein) for applications to the construction of automorphic forms. The
setup used here enables one to have control on the Howe quotients and
it is our hope to try to extend it to other dual pairs.

§2. Preliminaries

Consider the dual pair (O(p), Sp(2n,R)) acting on the U (np)-finite
vectors of the associated Fock space C[z11,...,Z1p,---,Zn1,---,Tnp] 88
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follows:

(a) Action of so(p)c: Z (:1:515—8— z 9 ) , 1<i<ji<p.

— T
Zsj Oz

(b) Action of sp(2n, R)c = u(n)c ® Span {r;} ® Span {A;} :

s=1

P
(2.1)(i) u(n)c = Span {EZ = intai +5i’j?_ 1<i<j< n};
=1 Tt 2
p
(i) rj; = szt%t, 1<i<j<m,
t=1
& 82
(iil) Agj = tz_; Brudos 1<i<j<n

Observe that the actions of O(p) and U(n) arise from the natural
right and left multiplication on the polynomial algebra Clx1y,. .., Znp)|.
We shall choose a Cartan subalgebra of u(n)c ~ gl(n)c as

b = {diag (a1,-..,an) | a1,...,an, € C},

and parametrize (as it is usually done) irreducible representations of
U(n) by n-tuples of integers (a1, ..., ay) where ay > ag > ... > ay,.

We shall now describe a root space decomposition for so(p)c. Choose
the Cartan subalgebra as

b__{{H:diag (Hy,Hs, ..., H;)} if p=2I,
~ | {H = diag (H,, Ha, ..., H;,0)} if p=20+41,

where for each 1 < j <, H; is a block of 2 x 2 submatrix of the form

L 0 v—1h; .
H]_<_ —in, 0 >, h; € C.

For 1 <j <1, let ¢j : h — C be the functional defined by
€j (H) = hj H € f]
The root system of so(p)c with respect to b is given by

@z{{i(eaieb)‘lsa<b§l} if p =2,
{x(eatep) |1 <a<b<i}U{xe,|1<a<li} ifp=20+1.
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For a € ®, let s0(p), denote the root space of so(p)c corresponding to

a. Then
= b @ Z 5°(p)a
acd

is a root space decomposition for so(p)c. Note that the subalgebra

h& Z 5°(p)ea—eb

1<a#b<l

of so(p) is isomorphic to gi(l)c.

If Ais a pxp matrix, then it contains [§]? blocks of 2 x 2 submatrices.
For 1 < s,t < [£], we denote by (A).: the (s,t) 2 x 2-block of A. If p
is odd, we shall allow 2 x 1 blocks on the rightmost column and 1 x 2
blocks in the bottom row. With this notation, we define a basis for f
and the root vectors E, _p, E_q 3, Eqp and E_, _ (and E4, if p is odd)
in so(p)c (where 1 < a < [§] for (1) and 1 < |a| < || < [§] for (2) and
(3)) as follows:

(= %)
fs=t=a
(1) (Ha)st - - —1 O
0 otherwise
ngn(a),sgn(b) ifs= |a| and t = |b|
(2) ab)st = —Xstgn(a)’sgn(b) if t = |a| and s = |b]
0 otherwise
ngn(a) if s = ]a| and t = ——5——
3) Xstgn(a) ift = |a| and s = EL
0 otherwise
1 V-1 (1 /-1
where ( s 1 > , X 4= ( — . ) ,
1 -1 (1 V=
e I NP )]

NS ]

Then E, b € 5°(p)ea—eb7 E_ap € 5°(p)—ea+ew Eup € 5°(p)ea+eb’
E_o_t €50(p)—c,—e,, Fa € 50(p)e, and E_, € s0(p)_e,



218 E.-C. Tan

We shall use a more convenient system of coordinates. Define, for
j=1...,n,

_ p
Zjk = Tj2k—1 — V —1Tj 28, Zjk = Tj2k—1+V—1zj0k, k=1,..., [517

Zjp1 =T py1, if p is odd.

Lemma 2.1. The actions by the root wvectors of so(p)c on

Clz11,- . -, Tnp] are given by the following differential operators:
i Is) 9
H, = Z (Zsa'éz_s; - zsa6_2;> )
s=1
i o 0 i 0 0
Ea,— - sa zZ bl E—a, sa - k]
=2 (Z R 6zsa) 2= (Z Bz szm)
s=1 s=1
i o o i 1o} 0
Ea, sa = — 3 E_ . = Zs —-Z )
i Z (Z 0% “sb ('?Zsa) b Z (z ® 8zsp b 8zsa>
s=1 s=1
" 0 = d o
E = E._a Z a P
a 2 (Zsa 323p+1 Zsp_ﬂa sa) P 82:; (Zs 6289# z Tl P

Proof. Omitted. @

Using the above setup, we shall parametrize representations of SO(p)
by tuples (a1, Q... ,a[vg]) of integers, satisfying

arzaz>...2az =0 if p is odd,

>0 >... > |a[§]l if p is even.

We shall require some results from the theory of spherical harmonics.
First, define the following determinants:

211 %12 ... Rl
221 %22 ... 224 .

(2:3) Ci=| . : N i=1,...,n
21 %2 .- i

It is not difficult to check that C; are SO(p) x U(n) highest weight
vectors of weight

(1,...(¢ copies) ...,1,0,...,0)®(1,... (% copies) ...,1,0,...,0).
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Define the O(p) invariants Z; and pluri-harmonics H; as follows:

(a) Il = C[mlly e ,Inp]o(p);

(b) H1 ={f € Clz11,...,Tnp) | Asjf =0, 1<i<j<n}
The results of [DT], [To|, [We] and [KV1] say that:
Theorem 2.2. (a)([DT] and [To]) If p > 2n, then
Clz11, .- s Tnp) =11 @ Hy.

(b)([We]) The O(p) highest weight vectors in Iy are generated freely by
2

T

(c)([KV1]) If p > 2n, the O(p) x U(n) highest weight vectors in Hi are

generated freely by C;, i=1,...,n.

Remark. To some extent, it is possible to consider the cases for
p < 2n when n is small, but these cases are a little messy (see [PT]).
We shall omit them in this paper.

Consider the action of the dual pair (O(q), Sp(2n,R)) on
Cly11,---1Yng]- We shall use the more convenient coordinate system:
forj=1,...,n,

Wik = Yj,26—1 — V—1Yj 26,  Wjk = Yj2k—1 + V—1yj26, k=1,...,[Z],

W,gt1 =Y, at1 if ¢ is odd
% 3,4
All of what we have mentioned for (O(p), Sp(2n,R)) carries over and we
shall use the superscripts y to denote the corresponding operators from
u(n)c and tildes to differentiate the r;;’s and A;;’s. The description for
the root space decomposition for so(q)c is similar and we shall use small
f’s to denote the roots and capital F’s to denote the root vectors of
$0(g)c. We will omit the discussion.

From here on we shall assume min(p,q) > 2n. Let P = Clz11, ...,
Z1p, Y1ls-- > Ylgs+-+>Tnlyr--->Lnp,Ynl,--->Yngl. This is the space of
ﬁ(np + ng)-finite vectors of the associated Fock model for the dual pair
(O(p, q), Sp(2n,R)), and the actions of the complexified Lie algebras of
O(p,q) and Sp(2n,R) can be described as follows:

(a) Action of o(p,g)c = o(P)c B o(q)c B P :
(i) Action of o(p)c: as in (2.1);
(ii) Action of o(g)c: similar to (2.1);
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n

82

(2.4) (iii) Action of p: E (msiysj - —8————8———> 1<i<p, 1<j<yq,
s=1 L si0Ysj

(b) Action of sp(2n,R)c = u(n)c @ Span {X;;} & Span {Y;;} :

(i) u(n)c Span{ = EF — E}’i+6i,jz%l 1§i§j§n},
(i) Xi; =15 — Ay, 1<i<j<nmn,
(iil) Yij = 75 — Ay, 1<i<j<n.

§3. The Dual Pairs (O(p, q), Sp(2n,R)), for min (p,q) > 2n

Let (1) = P/Ny be the Howe quotient corresponding to the trivial
representation 1 of Sp(2n,R). It is not difficult to see that

(3.1) N = {Xf| X €sp(2n,R)c, f € P}.

Our next result provides a description of the O(p) x O(g) structure of
this quotient space. Recall that the space of pluri-harmonics is simply
H1 ® Hz (see Theorem 2.2).

Proposition 3.1. Assume that min(p, q) > 2n. A set of represen-
tatives for O(p) X O(q) highest weight vectors in P/Ny could be chosen
from the set of O(p) x O(q) highest weight vectors in the space of pluri-
harmonics.

Proof. We shall first note the following formula, which follows from
a straightforward computation:

[Aij’ rft] = 6i,tEswj + 6]',8Etmi + 51',sz + 0 tEsz -+ p(éz t6], +6; 36_7 t)

Define
RgRg = ngigjgn(rizj)s” (F?j)tij

where 3 and  are "(n2+1) -tuples of non-negative integers (s;;) and (t;;)
respectively. Let 1 be any plurl—harmomc polynomial and consider the
polynomial R; R¢¢ Since X;;R;s sRpp € Ny and YijRsRyp € Ny (see
(2.4) for the definition of X;; and Y;;), application of the above formula

shows that Rgf%gz/) is expressible as a linear combination of

R Ry
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where ;o si; =32, 585 — 1, 32, i ti; = 30, i tij — 1 and ¢ is another
pluri-harmonic polynomial. We conclude that

RgR{’l/J =0 mod N]l lf Z Sij # Zt,‘j.
i,J i,J

If Zi,j 8 = Zi’j t;j, then in the quotient space P /N7, RgRg'l,Z) is ex-
pressible as a linear combination of the following polynomials

{réfaiget | 1<i<i<n,1<k<I<n¢jr1 €M}

These can again be simplified, i.e., expressed as elements in H; ® Hs.
For instance, take

Y = [A11, 7)1 = (4BY, + 29)¢ mod Ny
(3.2) = [A11,7%]Y = (4E%, 4+ 2p)Yp  mod N],l'

Thus 72,72, is congruent to an element in the space of pluri-harmonics.
This completes the proof of the proposition. g

Corollary 3.2. Assume that min(p,q) > 2n. The trivial repre-
sentation 1 of Sp(2n,R) does not belong to R(sp(2n,R), U(n),w) unless
i cZ.

2

Proof. For 1 € R(sp(2n,R), ﬁ(n),w), there must be some pluri-
harmonic ¥ Z 0 mod Nj. Choose one such 1 which is homogeneous
in the z and y coordinates. From (3.2), we observe that

0 = (4E7, —4EY,+2p—2q) = (4deg, Y—4deg, ¥+2p—2q)yY mod Ny,

where deg, 9 and degy 1 are the degrees of 1 in the x and y coordinates
respectively. Since deg, 1 and deg, 1 are integers, we conclude that

pP—gq
R |

From here on, we shall assume that 252 € Z and without loss of
generality, we shall also assume that p > q. Our next task is to extract
the O(p) x O(g) x U(n) highest weight vectors in P/Ny. Let S; be the
permutation group on i symbols and for a permutation o, denote its
signature by sgn o. Define for 7,7 =1,...,n,

n

Dl(l:]) = Zzsiu_’sj7

s=1
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D; = Z (—1)*8"“Dy(1;0(1))D1(2;0(2)) ... D1(i;0(8)),i # n

og€ES;
33) D, =C, (see (2.3))
W11 Wiz ... Wi
- W21 W22 ... Wy, - - )
C;=| . . .|, and D, =0C, i=1,...,n,
W; 1 Wig ... W4

] 3 ’

The last theorem has enable us to look at the pluri-harmonics in the
study of P/Nj. Basically, we have to look at the O(p) x O(g) highest
weight vectors which are also U(n)-invariants in H. The following the-
orem describes the situation for n = 2. Although one could ignore this
result and proceed straightaway to the general case, the computations
nevertheless are interesting and provide the U(n)-invariant polynomial
D (for n =2).

Proposition 3.3. Assume thatn =2, p>qg >4 and p+q is
even. A set of O(p) x O(q) highest weight vectors in P /Ny could be

chosen from

~ P=q
T, = {D$*D§DSY 7 | ¢1,6 €N}

Remark. The SO(p) x SO(q) weight of D§1D§2D§2+% is

(£1+§2a£2707"'a0)®(51+£2+p;qa£2+p;q70v""0)’

We have yet to show that elements in Ty are non-zero. This will be

done in Theorem 8.9. It is easy to see that two elements with distinct
SO(p) x SO(q) weights in Ty are not equal unless they are both in Ny .

Proof. We shall adopt the same notations as in the proof of Propo-
sition 3.1. Continuing from the computation in (3.2), we observe that if
¥ Z0 mod Ny, we must have

(2Ef; —2EY))¥ = —(p—q)» mod Ny.

We note the other 3 relations arising from similar considerations as
above: '

(a) (2E3, — 2E%,)% = —(p — q)¢ mod Ny
() ELy=E5Y modNy
() E3¢ = E¥y¢ mod Ny
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Basically, these relations boil down to the fact that we only need to look
at the U(2)-invariant highest weight O(p) x O(q) vectors in H.
Fix an SO(p) x SO(q) highest weight:

(34) (61 +€27§2a03 .. ’0) ® (771 + 77277]%07 .. ’0)

Fori=1,...,& and j =1,...,m, we define (see (2.3) and (3.3) for the
definitions of Dy and Ds)

i Sr—ipnée o7 —m—J fne
Gij = 211231 D3°wi Wy ~Dy°.

Then an O(p) xO(q) highest weight vector in the space of pluri-harmonics
of weight (3.4) is given by

v = Z Z )‘ij(bij, )\ij eC.
§=0,1,...,m1 i=0,1,....&;

If such a vector lives non-trivially in P /N7, it must be an U (2)-invariant,
ie.,

(E¥, — EY))v=0 and (B3, — E¥)v=0.
We compute that
(@ (EL-ES)v=>Y {(&—i+DXhi-1; — G+ D1} by
i,J

®)  (BH —Ef)o =" {(i+DNip1; —(m— 5+ 1} bis.

%]
This gives rise to two recursion relations:
(a) JAij = (& =i+ 1hi—1-1
(b) iXij = (m —Jj+1Xi—1,j-1

For a non-trivial solution to v, we must have £&; = n;. If we assume this,
there is only one non-trivial solution (up to multiples) given by

& o
A ifi =
Aij = ( ; 0,0 ifi=3j

0 otherwise

This translates to
v = )\070D§1 DgzDgz
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We also require

(EY, — EY, + 2 Jo=0=(E3 — Ey + ——)

v

which forces 7, = €2 + 252. This concludes the proof.

Proposition 3.4. Assume that p > q > 2n and p+ q is even. A
set of O(p) x O(q) highest weight vectors in P /Ny could be chosen from

T, = { (n;;llpfi) DEéDETE | 6, k€ N} .

Remark. See (2.3) and (3.3) for the definitions of D; and D»,.
The SO(p) x SO(q) weight of (' Df) D& DE 7" is

(35) (&1+4+...4+&n,&+...+&n, -y &1+ 6y 60,0,...,0)®
(£1++€7L+—p;_2_g7’"gn—1+§’n+p;q7£ﬂ/+p;q707'70)

As in Proposition 3.3, we will show that elements in T, are non-zero in
Theorem 3.9.

Proof. Recall from Theorem 2.2(c) that ¢ = H?lef" and ¢ =
7, C™ are O(p) x U(n) and O(g) x U(n) highest weight vectors in H;
and Hs respectively. Look at the tensor product of the O(p) x U(n) and
O(q) x U(n) modules generated by ¢ and ¢ respectively. Our objective
is to extract the U(n)-invariants, since these are the only ones which are
possibly not killed in the quotient space P/N7y. The respective U(n)
highest weights of ¢ and ¢ are

(fl+---+5n+g,§2+---+§n+§,-~,§n—1+§n+§,§n+g) and

9 4
5 1 n 2

...,—nz—...—nn—z

(= = 2ty =10 — 2
n 2 ) n—1 n 9 ’
The tensor product of these two U(n) modules yields an U(n) invariant
if and only if

Wi:fi’ 7::17-“7’"'—17 and nn:§n+£—2_—g,
and there is at most one U(n) invariant (up to scalars). The candidate

in our situation is
(w5 D§) DY DI



On the theta lift for the trivial representation : 225

One could check immediately that it is an O(p) x O(g) highest weight
vector which is also an U(n) invariant of the correct weight if one ob-
serves that

Di= Z C(sl,...,si)é(sl,...,si),

[{51,.-18:}=%, 1<8:1<...<s8;,<m

where
Zs1,1  %s1,2  -er Zsyi
Zs3,1  Zs3,2  +er Rsapi
C(s1y.--,8)=| . . .|, and
Zsi,l Zsg2 eee o Zsgi
U_]sl,l wsl,Z L. u_Jsl,'l:
~ ’1532’1 U_)s2,2 .. u_]sz,i
C(S],.. .,Si) =
Ws;, 1 Wey2 --- Weyy

This concludes our proof. §

Next, we shall give a brief description of the so(p)c xs0(g)¢ structure
of p. Recall from (2.4) that

o(p,q)c = o(p)c D o(g)c ®p

where p ~ CP ® C? as an so(p)c x s0(¢)c module with highest weight
(1,0,...,0)® (1,0,...,0).

Identify p with the space of p x g matrices over C and write a p X ¢q
matrix in blocks of 2 x 2 matrices. If p is odd, we allow 1 X 2 matrices in
the bottom row and if ¢ is odd, we allow 2 x 1 blocks in the rightmost
column. For 1 < |a] < [§]and 1 < |b| < [{], define the following matrices
(see (2.2) for the definitions of X4 4 and X4 ):

(Z ) — { ngn(a)»-sgn(b) if s = |a| and t = |b|,
e 0 otherwise,

if s = _ g+l
(Zao)st = { Xsgn(a) if s = |a| and t = ££L,
’ 0

otherwise,

ifs=%andt=]b|,

Xt
(Zop)st = —sen(a) .
0 otherwise,

The vectors denoted by Z’s are all weight vectors of p. We note that
Zap is of weight sgn(a)ejq ® sgn(b)fis), Za,0 is of weight sgn(a)ejq ® 0
and Zop is of weight 0 ® sgn(b) fi|-
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The following lemma gives the actions of the weight vectors of p on

P:

Lemma 3.5. Letl<a<[f] and1 <b<[Z]. The actions of the
weight vectors of p on P are given as follows:

n 62 n 62
Zap = Z (Zsau_lsb - 4m) v La,bp= Z (Zsawsb - 4m) )
sa 8 sa 8

s=1 s=1
n n
o 82 ~ 82
Z——a,b = E (zsawsb - 4———8— y L—a,—b = § ZsqWsh — 4‘8—8_‘_ s
=1 025, 0wsp 1 ZsaOWsb
Z 0= ZsqW _gq+t1 4
a, E_ saWgatl 823a8w5t_1ﬁ ’
s=1 2
Z—a,O = E ZsqW g+l — b1,
1 2 325a3ws%_1
Zop = E Z pt1Wep — 40— |,
— 2 823&8’&1317
s=1 2
n 82
ZO,—b = :_>_ ZyptiWshp — 4d—F—].
1 2 328342-_1 811)31)

Proof. Omitted. g

We would be interested in the action of o(p, g)c on the set of vectors
in T;, (see Proposition 3.4). Algebraically, we should look at the tensor
product

m:p®Ve,..g — P
(3.6) m(X ® f) = X(/)
where Vg, ¢ is a O(p) x O(g) module of highest so(p) x so(q) weight
given by (3.5). The tensor product p ® Vg, .. ¢, could possibly have any
one of the 22" components with so(p) x so(q) highest weight as follows,
and they can only appear with multiplicity at most one:

((51+---+£n7£2+---+§n7--~a§n—1 +§na§n,07""0)ies)®

(@t tat+t B et e+ 0,002 1),
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where s,t € {1,...,n}. We shall let Pi._ +f denote the image of the
above component under the map in (3.6). Note that Py, 1y, is either
zero or a highest weight O(p) x O(q) vector in PU(™),

Recall the root system that we have described for so(p)c. Let

Hab - Ha - Hb
and define
Uj; =1, j=1...,n.

Define for 1 <t < j < n, the determinant of a (j — ¢} x (j — t) matrix
of elements from the universal enveloping algebra of so(p)c (see Lemma
2.1 for the relevant definitions),

Uy = .
E—(j—l),j Hj_17j+ 1 0 0
E_(-2,; E-g-25-1 Hi-2j-1+2 0 ... 0
E_t41)5 E_gri-1 Eging-2z -0 oo Hepg+j—t—1
E_t,j E__t’j_l E—t,j—2 e . E—t,t-{—l

Since we are dealing with a non-commutative algebra, care has to be
taken to define the determinant. Recall that Sy, is the permutation group
on k symbols. We shall use the following definition of the determinant:

dii ... dig
: = Z sgnody(1)1 - - - do(k)k
dier ... dik oESk

Thus, as an element in the universal enveloping algebra of se(p)c, Us; =

j—t—1
Y (Y THE B i Bt Tag th1<asi—1 (Hoj+i—a).
=0 I

where I} = {is |s=1,...,L,t+1<i; <ig <...<i <j—1}. Finally,
define

H(ja,b) = - (Hs — Hj +j — ), 1<a<b<y,
H™(jia,b) =T_ (Hy — H; +j — s — 1), 1<a<b<ij.
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Theorem 3.6. ([HLe],[Lel]) Suppose p > 2n. Let We, .. ¢ be an
irreducible SO(p) module of highest weight

A=(§1++§n7£2++£n77§n—1 +£n)€n)01"'70)'

Let u and v denote the highest weight vectors in CP and W, ¢, re-
spectively. The following operators from U(so(p)) gives the projection of
u® v to each of the possible n highest weights A\ +e;, j =1,...,n, (in
the positive direction) of irreducible SO(p) components:

(1) Qe, =101

j
(2) Qe;, =1®Uy; + Z(—l)t“(E-l,t QUyH (j;1,t—1)), §=2,...,n

t=2

Remark. It would be nice to have the formulae for the transition
in the negative directions, even for Q_., and Q_.,.

Proof. These formulae are all in [Lel]. They are the projections if
the modules were gl([5])c modules. Recall that there is an embedding
of gl([§])c in so(p)c. It therefore suffices to check that Q,(u ® v)s are
killed by another positive simple root. The tedious computations are
essentially done in [HLe]. g

Let
(3.7) P& = qpl€rntn) — (H?;11D§i> D,%"Df,"“_;g

With the above theorem, we note that (see Lemma 3.5 for the definition
of Zl,l)

(3.8) Pic, x5, = m((Que,Qxys.)(Z11 @ Y*)).

Define the constants,

(3.9) A(j; a, b9 = H(j; a,b)pt
S | (N (RS S
(3.10)
A (j;a,b)¢* = H™(j;a,b)9*
:nga(fs + ...+€j—1 +]—S'— ].)’l,[)5

With the formulae for Q., and Qy,, (3.8) simplifies as follows:
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Pei;fj
i J o
=D Y ()T (B_y P21
s=1t=1
®)‘—(i7 17 s = 1))‘_(.7’ 1,t - 1)Usiﬁtj’l/}£) )
’l: j . . ~
= YD DT (2, © A (1,8 — DA (s 1t — DULDuf)
s=1 t=1

J
=D D ()N (65 1,5 — 1)AT (551, ¢ — 1) D1 (s56)Uai Uy

We will only be interested in the case when i = j.

Proposition 3.7. Teke E_;; =F_;; = —1.

i
(a) ZDI(S;t)(F—tiDi—l) = _5siDi, S = 1, e ,i;
t=1
() Ui= > () HE_UuH (i5s+1La~1), s=1,...,i-1

a=s+1
(c) Ugyth® = (=1)FTIN"(4;5,5 — 1)(E_gDs_1)¢ %1, s=1,...,i—1;
(d) Suppose f is a polynomial with
H (i;s+1,a—=1)f=A"(i;s+1,a—1)f,
then fors=1,...,1—1,
Usi(D1(s;1)f)

= Z (=)t (48 + 1,a — 1) D1 (a;t)Uni f + D1(s;t)Us; f.
a=s+1

Proof. Let us abbreviate

Di_l(l, . ,i - 1;]91,. . -,ki——l)
Dl(l; kl) Dl(l; kz) e Dl(l; ki—l)
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(a) Z Dy (s;t)(F-4:Di-1)

i—1
:E:DﬂgﬂDFﬂL“wi—hL“wt—LLt+L”wi—D
t=1 '

- D1 (8; i)Di_l

i—1

=Y (=)D (s;)Dimi (1, i — 151, t— 1,6+ 1,

t

1
- DI(S;’I:)Di_l
Di(s;1) Di(s;2) ... Di(s;i)
Dy (1;1) Di(3;2) ... Di(L;4)
Di(i—1;1) Dy(i—1;2) ... Di(i—1:4)
= —b5;iD;.

—1,4)

We refer the reader to Lemma 4.4 of [Lel] for the proof of (b) and

Proposition 4.8 of [Lel] for the proof of (¢). The proof of statement (d)

which uses (b), is as follows:
Usi(Dl (S; t)f)

7
= Y (=1)** TN (is + 1,0 — 1) E_.aUai(Di (53 1) f)
a=s+1
(since D;(s;t) does not contribute to H™ (4;8 + 1,6 — 1))
= Y (-1)** A (G5 + 1,0 — 1) E_o Di(5; t)Usi f
a=s-+1
(since Uy; kills Dy(s;t) fora=s+1,...,7)

T

= Y (=1)** TN "(i55+1,a — 1)D1(a;)Uuif + Di(s;)Usif. m

a=s+1

For convenience, we shall also use the notation

'l,bgies — ¢(€1y-~~:€s—1’§sil’§s+1"“7£n)‘
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Theorem 3.8. Assume that p > q > 2n and p+ q is even. Let
Ve,....e.. be the O(p) x O(q) module generated by ¢¢ (see (3.7)). Then
projections in the “positive directions”of the image of V¢ (in P/N1) to
various irreducible O(p) x O(q) components under the map m in (3.6)
are as follows:

(1) Pely.fl = ¢£+e1
(2) P s =X3;1,i—-1)A" (51,5 — 1)¢5—€j—1+ej, j=2,...,n.

Proof. Using (c) of Proposition 3.7, we have

Pe; 1
J

>

B

(=1)*T*A7 (551, 8 — 1)AT (551, ¢ — 1) Dy (85 ) U Uy 0*
1

"
I
A
o
Il

[
Mu.
Mu

(_1)S+j+1A_(j7 17 s = 1)A_(.77 17 t— 1))‘_(]’ ta.? - 1)

t=1

S
il
=

Il

Dl(s; t)Usj{(F_tij_l)f(/)&_ej—l}

(=1)* N (551, — AT (551,5 — 1)x

|
M-

1

w
1l

>~ Di(si Ui {(Fi; Dy 2)pS ™)

t=1

(since /\_(.7’ 17.7 - 1) = )‘_(.77 17t - 1)’\_(]7ta.7 - 1))
J
= Z(—1)8+j+1)‘_(j; 17 s = l)A_(J’ 17.7 - 1)¢s
s=1
where 1), (which is dependent on j) is defined as follows:
Jj
s = Y Da(s;t)Usj{(F_t; Dj—1)9¢ %1}
t=1

Using Proposition 3.7 (a) and (d), one can show that fors =1,...,5—1,

J
1/’5 = Z (_1)a+3)\——(j; s+ 1,(1 - 1)¢a-

a=s+1
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By induction, it follows that for s=1,...,j — 2,
o = (17 (T2, 0 Gik b)) 9ot
= (=1 NG s+ 1,5 — Dyt
Another induction gives the formula for P, ;. |

Theorem 3.9. Assume that p > q > 2n and p + q even. A set of
O(p) x O(q) highest weight vectors in P/Ny could be chosen as

. ~¢ 4 P=d
Tnz{d)&: (H?;llDfl)DﬁnDS.{— z £1;-~7€n€N}-

The SO(p) x SO(q) weight of (Hzlz_llDigi) D§"D§"+¥ is

(E14 ...+ 6+ +bny i bnr + 60, 60,0,...,00®
pP—q
2

-9
2

(E1+...+ &+ ,...,gn_1+§n+p;q,§n+p ,0,...,0).

The Howe quotient P /Ny is irreducible and 0(11; p, q) is the (o(p, q), O(p) x
5(q)) module My 4, generated by the vectors 1.

Remark. The (o(p, q), O(p) x O(q)) module My g.n (for p+q even)
have Gelfand-Kirillov dimension n(p+ q — 2n — 1) (see [ZH]).

Proof. Everything except the irreducibility under O(p, ¢) has been
shown in Proposition 3.4. To get the irreduciblity, we note that the
lowest joint harmonic (which sits in the unique irreducible quotient of
My 4 n) is just the constant polynomial. The formulae in Theorem 3.8
shows that we can move from the constant polynomial (trivial O(p) x

O(q)-type) to any other 6(p) X 5(q)—type in Mp, q.n- Hence, M, 4, must
be irreducible. m
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