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K-type Structure in the Principal Series of GL3, I

Roger Howe!

§1. Introduction

It is about 50 years since the principal series were defined [GN],
and about 45 since Harish-Chandra showed via his Subquotient Theo-
rem [HC] that they are fundamental to understanding representations
of semisimple Lie groups. However, the structure of the principal se-
ries, especially the composition structure at points of reducibility, still
presents mysteries. In recent years, several authors ([HT), [Sa], [J], [Za],
[L1}, [L2], [HL], [Fu]), have shown that in many cases when the principal
series (or, more loosely, degenerate principal series) is multiplicity-free
under the action of a maximal compact subgroup, it is possible to under-
stand their structure, including composition series and unitarity, fairly
completely and explicitly. The goal of this paper is to begin an inves-
tigation of the detailed structure of some examples of principal series
in which representations of the maximal compact subgroup appear with
arbitrarily large multiplicities. Specifically, we investigate here the prin-
cipal series of GL3(R). Our main finding is that each isotypic space
for the maximal compact subgroup K = 03 has a unique distinguished
basis compatible with the occurrence of finite-dimensional subrepresen-
tations. Using this basis, we are able to see certain subquotients of the
principal series in a manner entirely analogous to the investigations of
multiplicity-free situations. In particular, in this basis we can display
the full composition series when a finite-dimensional constituent occurs.
However, from other considerations, we may see that at some points
where the principal series is reducible, it is not at all evident from look-
ing at our basis. This indicates a need for further investigation.
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§2. Notation and setup

We will study representations realized on concrete spaces of func-
tions, and our interest will be in the infinitesimal action — how the Lie
algebra gf3 acts on these functions. We begin by recalling (for example,
from [Hol]) the action of GL3 on functions on R3, which is a degener-
ate principal series. Let zi, %9, z3 be the coordinates on R3. The Lie
algebra gf3 acts on functions in these variables by means of differential
operators

1)
(2.1) E, = xab—— =1z4,D,, 1<a,b<3.
Tp

In the sequel, we will usually write a—ZI = D,,.

The maximal compact subgroup of GLj3 is O3, which leaves invariant
the usual (square of the) Euclidean length

(2.2) r? =22 + 23 4+ 22
The Lie algebra so3 of O3 is spanned by the operators
(2.3) Eay = Eab — Epa.

It is convenient to use complexified coordinates that allow us to display
the action of so3 in a perspicuous manner. We set

(24) z2=1x+ i.’Ez Yy =s3.
Then
(2.5) r? = 2z + 9%,

and a basis for so3 is provided by the operators

(26) h=2(zD, —2D3), et = 2D, — 2yD;, e~ = —(zD, — 2yD,).
These satisfy the standard commutation relations

(2.7) [h,et] = £2e* [et,e7] = h.

We can organize the remainder of the Lie algebra of gf3 into the
central element

(2.8) 3=2D,4+2D; +yDy = 21Dy, + 22Dy, + 23Dy,
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and p, a five-dimensional space invariant under the adjoint action of sos.
The space p has a basis consisting of eigenvectors for the operator h in
503. These are

(2.9)
pa=2Dz  py=2zDy+2yD;
po=—-2D,—2D;+2yDy, p_2=—(2Dy+2yD,) p_4=2zD,.

The subscript on each p; describes the ad h eigenvalue of p;. The com-
mutation relations of the p; with et are as follows

[et,ps] =0 [e, p2] = 4py [e*, po] = 3p2
(210) [e+7p—2] = 2po [6+,p_4] =p-2

[e,pa] = p2 [e™,p2] = 2po [e,po] = 3p—_2

le”,p—2] =4p_4 e, p—4] =0.

The action of gf3 on functions of x1, x2, £3 preserves the functions of
a given degree of homogeneity. These are the eigenspaces for the central
element 3 of formula (2.8). We can decompose the space of functions of
given homogeneity into representations for sos, each of which is char-
acterized by a highest weight vector, which in this context means an
eigenvector for h annihilated by et. The homogeneous highest weight
vectors have the form

(2.11) 22 = oh(m, @)

The degree of homogeneity of ¥(m,a) is 3 = m + 2a. Since 72 > 0,
we can allow « to be any complex number. On the other hand, m is a
non-negative integer.

Let SP denote the space of functions on R® with a given degree 3
of homogeneity. The action of gf3 on S® may be described in terms
of the effect of certain “transition operators” on the #(m, ). Transi-
tion operators were used in [L1], [L2],[HL] to analyze various degenerate
principle series. In our situation, they are elements of the enveloping
algebra U({gls) which take a highest weight vector for sos, of weight m,
to a highest weight vector of weight m + d, where d = £4, 42, or 0 — the
weights of ad h on p. There is one transition operator for each value of
d. The transition operators for d = 4,2,0 are given as follows.

(2.12) T4 = P4
Ty = poh — 4pge”
TO = poh(h - 1) — 3p26_(h - 1) + 6p4e_2.
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We do not need to know T_5 and T.4, because these transitions are
related to Ty and Ty by duality (cf. [L1], [L2]).

As a prelude to our main computation, we compute the results of
applying T; to the functions ¢(m, a) of formula (2.11). It is very easy
to compute

(2.13) Tap(m,a) = ap(m+ 2, — 1).
With slightly more effort, we can check that
(2.14) Top(m,a) =0

Thus, there is no two-transition. (This could have been predicted ahead
of time, since the highest weight vectors 1(m,a) transform by (—1)™
under the central element —1 in GL3(R), so the space S® breaks up
into two GLgz-invariant subspaces, one containing the ¥(m, ) with m
even, the other containing the ¢(m, a) with m odd.) Finally we compute
Top(m, ). Even in this very simple situation, this computation requires
some exertion. We may organize it into subcalculations as follows.

(2.15) -
(a) h(h—1)z" =2m(2m —1)z"
e (h—1)2™ =2m(2m — 1)yz™"!
e 22™ = dm(m — 1)2™ %y? — 2mz""1z
(b) Toz™ = —2m(m + 1)(2m + 3)2™
(¢ po(r?)® = 200X (2% — 27)

pa(r?)* = dazyr?)

p4(,,,2)a — aZZ,,,Z(a—l)
(d)  Towp(m,a) = To(z")r** + h(h — 1)(z™)po(r*)
—3e” (A — 1)(z™)p2(r*)™ + 6(e7)*(2™)pa(r?*)”
= —2m(m + 1)(2m + 3)z™r?
+ da(—2m(m + 1)z2™r?>
= —2m(m + 1)(2m + 4a + 3)Y(m, o)
Formulas (2.13), (2.14) and (2.15) d) are essentially equivalent to formu-
las of [Hol], specialized to p = 3. Note that in the case at hand, the oper-
ator T plays no role in determining reducibility, since all the K-types ap-
pear with multiplicity 1. However, it does prevent any G Ls-constituents

other than the trivial representation from being unitary when the pa-
rameter 3 is off the unitary axis (which is given by Re 8 = —3/2). In
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other situations, including the full principal series, to be discussed in the
next section, Tp is the most interesting of the transition operators. (See
also [HL], §5.)

We want to adapt these formulas also to the situation of GL3(R)
acting on the dual space (R3)* of R3. For dual variables on (R3)* we
will put tildes on the variables for R3. The action of gf3 will appear as
the negative transpose of the action on the original variables. Thus, the
elements of soz will operate in just the same way as they did above, but
the elements of p will become the negatives of what they were. Thus,
the formulas (2.13), (2.14) and (2.15) d) will only change by a sign.

We will write all this explicitly. The variables on (R3)* will be
Z;,7 =1,2,3. The action of g3 is then given by the operators

(2.16) Eu = —&pD3,.
We introduce variables
Z=1%1 +1iZq Z=F —i%9 7§ = Z3.

With respect to these variables, the operators of s03 and of p are given
by
(2.17)

h = 2(2Ds — 2D3), et = 2Dy — 2§Ds, e~ = —(2Dg — 23D;)

and

(2.18)
pa=—2D;  py=—(2Dy +2yD3).
Po = ZD; + ED; — 2’]]Dg Pog = ,_%Dg + Qng, P_g = —EDE

The highest weight vectors are
(2.19) P(m,a) = 3™
where of course

Evidently the effect of the operators T; on the ¥(m, ) is the same as
on the v(m, &), except for a sign (i.e., a factor of —1).

§3. The full principal series

We now combine the calculations of the preceding section to analyze
the full principal series. Specifically, we consider the action of GL3 on
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functions in all six variables z, z,y, and %, Z, §. The operators of gf3 are
then

(3.1) a) h=2(zD, + 2D; — 2D; — ZD3,
et =zDy + 3Dy — 2yD; — 24Ds
e~ = —(zDy + 2Dy — 2yD, — 24D3)
b)  ps=zD;—:D; p;=2zD,— Dy +2yD; — 2§D;
po = —2D, + 2D; — 2D5 + zD3 + 2yD,, — 2gD;
p_g = —2Dy+ 2Dy —2yD, +2§D; p_y=2D, —zD;.

The action of O3 is just the diagonal action of O3 on two copies of R3.
Thus, according to Classical Invariant Theory (see, e.g., [Ho2] and the
references therein), we know that the algebra of polynomials invariant
under Oj is generated by the three quadratic polynomials

(3.2) rf=zz+y* 7 =25+7" and
~ 1, 2 —= ~ 5 T T
ri = 5(zz + 2Z) + y§ = 2121 + T2Z2 + T3d3

The third polynomial r# is in fact invariant under all of GL3(R), as one
can check directly from formulas (3.1) and (3.2).

The version of the FFT of Classical Invariant Theory describing
covariants [Ho2] says that the highest weight vectors for so3 of a given
weight 2m are sums of polynomials of the form

13

(3.3) 205 ; Q(r?, 72, r7)

Y
)

where @ is an arbitrary polynomial in three variables and
a+b+e=m.

Here a and b are non-negative integers, and € = 0 or 1.
Consider the subvariety A of R? @ (R3)* defined by setting r# equal

Ty Z; z1
to zero. For a point p = zo |, | 22 to be in N means that | z2
z3 Z3 z3
v1
is in the plane of vectors v = | vy | defined by v1 &, + voZs + v3Zs = 0.
U3

Thus, an element of GL3(R) which fixes p will stabilize the line through
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I z1
z2 |, and the plane orthogonal to | Z2 | (which contains the line
I3 . fi’g
T
through | z2 ). Thus, the stabilizer of p is contained in a Borel sub-
3

group of GL3(R) and contains the unipotent radical of the Borel. It
follows that the space S%92(N) of functions on N which are homoge-
neous, of degrees d; and d respectively, under dilations of R® and under
dilations of (R3)*, can be identified to a principal series representation
of GL3(R). Furthermore, as d; and dy vary in C, we obtain all possi-
ble principal series of GL3(R), up to twisting by a character. Thus, we
will study the spaces S%-92(N\). Here we should note that the numbers
d; and ds specify how functions behave under dilations of R? or (R3)*
by positive numbers; they can also either change sign or remain fixed
under dilation by (—1) on each space. Thus S%-%2(N) is actually a
sum of four GL3(R)-invariant subspaces, namely the eigenspaces under
reflections through the origin in R® and in (R®)*. This will guarantee
that certain transitions are automatically zero, as in the case of formula
(2.14).

If we require that 7# = 0, and demand homogeneity on each of R3
and (R®)*, the functions (3.3) become limited to the cases

€

z o
r2ar2ﬂ,

(3.4) P(a,b,e,a, ) = 2030

)
Y

"

where
at+e+2a=d; and b+e+28=d>

are the degrees of homogeneity. Thus, our main goal is to describe
the effect of the transition operators Tj;,j = 4,2,0, on the functions

/l)b(a’ b? 8’ a’ ﬂ)'
The effect of Ty = p4 is easily computed. We verify that Ty(z) =

Ty(3) =Ty ( 2y ) = 0, while Ty(r?) = 22 and T4(7#?) = —#2. From

these formulas we quickly deduce that

(35) T4¢(CL, ba g, d) = a¢(a+27 ba g, a— 17 ﬁ)_ﬂ¢(aa b+2a g, Q, IB_ 1)

To find the result of applying T5 or T to ¥(a,b,¢, @, 3) requires
considerably more effort than needed for 7,. We state the answer here,
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and defer details of the calculation to §4.

(3.6)

(a) T2 (¢(a,b,0,a, 8) = —8bap(a + 1,b—1,1,a — 1, 5)
—8afyla—1,b+1,1,0,8—1)

(b) To(¢(a,b,1,0,8) = catp(a + 1,b+ 1,0, , 5)
— 8bay(a+3,b— 1,0, — 1,6 +1)
—8afyY(a—1,b+3,0,00+1,8—-1)

Here the coefficient ¢; is a function of a, b, a and 8. Similarly, the coef-
ficient ¢y below in formula (3.7) depends on a,b,&,a and 3.

(3.7)
To(¥(a,b,e, e, B) = cotp(a, b, &, , B)
+ 24ab(b — DYp(a+ 2,b— 2,e,a~ 1,8+ 1)
—24Ba(a —1)¢Y(a —2,b+ 2,6, + 1,8 —1).

To interpret these formulas, we associate to the highest weight vector
a+e
¥(a, b, e, a, B) the point | b+ ¢ | in R3. These points then fill out two
€
quarter planes of lattice points — the positive quarter plane in the (z,y)-
1
plane, and the quarter plane at height one above it, and shifted by | 1
0
— that is, the points of the upper layer must have both of their first two
coordinates strictly positive. More formally, ¥ (a, b, e, o, §) are labeled
by the set

p
(3.8) L= gl :r=00r;peZ;qeZ;ip—r>20<qg—r
r

As we have mentioned, for a given bidegree (dj, d2) of homogeneity
under (RT*)2, a highest weight vector v (a, b, ¢, @, 3) may belong to one
of four eigenspaces for the dilations by —1 of R? and of (R3)*. It is not
hard to check that (a,b,¢,a, ) transforms by (—1)%*¢ and (-1)**¢
respectively. Thus, the v¥(a,b, ¢, a, §) belonging to a given full homo-
geneity class (e.g. a homogeneity class for (R*)?, not simply (R**)?)

P a-+e
correspond to points [ g| = | b+ ¢ | such that p and ¢ belong to a
T €



K -type structure in the principal series of GL3, I 85

p
fixed congruence class modulo 2. In particular, both points | ¢ |, with
r
r = 0 or 1, label functions in the same full homogeneity class. Note that
p
the h-weight of the eigenvector labeled by | ¢ | is 2(p+ g — 7).
r
Let us relabel
(39) ¢(a,b,s,a,ﬂ) = 1/)/(12’ q,7, @, IB)
p
with | ¢ | in the set £ of (3.8). Then the formulas (3.5) to (3.7) read
r
(3.10)

T (p, g, @, B)) = o' (p+ 2,9, 7,00 — 1, B)
- BY'(p,g+2,m0,8-1)

(Y (p,q,0,a,8) = —8qad'(p+2,q,1,a —1,0)
- 8pBY'(p, g +2,1,0,8 - 1)

To(4'(p, 9, 1, @, B) = 29’ (p, 4,0, 2, B)
—-8(¢g—Day'(p+2,9—2,0,0—1,8+1)
-8(p—-1)BY'(p—2,9+2,0,a+1,8—-1)

To(¥'(p, g, 7, @, B) = cod' (p, ¢, 7, @, B)

+24a(g—r)(g—r—1)Y'(p+2,q—2,r,a—1,8+1)
—248(p—r)lp—r—-1)Y'(p—2,9+2,7,a—1,8+1)

Let us also note that the function ¢’ (p, g, 7, @, 3) belongs to the space
Sd:dz(N), where

(3.11) di =p+2a dy = q + 20.

Let us say that T; effects a transition from ¢'(p,q,7, o, B) to
Y'(p1,q1,71, 04, 61) if ¥'(p1,q1,71, 01, 01) appears in the expression for
T;(¢'(p,q, 7, @, B)) given in formula (3.10). By inspection of these for-
mulas, we see that whenever T} effects a transition from 9’(p, g, 7, c, 3)
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to ¥ (p1,4q1, 71,01, 01) with p; > p, the following facts hold true.

(3.12)

(i) p1=p+2

(ii) o =a—1.

(iii) a is a factor of the coefficient of ¥'(p1,q1,71, 1, 51)

in the expression (3.10) for T;(¢'(p, g, 7, @, 3)).

From (3.11) and (3.12), we see that, if d; is a non-negative integer,
and p = dj, so that o = 0, then all transitions from ’(d1,q, 7, o, 3) to
¥'(p1,q1,7m1, @1, P1) with p; > d; vanish. It then further follows from
condition (3.12) i) that the span of the ¥/'(p,q,r, o, 3) that belong to
Sd1:42 (N} (that is, such that relations (3.11) hold), and such that p < dj,
and p = d;(mod?2), form a G L3 submodule of S(¢41:92)(A). This is the
main part of our main result, which we now state.

(3.13) Theorem. For (dy,dy) in C2, consider the family of vec-
tors

p
B(dl,dz) - 1//',(]7, q, T,Ol,ﬁ) tla| € Lapa q, a)ﬂ satisfy (311)
T

The families By, 4,y have the following properties.

a) Bq, d,) 15 a basis for the so3-highest weight vectors in
S(di,dz) (N)
b) For any (dy,d}) in CZ,

2 =268
Bag,a) = 77 B(a, dz)>

=2 (la]-[a])

c) 1) If diis a non-negative integer, then the subset

where

B(Sdl,dz) = {¢Ep,q,r,a,ﬂ) € B(dl,dz) P S dlap = dl(mod 2)}

is a basis for the soz-highest weight vectors in a GLs-submodule

S(£dy,ds) W) of Sldi,dz) (N).
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il) The analogous statement holds also for ds.
ili) Ifdy and dy are both non-negative integers, then
B(<ad,,d») N B(a,,<d,) 15 a basis of s03-highest weight vectors for

the finite-dimensional GLs-sub-module S(S%1:d2) M §(d1,<d2) 4f
S(da,dz)

Furthermore, the properties a), b), and c) above uniquely characterize
the vectors ¥'(p,q,r, a, B), up to scalar multiples.

Proof:. Statement a) is essentially the outcome of the discussion
leading to the definition of the ¢’'(p, q, 7, &, 8) (or their equivalents, the
¥(a,b, e, a, B) of equation (3.4)). Statement b) is obvious from the def-
inition of the ¢’(p,q,7, @, 3). Statement c) summarizes the discussion
leading up to the statement of the theorem.

It remains only to justify the final claim, that properties a), b) and
c) uniquely specify the 1¥'(p, g, 7, a, 8) up to scalar multiples. This may
be seen by observing that, when d; and ds are both non-negative integers
the G Lz-module S(£41:42) N §(41:242) contains unique (up to multiples)
s03-highest weight vectors of weights 2(d; + dz) and 2(d; + dy — 1), and
these are equal to ¥'(d1,d2,r,0,0) for r = 0,1. Thus any basis satisfying
properties a), b) and ¢) must contain ¢’(p,q,r, @, ), up to multiples,

p a
forall | ¢ | in £, and all [ ] in C2,
/ 8

(3.14) Remarks: a) Theorem 3.13 shows that our bases By, 4,) are
adapted to display the submodule structure of & (dl’dZ)(J\f ) whenever d;
or dy is integral, and they are characterized by this property. In par-
ticular, when d; and ds are both non-negative integers, the submodules
defined by B(<g, 4,) and Bg, <4,) give rise to four submodules with
Hasse diagram

inside the appropriate full homogeneity class in S(#1+42) (A/). The bottom
node corresponds to the finite-dimensional G L3 submodule of
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S(@ud2) (A7), According to [Sp | (see also [Fo]), this is the full composition
series for this particular principal series representation.

b) On the other hand, if neither d; nor ds is integral, but dy — ds is
integral, then at least one of the full homogeneity classes in S(¢1:42)(N)
is reducible, but the soz-highest weight vectors in the submodule are
not spanned by a subset of B4, 4,)- Thus, there can be no single basis
for the s03-highest weight vectors which reflects all submodule structure
of the principal series of GL3. The existence of bases adapted to these
other submodules of the principal series is a question which we hope to
investigate further.

¢) Implicit in, and very material to, the calculations presented here,
is the branching rule from GL3 to Oz, describing how an irreducible
finite-dimensional representation of GL3 decomposes as an Os-module.
The algebra R(N) of regular functions on the variety A contains one
copy of each irreducible representation of GLs with a highest weight vec-

d;
tor of the form | 0 |, with d; and d3 non-negative integers. More pre-
—ds
cisely, the irreducible representation with this highest weight is R(N) N
S(d1:d2)(A) — that is, it consists of the subspace of R(N) satisfying
appropriate homogeneity conditions.

Up to twisting by powers of the determinant character of GL3, the
representations of GL3 occurring in R(N) constitute all finite dimen-
sional irreducible representations. Therefore, to understand how an ir-
reducible representation of GL3 decomposes when restricted to Os, it
suffices to describe the subalgebra R(N )e+ of functions annihilated by
the operator et of formula (3.1) — the algebra of sos-highest weight
vectors in R(N). Of course, our description should include the informa-
tion given by the bigrading of R(N) resulting from the fact that N is
invariant under dilations both of R3 and of (R3)*.

The argument which yields formula (3.4) implies that R(N) is gen-
erated by the functions

2,3,12,72,6.

Here 6 is given by formula (4.1).

Since each of these functions is bi-homogeneous, with degrees [é] ,

1 0 2
be bi-homogeneous. As for the relations between these generators, we
know how to express 62 in terms of z, Z,72 and 7* (formula (4.8)). On
the other hand, it is not difficult to check that these four generators are

[0] , [2] , [0] , and [i] respectively, the monomials in them will also
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algebraically independent. (For example, by consideration of bidegree
and so3-weight, one can see that the only possibility for a relation would
be that 2272 and z2r2 be multiples of each other; on the other hand, this
is easily checked not to be so). Hence R(N )e+ is generated by the five
functions used to create the bases B4, 4,), subject to the single relation
(4.8). From this, the computation of the O3 structure of an irreducible
G L3 representation is a straightforward matter. (This result is of course
well-known, see for example [Z]].)

84. Calculation of 7; and T

For purposes of calculating T5 and Ty applied to the functions
¥(a,b, e, a, B) of formula (3.4), we first calculate simpler operators ap-
plied to simpler functions. The following formulas each take only a few
lines of computation to verify. To simplify our notation very slightly, we
put

(4.1)

We then calculate

(4.2)
a) h(z*2%) =2(a+b)222%  h(§) =26 h(r?>*i?f)=0
b) e~ (222%) = 2(ay? + bijz)22" 1571

e (6) =—|7 Z| e (r2i)=0
c) e 2(222%) = (4a(a —1)y?z% + 4b(b — 1)§%Z + 8abyjzZ

z Z

—2a323% — 2b2225) 202352
=25 ——2|¥ 2
Yy Zz
d) pa(2°2") =0 pa(8) =0
p4(,r2a,,‘:2ﬁ) — (azZ,r-:Z _ ﬁ22r2),’,2(a—1),’.~2(ﬁ—1)

e) p2(222%) =0 pa(8) = —22%
p2(r20728) = (dozyi? — 4Bzr?)rHa—DF2B-1)
D po(e) = (-a+ B3 po(6) = ~3(:+ )
po(r2o728) = 2(a(—2z + 2u%)72 + B(3Z — 2§2)r?)r2(e—DF2(A-1)

To compute T and Ty acting on (a, b, e, o, ) we begin with the
facts, easily verified using (4.2) a), b), and e), that

To(2%2%) = 0 and Tp(r2*72P) = 0.
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We combine these by using the identity

(4.3)
Ta(¢n) = Ta(d)n + ¢T2(n)

+ p2(9)h(n) + h(P)p2(n) — 4ps(d)e™ (1) — 4e™ (¢)pa(n)

for any two functions ¢ and 7. If we take ¢ = 22z and n = r2o728,

then using (4.2) and the vanishing of T5(¢) and T(n), we see that (4.3)
reduces to

To(¥(a,b,0, 0, 8)) = h(2°2")py (r*°r™) — de™ (2°2")pa(r*7*°)
Again using (4.2), we can readily deduce that

(4.4) Tz (¢(a,b,0,a,8)) = —8batp(a+1,b— 1,1, a — 1, 3)
—8af(a—1,b+1,1,0,8 - 1)

To compute Tt (a,b, 1, a, 3), we proceed similarly. First we verify
that

(4.5) T(8) = —1223

Next, applying (4.3) with ¢ = 222% and n = §, we get

(4.6)
Tz(4(a,b,1,0,0)) = 222°T5(8) + h(2*2°)p2(6)
= —122°7135F1 | 2(a 4 b)295°(—223)
=—4(a+b+3)Y(a+1,b+1,0,0,0).

We do another partial calculation with ¢ = é§ and 7] = 22728 This
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gives
(4.7)
T2(1(0,0,1, a, B)) = To(8)r**72# + h(8)p2(r2*#2P) — de™ (8)pa(r272P)
= -129(1,1,0, a, B)
4 2(2 — Zy)4(azyi? — BEgr?)r2e-DF2(6-1)
— 4(—2% + 28)(a?? — ﬁ22r2)r2(a—1)f2(ﬁ"15
= -12¢(1,1,0,,3)
+ 4p2e—1)z2(8-1) [aF?(222yg — 222y° + 2°% — 2%2%)
—Br?(2225° — 22%yj + 25°% — 25°)]
= —12¢(1,1,0, e, B)
+ 42 DF2EY) (052222 (rF) — 22517)
—Br3(—22%(rF) + 2227%)]
= —-12¢(1,1,0,¢,8)
+ 47227282025 — 2023)
+ 8(r7)r2(@=D206-1) (20,2272 4 287%r?)
= —4(3+ 20+ 28)¥(1,1,0, o, 8) (mod 7).
Since we are only concerned with functions on the variety A/, defined
by the vanishing of r#, this last expression tells us T3(1(0,0, 1, a, 3)).
We now combine the above partial calculations to calculate
Ts(¢¥(a,b,1,c,3)) in general. We again use (4.3), this time with ¢ =
2226 and n = r2@7#28, and then we exploit the fact that h and e~ are
derivations, so that they satisfy a product rule. We find
To((a, b, 1, a, B)) = To(222°6)r272P — h(225°8)py(r2*72P)
— de™ (225°6)py (r2272P)
=—4(a+b+3)Y(a+1,b+1,0,a,8)
+ (R(272%)6 + 222°h(8)pa (r?*7°F)
— 4(6_(za2b)6 + 2%3%e~ (5))1)4(7‘20‘?2‘3)
=—4(a+b+3)Y(a+1,b+1,0,c,3)
+46 [h(zaéb)pz (122728 — 4e~ (z“ib)p4(r2°‘F2ﬁ)]
+ 223° [h(&)pg (r2*7%P) — 467 (6)ps (rzafw)] .

From our partial calculations (4.4) and (4.7), we know the values of the
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expressions in square brackets. Substituting these gives

To(¥(a,b,1,a,0)) = — 4(a + b+ 3)p(a +1,b+1,0,a,b)
+68[-8batp(a+1,b—1,1,a—1,0)
—8afy(a—1,b+1,1,0,8—1)]
+222° [-8(a + B)¥(1,1,0, a, B)]
=—4(a+b+2a+28+3)Y(a+1,b+1,0,a,0)
— 86 [bap(a+1,b—-1,1,a —1,03)
+afyY(a—1,b4+1,1,a,8-1)].

The last term in this expression contains the factor §2. To finish evalu-
ating it, we need to express §2 in terms of the generators z, z, r2, 72, rf
and 8. The desired expression is easily verified to be

(4.8) 62 = 2272 4+ 32r% — 225(rF)

Plugging this in to our formula above (and remembering that for our
purposes ri = 0), we finally find that

(4.9)
To((a,b,1,0,0)) =—4(a+ b+ 2a+ 28+ 3)Y(a+1,b+1,0,a,8)

—8ba(a+3,6—1,0,a—1,8+1)
—8afy¥(a—1,b+3,0,a+1,58—-1)
—8(ba+ af)v(a+1,b+1,0,0,0)
=—4(a+b+ 20+ 26+ 2(ba. + afB) + 3)
xPpla+1,b+1,0,a, B)
—8bayp(a+3,b—1,0,a—1,6+1)
—8afy{a —1,b+3,0,a+1,6—1).

We now turn to calculating the effect of T;. We first verify that

(4.10) To(2°2%) = —2(a — b)(2(a + b) + 3)(a + b+ 1)2°2°
and
(4.11) To(6) = 0.

Next, we record an identity analogous to (4.3). Again we consider
a product ¢n. This time, we assume that 7 is Osz-invariant, so that it is
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annihilated by h and by e~. Under this assumption, we may verify that

(4.12)
To(én) = To(#)n + h(h — 1)(d)po(n)

— 3¢ (h — 1)(¢)p2(n) + 6e~2(¢)pa(n).
Taking ¢ = 222° and n = 22728 evaluating the last three terms in

the right hand side of (4.12) using the formulas (4.2), combining terms
appropriately, and remembering that r# = 0 on N we find the formula
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To((a,b,0,a,8)) = —2(a — b)(2(a + b) + 3)(a + b+ 1)¢(a, b,0,, B)
+4(a + b)(2(a + b) — 1)[a(—2z + 2y*)7 + B(3Z — 27°)r?)
% 2930p2(a—1)z2(8-1)
— 24(2(a + b) — 1)(ayZ + bijz) (azyi® — Bzgr?)
% za——lgb—lrz(a—l),ﬁz(ﬂ—l)
+ 6[4a(a — 1)y?5% + 4b(b — 1)§22% + SabyijzZ — 2a223* — 2b2° 53]
x (az?7? — BZZTZ)za—ng—ZTZ(a—I)fZ(ﬁ—l)
= 2(b—a)(2(a+b) +3)(a + b+ 1)¥(a,b,0,,B)
+ 4aza—22b—2r2(a—1)7;2ﬂ
x [(a+b)(2(a+b) — 1)(—2322* + 22°7%?)
—6(2(a + b) — 1)(az?2%y® + b232y7)
+ 3(2a(a — 1)222%y® + 2b(b — 1)2*7?
+4ab23zyf — az373% — bz42§)]
+ 4Bza—22b—27,2a7:(,6—1)
x [(a+b)(2(a+0b) — 1)(2°2°Z — 2227°°)
+6(2(a + b) — 1)(azz®yj + b2272§?)
—3(2a(a — 1)y + 2b(b — 1)225%§?
+4abz3yy — azz3* — 622235)]
=2(b—a)(2(a+b)+3)(a+ b+ 1)y(a,b,0,a,0)
+4ap(a—2,b—2,0,a —1,0)
X [—2a22222r2 — 4abz?3%r?
+b2 (422252 4 62472 — 12235(r 7))
—2a2%3°r? + b(—2227°r? — 6272 + 62°%(rF)]
+4B¢(a—2,b—2,0,a,8 — 1)
x [a®(—4222F% — 63'r% + 1223°(r7))
+ 4abz? 7272 + 202 2% 5202

+a(62%7% + 22°2°F% — 622°(rF)) + 2b2°2°77]

If we now collect all terms involving the same monomials in z, Z, r?
and 72, and drop all terms with a factor of 7 in them, we arrive at the
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result

(4.13)
To(((a,b,0,a, B)) = coola, b, a, B)1(a, b,0, o, B)
+24ab(b — V(@ +2,b—2,0,a — 1,8 +1)
—248a(a — 1) (a —2,b+2,0,a+ 1,3 —1),

where

coo =2(b—a)(2(a+b)+3)(a+b+1)
—8a((a +b)(a+b+1) — 3b?)
+ 88((a+b)(a+ b+ 1) — 3a?).
We now take up the case of Tp(¢(a,b,1,,3)). As with Ty, we first

calculate Ty (¢(0,0,1, a, B) = Tp(6r2272P). We can use (4.12) with ¢ = §
and n = r2®728, Using (4.11) and (4.2), we find that

(4.14)
To(6r2272P) = 26po(r?®72P) — 3¢~ (8)pa(r272P) + 6e2(8)pa(r2@72P)
= 8(a — B)6r2o72P.

To apply formula (4.12), we also need to know Tp(2%2%5). We cal-
culate the terms

(4.15)

po(222°6) = (b — a)2%2%6 — 32°3° (23 + 2y)

e (2% bé) = 2ayz®~! 206 + 2byz“zb 1§+ 22 (z,% —23)

pae” (2°2°8) = 2(a — b)295°6 — 2(2a — 1)2°2>* 1y — 2(2b — 1)b2o1 25
~2(2°2%6) = [da(a — 1)y?2° 220 + 4b(b — 1)§22*2"2
+8abyijz* 1357 — 242227150 — 2bzz“2b_1] §
+ 4(ayz® 120 + b2 (25 — 23) 4 22958 (25 — Zy)

pae”2(225%6) = 2(b — a)2°2%6 + 2(4a + 1)2°2%T 1y + 2(4b 4 1)2011 %5

Putting these formulas together gives
(4.16) Ty(v¥(a,b,1,0,0)) = 2(b—a)(2a+2b+5)(a+b+5)¥(a,b,1,0,0)

Finally, to compute To(¥(a,b,1,,5)), we use formula (4.12) with
¢ = 2°2%6 and n = r2®7%8. We can give some useful extra structure to
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the calculations by observing that, if ¢ = ¢1¢2, then

(4.17)

h(h —1)(¢162) = (h(h — 1)(¢1))$2 + ¢1(h(h — 1)(d2))
+ 2h(1)h(¢2)
e (h—1)(¢1¢2) = (e7(h— 1)(¢1))p2 + d1(e” (h — 1)(¢2))
e” (¢1)h(¢2) + h(d1)e™ (#2)
e (g1¢2) = €2 ($1)¢2 + pre % (¢2) +2¢7 (1)e(¢2)

Using these formulas with ¢; = 2%2°, and ¢, = 6, and using formula
(4.12), we calculate that

(4.18)

To(¥(a,b, 1, @, B)) = To((a, b, 1,0,0))r272F
+h(h — 1)(2“2”5)}00(7'2"?25) — 3e~ (h — 1)(22%6)pa(r2a728)
+66_2(z“2b6)p4(7'2°‘7’2ﬁ)
= To(¥(a, b, 1,0, 0))re720
+ [h(h — 1)(2°2°)po (r?*72P

) = 3™ (h — 1)(2°2")pa(r?*7*F)
+6e72(2%2%)py (r22728) 16

+ [R(h — 1)(8)po(r2*7?P) — 3e™ (h — 1)(8)pa (r2*72F)
+66_2(6)p4(r2°‘F25)]z“2b
+ [2h(2*2°)h(8)po(r?*72F)
—3(e™ (222%)h(8) + h(2°2P)e~ (6))po(r2a72P)
F12(em (22)e (8)pa (r2720)]
= To(¥(a,b,1,0,0)r2*720
+(To(¢(a, b,0,a, B)) — To(22%)r2e7#28)§
+(To((0,0,1,a, B)) — To(8)r2*72P)z22°
+ [Zh(z“éb)h(é)po(rzafw)
—3(e™ (222°)h(6) + h(22%)e™ (8))pz(r2a72P)
+ 12(e~(222)e™ (6)p4 (rzo‘iw)]

The first three terms in the final expression above are evaluated by
formulas (4.16), (4.13) and (4.14) respectively. We now concentrate on
evaluating the last term. Plugging in the formulas (4.2) into the last
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term gives

(4.19)
8(a+b)222°- 6 - 2 [a(—2% + 2¢2)72 + B(3Z — 2%)r?] r2e-DF2BE-1)
-3 [2(a + b)2°2°(2% — 22) + 4(ayZ + bjz)z* 1 20716]
x4 - (azyi? — Bzyr?)
+12 - 2(ayz + bijz) 221207 1(22 — 22) (2?72 — BE2r?)r2(e—1)2(6-1)
Organizing this into terms involving a and terms involving 3, canceling

terms, combining terms, and remembering that r# = 0, we can boil
expression (4.19) down to

(4.20) 16((2b — a) + B(b — 2a))¢(a, b, 1, a, B).

Finally, combining formula (4.20) with (4.16), (4.13) and (4.14), and
plugging these into formula (4.18), we arrive at the equation

(4.21)
To(W(a,b,1,a, B)) = [2(b — a)(2a + 2b+ 5)(a+ b+ 5) + 8(a — B)

—8a((a+b)(a+b+1) — 3b?)
+ 8B((a+b)(a+b+1)—3a?)
+16(c(2b — a) + B(b — 2a))]

x Y(a,b,1,a, ()

+ 24ab(b — D)p(a +2,b—2,1,a — 1,8+ 1)
—24Ba(a—1)¢p(a—2,b+2,1,a+1,8-1)
=[2(b—a)(2a+2b+5)(a+b+5)

+ 8a(1 — 3a + 3b — a® — 2ab + 2b?)

+8B8(~1 — 3a + 3b — 2a® + 2ab + b°)]

x ¥(a,b,1,a, 3)
+ 24ab(b— 1)¢p(a +2,b—2,1,a — 1,6+ 1)
—24fBa(a — (e —2,b+2,1,a+ 1,5 —1).
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