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Deformation Theory of CR-Structures
and Its Application to
Deformations of Isolated Singularities II

Kimio Miyajima

Introduction

Deformations of an analytic variety with only isolated singular
points induce deformations of strongly pseudo-convex CR. structures on
its link. Tt is M. Kuranishi who initiated to consider deformations of
compact strongly pseudo-convex CR structures expecting to describe
deformations of isolated singular points of analytic varieties. Since non-
equivalent CR manifolds can bound the same isolated singular point, we
consider deformations of CR. structures up to equivalence weaker than
the CR-equivalence. This equivalence is induced from wiggling in a
complex manifold and we will call the deformation theory of CR struc-
tures under that equivalence the Kuranishi deformation theory of CR
structures. In [Ku3], [Ku4], M. Kuranishi obtained a C'*°-family of de-
formations of the CR structure on a compact strongly pseudo-convex CR
manifold of real dimension five or higher, continuing his early works on
deformations of compact complex structures ([Kul], [Ku2]). We consider
holomorphic families of CR structures. In the first half of this survey,
we will review the holomorphically parametrized deformation theory of
strongly pseudo-convex CR. structures developped by T. Akahori et al.
([Ak1], [Ak2], [Ak3], [AKk4], [Ak-My1], [Ak-My?2], [Ak-My3], [Ak-My4],
[Bu-Ml], [My1], [My2], [My3]) and its relationship with algebraic defor-
mation theory of isolated singularities ([Do], [Gr], [Tj]).

The relationship between compact strongly pseudo-convex CR man-
ifolds and isolated singularities is based on the fact that an embeddable
compact strongly pseudo-convex CR manifold bounds a unique normal
Stein complex space ([Ha-La]) and all compact strongly pseudo-convex
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CR manifolds of real dimension five or higher are embeddable ([BM]).
In contrast with the higher dimensional case, embeddable three dimen-
sional CR manifolds are rare. (Embeddability is a major problem in the
study of three dimensional compact strongly pseudo-convex CR mani-
folds. Refer to the references of [Bl-Du], [Ep] and [Lm]| for papers about
that problem.) Recently, J. Bland and C. Epstein generalized the Kuran-
ishi deformation theory to embeddable compact strongly pseudo-convex
three dimensional CR structure case and show that the stably embed-
dable formal deformation theory of a strongly pseudo-convex three di-
mensional CR structure is isomorphic to the formal deformation theory
of the normal isolated surface singularity it bounds ([Bl-Ep]). In the
latter half of this survey, we will develop their deformation theory to
the actual deformation level in the higher dimensional case and com-
pare it with the deformation theory of normal isolated singularities. By
this argument, we will see that the stably embeddable deformation the-
ory of strongly pseudo-convex CR structures fits to the flat deformation
theory of normal isclated singularities and then we will complete Ku-
ranishi’s program describing the semi-uinversal family of normal isolated
singularities of complex dimension three or higher in terms of the CR
language.

Other developments in the study of isolated singularities by CR
geometry are done in [Lu-Ya] and [Ya]. Refer to [Oh3] for other re-
sults in the study of isolated singularities by transcendental methods.
The moduli of compact strongly pseudo-convex CR manifolds under
CR-equivalence is of natural interest from CR-geometry. It is treated
in [Ch-Le] and [Lm] in three dimensional cases. The moduli space of
strongly pseudo-convex CR structures on a compact real three-fold di-
vides into two parts; the part of embeddable CR structures and the part
of non-embeddable ones. In [Ep], moduli of embeddable CR structures
is considered in connection with deformations of isolated singularities,
and in [Bl-Du}, moduli of non-embeddable ones on S? is considered.

In this survey, we consider only the case of real dimension five or
higher. In Sections 1-4, we will review the construction of the Ku-
ranishi semi-universal family of compact strongly pseudo-convex CR
structures and its relationship with the semi-universal family of nor-
mal isolated singularities. The main part of the construction of the
Kuranishi semi-universal family was presented in Part I under the as-

’

sumption HZ (T ) = 0. Hence we will only give a modification needed
T

for treating the general case. In Sections 5 and 6, we will work on the
stably embeddable deformation theory of strongly pseudo-convex CR
structures on a link of a normal isolated singularity.
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Notation
(N.1) Let V be a closed normal subvariety of a ball

N
B(c*) :={we C" | Z lwP|? < ¢}
B=1

such that the origin 0 € C¥ is the only singular point of V and V and
OB(c) intersect transversally for any 0 < ¢ < ¢*. We denote by U the
regular part of V and by ¢ the natural inclusion map U — CV. We will
use the following notations throughout this survey:

N
G(a,b)::{weCN1a<Z|wﬁ|2<b}(0<a<b<C*),

p=1
N
S.:={wecCV| leﬁ|2=c} (0O<a<c<d),
p=1
Qa, b) := VN G(a,b), M, =VnNnS..

(N.2) For a holomorphic vector bundle over a CR manifold M, we
denote by AyY(E) (resp. T'(U,E)) the space of E-valued tangential
(0,q)-forms (resp. the space of C*°-sections of E over a domain U C M).
Ag:g (E) (resp. Tx(U, E) and T, (U, E)) the completion of AY%(E) with
respect to the Sobolev k-norm (resp. of I'(U, E) with respect to the
Sobolev k-norm and the Folland-Stein k-norm).

(N.3) Let S be a germ of a (not necessarily reduced) complex space
at the distinguished point s, € S and X be a (not necessarily compact)
complex manifold (in our argument below, X is a neighbourhood of M,
in U). By a family of deformations of X over (S, s,), we mean a smooth
holomorphic map (in Grothendieck’s sense) of complex spaces 7 : X — S
with m=%(s,) == X, that is, for any ¢ € X there exist neighbourhoods
Wof zin X, W of the origin in C" (n = dimcX) and an isomorphism
g so that the diagram

w—2 ., WxS

| |7

commutes where p, denotes the projection onto the second factor. As
a local trivialization of a family of deformations of X, we always take a
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local trivialization of this type. Then we always have a local coordinate
(', ...,¢" s1,...,84) of X such that (C!,...,(™) (vesp. (s1,...,84)) is
the coordinate of W (resp. of an ambient space C? of S) in the above
trivialization.

(N.4) Suppose that X is a locally closed sub-manifold of CcV. By
a family of displacements of X in CV over a germ (S,s,), we mean
a family of deformations of X over (S, s,), 7 : X — S, together with
an embedding ® : X — CY x S such that 7 = p; o ® holds where
po : CN x § — S denotes the projection onto the second factor.

(N.5) There are two approaches to the CR manifolds; the extrinsic
approach and the intrinsic one (i.e. treatments as a real submanifold of a
complex manifold and as a real manifold equipped with an abstract CR
structure, respectively). These approaches are equivalent in the case of
compact strongly pseudo-convex CR manifolds of real dimension greater
than or equals to five, while there are differences between them in real
three dimensional case. Our treatment of deformations of CR structures
is based on the intrinsic approach. Refer to [Ta] for the systematic study
of this approach. In order to compare deformations of CR structures and
that of singularities, we need to take account of the extrinsic approach
as well. Refer to [Fo-Ko] or [Ko-Ro] for the extrinsic approach.

Our approach to deformations of normal isolated singularities from
deformation theory of CR structures will be done through the following
three steps. In each step, we use several fundamental theories. First
step: We construct a family of CR structures by a generalized Kodaira-
Spencer construction. Refer to [Ko] for the Kodaira-Spencer construc-
tion in the case of deformations of compact complex manifolds. The
Kodaira-Spencer construction heavily depends on the harmonic theory.
Refer to [Fo-Ko] for the standard harmonic theory on a CR manifold.
Second step: We prove that the family constructed in the first step is
Kuranishi versal. In order to carry out the ideal theoretic argument
in the proof, we use the Grauert division theorem. Refer to [Gr] or
[Fo-Kn] for the Grauert division theorem. Third step: We compare the
family constructed in the first step with the semi-universal family of
normal isolated singularities. By the comparison using the Kuranishi
semi-universality of the family of CR structures and the semi-versality
of the family of isolated singularities, we have a formal isomorphism of
their parameter spaces. In order to reach the actual isomorphism, we
use the Artin approximation theorem. Refer to [Ar] for the Artin ap-
proximation theorem.

We remark that W. Goldmann and J. Millson established a general
comparison method. We can compare the above two families directly
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(without Step 2) using this general method. Refer to [Go-Ml1] and [Go-
MI2] for this general comparison method and to [Bu-M]] for the approach
using this method.

§1. Kuranishi deformation theory of CR structures

Let M := M, for some 0 < ¢ < ¢* (cf. (N.1)) and °T" be the
strongly pseudo-convex CR structure on M induced from the complex
structure of V' (cf. Part I, sections 2.1 for the notion of a strongly pseudo-
convex CR structures). In this section, we formulate some fundamental
notions of Kuranishi deformation theory of CR structures on M.

A holomorphic family of CR structures is a notion analogous to a
family of complex structures. We fix a splitting Part I, (2.1.6);

CTM =°T +°T" +CF
and denote by T =°T + CF the holomorphic tangent bundle of M.

Definition 1.1. Let T be a germ of a complex subspace of C?
at the origin defined by an ideal IJr C C{t1,...,tq}. A holomorphic

family of deformations of the CR structure °T  over (T,0) is ¢(t) €
Ag’l(T,)[[tl, con ] N eso Ag”;(T,){tl, ... ta} satisfying

(1) ¢(0)=0, ‘

(2) P(o(t) € IrAye_(T){t1,...,ta} for all k>>0
where P(¢) = 0 is the integrability condition (c¢f. Part I, Section 3.2).

We will simply denote it by ¢(¢) (¢t € (T, 0)).
An embedding of M into a family of complex manifolds induces a
family of CR structures.

Definition 1.2. Let S be a germ of a complex subspace of C* at
the origin defined by an ideal 35 C C{s1,...,sp}. Let m:U — S be a
family of complex manifolds. A holomorphic family of embeddings of M
into that family is a mapping F : M x S — U with mo F = py where pa
denotes the projection onto the second factor, which is described locally
as follows: Let {(W;, (¢}, ..., ¢l s1,---,84)) }ien be a system of local
coordinates of U as in (N.8). Let {U;}ica be an open covering of M such
that F(U; x S) CW,. If F is described by (¢ = F¥(z;,8) (a=1,...,n)
on U; x S with respect to the above local coordinate of W; and the local

coordinate (z},...,z2""1) of U;, then

(1) Ef(s) e (U, D)[[s1,---» 80 1 NTw(Us, 1){81,...,84} (a =
1,...,n) for all k >> 0,
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(2) F?£(s) — {"]-(Fj(s),s) € IsTr(U; nU;, 1){s1,...,84} (a=
1,...,n) for all k >> 0,

where (¢ = %(Cj,s) (e =1,...,n) is the coordinate transformation on

WiﬂWj.

The holomorphic family ¢(s) (s € (S,0)) of CR structures induced
by F is characterized by

(8 — ¢(5))F2(s) € Is AP (Ui, V[s1, - - -, 54]]-

We call this ¢(s) (s € (S, s,)) the family of CR structures induced by
F.

Since the Kuranishi CR deformation theory is arranged suitable for
deformation theory of normal isolated singularities, we do not consider
 CR structures up to CR isomorphism but consider them up to wiggling
in an ambient complex manifold. The following notion of the versality
is reasonable for our deformation theory.

Definition 1.3. A holomorphic family ¢(t) (t € (T,0)) of de-
formations of °T" is Kuranishi versal if it has the following property:
For any family of deformations of complex manifolds # : U — S over
(S,s,) such that m=1(s,) is a neighbourhood of M in U, there exist a
holomorphic map of germs 1 : (S,3,) — (T,0) and a holomorphic fam-
ily of embeddings F' : M x S — U such that Fipxs, = t holds and
the holomorphic family of CR structures induced by F coincides with

¢(r(s)) (s € (5, 5)).

We will examine the fist derivative of a family of CR structures. Let
é(t) (t € (T,0)) be a holomorphic family of deformations of °T". Since
the linear term of P(¢) is O+ ¢, we have 8 v(é(t)) = 0 for v € ToT
where we denote by ToT the Zariski tangent space of T' at 0. Next, if
o(t) (t € (T,0)) and ¥(t) (¢t € (T,0)) are holomorphic families of CR
structures induced by holomorphic families of embeddings into a family
of complex manifolds F,G : M x T — U respectively, then we have

(3 u(Fe ) - G20 s} € AT Vine)

and

PHO((t) — ¥(1))) = Br(D_ v(FE(t) - GE(2)) a?-a)
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where pt0 : CTUjp — TIU] M denotes the projection onto the (1,0)-
part. Hence, it is natural to call the 8, cohomology class of v(¢(t)) the
infinitesimal deformation class of the family ¢(t) (¢t € (T,0)) along the
direction v € TyT.

Definition 1.4. For a holomorphic family ¢(t) (t € (T,0)) of
deformations of CR structures, the infinitesimal deformation map is a
linear map p : ToT — H (,1; , (TI) given by p(v) := the cohomology class

T

of v(¢(t)). A holomorphic family is called effective if its infinitesimal
deformation map is injective.

An effective and Kuranishi versal family is called a Kuranishi semi-
universal family.

§2. Construction of the Kuranishi semi-universal family of CR
structures

In this section, we consider how to construct the Kuranishi semi-
universal family of CR structures on M.

(I) First, we consider the case of dimgrM > 7 and will review the
construction of the Kuranishi semi-universal family in [Ak3] and [Ak-
Myl]. However we modify the ideal theoretic argument in [Ak-Myl]
by using the Grauert division theorem instead of a small tric there,
because the adaptation of the division theorem is the most relevant
way to treat the case of non-reduced parameter spaces. We first try
to construct it using J. J. Kohn’s solution of the 8,-Neumann problem
(cf. [Fo-Ko]). Though it works only on the formal family level, we
will try it, because this is a straightforward analogue of the standard
Kodaira-Spencer construction in the case of deformations of complex
structures on a compact complex manifold and, by this consideration, we
will well understand the naturality of the adaptation of the sub-complex
(T(M, E,),d,) in [Ak3] (cf. Part I, Section 3). The 8,-Neumann Hodge
decomposition which we will use is

(2.1) N = pp1 + g1 gs Nprn) + 87 0 Ny for 1 € AT,

where p; denotes the orthogonal projection onto the harmonic space
HZ(T') (cf. [Fo-Ko, Theorem 5.4.12]). Let d = dimH} (T') and
T

#1,- - -, ¢a be 87 -closed forms which give cohomology basis of H éT' (T ' ).
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Set
d
(22) ¢1 (tly ceey td) = Z ¢ata,
o=1

éu(t1, ..., tq) == p-th homogeneous term of
—85 Np PV (1. 1q))
(cf. Part I, section 3.2 for the definition of P(¢)),
¢ (tr,- s ta) 1= D (b, ta) + Bty - ta)

and
B(t1, ... tag) = lim,_0od™ (t1,. .., ta).

Thus we have @(t1, ..., td) € Ag’l(T')[[tl, ..., td]] (we will denote it sim-
ply by é(t)) satisfying

(2.3) $(t) + 85 Npv R($(t)) = 1(2)
where R(¢) := Ry(¢) + Rs(¢). Take a basis ey, ..., e, of H¥(T'), then
we have by (t),...,by(t) € Cl[t1,...,t4]] such that

£
prr P(3(1)) = ) by(t)e,.
=1

Denote by J an ideal of Cl[t1,-.-,td]] generated by by ®),...,be(t).

Proposition 2.1.

P(3(t)) € 3AYX(T)[[ts, - - -, ta]]-

Proof. By (2.3) and using the Hodge decomposition (2.1), we have
P(§(t)) = pr R($(t)) + 850 O Nyw R((2)).-

Using the fact 5;’5 P(¢) = 0 (cf. Part I, Lemma 3.7.2), we can prove by
induction on u that

B R($(1) € (3 +m AP (T) ([t ]
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holds for all ¢ > 1 where m denotes the maximal ideal of C{t1,...,t4}.
QE.D.

Proposition 2.2. dS(t) is formally Kuranishi versal, that is, for
any family of deformations of a neighborhood of M in U there exist T
and F in Definition 1.8 as formal power series in s.

Proof. Let S be a germ of an analytic sub-space of Cd/ defined
by an ideal Jg C C{s1,...,s7} and let m : U — S be a family of
complex manifolds such that 7~1(0) is a neighbourhood of M in U and

{(¢}, ..., ¢ s1,-..,84) }iea be a system of local coordinates of U, as in

(N.3), with the coordinate transformation (f* = f((j,s) (@ =1,...,n).
Then we will construct {Ff(s)} (o = 1,...,n) and 7(s) by solving the
following equations inductively, where we denote by Fj, (s) and 7,(s)
the homogeneous terms of F® (s) and 7(s) of degree u respectively and
denote F{*) *(s) = F(s)++ -+ Fg,(s) and 7 () = o (s)++ - -+ 7,(s).

ifpu\S

(24), F# D %(s) - g(F}“‘%), )
S (js + mH)F(Ul n Uj, 1)[[81, ey Sd/]],

(2.5), (8o — p(r=D () FH D %(s) € (Is +m*)T(U;, 1) [[s,- - -, 5],
(2.6), by (T(+=V(s)) € Bs +m*)C[[s1,...,84]] (¥ =1,...,0).

Let Fi(o)a(s) =z (¢ = 1,...,n) and 79(s) = 0. Suppose that
Fi(”_l) “(s ) and 7(#~Y) (s) are obtained such that (2.4),_1—(2.6),—1 hold.
Let F 1 (s) be the solution of

(2.7) Z{ |# (s) = Z 3 CJ’ Jlu(s)} 2
1a o “1a 9
SRS (@) - 5 ), N g.a
a=1
mod (Jg + m* YU, T' X)) [[s1, - -, 547 ]]-
Then, there exists 6(s) € Ag’l(T’X|M)[[sl, ...,84]] such that

9(3) - (517 - é(T(u_l)(s))) (Z F‘i(“_l) a(s)a_zg)

a=1

€ (js + m“+1)A2’1(Ui,T,X|M)[[51, ey Sdl]].
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By a direct calculation, we have

Lemma 2.3.

B — ¢)* = —P($) — Q(9)
where Q(¢) € Ap*(?T") is given by

QX Y)f =
@5 = ) F (X, d(¥)]og + [$(X), Y]oqrr — [6(X), ¢(Y)]o )

for a function f on M.

Lemma 2.4.
(1) by(r®@N(s)) € Js +m*+)Clls1,..., 5] (Y =1,...,7),
(2) 30(s) € (35 +m+ ) AU, T Xpag)[[s15 - -5 5]

" Proof. (1) By Lemma 2.3, we have
8,0(s) + PO P($(r# 7 (s))) € (B +m* ) APH(T Xar)l[s1, - -, 5]

where pb0 : CTU|p — T Uy denotes the projection onto the (1,0)-
part. Hence

pr P($(r#D(s))) € (35 +m* ) APA(T)[[s1, - -, s4]]
(2) follows from (1) Q.E.D.
Let F, ; *(s) and 7,(s) be the solutions of

n d
(28) BN L () g} — (3 o)

o=1

= — (8, — G(r+D(s)) (Z(Fi(”_l) “(s) + F{ﬁ(s))%)

mod (Js + mr ) AP (T X pr)[[51,- - -, 87])-
Then it is clear that
{ FW %(s) = F#7D %(s) + F, 2(s) + F, °(s)
7 (8) := 7=V (s) + 7,(s)
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satisfy (2.4),—(2.6),. Since the solvability of the equation (2.8) is assured
by Lemma 2.4, we have {Fi(“) “(s)} and 7(¥)(s) for all u > 0. Q.E.D.

In the proof of Proposition 2.2, we used the Grauert division theorem
(cf. [Gr]) in order to solve the linear equations (2.7) and (2.8).

In order to show the convergence of ¢(t), {l;,y(t)}ls,,sg, 7(s) and

{F#(s)} with respect to the Sobolev norm, we need the coercive estimate
for the Neumann problem. Though 8,-Neumann problem is not the case, -
we remark that the following weak-coercive estimate

(2.9) 197+ N ][, < el[€]]x for € € T(M,T)

is enough for the convergence of them with respect the Folland-Stein
norm || ||;, (cf. Part I, section 3.5 for the definition of the Folland-Stein
norm), as long as ¢(t) is °T"-valued.

In fact, if 4(t) € AY'(°T")[[t1,-- - ,tq]] is assured in the above con-
struction, we have

du(®)lle << |85 Ngw RG“D ()|l << Cllo“Dt)||:2

by (2.9) and Part I, Lemma 3.6.3 (we should remark that the estimate

in Part I, Lemma 3.6.3 holds for all ¢ € A2’1(°T')). Where we use the
same notation A(t) << B(t) as in Part I, Section 3.7.

Taking account of the following Lemma together with Part I, The-
orems 3.3.2 and 3.5.2, we can trace the above construciton relying on

the complex (I'(M, E,),d,) instead of (Ag’q(T'),éT/) and obtain ¢(t)
which is A2‘1(°T/)—valued and satisfies (2.2) and (2.3). (This is the reson
why the sub-complex (T'(M, E,), 8,) of (AY4(T"), 8+ ) was introduced in
[Ak3].)

Lemma 2.5. ([Myl, Proposition 1.1]) For ¢ € T'(M, E1), P(¢) is
in T'(M, Ey).

Hence, we obtain convergent ¢(t) and {b,(t)}1<<s, by modifying
the construction as above using (I'(M, E,),d,) and the Hodge decom-

position in Part I, Theorem 3.5.2 instead of (Ag’q(T'),gT/) and the

standard J,-Neumann Hodge decomposition (2.1) respectively. If we set
T = (bi(2),...,be(t)) C C{t1,...,ta}.

then the Grauert division theorem ([Gr]) says that Proposition 2.1 im-
plies
P(¢(t)) € JAYR(T ) {t, ..., ta} for all k >> 0.
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The proof of convergence of #(s) and {F(s)} is done by the same calcu-
lation as in [My3, Note], since ¢(t) € Ay (°T")[[t1, - - -, t4]) holds. And
we have, by (2.4),-(2.6), (1 >0),

F(s) = f5(Fj(s),8) € 3sTx(UiNU;, {51, -, 84} (@=1,...,n)
for all £ >> 0,
(G — d(T(8)))FP(s) € IsTk (Ui, 1){s1,...,84} (@ =1,...,n)
for all £k >> 0,
by(7(s)) €Ts (v=1,...,4).

Hence we have a Kuranishi semi-universal family of deformations of o,

The parameter space of that semi-universal family is described as
b=1(0) by means of the holomorphic map b : H (%b (T'Y > D — H? ~
Hgb(T/) given by h(t) = pP(¢(t)) where p : T'(M, E;) — H? is the
orthogonal projection onto the harmonic space H? C I'(M, E) (cf. Part
I, section 2.5).

(IT) Next, we consider the case of dimgM = 5. In this case,
H? l(TI) may be infinite dimensional. However, the J,-Neumann har-
T

monic space HZ(T") is a closed subspace of the L?-completion Ag:g (T

of AS’Z(T') and the projection operator onto it makes sense. The Hodge
decompositions at degree 2 are obtained as follows using the 8;-Neumann
operators at degree 1

(2.10) n=ppn+ 0y Npbn forne Ag’z(T,),

where p;+ denotes the orthogonal projection onto HZ (T/). The con-
struction of ¢(t) € Ay (T')[[t1, ..., td]] in part (I) can be carried out
using the decomposition (2.10) as follows: Let

d
$1(tr, - ta) = Y _ doto,
o=1

¢u(t) := p-th homogeneous term of — N8} P(¢=Y (1)),

¢ W (ty, ... ta) = WD (b, b)) + Bu(te, - - s ta)

and .
¢(t1, ce ,td) = hmu_,ooqb(“) (tl, ceey td).
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And let {bs(t)}rea be given by
ba(t) = (pr P(S(1)), 2

for an orthonormal basis {ex}aea of Ag:g(Tl). Let J be an ideal of
Cllt1,...,td]] generated by {br(t)}rea. If we note that P(¢(t)) €
JAY*(T)[[t1, - -, ta)] is equivalent to (P(c{)(t)),ek) € Jforall X eA,
Proposition 2.1 also holds and Proposition 2.2 can be proved by the
same argument. Therefore the construction of a formally Kuranishi

semi-universal formal family in part (I) of this section is also valid for
the case of dimgp M = 5.

In the case of normal strongly pseudo-convex CR manifolds of real-
dimension 5, T. Akahori constructed ¢(t) € Ag’l(T,)[[tl, ..., tq]] which
is convergent with respect to the || ||,-norm (cf. [Ak4]).

§3. Smoothness of the Kuranishi semi-universal families

In this section, we consider the problem of when the parameter space
of the Kuranishi semi-universal family of CR structures on M is smooth.
We denote the parameter space of the Kuranishi semi-universal family
by Ter (in five dimensional case, we denote the parameter space of the

formally Kuranishi semi-universal formal family by Tc R)-

(I) The Kodaira-Spencer-type smoothness. By the construction of
Ter or Tog in §2, it is clear that if H(%T/ (T,) =0 then Tcr (TCR in five
dimensional case) is smooth.

(II) The Bogomolov-type smoothness. The Bogomolov smoothness
theorem is a smoothness theorem based on the other principle: In the
case of deformations of a compact Kahler manifolds, if the canonical
bundle Kx is trivial, then by the inner product with a non-vanishing
holomorphic (n,0)-form, the integrability condition P(¢) is converted
to an equation of ordinary differential (n — 1,1)-forms. Using the pure
Hodge structure on a compact Kéhler manifold, the converted equation
is solved without obstructions. Hence the parameter space of the semi-
universal family is smooth.

On a strongly pseudo-convex CR manifold, there does not exists
a natural pure Hodge structure much less a (8, 0)-double complex.

In [Ak-My2], we introduced a sub-space FP? C APY(T"). Let 0 be a
real contact form (that is, a non-vanishing real 1-form which annihilates
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°T" +°T") and let
FP9:={0Aa € AT(M,AP"(°T' Y A AT )*) | dI A o = 0}.

Then a double-complex (FP9; 8, d) is naturally induced. The higher part
of the total simple complex of (FP9; 8, d) coincides with (the higher part
of) the Rumin complex (cf. [Ru] for the Rumin complex). If there exists
a Oy-closed non-vanishing (n,0)-form (i.e. there exists a non-vanishing
w € D(M, A™(T')*) satisfying B_An(Tr)*w = 0 or equivalently there exists
a non-vanishing w € (M, \™(T' Ujm)*) satisfying Gw = 0), the inner
product with that (n,0)-form induces an isomorphism of complexes

v (T(M, Ey),8,) ~ (F™14,9),

where (I'(M, E,),8,) is the sub-complex of (AY%(T"),8;) introduced
by T. Akahori (cf. Part I, Section 3). Hence, the only difference from
the compact Kahler case is the lack of the pure Hodge structure on
(FP; 9, 0). Because of this lack, the analogue of the Bogomolov smooth-
ness does not necessarily hold in deformations of CR structures (cf. [Ak-

7

My3]). Hence, we consider unobstructedness of a subspace of H é (T,
T

where we call a subspace unobstructed if there exists a holomorphic fam-
ily of CR structures whose infinitesimal deformation space coincides with
that space.

Let [P := Zp9n Z59/Z5% n OFP9-1 gnd JrP9 = JFP~ 19N
Zg’q/an_l*q N OFP9~! with denoting Z5? := Kerd N FP? and Zg’q =
Kerd N FPe.

Theorem 3.1. ([Ak-My2], [Ak-My4]) Suppose that dimgM > 7.
If J=12 =0 then 1(I"" Y1) is unobstructed.

Further developments in connection with deformations of isolated
singularities are done in [My5] and [My6] using the Hodge structure on
a strongly pseudo-convex domain ([De], [Oh1], [Oh2], [Oh-Tal).

§4. Deformation theory of normal isolated singularities

In this section, we review briefly deformation theory of normal iso-
lated singularities. Refer to [Tj] and [Gr] for details.

Let V be a germ of an analytic variety with a unique singular point
o. In this article, we assume that V is a normal complex space.



Deformation Theory of CR-Structures II 261

Definition 4.1. A family of deformations of V over a germ (S, s,)
is a flat holomorphic mapping of germs f :V — S with f~(s,) ~ V.

The equivalence of two families are defined by the equivalence of
the two flat holomorphic mappings and the notion of versality is defined
in a usual manner. The infinitesimal deformation map is a map p :
Ts,S — Ext}(Q},0Oy) and a holomorphic family is called effective if
the infinitesimal deformation map is injective. An effective and versal
family is called a semi-universal family. It is shown in [Tj] that the
obstruction space is Ext?(,,Oy) and H. Grauert ([Gr]) proved the
existence of the semi-universal family.

We may assume that V is a closed subvariety of a ball B(c*) in CV¥
defined by hi=--= izml =0 and o is the origin of CV. Denote B :=
B(c*), © = Q(a,b), and M := M, for some fixed 0 < a <c<b<c*

We recall Tjurina’s description of Ext?(Q2},, Oy) (cf. [Tj]): The
sheaf of germs of Kahler differentials €, is given by €, = Qp/ QIV
where Q' is the sub-sheaf of QL consisting of germs of forms w such that
W= fadhy + Yo hady with fr € Op and ¢y € QL. Hence, we have
a free resolution of Q},,

d, d d d
0—Qf «— QER0y S0 & 072 207 & ..

where dg(u1,...,%m,) == ZAuAdﬁA. :
Ext*(Q},, Ov) is the cohomology groups of the following complex:

0— H(V,0580v) B HO(V,00) 5 HOV, 03%) 5 HO(V,00°) -

Since V is normal, this complex is quasi-isomorphic to the following
complex:

0 — H(Q,05® 0g) B HO(Q,0m) & B0, 0m2) & 1O, 07%) —

where we note that di(v) = (v(h1),...,v(hm,)) v € H(Q, 05 ® Og).
Using the commutative diagram,

0 — ©Oq LN OpR0q — NQ/B — 0
| I |

5

0 — ©Ogq Lt Op ® 0q @) O;lnl —

where F' : ©g — O ® Oq denotes the differential of the natural em-
bedding ¢ : 2 — G and Nq/q is the normal bundle of €2 in G, we have
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Proposition 4.1.

(1) Ext’(Q},0v) ~ HY(Q,0q),

(2) Ext'(Q},0v) ~Ker{H'(2,0q) — H(Q,05 ® Oq)},
(3) Ext*(QY,0v) =~ Ker{H(Q,Ng/5) — H'(Q,08)}.

Using [Ya, pp.81-82] and [HO, Theorem 3.4.9] and noting that
depth Oy, > 7 is equivalent to HI(V'\ 0,0y\,) =0 (1 < g <7 —2) (cf.
[Bal), we have

Theorem 4.2. IfdepthOy,, > 3 and dimcV > 4,

(1) Ext'(},0v) = HE (T'Uy),
(2) EXt2(Q%,,Ov) ol Hz%,, (NQ/G‘M) C Hgb(TlU|M).

Remark. (Cf. [Bl-Ep], Propositions 6.1 and 6.2 below.) In the case
of dimaV = 2:
(1) Ext}(Q},0y) is a finite dimensional subspace of H (%b (T Um),
though the latter space is infinite dimensional.
(2) Ext?(Q4,,Oy) is a finite dimensional subspace of H 61’5 (Naye|m)-

Suppose that dimcV > 4. Take a model of the semi-universal fam-
ily of deformations of V, say f : V — S, such that f~1(s,) =V (s, € S)
as germs at the singular point 0. We may assume that Q C f~1(s,) and
let ¢(t) (t € (Tcr,0)) be the Kuranishi semi-universal family of defor-
mations of CR structures on M constructed in §2. Based on Theorem
4.2, the following comparison theorem is proved.

Theorem 4.3. ([Bu-Ml], [My2]) If dimcV > 4 and depth
Oy, > 3, then (Tcr,0) ~ (S, s,) and the holomorphic family ¢(t) (t €
(Tcr,0)) is induced by a holomorphic family of embeddings F':

MXTCR i y
1 p2 Lf
S.

TCR ~

85. Stably embeddable deformations of CR structures

A compact strongly pseudo-convex CR manifold arises as a bound-
ary of a Stein space if and only if it is embedded in a complex Euclidean
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space ([Ha-La]). Such CR manifolds are called embeddable CR mani-
folds. While all compact strongly pseudo-convex CR manifold of real
dimension five or higher are embeddable ([BM]), embeddable CR mani-
folds are rare in the three dimensional case. In [Bl-Ep], J. Bland and C.
Epstein formulated deformation theory of embeddable three dimensional
CR structures and showed that it is equivalent on the formal deformation
level to the deformation theory of normal isolated surface singularities.

In the higher dimensional case, though all compact strongly pseudo-
convex CR manifolds bound Stein spaces, there are differences between
the Kuranishi deformation theory of CR structures and the deformation
theory of normal isolated singularities, unless depthOy, > 3 (cf. [Bu-
M1, §10]). The Kuranishi deformation theory of CR structures would
correspond to the non-flat deformation theory (cf. [Es|), while the flat
deformation theory corresponds to a special deformation theory of CR
structures. Recently, [My6] generalizes the stably embeddable deforma-
tion theory of three dimensional CR structures in [BI-Ep] to the higher
dimensional complex structure case, and shows that it fits to the de-
formation theory of normal isolated singularities. In this section and
the next one, we consider the CR-version of [My6] and complete the
Kuranishi program describing the semi-universal family of normal iso-
lated singularities in terms of the CR-language, in the case of complex
dimension three or higher.

Let V be as at the beginning of §4 and use the same notation about

M, °T”, B and Q as in §4.

Definition 5.1. Let T be a germ of a complex subspace of C¢ at
the origin defined by an ideal Ir C C{t1,...,tq}. A stably embeddable

family of deformations of the CR structure °T " in CN over (T,0) is
a holomorphic family ¢(t) of deformations of °T" over (T,0) such that
there exists

9(t) € AUT CN |y )tss - -, tal] O Nies0AD (T CN a)){ta, - .-, ta}
satisfying
(B — (1) (c + 9(1)) € IrApy (T CN i) {ta, .. ta}
for all k >> 0.

We consider a stably embeddable family of CR structures up to
wiggling in an ambient complex manifold. Hence, we take the following
notion of versality.
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Definition 5.2. A stably embeddable family ¢(t) (t € (T,0)) of
deformations of oT"” in CN 4s Kuranishi versal if it has the following
property: For any family of displacements (in CN) of a neighbourhood
of M in U, over a germ (S, s,), say

U — CVxs8
I 1 p2
s = S,

there exist a holomorphic map 7 : (S,s,) — (T,0) and a holomor-
phic family of embeddings F : M x S — U such that Fiarxo = ¢ and
the holomorphic family of CR structures induced by F coincides with

¢(7(s)) (s € (S, 50))-

Let (6(t) (t € (T,0)) be a stably embeddable family of deformations
of °T" with which g(t) is associated. Since

P(¢(t)) = 0 $(t)+Ra(8(t))+R3(¢(t)) = 0 and (8p—¢(t))(t+g(t)) =0,
we have |
Opv(p(t) =0  and  Jpu(g(t)) — dw((t)) =0
for v € TyT. Hence v((t)) is dps-closed and duv($(t)) is By-exact.
Definition 5.3. For a stably embeddable family ¢(t) (t € (T,0))

of deformations of a CR structure, the infinitesimal deformation map is
the linear map

p: ToT — Ker{H}(T') — HX(T'CV )}

given by p(v) := the cohomology class of v(p(t)). A holomorphic family
is called effective if its infinitesimal deformation map is injective.

An effective and Kuranishi versal family is called a Kuranishi semi-
universal family.

§6. Construction of the Kuranishi semi-universal family of
stably embeddable deformations of CR structures

In this section, we will use the same notation as in §5. In [M6], we
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introduced a double-complex K, 5":

0 0
! 1

0 - H'Q,TBy) & H@Qe™1y) — 0
! L li

0 — AYT'U) EiN AY(T'Bpy) EA A@™1) - 0
18 1 18

0 AYT'yy £ AW T'B B A% (em1 0

- A5 (TU) = A5 (TBy) = Ag(@™l) -

1o 1o 1o

0 - A%TU) & AGH(T Bp) E A%em1) - o0

18 18 18

where Kg’o = A%(T/U) and we denote H(Q), E) := {u € AY(FE) | Ou =
0} for a holomorphic vector bundle FE over U, i denotes the inclusion
map and F (resp. H) is the differential of the natural embedding ¢ :

U — B (resp. the homomorphism given by H(v) = (v(h1),...,v(hm,))
for v € T'B|U).

Proposition 6.1 ([My7]).
Ext?(Q, Ov) ~ HY(KS®) (¢ = 1,2).

As the CR-~version of K, é", we consider the following double complex
K I.V’I. ;

0 0
l i

0 —~ HYT'By) & H)@™1) — 0
! li 1l

0 — AYTUn) 5 ANTBy) S AY@™1) — 0
iab lab 1 Op

0 — ANTUw) 5 4N Bu) & @™ — 0
16 1 Ob 1l O

0 - MATUN) & AT By = @™ — 0

16 10 16
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where Kpp = AY(T ' Uim), HY(E) denotes the space of all CR-sections
of a holomorphic vector bundle £ on M and we denote by the same
symbol F the composite of the projection p!:* : T ST Ujpr and F :
T Uim — T,B|M, and 7 and H are the same as above.

The analytic restrictions 7 : A%’q(TIU ) — AYYT'Ujpy) and 7 :

A%’q — AY? induce a homomorphism of double complexes
T: Ké" — K3
Proposition 6.2. 7 induces an isomorphism
HI(KG®") ~ H(K}")
forq=1,2.
For the proof, we use the following lemma.

Lemma 6.3. Let M be a real hypersurface of a complex manifold
U and v : E; — FE3 a surjective homomorphism of C*-vector bundles
over U. We suppose that there exists a splitting j : F5 — Es5. Then,
for any uz € T(U, E3) and uy € T'(M, Ey|pr) with v(u2) = ugp, there
exists ug € (U, E2) such that y(uz) = uz and ugpr = ua.

Proof. We may assume that Q@ = M x (—e,€). Let uz(z,t) =
J(ug(z,t))—j(us(z,0))+uz(z). Then us(z,0) := uz(z) and y(uz(z,t)) =
ug(z,t) — us(z,0) + y(uz(z)) = usz(z, t). Q.E.D. '

Proof of Proposition 6.2. The case of ¢ = 2: First, we prove the
surjectivity. Let

(2,81, o) € 43%(T'Ujar) @ Ay (T' Biag) & AY (@™ 1)
satisfies d(y2, g1, o) = (0,0,0). We will find
(6291, ho) € A5(T'V) © 4G (T'Bio) © 4§ (9™ 1)

satisfying d(2,91,ho) = (0,0,0) and 7($3,81,h0) = (92,81, h0). Ap-
plying [Ko-Ro, Theorem 7.5] to kg := vhy € H,?(El M), there exists
ko € H°(Q, E) such that ky = ko where we denote by E the quotient
bundle @™ 1y /Ny p. By Lemma 6.3, there exists hg € A%(GB"“ 1y)
such that y(ho) = ko and hg;pr = hg. Since 7(0hg) = Bky =0, by
Lemma 6.3, there exists g, € A%’I(T/BW) such that a(g1) = 871(8ho)
and 7g; = g;. Since 8o a(8g;) = 0, by Lemma 6.3, there exists
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P2 € A%’z(TIU ) such that F¢o = Og1 and Ty = 3. Next, we prove the
injectivity. Let

(¢2,81, ko) € A%’2(T,U) D Agl(Tle) ® AZ(@™ 1y)
and suppose 7(¢2, g1, ho) = d(p1, 80, h_1) where
(1,80, h_1) € A (T'Uppg) ® AYT Byag) & HE (@™ 1).
- By the Lewy extension theorem, we have h_; € H°(Q,®™ Oy) such
that B—1|M = h_;. Since dv(ho — h_1) = v0ho = vBa(g1) = 0 and
v(ho — h—_1);p = vBa(go) = 0, ¥(ho — h_1) = 0. Hence, by Lemma, 6.3,
there exists go € A% (T,BlU) such that a(gg) = ho —h_1 and gojpr = 8o-
Since Ba(g1—8go) = Oho—08(ho—h—_1) =0, g1—go € A?—Z’I(T’ U). Hence,
if we set F'py := —g1+0go, then 8¢ = ¢ because FOp, = —0g; = Fopa.
The case of ¢ = 1: First, we prove the surjectivity. Let

(¢1,80,h1) € APH(T'Ujps) & AY(T' Bjpy) & HY (@™ 1)
satisfies d(1,80,h_1) = (0,0,0). We will find
(61,90, h1) € 451 (T'V) @ AY(T'B) © H*(Q,&™ Op)

satisfying d(é1,go, h-1) = (0,0,0) and 7(¢1,5o,h-1) = (¢1,80,h-1).
By the Lewy extension theorem, there exists h_; € H°(Q, ®™ Oy ) such
that /_1_1|M =h_;. If weset k_y := vy(h_1) € H(Q,E), k_; =
because k_1jpy = 0. Hence h_y € HO(Q,NU/B) and by Lemma 6.3,
there exist_s Jo € f_lg—l(T/B) suc_h that Ba(go) = h_1 and dojM = o-
Since Ba(dgo) = Oh_1 = 0, 0go € A%I(T U). Hence, there exists
€ A%’l (TI U) such that F¢; = 0gp and 71 = 1. Next, we prove the
injectivity. Let

(61,30, h—1) € AZN(T'U) @ AY(T'B) ® HO(Q, 8™ Oy)

and suppose 7(¢1, 3o, b—1) = d(o, g—1) where (po,g_1) € Ag(T, Um)®
HY(T'Bypr). We have g_; € H%(Q,T'B) such that §_yjar = g—1 by the
Lewy extension theorem. Since (h_1 — H(g-1))jm =0, h—y — H(g_1) =
0. Since Ba(go — g_1) = h—1 — H(g_1) = 0, there exists ¢g € A%(T,U)
such that F¢y = §o — §—1 and q§0|M = ¢g. Since F¢; = 8o = FOy,
we have ¢ = 9¢y. Q.ED

Let (K3, d) be the total simple complex of the double complex K3;°.
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Proposition 6.4. IfdimgM > 5, there exist operators Z : K3, —
Kerd and Q : Kerd — K%' (¢ = 1,2), satisfying

(1) Z|Ketd = idKerd:

(2) doQod=d.

Hence, if we set H}, := (1—doQ)oZ (K1) and py, := (1—doQ)oZ :
K3}, — M, then we have

Corollary 6.5. Forg=1,2,

(1) The natural homomorphism H, — HI(K3;) is an isomor-
phism,

(2) a homotopy formula u = pru+do Qo Zu+ (1 — Z)u holds for
u e Kj,.

The existence of Z and @Q is proved by a parallel argument of [My®6,
§4] with the O-analysis on 2 replaced by the Op-analysis on M, where
we use the standard 8,-Neumann Hodge decompositions at Ag’l(T/),
Ag’l(NU/BlM) and Ag’l; say 1 = pn+0,0; Nyn+08; 0, Npn, and the ones at
AY (T’B| a) and AY; say n = pn+08; NyOpn. These Hodge decompositions
are all possible if dimgr M > 5 (cf. [Fo-Ko|). At the same time, we have
the following estimates. We denote by || || and || ||, the Sobolev norm

and the Folland-Stein norm respectively of order k.
Proposition 6.6.
(1) For (a1,bo,c_1) € Kyy @ Ky ® Koy ', let Z(ay,bo,c_1) =
(a1,50,¢_1) and Q(ay, by, c_y) = (ag,b_;). Then

"o

llag |l < Cllaylle < C'[laa]lx
holds.

(2) For (ag,bi,co) € K32 @ K3 @ K3, let Z(ag,bi,co) =
. (ag,by,¢y) and Q(ay, by, cy) = (ay,by,¢_1). Then

"o

llay[le + oo [lx < Cllbsllx < C [[ba]lx

holds.
Here C and C' denote constants independent of (a1,b0,c_1) mor
(0’21blacﬂ)'

Furthermore, the same adjustments as [My6] are possible.
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Let
°Kif = {ag € AYUCT') | Byag € AT (T},
K = {bg € AyU(°T Byaq) | Buby € Ay (°T Bog)}

where °T" B is the subbundle of T'B given by

N
“T'B:={veT B|v)_ [w’?) =0}
B=1

Then by the parallel argument as in the latter part of [My6, §3], we can
construct Z and @ so that the following proposition holds.

Proposition 6.7. For any cohomology class in H'(K};) has a
representative in °K10V’11 & °K11V’IO @ Ki’[—l.

Proposition 6.8.
(1) Z(ag,b1,c0) € ° Ko @ °Kyi @ K27,

if (ag,by,co) € ° K @ ° KM @ K20,
(2) Q(ag,b1,c0) €KY @°Ky @ Koyt

if (ag,b1,¢0) € °KS2 @ ° Ky @ K20,

Using Z and @, we construct the Kuranishi semi-universal family of
stably embeddable deformations of o by the argument in §2. Though
a stably embeddable deformation of oT" is represented by ¢ € K g,’fl with
which a g € KJ{,’IO satisfying (0 — #)(t + g) = 0 is associated, we consider
a triple (¢,g,k) € K](\),’I1 D K}V’[O < Ki,_’,—l satisfying

P(¢,9,k) :=
(866 + Ra(9) + Rs(6), (0 — @)t + ), (h + K)o (1+ 9)) = (0,0,0)

where k denotes a holomorphic extension of k over B(c). Note that
the holomorphic extension of k is possible in a unique way (cf. [BI-Ep,
Theorem A.1]), and that k o (. + g) is considered as a Taylor series. We
remark that the last term concerns the equation of the image (¢+g)(M);
that is, A+ k is the defining equation of the subvariety which (v+ 9)(M)
bounds.

The construction of the Kuranishi semi-universal family using the
complex (K}, d) is parallel to the argument in §2. In fact, by the
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argument with (Ag"(TI)7 Bb), p+ 8,0} N and 8; N replaced by (K3, d),
Z and Q respectively, we can prove the existence of

(6(1),3(t), k() € (Kai' @ K37 ® Ky H[t1,-- -+ ta]]

such that
(6.1)  (4(0),§(0),(0)) = (0,0,0),

(6:2) (8(t),9(t), k(1) = S5y (b0 o, ko )to mod m?
where {[(¢o, g0, ks )]}¢_; is a cohomology basis of H(K};") and m
denotes the maximal ideal of C{t1,...,t4},

(6.3) there exists an extension k(t) € H(B, Op) of k(t) such that

P(é(t)’g(t)»z’(t)) =
(545(15) - %[dS(t), B(t)], (8 — d(®) (L + §(t)), (A + k() o (v + ﬁ(ﬂ))
e J(Ky @ Kyt @ Kot - -, tall,

where J is an ideal of C[[ts,...,tq]] generated by by(t),...,bs(t)
and pr P($(t), §(t), k(t)) = Zé:l lA)ﬂ(t)e,@ with respect to a basis
e1,...,ep of HZ,

(6.4) it is formally Kuranishi versal, that is, there exists 7 and F' in
Definition 5.2 as formal power series in s.

The proof of (6.4) needs to treat an extra term other than the
argument in the proof of Proposition 2.2. Let 7 : U — S together
with an embedding ¥ : &/ — C¥ x S be a family of displacements
(in CV) of a neighborhood of M in U. Suppose that ¥ is expressed
by wf = \I’E(Q,s) (8 = 1,...,N) with respect to a local coordinate
(¢,..., ¢ s1,...,8y) of U as in (N.3) and the coordinate (w?!,...,w™)
of CV. By the argument parallel to the proof of Proposition 2.2, we can
prove the existence of

#(s) € C¥[s1,...,54]]
F2(s) e DU, T Uppg)[s1,- - »84)) (@ =1,...,7)
ﬁﬂ(s) € HO(B(C),OB)[[sl,...,sd/]] (8=1,...,N)
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satisfying

(1) #(0) = 0, F*(0) = idyps, 7°(0) = wP
(2) Ep (s) S(E(s), s) =0 mod Js

(3) ( ) = 0 mod Jsg

(4) 7P (W (Fi(s),s),8) — 97 (7(s)) = 0 mod Js
(5) b, (#(s)) = 0 mod Js,

where (% = f2((;,s) (o = 1,...,n) is the coordinate transformation
and Jg denotes the defining ideal of S in C{sy,...,sy}. Then (6.4)
follows from the existence of the above {F*(s)} and 7(s).

In order to assure the convergence of ¢(t), §(t), by(t) (y = 1,...,
¢), #(s) and {EF?(s)}, we need the adjustment of Z and Q as above.
Indeed, by these adjustment and by starting the construction with the

initial term
d

((]Bl( gl(t) kl( ) Z(¢aaga; )t

o=1

such that
(b0, 9o: ko) € Ko @°K3P @ Koyt (0=1,...,d)

holds (it is possible by Proposition 6.7),we have (t) € °K ' [[t1,. . ., td]]
which assures the convergence of ¢(¢) and §(t) for the same reason as in
§2, using the estimate of Z and @ (cf. Proposition 6.6). The convergence
of b.(t) follows from the fact that Py :H— K37 @ K, is injective
where P denotes the projection operator of K 2;12 b K ;2,1 &K 12\,’[0 onto the
first two factors. The convergence of #(s) and {F*(s)} is proved by the

same calculation as in [My3].
Hence we have

Theorem 6.9. Let V be a locally closed normal Stein subvariety
in CN and M a link of one singular point V. If dimcV > 3, then there
erists a Kuranishi semi-universal family of stably embeddable deforma-
tions of CR structures on M.

Let V and M be as in Theorem 6.9 and o the normal isolated singular
point which M bounds. Let f : V — S be the semi-universal family of
- flat deformations of the germ (V,0). We may assume that V C CV x S
is a subspace and M C f~1(s,) (s, € S).
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Theorem 6.10. LetV and M be as in Theorem 6.9and f : V — S
as above. Let ¢(t) (t € (T,0)) be the Kuranishi semi-universal family
of stably embeddable deformations of CR structures on M (obtained in
Theorem 6.9). Then (T,0) =~ (S,s,) and there exists a holomorphic
family of embeddings of M into the family V — S such that ¢(t) (t €
(T,0)) s induced from this family of embeddings.

Outline of the proof. A formal family hy + k1(2),. .., hwm, + km, (£)
of holomorphic functions on B(c) (obtained in Theorem 6.9) defines a
formal family of subvarieties of B(c), say V C B(c) x T, and we can
prove that it is a flat family by the same argument as [Bl-Ep, Theorem
5.1]. Hence, we can compare ¢(t) (t € (T,0)) with f: V — S using
their Kuranishi semi-universality and formally semi-universality respec-
tively. Theorem 6.10 follows from this comparison taking account of
Propositions 6.1 and 6.2.

In the case of dimcV = 2, our notion of stably embeddable defor-
mations of CR structures is nothing but the one of three dimensional
embeddable CR structures in [Bl-Ep]. In fact, H!(K$,) coincides with
Def1(M, Z, X,) (the space of first order embeddable deformations) in
[Bl-Ep|, where Z denotes the original CR. structure on M and Xy coin-
cides with the embedding . However, the construction of the (conver-
gent) semi-universal family of stably embeddable deformations of three
dimensional CR structures on M is still open due to the difficulty of the
analysis at K?3,.
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