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Asymptotics for the Number of Negative Eigenvalues
of Three—Body Schrédinger Operators
with Efimov Effect

Hideo Tamura

Introduction

The Efimov effect is one of the most interesting results in the spec-
tral analysis for three-body Schrédinger operators. Roughly speaking,
it can be explained as follows: If all three two-body subsystems have
no negative eigenvalues and if at least two of these subsystems have a
resonance state at zero energy, then the three-body system under con-
sideration has an infinite number of negative eigenvalues accumulating at
zero. This remarkable spectral property was first discovered by Efimov
[1] and the mathematically rigorous proof has been given by the works
[4, 8, 10]. In the present note, we study the asymptotic distribution of
these negative eigenvalues below the bottom zero of essential spectrum
which is a three—cluster threshold energy. Let N(E), E > 0, be the
number of negative eigenvalues less than —F with repetition accord-
ing to their multiplicities. Then the result obtained here is, somewhat
loosely stating, that N(F) behaves like |log E| as E — 0.

We first formulate precisely the main theorem and then make a
brief comment on the recent related result obtained by Sobolev [7]. We
consider a system of three particles with masses m; > 0, 1 < j < 3,
which move in the three-dimensional space R and interact with each
other through a pair potential Vjg(r; — rx), 1 < j < k < 3, where
r; € R? denotes the position vector of the j—th particle. For such a
system, the energy Hamiltonian H (three-body Schrédinger operator)
takes the form

(0.1) H=H+V, V= > Vulr;—r),
1<j<k<3

in the center—of-mass frame, where Hy denotes the free Hamiltonian.
Both the operators Hy and H act on the space L?(R®) and are repre-
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sented in various forms according to the choice of the Jacobi coordinates.
The pair potential Vj; is assumed to satisfy the following condition:

(V)  Vik(z), © € R3, is real-valued and has the decay property
[Vik(z)] < C (1 +|z|)™" for some p > 2.

By this assumption, the Hamiltonian H formally defined above admits
a unique self-adjoint realization in L?(R®). We denote by the same
notation H this self-adjoint realization.

We use the letters o, 8 and « to denote one of three pairs (j, k) with
1< j <k <3. For a pair @ = (j,k), we define the reduced mass m,
through the relation 1/mq = 1/m;+1/m;, and the two-body subsystem
Hamiltonian H* as

H® = —~A/2my +V,, Val(z) = Vir(z), on L*(R3).

We further assume that these subsystem Hamiltonians H* have the fol-
lowing spectral properties:

(H.1) H* has no negative bound state energies for all pairs a.
(H.2) H* has a resonance state at zero energy for all pairs .

Roughly speaking, the second assumption (H.2) means that the equa-
tion H*p = 0 has a solution ¢(z), € R3, behaving like p(z) ~ |z|™!
at infinity. Such a solution is called a resonance state at zero energy. It
should be noted that ¢ is not an eigenstate of H® at zero energy. By
the HV Z theorem ([5]), it follows from (H.1) that H has essential spec-
trum beginning at zero and negative discrete spectrum. If, in addition,
(H.2) is satisfied, then H has an infinite number of negative eigenvalues
accumulating at zero. In assumption (H.1), we have assumed that any
pair of two particles does not have bound states at negative energies.
Nevertheless the three-body system has an infinite number of bound
states at negative energies. As stated above, this spectral property is
called the Efimov effect.

With the above notations and assumptions, we are now in a position
to formulate the first theorem.

Theorem 1. Assume that (V),, (H.1) and (H.2) are fulfilled. Let
N(E), E > 0, be the number of negative eigenvalues less than —E of H
with repetition according to their multiplicities. Then N(E) obeys the
following asymptotic formula:

N(E)=Cy|log E| (1 + 0(1)), E — 0,
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for some Cy > 0.

Remark 1. We should make some comments on the leading coeffi-
cient Cyp in the asymptotic formula. This constant Cy does not depend
on the pair potentials Vj; and is given as a positive function of only the
ratios m;/my between the masses. The constant is determined from an
eigenvalue asymptotics for a certain compact integral operator and is in
general difficult to write down in an explicit form. In the special case
with identical masses, Cy is determined as Cy = s/2n with the unique
positive root s > 0 of the equation

s =23.37Y2(sinh s 7/6)/(cosh s 7/2).

Remark 2. (1) The following result can be also obtained in the
course of proof: If at most one of two—body subsystem Hamiltonians
H< has a resonance state at zero energy, then H has only a finite num-
ber of negative eigenvalues; N(E) = O(1), E — 0. This result asserts
the finiteness of discrete spectrum below the bottom of essential spec-
trum, even if the bottom coincides with a three—cluster threshold energy.
(2) "As previously stated, H has in general an infinite number of nega-
tive eigenvalues accumulating at zero except for a certain special case, if
only two subsystem Hamiltonians have a resonance state at zero energy.
Even in such a case, a similar asymptotic formula with another leading
coefficient Cy > 0 can be obtained.

The asymptotic formula for N(E) has been first established by
Sobolev [7] under the main assumption that pair potentials are non—
positive Vj; < 0 and have the decay property (V), with p > 3. The
above properties of the leading coefficient Cy has been also investigated
in detail there. Theorem 1 is only a supplement of the interesting result
obtained by Sobolev [7] and the proof is also based on the idea developed
there. But the arguments undergo slight changes in many aspects, if the
non—positivity assumption of pair potentials is not necessarily assumed.

The method here applies also to the problem on the eigenvalue
asymptotics in the coupling limit. We consider the three-body Hamil-
tonian

(0.2) HAN=H-AV=Hy+(1—-AV  on L*(R®

with a coupling constant A, 0 < A < 1, small enough, where H is defined
by (0.1) and is assumed to satisfy all the assumptions in Theorem 1. Let
No(X) be the number of negative eigenvalues of H(A). For A > 0, H())
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has only a finite number of negative eigenvalues but Ng(A\) — oo as A
tends to the critical value 0. The theorem below gives the asymptotic
formula as A — 0 for No(\).

Theorem 2. Let the notations be as above. Suppose that the
three-body Hamiltonian H = H(0) fulfills the assumptions (V),, (H.1)
and (H.2). Then No(\) behaves like

No(A) =2Co|log Al (1+0(1)),  A—0,

with the same positive constant Cy as in Theorem 1.

§1. Low energy analysis for two—body resolvents

The proof of the theorems above is based on the behavior at low
energies of two—body resolvents with resonance at zero energy. We here
make a brief review on this result. For details, see (2, 3].

Throughout the section, we work in the space L? = L?(R2) and
denote by (, ) the L? scalar product. We begin by defining precisely
the resonance state at zero energy. Let T'= —A + V; be the two—-body
Schrédinger operator acting on L?. We assume that the potential Vo (z)
has the decay property (V'), and that the operator T has the spectral
properties (H.1) and (H.2). We now consider the equation T ¢ = 0.
This equation can be put into the integral equation

(L1) o(2) = ~/m) [ lo =3l Valu)elw) d

where the integration with no domain attached is taken over the whole
space. Equation (1.1) is considered in the weighted L? space L2, =
L2(RS; (x)~2% dx) with weight (z)~% = (1 + |z|?)~%/2, s > 1/2 being
taken close enough to 1/2. If ¢ € L2 solves the equation (1.1), then it
is easily seen that ¢ behaves like

p(z) = —(1/4m)(Vo, )|z + O(|z|~*1),
(8/0lz))p(x) = (1/4m)(Vo, o) |z|~* + O(|z| )

as |z| — oco. We say that ¢ is a resonance state of T at zero energy,
if (Vo,) # 0 is satisfied. Thus the resonance state ¢ behaves like
¢(z) ~ |z|~! as |z| — oo and hence ¢ ¢ L? is not a bound state at zero
energy. On the other hand, if (Vp, ) = 0 is satisfied, then we obtain
from (1.1) that ¢(z) = O(|z|~2), so that ¢ belongs to L? and becomes a
bound state of T" at zero energy. Conversely, if ¢ is a bound state at zero
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energy, then we can easily see that ¢ satisfies the relation (Vg, ) = 0.
This implies that a resonance state at zero energy is non—degenerate.
Under assumptions (V),, (H.1) and (H.2), it also follows from Theorem
A.3.1 of [6] that T’ cannot have a bound state at zero energy (bottom of
its spectrum) and hence T has only a resonance state.

Assumption (V), enables us to choose a non-negative potential
Up > 0 satisfying (V'), so that

(1.2) Wo(z) = Up(z) — Vo(z) = Us(z)/2 > 0.
We define the Schrodinger operator S with potential Uy by
(1.3) S=-A+Up on L%(R3)

and denote the resolvent of S as R(d?;S) = (S +d?)~! for d > 0. Since
Uy is non-negative, R(0;.S) can be also defined as a bounded operator
from L2 into L2, for any s > 1 and the generalized eigenfunction ()
of S at zero energy is obtained as a unique solution to the Lippmann—
Schwinger equation. Let A(d) : L — L? be the operator defined by

(1.4) A(d) =1d-W?R(d%; S)W)/2, d >0,

Id being the identity operator. It should be noted that this operator can
be defined even for d = 0. Let 3; be the kernel of A(0). The kernel %,
can be shown to be a one-dimensional space. Denote by 1, € L? the
normalized function spanning ;. Then we can show that 1 (z) falls off
with order O(|x|~1~*/2) and satisfies (6o, W01/2¢1> # 0. We decompose
the space L2 = L2(R2) into the orthogonal sum L? = £; @ &, and we
denote by Pj, 1 < j < 2, the orthogonal projections onto X;.

We study the behavior as d — 0 of A(d) defined above. To do this,
we here introduce new notations. A bounded operator T'(d), 0 < d < 1,
acting on L? is said to be of class Op(d”), if its operator norm obeys the
bound ||T(d)|| = O(d”) as d — 0. When the difference T} (d) — T»(d) is
of class Op(d”), we denote this relation as T} (d) = T3(d) + Op(d”).

Lemma 1.1. Let the notations be as above. Suppose that T ful-
fills (V),, (H.1) and (H.2). Then the operator A(d) has the following
properties.

(i) Lete, 0 < € K 1, be fized arbitrarily. Then there exist positive
constants c. and ¢, such that

ce Id < A(d) < . 1d, d>e,
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in the form sense.
(i) Define Ajr(d), 1 <3, k<2, as Ajr(d) = P;A(d)Py. Then:

(1) Aszz(d) € Op(d®) and Aga(d) > coP; for some cz > 0.
(2) A;2(d) € Op(d”) for some v > 1/2.
(3) A11(d) = 01d Py + Op(d”) for some v > 1, where

g1 = I<00,W01/2’¢'1>l2/4ﬂ' > 0.

Remark 1.2. A similar argument applies to the Schrédinger oper-
ator T = —A/2m + V, with reduced mass m. For such an operator, the
constant ¢y in the lemma is given as

o1 = 2727 1m3/2 (9o, Wo 1) 2,

where 0 is the generalized eigenfunction at zero energy of $ = —A/2m+
Uy, Up being chosen to satisfy (1.2), and v; € L? is the normalized
function constructed for the operator S.

§2. Sketch of proof of Theorem 1

We here give a sketch for the proof of Theorem 1 only. See [9] for
the detailed proof, including the proof of Theorem 2.

(0) We begin by introducing several basic notations used in the
spectral analysis for three-body Schrédinger operators.

Let @ = (4, k) be given pair and let I, [ # 7, k, be the index by which
the third particle is labelled. Then the Jacobi coordinates associated
with « are defined as

(2.1) To =T =Tk, Yo =11— (mjr; +mere)/(m; +mz).

We denote by (pa,ga) € R3%? the coordinates dual to (Za,¥s). In
this coordinate system, the symbol Hy(pa,gq) of the three-body free
Hamiltonian Hy is described as

Ho(Pa, 9a) = |pal?/2ma + |gal?/2n04,

where m,, again denotes the reduced mass associated with a and n, is
defined through the relation 1/n, = 1/m; +1/(m; +my). Let 8 # a be
another pair. Then a simple calculation yields

(2.2) Pa = £%qa + £*q5, ps = £P%qa + KPP gg,
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where the coefficients k**, k#%, k*# and kPP are explicitly expresssed
in terms of the masses m;, 1 < j < 3, and, in particular, K°® and k%8
satisfy |kP*| = |k*#| = 1. We also denote by Hy(gs,9p) the symbol
representation for Ho in the coordinate system (go,gs). We further
define the cluster Hamiltonian H, as

H,=Ho+Va, Vo=V, on L*R®).
The base space L2(R®) is decomposed as the tensor product
L*(R°) = L*(R?;dz,) ® L*(R?; dya)
and hence the Hamiltonian H,, is represented as
H,=H*®Id+1d®T, on L*(R3dz,)® L?(R3;dy,),

where H® again denotes the two—body subsystem Hamiltonian associ-
ated with o and T, is given as

(2.3) T, = —A/2n, on L?(R3dy,).

We now choose a non—negative potential U, = U, (z,,) > 0 to satisfy
the property (1.2)

Wo(zo) = Un(za) — Va(za) 2 Un(z4)/2 >0
and define the Hamiltonians K% and K, as

K*=-A/2my +Us on L*(R%da,),

(2.4) 2/ 3 2/ 3
Ko =K*®Id+1d®T, on L*(R’;dzq)® L*(R’;dya)-

We also define A(d; K©) : L?(R3;dx,) — L?(R3;dz,) as
(2.5) A(d; K®) =1d -WY(K* + d*)"'Wl/?2) d>o,

in a way similar to (1.4) and denote by P}, 1 < j < 2, the orthogonal
projections associated with A(0; K), which are constructed in the same
way as P; in section 1. We further denote by 0§ = 6§ (z.) the general-
ized eigenfunction of K at zero energy and by ¥¢ € L?(R3;dz,) the
normalized function spanning the range of Py, the range being a one—
dimensional space. The operator A(d; K*) defined above preserves the
same properties as in Lemma 1.1 (see also Remark 1.2) and, in particu-
lar, we have ‘

P2A(d; K*)P® = 0, d P® + Op(d”), d — 0,
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for some v > 1, where o, > 0 is given as

(2.6) 0o =272t mi/? (05, Wa/Puf) 2.

(1) We consider only F, 0 < E < 1, small enough. For given
self-adjoint operator A, we denote by n(u; A) the number of eigenvalues
greater than y of A. Let U = ) U, and W = ) W,, where the
summation ) is taken over all three pairs a. Define the Hamiltonian
K by K = Ho+U = H+W and the bounded operator M (E) : L%(R®) —
L*(R®) by

M(E)=(K+E)"\?W(K + E)~Y? = ZM (E)*M,(E)

with M, (E) = WA/*(K + E)~1/2. Then the quantity N(E) in question
coincides with n(1; M(E)) by the Blrman—Schwmger principle. The next
lemma is due to Sobolev [7].

Lemma 2.1. Let £2 =Y @®L?(RS), three summands. Define the
operator M(E) : L2 — L? as

(MQ(E)Ma(E)* Mo(E)Mp(E)* Mo (E)M,(E)* )
M(E)

Mp(E)Mo(E)*  Mg(E)Mp(E)*  Mpg(E)M,(E)*
M’Y(E)MG(E)* M’Y(E)ME(E)* M’Y(E)M’Y(E)*

where a, B and v denote different three pairs. Then one has

N(E) = n(1; M(E)).

(2) We denote by Dia{B,, Bg, B,} the 3 x 3 diagonal matrix with
operators B,, B and B, as diagonal entries. Let M(E) be as in Lemma
2.1. The off-diagonal entries of M(E) are all compact operators on
L?(RS) but the diagonal ones are not necessarily compact operators.
Thus we look more carefully at the operator

My (E)M,(E)* = WYM*(K + E)"'w}/?

in the diagonal entries of M(E).
Let K, be defined by (2.4). We decompose the above operator
into the sum M, (E)Mu(E)* = Moo(E) + Lo(E), where Moo (E) =

1/2(K +E)~ 1Wwl/2 and

Lo(E) = WiY?((K + E)™' — (Ka+ E) " h)W/2,
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so that M(E) is represented as M(E) = Mo(E) + M;(E) with
Mo(E) = Dia{ Moo (E), Mog(E), Mo (E)}.

We note that M;(E) : £? — L2 is a compact operator.
We now introduce a positive smooth function w(s), s > 0, such that

w(s)=s for 0<s<1, w(s)=2 for s> 2.
Let T, be defined by (2.3) as an operator on L2(R3;dy,). We define
wa(E) = w((Ta + E)'/?),

which is considered as an operator acting on L?(R®) as well as on
L?(R3;dy,). We further define A, (FE) : L?(R%) — L%(R®) as

Ag(E) = Id =My (E) = Id —WL3(K, + E)"'W}/2,

By Lemma 1.1 (see also Remark 1.2), we can find strictly positive smooth
bounded functions f*(s), 0 < ¢ < f*(s) < f~(s), behaving like

fi(s): 14 o(s"), 5 —0,
for some v > 0 such that

(2.7) Aq(E) > f;(E)wa(E)Pf + e Py,
(28) 4a(E) € fz (B)oal E)PE +c_PE

for some positive constants c1, 0 < ¢y < c_, where
f;t(E) =0a fi((Ta + E)1/2)

with o4 > 0 given by (2.6), and the inequality relations are understood
in the form sense. Denote by F}(E) and F; (E) the operators on the
right side of (2.7) and (2.8), respectively, and define

Fi(E) = Dia{ FE(E), F5 (E), FE(E)}.
Then it follows from (2.7) and (2.8) that
Fo (B) < 1d—Mo(E) < Fy (E)
and hence we obtain from Lemma 2.1 that

(2.9) n(1; Q" (E)) < N(E) < n(1; Q*(E)),



320 H. Tamura

where

Q*(E) = 5 (B) P Mu(B)F5 (B) /2.

(3) We study the behavior as E — 0 of Hilbert-Schmidt norm of
the entry operators Qfﬁ(E) in Q*(E). To do this, we here introduce
new notations. Let B(E), 0 < E < 1, be a compact operator on L?(RS).
We say that B(E) is of class (HS)., if for any € > 0 small enough, B(E)
has a decomposition B(E) = By(E;€) + Ba(E;€) such that: (i) the
Hilbert—Schmidt norm of B;(Ej;e€) obeys the bound ||B;(E;¢€)||lpas < Ce
for some C. independent of E; (ii) the operator norm of Bz (E;€) obeys
the bound || Bz(E;€)|| < €. If the difference between two operators By (E)
and By(E) is of class (HS)e, we denote this relation as B1(E) ~ Bz(E).

Lemma 2.2. Q% (E)~0.

We analyse the operators Q;kﬁ (E), @ # B, in the off-diagonal entries

of Q*(E). Recall that ¥¢ € L?(R3;dz,) is the normalized function
spanning the range of P{ (one—dimensional space). Let x(z), = € R?,
be the characteristic function of the unit ball B; in R3. We set

¢a(da; B) = X(¢a) (|9a]?/2na + E) /4

and denote by I,5(E) : L2(R®;dzg dgs) — L?(RS;dzo dga), o # B3, the
integral operator with the kernel ¢f(ma)Jaﬁ(qa,q5;E)¢lﬂ (zg), where
Jop (4, 98; E) is defined by

(210)  Jup(da) 985 E) = Tap Ca(ga; E)(Ho(ga, 98) + E) " ¢a(gp; E)

with

TaB = 275/2 2 (mamp)_3/4.

Let ¥, : L?(R3%dy,) — L?(R3;dg,) be the Fourier transformation
in y,. We further define S,5(E) : L2(R®) — L2(R®) by Sas(E) =
Vollap(E) ¥, a # 5.

Lemma 2.3. QL4(E) ~ Sap(E), a#8.

Let S(E) : £2 — L2, £? being as in Lemma 2.1, be the self-adjoint
compact operator defined by

0 Sap(E) Say(E)
S(E) = (Sﬂa(E) 0 Sﬂ'y(E)) » Spa(E) = Sap(E)".
Sya(E) Sys(E) 0
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Then Lemmas 2.2 and 2.3, together with (2.9), yield that
n((1+€);S(E)) — Ce < N(E) < n((1—¢€);S(E)) + C.

for any € > 0 small enough, where C. > 0 is independent of E. This
relation can be easily obtained by use of the Weyl inequality

(A1 + Ag; A1 + Ag) < n(Ag; Ar) 4+ n(Ag; Az)
for the sum of compact operators A; and A,.

(4) The proof of the theorem is completed in this step. Let

L3(B;) = Z ®L%*(B;;dq,), three summands.

We denote by Jog(E) : L?(Bi;dgp) — L?(Bi;dga) the integral operator
with the kernel Jog(ga, gs; E) defined by (2.10), and define the operator
Jo(E) : L2(B1) — L*(By) as

0 Jup(B) Jur(E)
JolE) = (%(E) 0 Jﬂw(E))
Ja(E) Jye(E) 0

Then it is easily seen that n(y; S(E)) = n(p; Jo(E)) for S(E) defined
above and hence we have
(211)  n((1+€); Jo(E)) — Cc < N(E) < n((1 - €); Jo(E)) + C-.

The eigenvalue asymptotics for the integral operator Jp(F) has been
in detail studied in Sobolev [7] by employing an argument used in the
calculation of the canonical distribution of Toeplitz operators. We here
summarize the results obtained there.

Lemma 2.4. Let n(u; Jo(E)) be as above. Then:

(1) There exists a limit
O0(s) = Jim (15 Fo(E))/ | 1og B

as a continuous function of u > 0.
(2) The constant Cy = ©¢(1) depends only on the ratios between the
masses of three particles under consideration and obeys the lower bound

Co > log2/2m% > 0.

This lemma, together with relation (2.11), completes the proof of
the theorem.
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