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On the Deformations of the Geometric Structures 
on the Seifert 4-Manifolds 
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We call a closed orientable 4-manifold S a Seifert 4-manifold if S 
has a structure of a fibered orbifold 1r: S --+ B over some 2-orbifold B 
with general fiber a 2-torus T 2 where the total space S is a nonsin­
gular manifold. In [10], [11] we discussed the relations between them 
and certain eight geometries in dimension 4 in the sense of Thurston 
and also gave their topological classification. Here by a geometric struc­
ture of S we mean the structure of the form f\X diffeomorphic to S 
where X is a 1-connected complete Riemannian 4-manifold and r is 
a discrete subgroup of the group Isom+ X of all orientation-preserving 
isomorphisms of X acting freely on X. The purpose of this paper is to 
determine the Teichmiiller spaces for their geometric structures in the 
cases when the base orbifolds are either hyperbolic or euclidean (§1 and 
§2). Our results are parallel to [5], [6] in which the Teichmiiller spaces 
for the geometric structures on the Seifert 3-manifolds were discussed. 
But a little more arguments are needed for our cases since we should 
take account of the nontrivial monodromies. In the meanwhile some 
of the Seifert 4-manifolds have complex structures compatible to their 
geometric structures ([12]). In these cases we will also give the relations 
between the Teichmiiller spaces and the deformations of the associated 
complex structures via the Kodaira Spencer maps. In all cases we treat 
here these maps are surjective but not injective in general ( and hence 
the Teichmiiller spaces are not effectively parametrized as families of 
complex structures §3). Finally in §4 we also give a remark on the 
moduli spaces for the geometric structures when the base orbifolds are 
hyperbolic and show that they are defined as Hausdorff spaces whereas, 
as is well known, the moduli spaces for the complex structures can not 
be defined as Hausdorff spaces in general. For simplicity in this paper 
we only consider the Seifert 4-manifolds over the closed orientable base 
orbifolds. All the subjects will be considered in the smooth category. 
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We will use the same notations for the geometries as in [12], [13], [10] 
and [11]. The 2-dimensional hyperbolic space will be denoted by H 2 

and also by H (as the complex space). Furthermore C* and R+ will 
be the set of nonzero complex numbers and the set of positive numbers 
respectively. 

§1. Definitions of Teichmiiller spaces and the cases when the 
bases are hyperbolic 

Let S be a closed orientable Seifert 4-manifold over a 2-orbifold B 
and 1r: S ---+ B be its fiber map with general fiber T 2 • In [10] and [11] 
we proved that S has a geometric structure if B is either euclidean, 
spherical or bad and if B is hyperbolic S is geometric if and only if S 
has a complex structure (and is an elliptic surface). Let G = Isom 0 X 
be the identity component of Isom+ X. For simplicity we only consider 
the geometric Seifert 4-manifolds over either hyperbolic or euclidean 
orientable base orbifolds of the form f\X with r c G and the ( G, X) 
structures on them. We note that any geometric Seifert 4-manifold over 
the hyperbolic 2-orbifold (we have assumed that the base orbifold is 

orientable) is of the form f\X where X is either H 2 x E 2 or S£ 2 x E 

and r c G = Isom 0 X ([11]). Here S£ 2 is the universal covering of 
SL2R. 

Definition 1. Let 'R(f, G) be the set of all faithful discrete co­
compact representations from r to G with compact open topology. 

The group Inn G of the inner automorphisms of G and the group 
Aut r of the automorphisms of r act on 'R(f, G) by g · p(,) · g- 1 and 
by p · ¢(,) = p(cp(,)) respectively where g E G, 'Y E r, ¢ E Aut r 
and p E 'R(f, G). The second action commutes with the first one and 
induces the action of the group Out r of the outer automorphisms on 
the quotient Inn G\ 'R(f, G). 

Definition 2. We call the quotient space 

T(f,G) = Inn G\'R(f,G) 

a Teichmiiller space of S = f\X, and the quotient 

M(f, G) = Inn G\'R(f, G)/ Out r 

a moduli space of S = f\X. 
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The fundamental group ntb B of the base orbifold B has the repre­
sentation of the form 

{a1, ... , a2g, <i.1, ... , <ir I 

g r 

<i.'!.'1 = ... = <i.1:'r = II[a2i-l, a2il II q1 = 1} 
i=l j=l 

where qi corresponds to a meridian circle around the i-th cone point 
of cone angle 21r/mi, and a 1 , ... , a2g form a symplectic base of the 
fundamental group of the underlying space IBI of B of genus g. Here we 
define [a, ,6] = a,Ba- 1 ,a-1. Note that norb B is isomorphic to a discrete 

subgroup I' in Isom X and B = I'\X where X = H if Bis hyperbolic and 
X = E 2 if B is euclidean. Then n 1 S has the following representation: 

{a1, ... ,a2g,q1, ... ,qr,f,h I 

[£,h] = 1, [q1,£] = [q1,h] = 1 for j = l, ... ,r, 
(ai£a;1, aiha; 1) = (£, h)Ai for i = 1, ... , 2g, 

q';'sfashbs = l for s = l, ... ,r, 
g r 

II[a2i-l, 0:2i] II qs = fahb}. 
i=l s=l 

Here °'i, q1 are the lifts of ai and q1 respectively, £ and h form a base 
of the fundamental group Z2 of the general fiber T 2 , Ai E SL 2 Z is 
the monodromy matrix corresponding to ai with respect to (£, h), and 
(ms, as, bs) is the Seifert invariant of the s-th multiple fiber of multiplic­
ity ms over the s-th cone point. The Seifert invariants for such S are 
denoted by 

First consider S = f\X when B = I'\X is hyperbolic. Then by 
the results in [15] the fibration of S is unique up to fiber-preserving 
diffeomorphisms and ntb B = I' is uniquely determined by r up to group 
automorphisms. Moreover all the monodromy matrices are the powers of 
some common periodic matrix Q ([11], Theorem B). If every monodromy 
is trivial then the pair e = (a+"£ a1/m 1, b+ "£ b1/m 1) E Q2 mod GL2Z 
is well defined and is called the rational euler class of S. The type of X 

is SL2 x E if every monodromy is trivial and e f- (0, 0) and X = H 2 x E 2 

otherwise. Furthermore we can assume that a + "£ a1 / m 1 = 0 in the 
first case by some coordinate change of the fiber ([11]). 
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Proposition 1. Let S be a geometric Seifert 4-manifold over a 
hyperbolic orbifold B. Then for appropriate choices of the lattices of 
the general fiber and the symplectic basis of the curves on B generat­
ing H 1 (IBI, Z) we can assume that Ai = I for i ~ 2 and A1 is either 

(-~ ~), (-~ -~), (-~ ~), ±I, where I is the identity matrix. 

Proof. We can assume that all monodromy matrices Ai of S are 
powers of a periodic matrix Q. Then by choosing the lattice £, h ap­
propriately we can suppose that Q is either one of the five matrices 
given above since Q is periodic. In particular all Ai are mutually com­
mutative. If we consider the pullback of S by a self-automorphism ¢ 
of the base B fixing all cone points and the base point of B then ¢ 
induces the symplectic isomorphism ¢* on H 1 (IBI, Z) and the mon­
odromy matrices A1 , ... , A 29 are transformed to ¢*A 1 , ... , ¢*A 29 where 
if ¢*<ii = 81a 1 + 82a 2 + · · · 829 a 29 for the symplectic bases a1, ... , a2 9 

of H 1 (IBl,Z) then ¢*Ai= Af 1 A~2 ···A~~ 9 • Since all A/s are powers of 
Q Euclid algorithm shows that this process simplifies the monodromy 
matrices (which are still powers of Q after this process) of the Seifert 
fibration of S induced from the original one by ¢ if ¢ is chosen appro­
priately. In fact we can see that some automorphism ¢ of B fixing all 
the cone points induces the isomorphism ¢* such that ¢*Ai = I for 
i ~ 2 as follows. First for any Pi E SL 2 Z, (i = 1, ... ,g) there is an 
automorphism '1/J of B such that 

since every symplectic isomorphism can be realized by some orinetation 
preserving self-diffeomorphism of B fixing all the cone points. Using 
such '1/J the monodromy matrices can be transformed so that A2i = I for 
i = 1, ... , g. Next consider the symplectic isomorphism p satisfying 

p(a2) = a2 - a2i 

p(a2i-i) = a1 + a2i-1 - a2i 

p(ai) = ai otherwise 

which maps A 2i-l to A 2i_ 1 A 1 , leaves the other monodromies unchanged 
and can be realized by the Dehn twists along the curves representing 
a 1a 2i-l and a 11 . Then applying the isomorphisms of this type or their 
inverses (or those obtained by exchanging the roles of a 1 and a 2i-i) and 
the isomorphism mapping (a 1 , a 2 ) to (a 2i-l, a 2i) we can see (by Euclid 
algorithm) that A2i-l (i ~ 2) is reduced to I with all others except 
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for A1 left unchanged. The desired automorphism cf> is obtained by the 
composition of the above automorphisms. Finally consider if necessary 
the symplectic isomorphism o- satisfying 

a-(a1) = -a1 

a-(a2) = -a2 

o-(aj) = aj for i 2': 3 

(which maps A1 to A11, leaves Ai = I (i 2': 2) unchanged and is also 
realized by an automorphism of B) and some further change of the 
lattice of the general fiber we obtain the desired representations of the 
monodromy matrices since A1 is still a power of some periodic matrix. 

Q.E.D. 

In the case of a geometric Seifert 4-manifold S = f\X over a hyper­
bolic base orbifold B = r\X, X is complex analytically equivalent to 
H x C ([11], [12] and see the proof of Theorem A below) such that the 
lattice fo of the general fiber of S acts on the C-factor as translations. 
Furthermore the lifts of the elements of r to r induce the orientation­
preserving automorphisms of the C-factor (up to translations) which 
do not depend on the choices of the lifts and which preserve the lat­
tice in C defined by r O• Then we have a homomorphism from r to 
GL+(l, C) = C* which we call the monodromy representation of f\X 
and denote by cf>. The relation between cf> and the monodromy matri­
ces of S = f\X is explained in Theorem A and its proof below. To 
describe the Teichmiiller space of r\X we introduce the following extra 
notations. 

T(f, Isom+ X) the Teichmiiller space of B = f\X 

H 1 (f, c<I>) the 1st cohomology group of r with coefficients C<i>. 

Here C<i> is C twisted by ¢, T (I', Isom+ X) = R 2( 39 -3+r l x Z2 where g 

is the genus of B and r is the number of the cone points of B. Let ½,r 
be the identity component of T(r, Isom+ X). (It is well known that ½,r 
which is also the Teichmiiller space of the orbifold B depends only on g 

and r.) 

Theorem A. T(r, G) for a Seifert 4-manifold S = r\X over a 
hyperbolic 2-orbifold B = f\X has a structure of a trivial fiber bundle 
of the following form. 

:F-, T(r, G)-, T(f, Isom+ X). 
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Here the fiber :Fis isomorphic to H 1(f, cc/>) X T1 where 

{ 
R+ X ff X Z2, 

T1 = R+ X Z2, 

if X = H 2 x E 2 and <p = ± id 

if X = H 2 x E 2 and <p ¢ ± id 

ff X Z2, if X = SL2 x E 

and T 1 corresponds to the deformations of the lattice of the general fiber 
generated by c and c>.-1 with c E R+, >. E C and S<>. -=/-0. T1 has two 
components according to the sign of S'>.. The monodromy representation 
<p satisfies ¢(ai) = ±1 if the monodromy matrix Ai corresponding to <i.i 
is ±I. If Ai -=/-±I for some i, the lattice r0 in C of the general fiber 
is uniquely determined up to scalar multiplication and <p is also uniquely 
determined once the sign of S<>. is fixed. H 1 (r, cc/>) satisfies 

{ C 2g 
1 - cf, -

H (r,c ) - c2g-2 
if <p = id 

otherwise. 

The identity component To ofT(r, G) is ½,r x H 1(f, Cci>) x To where To 
is the connected component of T 1 and is homeomorphic to a euclidean 
space. 

Proof. We may assume that S satisfies the conditions'in Proposi­
tion 1. First suppose that the type X of the geometry of S = r\X is 
H 2 x E 2 which is identified with H x C. In this case G = Isom 0 H 2 x 
Isom 0 E 2 . Let p E R(r, G) be any element for S = r\X. Then p induces 
the representation p E R(f, G) with G = Isom 0 H 2 = PSL 2R. p gives 
the representation of the base B as the hyperbolic orbifold B = r\H. 
Then for the coordinates ( z, w) E H x C, we have 

(0) p(f)(z, w) = (z, w + c) 

(1) p(h)(z,w)=(z,w+d) 

(2) p(ai)(z,w) = (p(ai)z,,\;w+wi) (i = 1, ... ,2g) 

(3) p(qj )(z, w) = (p(qi)z, w - (ajc + bjd)/mi) 

where c, d E C are linearly independent over R, Ai E S 1 C C, wi E C 
which satisfy the following relations. We note that (3) comes from the 
relations q/"ifai hbi = 1, [qj,£] = [qj, h] = 1. Put c = u + iv, d = u' + iv' 

and P = ( :, :, ) E GL 2R. Then we deduce from ai(f, h)a-; 1 

(f, h)Ai that 

- sin0i) 
cos0i 
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where Ai= exp( H0i)- Thus we have Ai= 1 for i 2: 2 since Ai= l. If 
A1 = ±1, then A1 = ±1 and there is no further restriction on (c, d). For 
the remaining cases we have ( c, d) = ( c, A - 1 c) with 

(4) A1 =A= exp(±27ri/6) if A1 = (-~ ~) 

(5) A= exp(±27ri/6), A1 = A2 if A1 = (-~ -~) 

(6) A1 =A= ±i if A1 = ( -~ ~ )-

The monodromy representation </>: r -+ C* is defined by </>(ai) = Ai , 
</>(<h) = l. We note that</> is uniquely determined if Ai= ±1. If A1 =/-±1 
we have two choices of A above according as 'sA > 0 or 'sA < 0. Hence 
the parameter space for the lattice of the general fiber (represented by 
c and A) has two components and is homeomorphic to C* x Z 2 . The 
monodromy representation </> depends only on the choice of A. If A 1 = 
±1, (and if we write (c, d) = (c, cA- 1) ) then (c, A) ranges over C* x H x 
Z2 . In this case we have two components according to the sign of 'sA. 
Finally from the relation TI;=l [a2j-1, a2j] [Ij=l qj = Rahb we deduce 

g g 

~)</>(a2j-1) - l)w2j - l)<t>(a2j) - l)w2j-1 

(7) 
j=l j=l 

r r 

= (a+ I>j/mj)c+ (b+ ~bj/mj)d. 
j=l j=l 

Clearly we can find Wj satisfying (7) for any p since the right hand 
side on (7) is 0 if</> = id. Hence p defined by (0)-(3) satisfying (4)­
(7) defines a discrete faithful representation from r to G. Conversely 
every p E 'R(I', G) has a lift p E 'R(f, G). Hence the natural projection 

p: 'R(f, G) -+ 'R(r, G) is surjective. Next we describe the fiber j of p. 

Pick up Po E 'R(r, G) and fix a lift Po E 'R(f, G) of p satisfying (0)­
(7) as a base point of the fiber over p0 • Hereafter the parameters in 
(0)-(7) for p0 are denoted by the same symbols with suffix 0. We can 
choose wJ in (2) for p0 so that wJ = 0 if </> = id or wJ = 0 for j =I-2 

and w~ = ((a+ "£.,aj/mj)c + (b + "£.,bj/mj)d)/(</>(a1 ) - 1) if</>¢ id 
under the assumption in Proposition 1. Take p E 'R(f, G) such that 
p = Po, (c, d) = (eo, do) and the monodromy representations for p and 
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p0 are the same. Put m(aj) = Wj - wJ, m(qj) = 0. Then m(aj) satisfy 

g g 

(8) L(¢(a2j-i) - l)m(a2j) - L(¢(a2j) - l)m(a2j-i) = o 
j=l j=l 

and m can be extended to a crossed homomorphism m: I' ---+ C satisfy­
ing m(a/3) = m(a) + cp(a)m(/3) for a, /3 E f. Let Ci(f, GI>) be the i-th 
cochain of r with coefficients C twisted by ¢. Then mis contained in the 
kernel of the coboundary map 8: C 1(r, C¢) ---+ C2(r, C¢). Conversely if 
m E ker 8 then m(qj) = 0 since q7'1 = 1 and cp(qj) = 1. Furthermore for 
any such m, we can define a faithful discrete representation p satisfying 
p = Po, (c, d) = (co, do), Wj = wJ + m(aj)- The choice of m does not 

depend on the choice of (eo, d0 ) if¢ is fixed. Thus the fiber J-is homeo­

morphic to (ker 8) x 'I\ where 'I\ = C* x Z 2 if ¢ ¢. ± id or C* x H x Z 2 

if ¢ = ± id . We note that the choices of the parameters of T 1 ( and the 
choices of wJ in (2) satisfying (7) for the fixed lift p0 of p0 ) do not 

depend on p. So the projection p: R(I', G) ---+ R(r, G) gives a product 

fibration and R(I', G) = R(I', G) x ker 8 x T1 . Next we check the action 
of Inn G on R(I', G). The action of Inn PSL 2R is nonrivial only on the 
first factor R(I', G) of R(I', G) and yields a Teichmiiller space T(I', G) of 
the base orbifold B. T(I', G) has just two components which correspond 
to the Teichmiiller spaces of the hyperbolic structures on B and B with 
opposite orientation. Each one is identified with the Teichmiiller space 
½,r = R 2(3 g- 3 +r) of r-pointed Riemann surface of genus g. Next we pick 

upµ E Isom+E 2 defined by µ(z,w) = (z,CTw+w') with CJ" E S1,w' EC 
(acting trivially on the first coordinate). If p E R(I', G) satisfying (0)­
(3), then we have 

µp(R,)µ-1 (z, w) = (z, w + CTc), 

µp(h)µ- 1(z, w) = (w, w + CTd), 

µp(aj )µ- 1(z, w) = (p(aj )z, AjW + O"Wj + (1 - Aj)w'), 

µp(qj)µ- 1(z, w) = (p(qj)z, w - (aiO"C + biCTd)/mi)-

where Aj = cp(aj), d = c>-.-1 as in (4)-(6). Then (c, >-.) are transformed 
to (CTc, >-.) and Wj is transformed to O"Wj + (1 - cp(aj))w'. Thus if the 
representative of c in Inn Isom+ E 2 \:F is fixed so that c E R +, then 
m(aj) 's are defined modulo the image of 8°: c 0 (r, C¢)---+ C 1 (I', C¢) in 

Inn Isom+ E 2 \F. Therefore we obtain 
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where T(r, G) is parametrized by p (mod Inn G) E T(f, G), (c, A) E 

T 1 = R+ x H x Z2 or R+ x Z2 , and m(aj) (mod Imo0 ) E H 1 (f, C¢) as 
desired. H 1 (r, C¢) is a vector space over C whose dimension is easily 
computed by (8) under the assumption of Proposition 1 as indicated in 
Theorem A. We note that H 1(f, C¢) is the same as H 1(1r 1IBI, C¢) since 
the coefficient of the cohomology is torsion free and the monodromies 
along the torsion elements qj in r are trivial. 

Next we consider the case when S = r\X with X = SL 2 x E 

and G = SL 2 x Rx R. In this case X is identified with H x C with 
·z 

coordinates (z,w),z E H,w EC so that w corresponds to logdz ([13]). 
Here the imaginary part of log dz corresponds to the lift of the unit 

tangent vector at z E H 2 to the fiber of the natural projection 1r: S L 2 -+ 

H 2 . This projection is defined via the identification of P SL2R with 
the unit tangent bundle T1H 2 of H 2 . The real part of log dz belongs to 
the E-factor of X. Then pin n(r, G) induces the element pin R(f, G) 
where r = 1rfrb Band G = PSL2R. Moreover p must be of the following 
form: 

p(P)(z, w) = (z, w + c) 

p(h)(z, w) = (z, w + d) 

p(ai)(z,w) = ai(z,w) + (O,wj) 

P(%)(z,w) = i]j(z,w) + (O,yj) 

Here the imaginary part of the second factor is chosen so that it is con­
tinuous and it coincides with the image of 'sw by the parallel translation 
from z to p(aj)z along the axis of the hyperbolic element p(aj) (which is 

defined as the lift of that on T1H 2 via the projection SL 2 -+ T1H 2 ) if z 
lies in this axis. These conditions determine the choice of the branch of 
log in the image of iii. A lift ij_i of p(qi) is taken so that fj'j = 1 in G ( cf. 
[11], [13]). Note that ij_j is uniquely determined since the Rx R-factor 
of G lies in the center of G. Then 

from q"j'i pai hbi = l. We have chosen £, h so that a+ 2, ai/mi = 0, 

b + 2, bi/mi =I-0 and hence we also deduce from TI[a2j-1, a2j] TI Qj = 
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where xorb denotes the orbifold euler characteristic. Therefore the pa­
rameters Yi, d are fixed, c = u + iv is an arbitrary complex num­
ber with u -f. 0 (since c and d must be linearly independent over R), 
and Wj are arbitrary complex numbers. Then the natural projection 
p: R.(f, G) ---. R.(I', G) defined by p(p) = p is surjective and the fiber 

F of p is C 1 (r, C) X T1 where T1 = ff X Z2 which corresponds to C 

( or equivalently ic). T 1 has two components according to the sign of 
~c. Since every translation (z,w) ---+ (z,w + s + ti) commutes with 
any element g E G, the action of Inn G on R.(f, G) yields the following 
isomorphism; 

T(r, c) = T(r, c) x H 1 (r, c) x T1 

which proves Theorem A. 

§2. The cases with euclidean base orbifolds 

Suppose that S is a Seifert 4-manifold over a closed orientable eu­
clidean 2-orbifold B. In this case S has always a geometric structure of 
type X where X = E4, Nil3 x E, Nil4 or Sol3 x E ([10]). But in this 
paper we restrict our attention to the cases when 1r1S = r is a subgroup 
of G = Isom 0 X. Then by the results in [10] we have only to consider 
the cases when S is diffeomorphic to one of the followings (note that the 
fibration of S is not unique when B is not hyperbolic). 

(I) B = T 2 • 

(l) S = T4, X = E 4 ; 

(2) S = { I, I, (a, b)} with (a, b) -:/-(0, 0), X = Ni13 xE; 

(3) S = { (~~),I; (a, b)}, .X-:/-0, b-:/-0, X = Ni14 ; 

(4) S = {A, I; (a, b)} with tr A~ 3, X = Sol3 xE. 

(II) B has genus 0. 

(1) The rational euler class e of S equals (0, 0), X = E4; 
(2) e-:/-(0, 0), X = Nil3 xE. 

Here S is diffeomorphic to a hyperelliptic surface in case (II-1), a 
primary Kodaira surface in case (I-2), and a secondary Kodaira surface 
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in case (II-2). We note that 

G= { 

Isom 0 E 4 = R 4 ><1 S0 4 

Nil3 ><1 S02 x R 

Sol3 x R 

Nil4 

ifX=E4, 

if X = Nil3 x E, 

if X = Sol3 x E, 

if X = Nil4 • 

341 

Theorem B. For the Seifert 4-manifold S = I'\X in the above 
list we have the list of T(I', G) as follows. 

(1) The cases when B = T 2 • 

{ 

S0 4 \GL 4 R, 

Ti10XF 
T(r G) = ' ' 

' (R*) 2 x R 2 , 

(R*) 2 X (Z2)2 X R, 

in case (I-1), 

in case (I-2), 

in case (I-3), 

in case (I-4). 

Here in case (I-2) 'Ti,o = S0 2 \GL 2R = R+ x H x Z2, F = R 2 x H x Z2. 
(2) The cases with the base orbifolds of genus 0. Let r be the number 

of the cone points of B (r = 3 or 4). Then we have 

where 

and 

T(r, G) = To,r X T1 

Tc - 2 { 
R 2 (r- 3) X R+ X Z 

O,r - R2(r-3) X R+ 
if X = Nil3 x E 

if X = E 4 

if X = Nil3 x E 

if X = E 4 . 

Proof. In case (I-1) we haver= Z4 whose generators ai are given 
by translations aix = X + ei for x, ei E E 4 . Here ei are mutually linearly 
independent and hence r is parametrized by GL 4R. The action of Inn G 
is given by (£1 , ... ,£4 ) = (a-£1 , ... ,u£ 4 ) for u E S04. Hence T(I',G) = 
S0 4 \GL 4 R which has two components and each one is homeomorphic 
to R 10 . 

Next consider case (I-2). In this case X = Nil3 xE. Here we recall 
the structure of Nil 3 x E. The point of X is represented by ( w, z) E C2 

such that the action of G = (Nil3 xR) ><I S1 is defined by (w', z')(w, z) = 
(w' +w -iz'z, z' + z) for (w', z') EX, and t(w, z) = (w, tz) fort E S1 C 
C. We can assume that S = {I,I; (a,0)} for a-/-0 and r = {a,(3,£,h I 
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[.e, h] = [a, .e] = [a, h] = [,6, .e] = [,B, h] = 1, [a, ,B] = .ea}. The subgroup ro 
generated by .e, h is the center of r and the projection Ni13 xE ---+ R 2 

defined by (w, z)---+ z induces the structure of a T 2-bundle over T 2 of the 
form r o \RX E ---+ r\ Ni13 XE ---+ Z 2 \R 2 which gives the above fibration 
([12]). Thus p E R(r, G) must have the following form: 

p(.e)(w, z) = (w + .eo, z) 

p(h)(w, z) = (w + h0 , z) 

p(a)(w, z) = (ao + w - iboz, bo + z) 

p(,B)(w, z) = (a1 + w - ib1z, b1 + z) 

where .e0 and ho, b0 and b1 are linearly independent over R. Since 
p([a,,B])(w,z) = (w + i(b0 b1 - b0 b1),z) must be equal to p(.ea)(w,z), 
we have .e0 = i(b0 b1 - b0 b1)/a and since this is a nonzero real number ho 
is an arbitrary number with ':sh0 #-0. Thus we have 

R(r, G) = F X R(Z 2 , G) 

where !f = H x Z2 x C2 which 1s represented by ho, a0 , a 1 , G = Isom O E 2 , 

and R(Z 2 ,G) = GL 2 R represented by b0 and b1 . Next taking the con­
jugation of p by 1 = (w0 , z0 ) and t E S 1 we can see that the parameters 
are transformed as follows: 

ao ---+ ao + i(bozo - zobo) 

a1 ---+ a1 + i(b1zo - zob1) 

bo ---+ tbo 

b1 ---+ tb1. 

Thus to get the representation in T (r, G) we can assume that b0 E R + 
(choose t E S1 appropriately). Then i(b0 z0 - z0 b0 ) = -2b 0 ':sz0 and 
hence choosing zo so that ':szo = 'iRao/2bo then ao + i(bozo - zobo) is 
pure imaginary. On the other hand i(b1z0 - zob1) = 2((':sb1)('iRzo) -
('iRb1)('iRao/2bo)). Since ':sb1 #-0 by the assumption we can choose z0 

so that both a0 and a 1 are transformed to pure imaginary numbers. 
Consequently we have T(r, G) = :F X T(r, G) where :F = R 2 X ff X Z2 

represented by iao,ia1,ho and T('.r,G) = S02\GL 2R = R+ x H x Z2 

represented by b0 and b1 . 

In case (II) we can assume that 

S = {(0, 0), (m1, a1, b1), ... , (mr, ar, br)} 
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with r = 3 or 4 and 

r = { Q1, ... , qr,£, h I [£, h] = [qi,£] = [qi, h] = 1, 

Here if r = 3, then (m1,m2,m3) = (2,4,4),(2,3,6), or (3,3,3) and 
if r = 4 then (m1,m 2,m 3,m 4) = (2,2,2,2). Furthermore in this case 
X = E 4 or Nil3 xE. In either case the subgroup r0 generated by£ and 
h are the center of r and the exact sequence 1 ----, r o ----, r ----, I' ----, 1 
(where r = 1rrb B) yields the original Seifert fibration. First suppose 
that X = E4, G = R4 ;,q S0 4 . Pick up p E R(r, G). Then the holonomy 

group of p(r) which is the image p(r) of p(r) under the natural map 
G----, S0 4 is cyclic (since S is diffeomorphic to a hyperelliptic surface). 
Since p(ro) must be contained in the translation parts of G we can 
assume that there is a decomposition C x C of E 4 such that p(ro) acts 
trivially on the first factor. Since p(r 0) commutes with any element in 

p(r) we can see that any element of p(r) is contained in S0 2 x 1 C 

S0 2 x S0 2 C S0 4 . If we take another p' E R(r ,_ G), then there exists 
a E S0 4 such that ap'(r 0 )a- 1 satisfies the above condition for the same 
decomposition of E 4 and hence the image of ap'(r)a- 1 under the above 
map is also contained in the same subgroup S0 2 x 1 C S0 4 • Therefore it 
suffices to consider the representation p satisfying the above conditions 
for the fixed decomposition of E 4 • Thus p projects to p E R(I', G) where 
G = Isom O E 2 and we must have 

p(£)(z, w) = (z, w + fo) 

p(h)(z,w) = (z,w+ho) 

p(qi)(z, w) = (p(qi)z, w + si), (1 :-S: i :-S: r) 

where fo and ho are linearly independent over R, Qi E I' is the image 
of Qi under the projection r - r, Si E C. Then from the relation 
q",(';£a;hb; = 1 we deduce Si = -(aifo + biho)/mi. Next we must see 
exactly when the two representations p and p' of the above forms are 
in the same orbit under the action of Inn G. Suppose that there exists 
a E G such that apa- 1 = p' with ax = a'x + s0 , a' E S0 4 , s0 E R 4 

and x E R 4 . Then we can see that a'x = (a1z, a2w) where a1, a2 E S02 
or a 1,a 2 E 0 2 - S0 2 and x = (z,w) with z,w E C. Suppose that 
a(z, w) = (a1z + ao, a2w + bo) with a1, a2 E S02, ao, bo E C. Then p' 
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p' (R)(z, w) = (z, w + a2Ro) 

p'(h)(z,w) = (z,w+a2ho) 

p'(qi)(z, w) = (a1p(qi)(a 11(z - ao)) + ao, w + a2si). 

Next suppose that a(z, w) = (a1z + ao., a2w + bo) with a1, a2 E SO2, 
ao, bo E C. Then 

p'(R)(z,w) = (z,w+a 2Ro) 

p'(h)(z, w) = (z, w + a 2 ho) 

p'(qi)(z, w) = (p'(qi)(z), w + a2si) 

where p'(qi) is in the component of R(r, G) different from that contain­
ing p. On the other hand the identity component R.0 (r, G) of R(r, G) 
is homeomorphic to R2 (r- 3) x R+ where the first factor coincides with 
the Teichmiiller space for the flat structures of area 1 of the base orb­
ifold B and the second factor corresponds to the area of B. Thus we have 
T(f,G) = R2 (r- 3)xR+xR+xHxZ 2 whereR+xHxZ 2 = SO 2\GL2R 
corresponds to the deformations of the lattice of the general fiber. 

On the other hand in case (II) with X = Nil3 x E the natural projec­
tion X -. C represented by ( w, z) -. z for the coordinates defined above 
yields a given fibration for S = {(a,b),(m1,a1,b1), ... ,(mr,ar,br)}. 
(In fact we can assume that a = b = 0.) Here we can assume that 
a+ I: a;fmi = 0, b + I: bi/mi i- 0. Take an arbitrary representation 
p E R(r, G). Then p induces a representation p E R(r, G) where r = 
{ql, ... , qr I c/'{'1 = ... = <f.':'T = <l1 ... <Ir = 1} and p(r) C G = Isom0 E 2. 
Here r and ( m1, ... , mr) satisfy the same conditions as in the case with 
X = E 4 . Each p(qi) has the following representation: 

for Pi E S 1, zi E C such that the order of Pi is mi and TI Pi = 1. Thus 
p must be of the following form: 

p(R)(w, z) = (w + Ro, z) 

p(h)(w, z) = (w + ho, z) 

p(qi )(w, z) = (w + wi + izi(z - Pi(z - zi )), p(qi)z) 

where Ro and ho are linearly independent over R, wi EC. Then we have 
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(1) 

Suppose that r = 3. Then from f1 q1 = 1 we have 

(2) (1 - P1)z1 + (p1 - P1P2)z2 + (P1P2 - P1P2P3)z3 = 0. 

Thus we can see that 

where 

3 

p(q1q2q3)(w, z) = (w + LWj + iU, z) 
j=l 
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U = LP 1lz11
2 + z2z3(l - P2 - P3 + P2P3) + z1z2(l - Pl - P2 + P1P2)+ 

Z1Z3(l - 751 - /J3 + P1P3). 

Thus from (1) pis well defined if and only if 

(3) 

Claim. iV is a nonzero real number. 

Easy computation (using (2)) shows that iV is invariant under trans­
lations along the real line ( z1, z2, z3 ) -+ ( z1 + >., z2 + >., z3 + >.) for >. E R 
and the rotations in the origin. Therefore to prove Claim we can as­
sume that z1 = 0 and z2 is a nonzero real number r. Then again by 
easy computation we can see that V = r 2(p1 - l)(p2 - l)/(P1P2 - 1) 
and V is a nonzero pure imaginary number. Thus we deduce that 
ho= iV/(b+ '£b 1/m 1)-/- 0 from the normalization a+ '£a 1/m 1 = 0. 
Then £0 is an arbitrary number with 8'£0 -/- 0. The case with r = 4 
( mi = 2, p1 = -1 for all j) can be treated by a similar computation 
and we can see that ho is some fixed real number and £0 is also an ar­
bitrary number with 8'£0 -/- 0. In any case p E R(f, G) can be lifted to 
some p E R(r, G) and we have R(r, G) = R(f, G) x H x Z2 where the 
factor H x Z2 corresponds to £0 . The action of Inn G on R(r, G) can 
be determined as in case (I-2). For any element 'Y E G the conjugation 
by"( acts on the factor p(qi) as the inner automorphism of G and acts 
trivially on p(£), p(h). Since these parameters determine the remaining 
ones uniquely and the natural map Inn G -+ Inn G is surjective we have 

T(r,c) = T('.r,c) x H x Z2. 
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The proofs for the other cases are done by similar methods and hence 
are omitted. 

§3. The Teichmiiller spaces and the complex structures 

In this section we consider the Seifert 4-manifolds over closed ori­
entable hyperbolic or euclidean 2-orbifolds which admit complex struc­
tures. The arguments in [12, §7] show that any elliptic surface S with 
c2 = 0 and with"'= 0 or 1 is biholomorphic to r\X where a geometry 
X has a complex structure such that any element of G = Isom 0 X acts 
on X as a biholomorphism and r c G. (We need to restrict G to U(2) 
when X = E 4 .) Here we start with such a Seifert 4-manifold S = I'\X 
with a given compatible complex structure. Let g be the genus of Band 
r be the number of the cone points ( with the prescribed cone angles) of 
B = f\X. In this section let 'R. = R.0 (r, G) and T = T 0 (r, G) be the 
connected components of R.(r, G) and of T(r, G) containing S = I'\X 
with given geometric structure p0 E 'R. and its equivalence class [p0] E T 
respectively. 

First suppose that B is hyperbolic. In this case X = H 2 x E 2 

or SL 2 x E each of which is identified with H x C as in §1. Here­
after we adopt the same notations for r, f and S as in § 1 and we 
assume that the monodromies of S satisfy the conditions in Proposi­
tion 1. Now we will describe T 0 (r, G) as a differentiable family of the 
complex structures on S. Let Sp be the Seifert 4-manifold S with the 
geometric structure corresponding to p E 'R. and [p] be its equivalence 
class in T respectively. For simplicity put S0 = S Po and let 8 0 be the 
sheaf of germs of holomorphic tangent vector fields on S0 . First recall 
that T = T X To X H 1(r, C'I>). Here T is (the connected component 
of) the Teichmiiller space of B = f\H or equivalently of the Fuchsian 
group f, ¢ is the monodromy representation for S, and T 0 is the identity 
component of T 1 in § 1. Put 

- {H To= 1 
if¢= ±id 

otherwise 

and let T = T x T0 x H 1 (f, C'P). Then T denotes the Teichmiiller space 
of the geometric structures which fix the area of the general fiber (if X = 
H 2 x E 2 ). On the other hand the Teichmiiller space T for the Fuchsian 
group r is realized as a bounded domain in c 39 -3+r. Moreover there is 
a fiber space C = {(z,T) EC x TI z E D(T)} over T where D(T) is a 

domain in Con which a quasi-Fuchsian group F corresponding to Tacts 
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([1]). Chas a complex structure such that the map (z,T)---+ (T(a)z,T) 
for any a E r is holomorphic. Here T(a) acts on z E D(T) via 1'7 • It 
follows that for any T E T we have a biholomorphism h7 : H ---+ D ( T) and 
a representation p ER with [p] = T such that T(a) · h7 (z) = h7 (p(a)z) 
for any z EH, a E f. 

If X = H 2 x E 2 then h7 is lifted to h7 x id: H x C---+ D(T) x C such 
that it commutes with the translations in the C-factor. On the other 
hand we can choose the elements m 1, ... , md of C 1(f, C¢) which maps 
to the basis of H 1(f, C¢) where d = dime H 1(f, C¢). Thus we have the 
family of representations of r on C x C x Cd x T 0 as follows. Let To ET 
be the equivalence class of the element p0 E R determined by p0 . Then 
So is biholomorphic to 1'70 \(D(To) X C) where Po is represented (via 1'70

) 

as follows; 

Po(C)(z, w) = (z, w + r0 ), 

Po(h)(z, w) = (z, w + roho), 

Po(ai)(z,w) = (To(ai)z, ¢(ai)w + wJ), 

Po(qi)(z, w) = (To(qi)z, w - airo/mi - biroho/mi) 

where (z,w) E D(To) x C, r0 ER+, ho EH and wJ EC is defined as 
in the proof of Theorem A. Then we have the following representations 
p = p( T, r, h, s) from r to the group of the biholomorphisms of D( T) x C 
wheres= (s1, ... , sd) E Cd, TE T, (r, h) E To (h = ho if¢¢.± id). 

p(C)(z, w) = (z, w + r), 

p(h)(z,w) = (z,w + rh), 
d 

p(ai)(z, w) = (T(ai)z, ¢(ai)w + wJ + L Sjmj(ai)), 
j=l 

p(qi)(z, w) = ( T(qi)z, w - air /mi - birh/mi)-

Here H 1 (r, C¢) is identified with Cd. Thus we get the fiber space Cover 
T obtained from C x C xT 0 xH 1(f, C¢) by the actions of p defined above 
such that the fiber of C over i E T is an elliptic surface corresponding 

to i. Also we have the fiber space C over T by restricting the above 
representations to the cases with r = r0 ( the constant). The above 
representation depends holomorphically on all the parameters except for 
r ER+ (if T 0 has the R+-factor). Therefore we have the differentiable 

family C ---+ T and the complex analytic family C ---+ T of the complex 
structures on S respectively. 
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If X = S L 2 x E then X is identified with H x C with coordinates 
(z,w) so that w corresponds to log dz. Hence in this case hT:H------> D(T) 
is lifted to the biholomorphism hT: H x C ------> D ( T) x C defined by 

hT(z,w) = (hT(z),w + log(8hT/8z)(z)) where the branch of the log is 

chosen so that hT depends holomorphically on T E T. Again hT com­
mutes with the translation (z, w) ------> (z, w + c) with c = a constant. 
On the other hand we can define p(a): H x C ------> H x C for a E r 
such that iii = p(ai) (where ai E r is hyperbolic), q,; = p(qi) (where 
qi E f is elliptic) satisfy the same conditions as iii, q,; stated in the 
proof of Theorem A. Thus for 75 E R with [75] = T E T, we can define 
i(a): D(T) x C ------> D(T) x C for a = ai or Qi which covers T(a) such 

that hTi(a) = p(a)hT where a is the image of a in r. Using this lift we 
can define the family of representations parametrized by T (in this case 

T = T since there is no R-factor in T) as in the case with X = H 2 x E 2 . 

Thus we also get the analogous family of complex structures on S. 
Next we will describe the Kodaira-Spencer's infinitesimal deforma­

tion map 
4>: ToT------> H 1 (So, 80) 

where T 0T is the tangent space of T at S0 (or equivalently at [pol), 
Since the base orbifold B of S is hyperbolic in our case here T is homeo­
morphic to a euclidean space and is homeomorphic to T 0T. To describe 
H 1 (S 0 , 8 0 ) we recall some results in [8]. Let T 1 be the complex torus 
of dimension l. For a holomorphic Seifert fibering S = r P \X with 
r P = p(f) c G, the base orbifold B is naturally a nonsingular curve BP 
of the form fp\X where X =Hor C, fp = 1r't'bB. (In [8], S,X,B,f 

are denoted by M, W, V, N respectively.) Then S ------> X induced by the 

covering projection X ------> B is a principal T 1-bundle and S = Xx T 1 ([8, 
§1,§7] in which Sis denoted by B). Let Z 2 , 0, T 1 be the sheaves over X 
of germs of local holomorphic maps from X into Z 2 , C, T 1 respectively. 

Then the action off on S is defined by the element m E H 1 (f, T 1 ). 

Here H 1 (f, T 1 ) = H 1 (f,H 0 (X, T 1)1') where the coefficients H 0 (X, T 1 ) 

on the right hand side is the space of global holomorphic maps on X 
and is twisted by the monodromy representation ¢: r------> GL 1 C. The el­
ement mis represented by a crossed homomorphism m: r------> H 0 (X, T 1 ) 

such that m(x, a) for a fixed a E f is a holomorphic map from X to T 1 

( x E X) satisfying 

m(x,a/3) = ¢(a)m(a- 1x,(3) + m(x,a) for a,(3 E f 

where r acts on X via 75 and ¢(a) gives the automorphism of T 1 since 
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it preserves the lattice of the fiber. The action of r on s = X X T 1 is 
given by 

a(x,t) = (ax,¢(a)t+m(ax,a)) for a E I',x E X,t E T 1 

(see [8, 7.2]). From the exact sequence 

o - z 2 
- o - T 1 - o 

we have the exact sequence 

where c( m) represents the extension 1 -+ Z2 -+ r -+ r -+ 1. On the 
other hand H 1 (S0 , 8 0 ) is described by the following exact sequences ([8, 
§2]). 

(1) 

(2) 

(3) 

0-+ D-+ H 1 (S0 , 8 0 )-+ G-+ 0 

0-+F-+G-+H-+0 

0-+C-+D-+E-+0 

where the exact sequence (3) splits ([8, §4]). Here 

(4) E = {a E C;a¢(a) = ¢(a)a for all a EI'} 

corresponds to fiber deformations ([8, Theorem 7.10, §4]). Note that in 
our cases ¢(a) is a root of unity for any a when the base is hyperbolic 
(§1) and it suffices to consider the cases with trivial monodromies when 
the base is not hyperbolic (in the case of euclidean base orbifolds, we 
have only to consider the cases (I-1), (I-2), (II-1) and (II-2) in §2). Thus 
the kernel of ¢ has finite index in I' and then the assumption in [8, §7] 
is automatically satisfied. Hence we have 

E = { C, if ¢(a) = ±1 for any a EI' 
0, otherwise. 

The subspace C in (3) corresponds to the twist deformations com­
ing from the the complex analytic family of the form m + 17( s£) E 

H 1(r,H 0 (X,T 1)cf>) for£ E H 1 (I',H 0 (X,O)cf>),s EC ([8, §3]). In our 
case by [8, §7] we have 

(5) 
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unless g = l, r = 0. The subspace F in (2) corresponds to the base 
deformations and by [8, §7], we have 

(6) 

where B = Bp 0 is considered as a nonsingular curve, d = I:~=l Pi is the 
divisor corresponding to the cone point Pi and 8 Bid is the sheaf of germs 
of holomorphic tangent vector fields on B which vanish on d. Finally the 
element of the space H represents (if it is not obstructed) a deformation 
of S which destroys the fiber structure. By [8, Theorem 7.13] we have 

(7) H = 0 unless g = l, r = 0 or g = 0, r < 3. 

Now we consider the Kodaira Spencer map <I>: ToT---+ H 1 (So, 80) for 
the case with X = H 2 x E 2 . The tangent space T 0T is homeomorphic 
to T 0 T x F0 where Fa= T 0 x H 1 (f, C'I>) and T 0 = R+ x H if¢=± id, 
TO = R + if ¢ -1-±id. The derivatives of the family of representations 
defined above span T 0T and the discussions in §3-§5 in [8] show that 
the Kodaira Spencer map preserves the fiber structure as is indicated 
by the following commutative diagram. 

(8) 

ToT 

l l 

F 

Here the vertical maps are the projections of the fibrations and <I? gives 
the infinitesimal deformation map for the Teichmiiller space of the r­
pointed Riemann surface of genus g at B = Bpo· We have ToT = 

R 2 (3g-3+r) ([6]), dime F = 3g - 3 + r ([8, Lemma 7.3]) and <I? is a 
homeomorphism. Here we note that if two geometric Seifert 4-manifolds 
S = r\X, S' = r'\X (with X = H x C) over the hyperbolic 2-orbifolds 
B, B' are biholomorphic then B and B' are isometric. For, any biholo­
morphism t.p: S ---+ S' is lifted to a biholomorphism ip from H x C to itself 
such that there is an automorphism 1/J:f---+ r' satisfying <p(,(z,w)) = 
1/J(,)(ip(z,w)) for (z,w) EH x C, 1 Er. Here rand r' have the exact 

- -/ 

sequences 1 ---+ f o ---+ r ---+ r ---+ 1 and 1 ---+ r~ ---+ r' ---+ r ---+ 1 such 

that f = 1rrb B, r' = 1r1rb B' and r 0, r~ correspond to the fundamental 
groups of the general fibers respectively. Moreover 1/J induces the isomor-

- - _, 
phism between ro and r~ and also induces the isomorphism 1/J: r ---+ r . 
On the other hand r 0 and r~ act on H x C by the translations in the 

C-factor since S and S' are geometric (of type H 2 x E 2 or SL 2 x E). 
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Hence ifwe write ij5(z,w) = (h(z,w),k(z,w)) EH x C, then h(z,w) is 
invariant under the action of f 0 in thew-coordinate. Since r 0 has rank 
2, h(z, w) depends only on z, i.e., h(z, w) = h(z) which gives a biholo­
morphism from H to itself and 0 descends to an isometry h: H -----, H. 
Since we have h("f(z)) = °if("f)h(z) for z EH, 'y Er we can see that B 
and B' are isometric. Thus by the fact that the action of Aut r on the 
Teichmiiller space of B is properly discontinuous we can see directly that 
the kernel of cl> induced from <I> above is zero. Thus cl> is an isomorphism 
( compare the dimensions of the spaces in ( 8)). Moreover <I> induces the 
map between the fibers of the projections in (8) of the form 

(9) 
- cf, <P1 X<P2 

H1(r,c) x T 0 ---+ c x E. 

If ¢ = ± id then E = C such that small s E C determines the complex 
structure of the general fiber whose period matrix is given by !l(s) = 
(1 + s, h0 + sh 0 ) where !l(O) corresponds to that for the original S0 

([8, Lemma 4.5] ). We have the representations p parametrized by s 

in the above family whose T 0-component h( s) satisfies h( s) = ( h0 + 
sh 0)/(1 + s) and <1>(8/8s) corresponds to 1 ([8, §4]). Thus <1>2 maps 
T 0 onto E whose kernel is the R+-component of T 0 represented by the 
parameter detecting the deformation of the area of the general fiber. On 
the other hand C = H 1 (r, H 0 (X, 0)¢) and <1>1 is the map H 1 (I', C¢)-----, 
H 1 (r, H 0 (X, O)c/>) induced by the natural inclusion C c H 0 (X, 0). 
Moreover by the naturality of the spectral sequences ( used in [8]) we 
have the following commutative diagram. 

H 1 (B, C(Q)) H 1 (B, O(Q)) 

Here Q is the flat C-bundle over B = Bpo determined by the mon­
odromy representation ¢ which can be considered as the representation 
of 1r1 (Bp0 ) (see §1). The coefficient C(Q) (resp. O(Q)) is the sheaf of 
the germs of locally constant (resp. holomorphic) sections of Q and cp1 

and cp2 are the isomorphisms ([8, §7]). The map <I>' is the part of the 
following exact sequence (in which the base B is omitted) 

O-----, H 0(C(Q))-----, H 0(O(Q))-----, H 0(!11(Q)) 
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which comes from the exact sequence 

a 
0-* C(Q)-* O(Q) -t 0 1 (Q)-* 0. 

Here 0 1 is the sheaf of the germs of holomorphic 1 forms on the non­
singular curve B. By the lliemann-Roch theorem (and since c1(Q) = 0) 
dime H 0 (n 1(Q)) = dime H 1 (0(Q)) equals g if ¢ = id and equals 
g - I otherwise (cf. [8, §7] ). Comparing this with dime H 1 (C(Q)) = 
dime H 1 (I', Ccf>) which equals 2g if ¢ = id and 2g - 2 otherwise we 
deduce the exact sequence 

Hence the kernel of <1>1 is isomorphic to H 0 (B, 0 1 (Q)). The same argu­

ment holds for the case with X = S L 2 x E except for the fact that the 
kernel of <1>2 is trivial since there is no R + -component in TO. Thus we 
have 

Theorem C-1. The Kodaira Spencer map <I> for the Teichmiiller 
space T for the Seifert 4-manifold S over the closed orientable hyper­
bolic 2-orbifold B with any given representation p E T is surjective 
and the kernel of <I>: T 0T-* H 1 (S, 0) at S = Sp is homeomorphic to 

H 0 (B, 0 1 (Q))xR+ (if X = H 2 xE 2 ) or H 0 (B, 0 1 (Q)) (if X = SL 2 xE) 
for the base curve B determined by p. The subspace T ofT defined above 
gives a locally complete complex analytic family of the complex structures 
on S. 

The last statement comes from [4]. We can see directly that any 

deformation in the subspace H 0 (B, 0 1 (Q)) of T 0T (which depends on 
the choice of p E T) does not change the complex structure as fol­
lows. Take any w E H 0 (B, 0 1 (Q)). Lift w to the I-form on H which 
is represented as d'ljJ for some holomorphic function 'ljJ on H satisfying 
d'ljJ(az) = </>(a)d'tjJ(z) for any a EI', z E H. Taking the integral we de­
duce that b(a) = 'tjJ(az) - cp(a)'tjJ(z) is a constant. Furthermore we have 
b(af3) = b(a) + ¢(a)b(f3). If a is a torsion then we can choose the fixed 
point of a as z and hence b(a) = 0. The image of b(a) in H 1 (I', Ccf>) 
maps to O in H 1 (r, H0 (H, O)'i>) since b(a) = 'tjJ(z) - ¢(a)'ljJ(a- 1z) and 
conversely any element in the kernel of <1>1 can be represented by the 
above way. Then the biholomorphic automorphism of H x C defined 
by ( z, w) -* ( z, w + s'ljJ( z)) for s E C descends to the biholomorphism 
between Sp and Sp' such that the difference mp' -mp of the parameters 
in H 1 (I', Ccf>) is sb and all the other parameters are the same. 
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Next consider the case when B is euclidean and S has a complex 
structure. If g = l, r = 0 (B is a torus) then we can assume that S 
is either T 4 ( a complex torus) or a primary Kodaira surface. In the 
first case X = E 4 , G = lsom 0 E 4 • However since the complex structure 
of X is not preserved by G but is preserved by G' = E 4 )q U(2) we 
consider T' = the identity component of T(r, G') in this case. Then 
T' = U(2)\GLtR and this is realized by the family of translations p 
defined by 

p(ai)(z, w) = (z + wil, w + Wi2) 

for the generators ai' ( i = 1, ... '4) in r = Z4 such that 

where (~wij, '2swij) is the matrix of rank 4 defined by ~Wij, '2swij for 
i,j = 1, ... ,4. Thus we have a differentiable family C over T' of the 
complex structures on S. T' contains the subfamily ( which is complex 
analytic) consisting of the representations with 

Wu= w22 = l,w12 = w21 = 0,det('2s(wij)i,j=3,4) > 0 

which is complete and effectively parametrized ([3]). It follows that the 
Kodaira Spencer map for T' at any point is surjective. In the second case 
X = Nil3 xE and Tis homeomorphic to R+ xHxR 2 xH. Here the R+­
factor, the first H-factor, the last H-factor and the R 2-factor correspond 
to the area of the base, the period of the base, the period of the fiber 
( the image of one of the lattices of the fiber is uniquely determined and 
not deformed) and the twisting parameters for the fibrations respectively 
(see §2). Hence we have a differentiable family C - T of the complex 
structures. On the other hand in the decomposition of H 1 (S, 0) we have 
E = F = C ([8]). Since the canonical divisor K of S is trivial there is 
an isomorphism e ~ 0 1 and hence dime H 1 (S, 0) = h 1,1 = 2 since the 
Hodge numbers satisfy h0 ,2 = h2,0 = 1 and b2 = h2,0 + h0 ,2 + h1,1 = 4. 
It follows that C = H = 0 and as in the cases when B is hyperbolic the 
Kodaira Spencer map is surjective with kernel= R+ x R2 . 

Finally consider the case when Bis euclidean of genus 0. In this case 
T =Tor x H x R+ if X = E 4 and T =Tor x H if X = Nil3 xE. Here , , 
To,r = R 2(r- 3) x R+ (with r = 3,4) denotes the Teichmiiller space of 
the base orbifold B where the first factor corresponds to the Teichmiiller 
space of an r-pointed Riemann surface of genus 0 (with fixed area) and 
the R + -factor corresponds to the area of the base B. The other factor 
in T corresponds to the deformations of the lattices of the fiber (in the 
case with X = Nil3 xE one of the lattices of the fiber has the fixed 
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image and hence there is no R + -factor). If r = 3 then the base B is 
parametrized by the area only and if r = 4 then the R 2 (r- 3)_factor is 
identified with the Teichmiiller space of the double covering torus of B 
which is isomorphic to H. In either case we have the differentiable family 
C ---+ T of the complex structures of S as in the arguments in §2. (In the 
case with X = E 4 , g = 0 we can choose the representatives p for T such 
that the image of plies in E 4 ><l U(l) and hence we do not need to restrict 
G to the subgroup E 4 ><l U(2).) On the other hand in the decomposition 
of H 1 (S0 , 8 0 ) we have C = H = 0, E = C, F = cr- 3 and we can argue 
as in the case when B is hyperbolic. Thus we obtain 

Theorem C-2. Let S be a Seifert 4-manifold over some orientable 
hyperbolic or euclidean 2-orbifold B which admits a complex structure. 
Then S has a geometric structure of type (X, G) with X = H 2 x E 2 , 

SL 2 x E, E 4 or Nil 3 xE and G = Isom 0 X. Let T be the identity compo­
nent of the Teichmi.iller space T(r, G) where r = 1r1X. (In the case when 
S = T 4 restrict G to E 4 ><1 U(2).) Then T gives a differentiable family 
of complex structures on S such that the infinitesimal deformation map 
at any point in T is surjective. 

Remark. The statements in Theorem C-2 do not hold in general for 
a Seifert 4-manifold S over a closed orientable spherical or bad 2-orbifold 
B. In this case Sis either a ruled surface of genus 1 (with X = S 2 x E 2 ) 

or a Hopf surface (with X = S 3 x E). In either case not every complex 
structure on S comes from the geometric one nor every differentiable 
family of the complex structures containing the geometric one comes 
from the Teichmiiller space of the geometric structures. In general the 
dimension of H 1 ( S, 8) ( which is not constant) can be greater than that 
of the Teichmiiller space (cf. [9], [14], [2], [12]). 

§4. A remark on the moduli spaces 

In this section we give a remark on the moduli space M(r, G) for 
a geometric Seifert 4-manifold S = r\X over a closed orientable hyper­

bolic base orbifold B = f\X with r c G = Isom 0 X. We adopt the 
representations of r given in § 1 and also assume that the monodromy 
matrices A 1 , ... , A 29 satisfy the conditions in Proposition 1. In this case 
the fibration of S is unique and then every element cp of Aut r induces 
the automorphism (f! of f and also induces the automorphism of Z2 

generated by£, h. Put 1r* = IJ[a2j-1, a2j] TI qj. 

Proposition 2. Any element cp E Aut r must be of the following 
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rp(ai) = cp(ai)£si hti 

rp(qj) = cp(qj)R,Uj hVj 

(rp(£), rp(h)) = (£, h)P. 
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Here PE GL 2 Z and cp(ai), cp(q1) are the words of 0:1, ... , 0:2 9 , q1, ... , qr 
satisfying 

cp(qj) = µjq~(j)µ-;1 

cp(n*) = µ1r~µ- 1 

where a- = ±1, µ, µ1 are some words of 0:1, ... , 0:2 9 , q1, ... , qr and 
v: (1, ... , r) --+ (v(l), ... , v(r)) is a permutation. We have further con­
ditions on the above parameters and the words as follows. Let Ei, T/j, T/ 

be the exponent sums of a 1 in cp( ai), µ1, µ respectively. 

(0) 

(1) 

(2) 

(3) 

Sketch of Proof. The proof is similar to that of [7, §5, Lemma 4, 

Theorem 5] . (1) and (2) are derived from the relations ai(£, h)a-; 1 = 
(£, h)A;, q'J11 ga; hb; = l. (3) comes from (1), (2) and the remaining rela­

tion Il[a2 1-1, a21J TI q1 = cahb. 

The map <p --+ <j5 induces the homomorphism q: Aut r --+ Aut r 
which descends to a homomorphism q: Out r --+ Out f. Let Aut (f, q) 
and Out (f, q) be the images of q and q respectively. Also put K = 
q- 1 (Inn f). Then since q maps Inn r onto Inn f the natural projection 

1r: Aut r --+ Out r maps K onto K = ker q and we have the following 
commutative diagram with exact rows and columns. 
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1 1 

l l 
7r 

1 ----+Innf----+ K - K -1 

II l l 
7r 

1 ----+Innf----+ Aut r - Out r -1 

l lq 

Out (r, q) = Out (r, q) 

l l 

1 1 

It is easy to see that the action of Aut r (resp. Out r) preserves 

the product fibration F ---+ R ---+ R for R = R(f, G), R = R(I', G) 
(resp. :F---+ T---+ T for T = T(r, G), T = T(I', G)) (given in §1) and 
induces the natural action of Aut (I', q) (resp. Out (r, q)) on R (resp. T). 

Now we will check the action of Kon :F (note that K acts trivially 
on T). First suppose that X = H 2 x E 2 • Define po = po (Ro, A) E R by 

where 

po(R)(z, w) = (z, w + Ro) 

Po(h)(z,w) = (z,w+R 0 .x-1) 

po(a1)(z, w) = (p0 (a1)z, </>(a1)w + w~) 

Po(ai)(z,w) = (p0 (ai)z,w+w?) (i ~ 2) 

Po(qj)(z,w) = (p0 (qj)z,w-(ajRo+biRo.X- 1)/mi) 

wJ = 0 for any j if A1 = I 

and if A1 =/-I 

wq = { Ro((a +Lai/mi)+ (b + L bi/mi).x- 1 )/(¢(a1) - 1) if j = 2 
3 0 if j =/-2. 



Geometric Structures on the Seifert 4-Manifolds 357 

(We can choose such wJ. See the proof of Theorem A in §1.) Further­
more by the assumption in Proposition 1 we have 

>.. = </>(ci1) = exp(±21ri/6) if A1 = ( _ ~ ~) 

>.. = </>(ci1) = exp(±2rri/4) if A1 = (-~ ~) 

>..=exp(±21ri/6),</>(ci1)=>.. 2 ifA 1 =(-~ -~)-

There is no further restriction on>.. if A1 = ±J. Then the image (p0 ] ET 
of p0 belongs to the fiber (~ :F = T 1 x H 1(f, C<I>)) of T over the image 
[p0] E T of p0. Its Ti-coordinates are detected by (fo, >..) and it corre­
sponds to O in the H 1(I', C<l>)-component. Now we take the subfamily 
Ro of R with a fixed image p0 in R whose elements p = p(fo, >.., m) are 
defined by 

p(f)(z,w) = (z,w+fo) 

p(h)(z,w) = (z,w+fo>..- 1) 

p(a1)(z, w) = (p0(ci1)z, </>(ci1)w + w1) 

p(ai)(z, w) = (p0(cii)z, w + wi) (i 2: 2) 

p(qj)(z, w) = (PoCiij)z,w - (ajfo + bjfo>..-1)/mj), 

Here (£0 , >..) satisfies the same conditions as before and 

Wi = w? + m(cii) 

where m is a crossed homomorphism from r to cc/> (with m(qj) = 0) 
satisfying 

m(a1) = m(a 2 ) = O if A1 -:/-I. 

(There are no restrictions on m(cij) if A1 = J.) Hence we have 

W1 = o, W2 = wg, Wj = m(cij) (j 2 3) if <p "¢=. id 

Wj = m(cij) for any j if </> = id. 

We note that if A1 -:/-I then w2 = wg is fixed once (£0 , >..) is fixed by 
the relations (7), (8) in the proof of Theorem A (§1) and any crossed 
homomorphism n: I' -. cc/> with n(cij) = 0 for j 2: 2 is contained in the 
image of 8: c 0 (r, cc/>) -. C 1(I', cc/>). Therefore the m's satisfying the 
above conditions descend isomorphically onto H 1(I', C<I>). Taking these 
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facts into account we can see that the family 'Ro generated by p(£0 , >., m) 
whose parameters satisfy the above conditions is the subfamily of the 

fiber over p0 E 'R whose F-components give the representatives of F. To 
check the action of K on F, it suffices to find the element µ E Inn G for 
given p E 'R0 , r.p E K (µ may depend on p and r.p) such that µ · p · r.p E 'Ro 
and examine the action of µ · p · r.p (which is independent of Po in the 
w-coordinate). Since the action of K commutes with that of Inn G, it 
suffices to consider the element r.p E K of the following form. 

(4) 

r.p(ai) = aifs;ht, 

r.p(qj) = q]f_UJ hVJ 

(r.p(£), r.p(h)) = (£, h)P 

where si,ti,ui,vi E Z,P E GL2Z satisfy 

(5) 

(6) 

(7) 

For such r.p E K and p E 'Ro denote the first and the second factors of 
p · r.p(a)(z, w) by p · r.p(a)(z, w)i (i = 1, 2) respectively for a E r. Then 
we have 

(8) 

and 

( )( ) { p0 (a)z ifa=aiorqj 
p · r.p a z,w 1 = . 

z 1f a=£ or h 

p · r.p(ai)(z, w)z = ¢(a1)(w + fo(s1 + t1>.- 1 )) + w1 

p · r.p(ai)(z, w)z = w + Wi + fo(si + ti>.- 1) (i 2: 2) 

(9) p · r.p(qj)(z, w)z = w - £0 (aj + bj>.-1 )/mj + £0 (uj + vj>.- 1 ) 

p · r.p(f)(z, w)z = w + £~ 

p · r.p(h)(z, w)z = w + h~ 

where (£~, h~) = (£0, £0>.-1 )P. Let K 1 be the subgroup of K consisting 
of the elements satisfying ( 4 )-(7) with P = I and let K 1 be its image in 

K. For any r.p E K 1 we deduce Uj = Vj = 0 and if A1 -/- I, s2 = t 2 = 0. 
Also let Ko be the subgroup of K 1 generated by the elements of the 
above forms with Sj = tj = 0 for j 2: 2 and Ko be its image in K. Note 



Geometric Structures on the Seifert 4-Manifolds 359 

that K1 ~ Ki/(K1 nlnn r), Ko~ Ko/(Ko nlnn r) and K 1 nlnn r = 
Kon Inn r = Inn Z2 where Z2 is the subgroup of r generated by R, and 
h. (This comes from the fact that f is centerless.) The element cp E Ko 

comes from Inn Z2 if GJ = (A11 - I) G) and hence 

Ko is finite if A1 -=I-I and moreover K 0 = 1 if A1 = (-~ ~). 

Given p E R 0 and cp E K 1 we take an inner automorphism µ by the 
element (z, w) _. (z, w + ¢(a 1) (s1 £0 + t 1 £0 >. -l) / ( ¢(ai) - 1)) if A1 -=I-I. 
Then we can see by the conditions on wi above for (8), (9) that the 
correspondence p _. p · r.p (if A1 = I) or p _. µ · p · r.p (if A1 -=I-I) gives a 
map from R 0 to itself such that the parameters are changed as follows. 

(Ro,>-)_. (Ro,>-) 

m( ai) _. m( ai) + silo + ti Ro>. -l 

for i ~ 1 if A1 = I and for i ~ 3 if A1 -=I-I. (We can see from (7) that 
the wz-parameter ofµ· p · r.p is the same as that for p if A1 -=I-I.) Since 
si, ti (i ~ 1 if A1 = I and i ~ 3 if A1 -=I-I) are arbitrary integers this 
gives the action of K 1 on F. Hence 

with 

{ 
(T1)2 9 

H 1 (I' C 1)/H 1 (I' Z21) ~ 
' ' (T1 )2 9 -2 

where T 1 ~ C/Z 2 is the complex torus of dimension 1 whose lattice is 
generated by £0 and £0 >. - l. Here we note that if A 1 -=I-I then K O is 
the subgroup of K 1 which acts trivially on F. Hence K 1 ( or Ki/ K 0 

if A1 -=I-I) acts effectively and properly discontinuously on F. Next 
consider the action of cp E K not decending to K 1. 

Case (1). A1 = ±I. Put P = ( ~ ; ) E GL 2 Z for r.p E K defined 

in ( 4). Here Uj, Vj, s2, t2 for r.p must be defined as elements in Z 
according to (6) and (7) (if A1 = I then (7) becomes obvious since the 
right hand side of (7) is O in case X = H 2 x E 2 ). Then considering (8), 
(9) for p E Ro and cp we can take an inner automorphismµ of the form 
(z,w) _. (z,a-w+c) for some c EC with a-= lp+r>.-1!/(p+r>.-1) such 



360 M. Ue 

that the the correspondence p ---; µ · p · 'P gives a map from Ro to itself 
of the form 

.A---; (p.A + r)/(q.A + s) 

fo ---t IP+ r A - 1 lfo 

m(o\) ---; er( m(a\) + sifo + tifoA - 1 ) 

for i 2: 1 if A1 = I and for i 2: 3 if A1 = -I. 

Case (2). A 1 -/- ±I. In this case we deduce from the conditions on 
.A above that 

otherwise. Furthermore for the presentation of 'P in ( 4) we must have 

P = A? (in case A 1 = (-~ -~)) or P = A} (otherwise) for some 

k E Z by the condition (5) and 

where these numbers are defined by (6) and (7) for the above P (we 
have assumed that P-/- I since 'P (/. Ki-) Then in the presentation (9) 
for p E Ro, 'P E K we have 

for P = A} or P = A? as above. Hence taking an inner automorphism 
µ by the element (z, w)---; (z, A-kw+ c) where 

we can see that the correspondence p ---; µ · p · 'P gives a map from Ro 
to itself of the form 

(£0, .A) ---; (£0, .A) 

m(ai)---; A-k(m(ai) + sifo + tifo.A-1 ) (i 2: 3). 
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In the cases when A1 = ±I the above correspondence shows that the 
action of Kon :F preserves the product fibration of the form H 1 (r, C¢) x 
R+ -----+ :F-----+ H x Z2 (where T 1 = R+ x H x Z2) which induces the 
properly discontinuous action on H x Z2 (which is identified with {.A E 

C I 's,\ -/- O}) of the form >. -----+ (p>. + r)/(q>. + s) for some matrix 

(: : ) E GL 2 Z. In the cases when A 1 -/- ±I we have at most finite 

number of possible choices for P in the presentation of cp above since A1 
( or A~) is periodic. Hence by the above correspondences and the action 

of K 1 ( and taking the fact that K O is finite if A 1 -/- I into account) we can 
easily see that K ( or K /K O if ¢ c/= id) acts properly discontinuously on 
:F in either case. Finally consider the action of Out r on T. The group 
Out r acts on T so that it preserves the product fibration :F -----+ T -----+ T 
and induces the action of Out (r, q) on T which is properly discontinuous 

since the action of Out (I') on T has, as is well known, the same property. 
Since K (which is the subgoup of Out r which induces the identity on 
T) acts properly discontinuously on the fiber of T as above we can see 
that Out r acts also properly discontinuously on T. The cases with 

X = SL 2 x E (in this case A 1 = I) can be treated similarly and we omit 
the details. Thus we have 

Proposition 3. Let S = I'\X be a geometric Seifert 4-manifold 
over a closed orientable hyperbolic orbifold B with r C G = Isom O X. 
Then Out r ( or Out r /K O in case the monodromy representation ¢ of 
S is not trivial where Ko is a finite subgroup of K defined above) acts 
on T(I', G) properly discontinuously and the muduli space M(I', G) is 
Hausdorff. 

On the other hand if K 1 -/- K then we must have cp E K of the form 
(4) satisfying (5)-(7) with P-/- I. In particular s2 , t 2 , Uj, Vj defined by 
(5) and (6) for some appropriate P-/- I satisfying (4) must be integers. 
From these conditions we can deduce some extra conditions on the Seifert 
invariants of S and derive the following proposition. Here we omit the 
details of the computations. 

Proposition 4. Let S = I'\X be a geometric Seifert 4-manifold 
as in Proposition 3. Then if the monodromies of S satisfy the con­
ditions in Proposition l and if the Seifert invariants of S do not sat­
isfy the conditions below then K = K 1 and M (I', G) is a Seifert fibra­
tion over T (I', G) / Out (I', q) ( which is defined above) with general fiber 

T1 x H 1 (I', C<P)/ H 1 (I', Z2 ¢). 
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(I) A1 = ( -~ ~)-
(1) 
(2) 
(3) 

There are no multiple fibers; 
(mi, ai, bi) = (3, Ei, Ei), Ei = ±1 for any i; 
mi = 2 for any i. 

(II) A1 = ( _ ~ _ ~ ) . 

(1) 
(2) 

There are no multiple fibers and a = b mod 3; 
(mi, ai, bi) = (3, Ei, Ei) with Ei = ±1 for any i and I: Ei 

mod 3; 
(3) mi= 2 for any i and I:ai - 2a = I:bi - 2b mod 3. 

(III) A1 = ( _ ~ ~) . 

(1) There are no multiple fibers; 
(2) mi = 2 for every i and I: ai = I: bi mod 2. 

(IV) A1 = ±I. 
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