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Hence if we write ¢(z,w) = (h(z,w), k(z,w)) € H x C, then h(z,w) is
invariant under the action of I'y in the w-coordinate. Since I'y has rank
2, h(z,w) depends only on z, i.e., h{z,w) = h{z) which gives a biholo-
morphism from H to itself and @ descends to an isometry h: H — H.
Since we have h(¥(z)) = ¥(F)h(2) for z € H, ¥ € T we can see that B
and B’ are isometric. Thus by the fact that the action of Aut I" on the
Teichmiiller space of B is properly discontinuous we can see directly that
the kernel of ® induced from ® above is zero. Thus ® is an isomorphism
(compare the dimensions of the spaces in (8)). Moreover ® induces the
map between the fibers of the projections in (8) of the form

— Dy xP
9) H'Y(T,C%) x Ty ——2 ¢ x E.

If ¢ = £id then E' = C such that small s € C determines the complex
structure of the general fiber whose period matrix is given by Q(s) =
(1 + s,hg + shg) where Q(0) corresponds to that for the original Sy
([8, Lemma 4.5] ). We have the representations p parametrized by s
in the above family whose Ty-component h(s) satisfies h(s) = (hg +
sho)/(1 + s) and ®(9/9s) corresponds to 1 ([8, §4]). Thus ®, maps
T, onto E whose kernel is the RT-component of Ty represented by the
parameter detecting the deformation of the area of the general fiber. On
the other hand C = HY(T, H°(X, 0)%) and ®, is the map H' (T, C?) —
HY (T, H°(X,0)?) induced by the natural inclusion C C H°(X,0).
Moreover by the naturality of the spectral sequences (used in [8]) we
have the following commutative diagram.

HI(T,C%) —2 . H\(T,H(X,0)%)
Te1 T2

7

H'(B,C(Q) ——  H(B,0(Q)

Here @ is the flat C-bundle over B = B,; determined by the mon-
odromy representation ¢ which can be considered as the representation
of m1(B,,) (see §1). The coefficient C(Q) (resp. O(Q)) is the sheaf of
the germs of locally constant (resp. holomorphic) sections of @ and ¢4
and ¢ are the isomorphisms ([8, §7]). The map ® is the part of the
following exact sequence (in which the base B is omitted)

0 — HO(C(Q)) — H°(0(Q)) — H°(QX(Q))

— H'(C(Q)) = H(0(Q)) — H'Q'(Q))
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which comes from the exact sequence

0 — C(Q) — 0(Q) > '(Q) — 0.

Here Q! is the sheaf of the germs of holomorphic 1 forms on the non-
singular curve B. By the Riemann-Roch theorem (and since ¢1(Q) = 0)
dimc H°(QY(Q)) = dimc HY(O(Q)) equals g if ¢ = id and equals
g — 1 otherwise (cf. [8, §7] ). Comparing this with dimc H'(C(Q)) =
dimg HY(T, C?) which equals 2g if ¢ = id and 2g — 2 otherwise we
deduce the exact sequence

7

0 — HYQLQ)) — H(C(Q)) — HY(O(Q)) — 0.

Hence the kernel of @ is isomorphic to H(B, 2'(Q)). The same argu-
ment holds for the case with X = SLy x E except for the fact that the
kernel of ®, is trivial since there is no RT-component in Ty. Thus we
have

Theorem C-1. The Kodaira Spencer map ® for the Teichmdiiller
space T for the Seifert 4-manifold S over the closed orientable hyper-
bolic 2-orbifold B with any given representation p € T 1is surjective
and the kernel of ®: ToT — H(S,0) at S = S, is homeomorphic to
H°(B,QY(Q))xR* (if X = H2xE?) or H(B,Q1(Q)) (if X = SLyx E)
for the base curve B determined by p. The subspace T of T defined above

gives a locally complete complex analytic family of the complex structures
on S.

The last statement comes from [4]. We can see directly that amy
deformation in the subspace H°(B,Q(Q)) of To7 (which depends on
the choice of p € T) does not change the complex structure as fol-
lows. Take any w € H°(B,QY(Q)). Lift w to the 1-form on H which
is represented as dv for some holomorphic function ¥ on H satisfying
diy(az) = ¢(a)d(z) for any o € T,z € H. Taking the integral we de-
duce that b(a) = ¢¥(az) — ¢(a)(z) is a constant. Furthermore we have
b(af) = bla) + ¢(a)b(B). If a is a torsion then we can choose the fixed
point of o as z and hence b(a) = 0. The image of b(a) in H*(T, C?)
maps to 0 in H(T, H°(H, ©)?) since b(a) = ¥(z) — ¢(a)(a~12) and
conversely any element in the kernel of ®; can be represented by the
above way. Then the biholomorphic automorphism of H x C defined
by (z,w) — (z,w + s¢¥(z)) for s € C descends to the biholomorphism
between S, and Sy such that the difference m, —m, of the parameters
in H'(T, C?) is sb and all the other parameters are the same.
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Next consider the case when B is euclidean and S has a complex
structure. If g = 1, 7 = 0 (B is a torus) then we can assume that S
is either T* (a complex torus) or a primary Kodaira surface. In the
first case X = E*, G = Isom® E*. However since the complex structure
of X is not preserved by G but is preserved by G’ = E* x U(2) we
consider 7' = the identity component of 7(I', G') in this case. Then
T' = U(2)\GLJR and this is realized by the family of translations p
defined by

plai)(z,w) = (2 + wit, w + wi2)

for the generators oy, (i = 1,...,4) in I' = Z* such that
Wig = 0, w11, Wag € R+, det(%‘:wij, %wz]) >0

where (Rw;;, Sw;;) is the matrix of rank 4 defined by Rw;;, Sw;; for
i,j = 1,...,4. Thus we have a differentiable family C over 7’ of the
complex structures on S. 7’ contains the subfamily (which is complex
analytic) consisting of the representations with

wi1 = wag = 1, w12 = wa1 = 0, det(S(wij)s,j=3,4) >0

which is complete and effectively parametrized ([3]). It follows that the
Kodaira Spencer map for 7’ at any point is surjective. In the second case
X = Nil® xF and 7 is homeomorphic to Rt x Hx R? x H. Here the R*-
factor, the first H-factor, the last H-factor and the R2-factor correspond
to the area of the base, the period of the base, the period of the fiber
(the image of one of the lattices of the fiber is uniquely determined and
not deformed) and the twisting parameters for the fibrations respectively
(see §2). Hence we have a differentiable family C — 7 of the complex
structures. On the other hand in the decomposition of H!(S, ©) we have
E = F = C ([8]). Since the canonical divisor K of S is trivial there is
an isomorphism © = Q! and hence dimg H!(S,©) = h!'! = 2 since the
Hodge numbers satisfy h%2 = h?0 = 1 and by = h?0 + K02 + B! =4,
It follows that C' = H = 0 and as in the cases when B is hyperbolic the
Kodaira Spencer map is surjective with kernel = Rt x R2.

Finally consider the case when B is euclidean of genus 0. In this case
T=T,xHxRTif X =E*and T =T, x H if X = Nil® xE. Here
Tor = R?"3) x Rt (with r = 3,4) denotes the Teichmiiller space of
the base orbifold B where the first factor corresponds to the Teichmiiller
space of an r-pointed Riemann surface of genus 0 (with fixed area) and
the RT-factor corresponds to the area of the base B. The other factor
in T corresponds to the deformations of the lattices of the fiber (in the
case with X = Nil® xE one of the lattices of the fiber has the fixed
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image and hence there is no R*-factor). If r = 3 then the base B is
parametrized by the area only and if » = 4 then the R2("3)_factor is
identified with the Teichmiiller space of the double covering torus of B
which is isomorphic to H. In either case we have the differentiable family
C — T of the complex structures of S as in the arguments in §2. (In the
case with X = E*, g = 0 we can choose the representatives p for 7 such
that the image of p lies in E* xU(1) and hence we do not need to restrict
G to the subgroup E* x U(2).) On the other hand in the decomposition
of H'(Sg,8) we have C = H = 0,E = C,F = C"2 and we can argue
as in the case when B is hyperbolic. Thus we obtain

Theorem C-2. Let S be a Seifert 4-manifold over some orientable
hyperbolic or euclidean 2-orbifold B which admits a complex structure.
Then S has a geometric structure of type (X,G) with X = H? x E?,
g\/Lz x E, E* or Nil®> XE and G = Isom® X. Let T be the identity compo-
nent of the Teichmiller space T (T, G) where T’ = m1 X. (In the case when
S = T* restrict G to E* x U(2).) Then T gives a differentiable family
of complex structures on S such that the infinitesimal deformation map
at any point in T is surjective.

Remark. The statements in Theorem C-2 do not hold in general for
a Seifert 4-manifold S over a closed orientable spherical or bad 2-orbifold
B. In this case S is either a ruled surface of genus 1 (with X = $? x E?)
or a Hopf surface (with X = S3 x E). In either case not every complex
structure on S comes from the geometric one nor every differentiable
family of the complex structures containing the geometric one comes
from the Teichmiiller space of the geometric structures. In general the
dimension of H(S, ®) (which is not constant) can be greater than that
of the Teichmiiller space (cf. [9], [14], [2], [12]).

§4. A remark on the moduli spaces

In this section we give a remark on the moduli space M(T', G) for
a geometric Seifert 4-manifold S = I'\ X over a closed orientable hyper-
bolic base orbifold B = T\X with I' C G = Isom” X. We adopt the
representations of I" given in §1 and also assume that the monodromy
matrices Ay, ..., Ay, satisfy the conditions in Proposition 1. In this case
the fibration of S is unique and then every element ¢ of Aut I induces
the automorphism % of T and also induces the automorphism of Z2
generated by £, h. Put 7, = [[[az;—1, a2;] [T gj-

Proposition 2. Any element ¢ € Aut I' must be of the following
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form.

p(es) = pa;)l* h"
©(q5) = ¢(g;)€" h*?
(e(6), o(h)) = (¢, h)P.

Here P € GLyZ and (o), $(g;) are the words of o, ..., Qaq, q1,. .-, qr
satisfying

@(a5) = miagm;

@(me) = prlp
where 0 = *1, p,p; are some words of oq,...,x24, q1,...,¢, and
vi(1l,...,7) = (v(1),...,v(r)) is a permutation. We have further con-

ditions on the above parameters and the words as follows. Let €;, n;, n
be the exponent sums of oy in P(oy), pj, p respectively.

(0) My @) = My
(1) P7lASP = A,

o ()= ) - Gn)
@ op(§) v ar (o) 4y - () =

by () /M)
p(® + > ai/m;

Sketch of Proof. The proof is similar to that of [7, §5, Lemma 4,
Theorem 5] . (1) and (2) are derived from the relations a;(¢, h)a; ! =
(£, h)A;, q;nj £% h% = 1. (3) comes from (1), (2) and the remaining rela-

tion H[O{Qj_]_, C!zj] qu = é“hb.

The map ¢ — % induces the homomorphism ¢: Aut I' — Aut T
which descends to a homomorphism g: Out I' — Out T. Let Aut (T, q)
and Out (T,g) be the images of ¢ and § respectively. Also put K =
¢~ !(Inn T)). Then since ¢ maps Inn T onto Inn T the natural projection
m:AutT' — Out I’ maps K onto K = kerg and we have the following
commutative diagram with exact rows and columns.
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1 1
! !
1 Inn T K -, K —_— 1
| 1 !
1 Inn T AutT —— Owl ——1
! 12
Out (T,g) ——— Out(T,7)
! !
1 1

It is easy to see that the action of Aut I' (resp. Out I') preserves
the product fibration 7 — R — R for R = R([,G), R = R(T,G)
(resp. F =T — T for T = T(I',G), T = T(T,G)) (given in §1) and
induces the natural action of Aut (T, q) (resp. Out (T, ¢)) on R (resp. 7).

Now we will check the action of K on F (note that K acts trivially
on T). First suppose that X = H? x E2. Define pg = po(fo, \) € R by

po(£)(z,w) = (z,w + bo)
po(R)(z,w) = (z,w + LA™ 1)
po(a1)(z,w) = (po(@1)2, $(@r)w + wl)
pola)(z,w) = (Po(@i)z,w + wy) (i >2)
po(g5)(z,w) = (Bo(q;) 2z, w — (alo + bloA™") /my)
where
f e R, SN\ #£0,
w?z()foranyj ifA =1
and if Ay #1

0_ { bo((a+ 3 ai/ms) + (b+ 3 bi/mi)A~)/(¢(@r) — 1) if j =2
710 if j # 2.
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(We can choose such 'w?. See the proof of Theorem A in §1.) Further-
more by the assumption in Proposition 1 we have

A= ¢(ay) = exp(£27i/6) if A; = (_} (1))
A= ¢(@) = exp(£2mi/4) if A, = (_‘1’ (1))

A= exp(£2mif6), p(@) = A* if A = <—(1) —})

There is no further restriction on A if A; = +I. Then the image [po] € T
of py belongs to the fiber (22 F = T; x HY(T, C?)) of T over the image
[Po] € T of pg. Its Ti-coordinates are detected by (£o, ) and it corre-
sponds to 0 in the H*(T, C?%)-component. Now we take the subfamily
Ro of R with a fixed image B, in R whose elements p = p(£y, A, m) are

defined by
p(0)(z,w) = (z,w + )
p(h)(z,w) = (z,w + £pA™")
pla1)(z, w) = (Po(1)z, p(ar)w + wi)
plas)(z,w) = (Po(@i)z, w +w;) (i > 2)
p(g5)(z,w) = (Po(T;)7, w — (ajbo + bjloA™") /my).

Here (4o, \) satisfies the same conditions as before and
w; = wy + m(a;)

where m is a crossed homomorphism from T' to C? (with m(g;) = 0)
satisfying

(There are no restrictions on m(a;) if A; = I.) Hence we have

w; =m(a;) for any j if ¢ =id.

We note that if A; # I then wy = w9 is fixed once (£o, \) is fixed by
the relations (7), (8) in the proof of Theorem A (§1) and any crossed
homomorphism n:T' — C? with n(a;) = 0 for j > 2 is contained in the
image of 6: C°(T,C%) — CT, C?). Therefore the m’s satisfying the
above conditions descend isomorphically onto H'(T', C?). Taking these
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facts into account we can see that the family Rq generated by p(€o, A, m)
whose parameters satisfy the above conditions is the subfamily of the

fiber over p, € R whose F -components give the representatives of F. To
check the action of K on F, it suffices to find the element x € Inn G for
given p € Ry, ¢ € K (¢ may depend on p and ) such that p-p-v € Rg
and examine the action of - p - ¢ (which is independent of p, in the
w-coordinate). Since the action of K commutes with that of Inn G, it
suffices to consider the element ¢ € K of the following form.

o(a;) = a5 Rt
(4) ¢(g;) = ;0% b

(p(€), p(h)) = (£, R)P

where s;,t;,u;,v; € L, P € GLyZ satisfy

(5) PA P = A

Uj a;/m;
6 J) =(I—-P < J .7)
©) (Uj ( ) b;/m;

S2 a+ > a;/m;

7 A —1T =(P-1 .
™ (4 )<t2) ( )<b+ Zbi/m)
For such ¢ € K and p € Rq denote the first and the second factors of

p-o(a)(z,w) by p- p(a)(z,w); (¢ =1,2) respectively for & € I'. Then
we have

Po(@)z if a=ay org;

8 ﬂﬂ@@whz{

z fa=~forh
and
p-elen)(z,w)z = ¢(@)(w +Lo(s1 + 11 A7) +
p- () (z,w)2 = w +w; + Lo(si + A7) (6> 2)
©)  pe(g;)(z,w)2 = w — Lo(aj +bA™1) /my + Lo(uj + ;A7)
p-o(l)(z,w)2 = +56
p-p(h)(z,w)s = w -+ h

where (€5, k) = (lo,€oA"1)P. Let K; be the subgroup of K consisting
of the elements satisfying (4)—(7) with P = I and let K, be its image in
K. For any ¢ € K, we deduce u; =v; =0and if A; # 1, s =12 =0.
Also let Ko be the subgroup of K; generated by the elements of the
above forms with s; =t; =0 for j > 2 and K be its image in K. Note
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that Fl = Kl/(Kl N Inn F), Fo = KO/(KO N Inn P) and KijNInn IT' =
KoNInn T = Inn Z? where Z2 is the subgroup of I' generated by £ and
h. (This comes from the fact that T is centerless.) The element ¢ € K

comes from Inn Z? if (i1> =(AT'-1) (i) and hence
1

K, is finite if A; # I and moreover Kg =1 if A = <_} (1)>

Given p € Rg and ¢ € K; we take an inner automorphism u by the
element (z,w) — (z,w + ¢(@1)(s1fo + t1loA"1)/(p(@1) — 1)) if A1 # I
Then we can see by the conditions on w; above for (8), (9) that the
correspondence p — p-¢@ (if Ay =T)or p— p-p-¢ (if Ay #1I) gives a
map from Ry to itself such that the parameters are changed as follows.

(€0, A) — (Lo, \)
m(a;) — m(a) + s:bo + tloA"!

fori > 1if A; =1 and for i > 3 if A; # I. (We can see from (7) that
the wq-parameter of i - p - ¢ is the same as that for p if A; 5 I.) Since
siy t; (1 2 1if Ay =T and ¢ > 3 if Ay # I) are arbitrary integers this
gives the action of K; on F. Hence

F/K, =T, x H\(T,C*)/H\(T, 2*%)

with

_ - T')29 if Ay =1

H'(T,C%)/H'(T,2*") = { ., b
(TYH29-2 if Ay #1

where T! & C/Z? is the complex torus of dimension 1 whose lattice is
generated by £, and £yA~!. Here we note that if A; # I then K, is
the subgroup of K; which acts trivially on F. Hence K; (or K,/Kg
if Ay # I) acts effectively and properly discontinuously on F. Next
consider the action of ¢ € K not decending to K.

Case (1). Ay = +I. Put P = <f Z) € GL,Z for ¢ € K defined

in (4). Here uj;, vj, sz, t for ¢ must be defined as elements in Z
according to (6) and (7) (if A; = I then (7) becomes obvious since the
right hand side of (7) is 0 in case X = H? x E?). Then considering (8),
(9) for p € Ry and ¢ we can take an inner automorphism p of the form
(z,w) = (z,0w+c) for some ¢ € C with o = [p+7A7Y|/(p+7rA~1) such
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that the the correspondence p — - p - ¢ gives a map from Ry to itself
of the form

A= (pA+r1)/(gA+5)
b — lp+rA7 e
m(a,) — U(m(ai) + silo + tieo)\_l)

fori>1if Ay=1and fori>3if A; = —1.

Case (2). Ay # £I. In this case we deduce from the conditions on
A above that

(o, LA™ 1) AL = (Mo, £o) forA;=(_} (1))

if A, = (_(1) _i) and

(Lo, LoA™1) A1 = (Mo, Lo)

otherwise. Furthermore for the presentation of ¢ in (4) we must have

P = A} (in case A; = (_(1) _1)) or P = A¥ (otherwise) for some

k € Z by the condition (5) and

uj,vj,82,t2 €74

where these numbers are defined by (6) and (7) for the above P (we
have assumed that P # I since ¢ ¢ K;.) Then in the presentation (9)
for p € Ry, v € K we have

(€' 1) = (Lo, LA™ H)P = (\ly, \E14p)

for P = A¥ or P = Allk as above. Hence taking an inner automorphism
u by the element (z,w) — (2, \"Fw + c) where

c=X"Fg(a1)(s1bo +t1loA ™)/ (p(a1) — 1)

we can see that the correspondence p — p - p - ¢ gives a map from Ry
to itself of the form

(Lo, A) = (£o,A)
m(az) — )\”k(m(a,) + s:lo + tie())\_l) (’L > 3)
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In the cases when A; = +I the above correspondence shows that the
action of K on F preserves the product fibration of the form H(T, C?) x
Rt — F — H x Z, (where T; = Rt x H x Z,) which induces the
properly discontinuous action on H x Zy (which is identified with {\ €
C | SX\ # 0}) of the form A — (p\ + r)/(g\ + s) for some matrix

(Z Z) € GLyZ. In the cases when A; # I we have at most finite

number of possible choices for P in the presentation of ¢ above since A;
(or AY) is periodic. Hence by the above correspondences and the action
of K (and taking the fact that K is finite if A; # I into account) we can
easily see that K (or K /K if ¢ # id) acts properly discontinuously on
F in either case. Finally counsider the action of Out I" on 7. The group
Out T acts on 7 so that it preserves the product fibration F — 7 — T
and induces the action of Out (I', §) on 7 which is properly discontinuous
since the action of Out (T') on 7 has, as is well known, the same property.
Since K (which is the subgoup of Out I' which induces the identity on
T) acts properly discontinuously on the fiber of 7 as above we can see
that Out I' acts also properly discontinuously on 7. The cases with
X = S”Ez x E (in this case A; = I) can be treated similarly and we omit
the details. Thus we have

Proposition 3. Let S = T'\X be a geometric Seifert 4-manifold
over a closed orientable hyperbolic orbifold B with T C G = Isom® X.
Then Out T' (or Out T'/K, in case the monodromy representation ¢ of
S is not trivial where K is a finite subgroup of K defined above) acts
on T(T,G) properly discontinuously and the muduli space M(T',G) is
Hausdorff. ,

On the other hand if K; # K then we must have ¢ € K of the form
(4) satisfying (5)—(7) with P # I. In particular s, %2, u;,v; defined by
(5) and (6) for some appropriate P # I satisfying (4) must be integers.
From these conditions we can deduce some extra conditions on the Seifert
invariants of S and derive the following proposition. Here we omit the
details of the computations.

Proposition 4. Let S = T\X be a geometric Seifert 4-manifold
as in Proposition 3. Then if the monodromies of S satisfy the con-
ditions in Proposition 1 and if the Seifert invariants of S do not sat-
isfy the conditions below then K = K, and M(T,G) is a Seifert fibra-
tion over T(T',G)/ Out (T',q) (which is defined above) with general fiber

T, x HY(T, C?%)/H\(T,2*%).
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(1) A; = (_i (1))

(1) There are no multiple fibers;
(2) (mi,ai,b;) = (3,€,€), ¢ = £1 for any 3;
(8) m; =2 for any i.

(ID) 4; = (_‘1) _i)

(1) There are no multiple fibers and a = b mod 3;

(2) (ms,a4,b;) = (3,€;,€) with ¢, = £1 for any i and > ¢, = 0
mod 3;

(8) m; =2 foranyi and ) a; —2a =) b; —2b mod 3.

(ITD) A, = (_‘1) (1))

(1) There are no multiple fibers;
(2) m; =2 for everyi and 3 a; =>_b; mod 2.

(IV) A = +1I.
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