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On the Deformations of the Geometric Structures
on the Seifert 4-Manifolds

Masaaki Ue

We call a closed orientable 4-manifold S a Seifert 4-manifold if S
has a structure of a fibered orbifold 7: S — B over some 2-orbifold B
with general fiber a 2-torus T2 where the total space S is a nonsin-
gular manifold. In [10], [11] we discussed the relations between them
and certain eight geometries in dimension 4 in the sense of Thurston
and also gave their topological classification. Here by a geometric struc-
ture of S we mean the structure of the form I'\X diffeomorphic to S
where X is a l-connected complete Riemannian 4-manifold and T' is
a discrete subgroup of the group Isom™ X of all orientation-preserving
isomorphisms of X acting freely on X. The purpose of this paper is to
determine the Teichmiiller spaces for their geometric structures in the
cases when the base orbifolds are either hyperbolic or euclidean (§1 and
§2). Our results are parallel to [5], [6] in which the Teichmiiller spaces
for the geometric structures on the Seifert 3-manifolds were discussed.
But a little more arguments are needed for our cases since we should
take account of the nontrivial monodromies. In the meanwhile some
of the Seifert 4-manifolds have complex structures compatible to their
geometric structures ({12]). In these cases we will also give the relations
between the Teichmiiller spaces and the deformations of the associated
complex structures via the Kodaira Spencer maps. In all cases we treat
here these maps are surjective but not injective in general (and hence
the Teichmiiller spaces are not effectively parametrized as families of
complex structures §3). Finally in §4 we also give a remark on the
moduli spaces for the geometric structures when the base orbifolds are
hyperbolic and show that they are defined as Hausdorff spaces whereas,
as is well known, the moduli spaces for the complex structures can not
be defined as Hausdorfl spaces in general. For simplicity in this paper
we only consider the Seifert 4-manifolds over the closed orientable base
orbifolds. All the subjects will be considered in the smooth category.
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We will use the same notations for the geometries as in [12], [13], [10]
and [11]. The 2-dimensional hyperbolic space will be denoted by H?
and also by H (as the complex space). Furthermore C* and R* will
be the set of nonzero complex numbers and the set of positive numbers
respectively.

§1. Definitions of Teichmiiller spaces and the cases when the
bases are hyperbolic

Let S be a closed orientable Seifert 4-manifold over a 2-orbifold B
and 7: S — B be its fiber map with general fiber 72. In [10] and [11]
we proved that S has a geometric structure if B is either euclidean,
spherical or bad and if B is hyperbolic S is geometric if and only if S
has a complex structure (and is an elliptic surface). Let G = Isom’ X
be the identity component of Isom™ X. For simplicity we only consider
the geometric Seifert 4-manifolds over either hyperbolic or euclidean
orientable base orbifolds of the form T\ X with T’ C G and the (G, X)
structures on them. We note that any geometric Seifert 4-manifold over
the hyperbolic 2-orbifold (we have assumed that the base orbifold is
orientable) is of the form '\ X where X is either H% x E? or SLy x E

and T C G = Isom” X ([11]). Here SL, is the universal covering of
SL:R.

Definition 1. Let R(T,G) be the set of all faithful discrete co-
compact representations from I' to G with compact open topology.

The group Inn G of the inner automorphisms of G and the group
Aut T of the automorphisms of I act on R(I',G) by g - p(7) - g~! and
by p- ¢(v) = p(¢(v)) respectively where g € G, vy € T, ¢ € At T’
and p € R(T,G). The second action commutes with the first one and
induces the action of the group Out I' of the outer automorphisms on
the quotient Inn G\R(T', G).

Definition 2. We call the quotient space
T(I',G) =Inn G\R(T, G)
a Teichmiiller space of S = I'\ X, and the quotient
M(T,G) =Inn G\R(T,G)/Out T

a moduli space of S =T\ X.
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The fundamental group 7$™ B of the base orbifold B has the repre-
sentation of the form

{al"",azgaqlw-‘aqr |

g T
g = =g = [[lEni-n @i [, =1}
i=1 j=1

where q; corresponds to a meridian circle around the i-th cone point
of cone angle 27/m;, and @y, ..., %, form a symplectic base of the
fundamental group of the underlying space |B| of B of genus g. Here we
define [o, 8] = afa~!B7L. Note that m°*PB is isomorphic to a discrete
subgroup I in Isom X and B = I'\X where X = H if B is hyperbolic and
X = E? if B is euclidean. Then 7, S has the following representation:

{aa,...,000,q1, .., qr, £, 1 |

[¢,h] =1,[g;, €] = [gj,h] =1 forj=1,...,7,
(cifa;t, azha;t) = (6,h)A; fori=1,...,2g,
q;”sﬁashbszl fors=1,...,r,

g

H[a%—l, ;] H gs = £*h"}.

i=1 s=1

Here a5, q; are the lifts of &; and gj respectively, £ and h form a base
of the fundamental group Z2 of the general fiber T2, A; € SL,Z is
the monodromy matrix corresponding to @; with respect to (¢, h), and
(ms, as, bs) is the Seifert invariant of the s-th multiple fiber of multiplic-
ity mg over the s-th cone point. The Seifert invariants for such S are
denoted by

{Ah .. '7A29a (aa b)’ (mlaala bl)a RN (m’r'aa'r'a br)}

First consider S = I'\X when B = T'\X is hyperbolic. Then by
the results in [15] the fibration of S is unique up to fiber-preserving
diffeomorphisms and 7¢*™® B = T is uniquely determined by I" up to group
automorphisms. Moreover all the monodromy matrices are the powers of
some common periodic matrix @ ([11], Theorem B). If every monodromy
is trivial then the pair e = (a+_a;/m;,b+>_b;j/m;) € Q* mod GL,Z
is well defined and is called the rational euler class of S. The type of X
is .5"—2//2 x E if every monodromy is trivial and e # (0,0) and X = H? x E?
otherwise. Furthermore we can assume that a + )" a;/m; = 0 in the
first case by some coordinate change of the fiber ([11]).
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Proposition 1. Let S be a geometric Seifert 4-manifold over a
hyperbolic orbifold B. Then for appropriate choices of the lattices of
the general fiber and the symplectic basis of the curves on B generat-
ing Hy(|B|,Z) we can assume that A; = I for i > 2 and A, is either

11 0 1 01 . : . )
(_1 0),(_1 _1),(_1 O),:I:I, where I is the identity matriz.

Proof. We can assume that all monodromy matrices A; of S are
powers of a periodic matrix Q. Then by choosing the lattice ¢, h ap-
propriately we can suppose that @ is either one of the five matrices
given above since @ is periodic. In particular all A; are mutually com-
mutative. If we consider the pullback of S by a self-automorphism ¢
of the base B fixing all cone points and the base point of B then ¢
induces the symplectic isomorphism ¢, on H;(|B|,Z) and the mon-
odromy matrices Ay, ..., Agg are transformed to ¢, A1,. .., ¢ Azg where
if ppa; = 6100 + 02003 + - - - b240a4 for the symplectic bases @y, ..., a2y
of Hy(|B|,Z) then ¢,A; = A% A% -~-Ag;". Since all A;’s are powers of
Q Euclid algorithm shows that this process simplifies the monodromy
matrices (which are still powers of @ after this process) of the Seifert
fibration of S induced from the original one by ¢ if ¢ is chosen appro-
priately. In fact we can see that some automorphism ¢ of B fixing all
the cone points induces the isomorphism ¢, such that ¢.A4; = I for
1 > 2 as follows. First for any P, € SLyZ,(i = 1,...,9g) there is an
automorphism v of B such that

(Yuii—1, Yulin;) = (Q2i—1,02i) P;

since every symplectic isomorphism can be realized by some orinetation
preserving self-diffeomorphism of B fixing all the cone points. Using
such 1 the monodromy matrices can be transformed so that As; = I for
i=1,...,9. Next consider the symplectic isomorphism p satisfying

p(tz) =@ — ag;
p(Q2i—1) = 01 + Qi1 — oy

p(a;) =a; otherwise

which maps As;_1 to Ag;_1 A1, leaves the other monodromies unchanged
and can be realized by the Dehn twists along the curves representing
@y dp; " and ozl_l. Then applying the isomorphisms of this type or their
inverses (or those obtained by exchanging the roles of a; and ag;—1) and
the isomorphism mapping (o, @) to (ag;—1, az;) we can see (by Euclid
algorithm) that Ag;_; (¢ > 2) is reduced to I with all others except
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for A; left unchanged. The desired automorphism ¢ is obtained by the
composition of the above automorphisms. Finally consider if necessary
the symplectic isomorphism o satisfying

0'(&1) = —61

o(ay) = —aq

o(@;)=a; fori>3

(which maps A; to A7!, leaves A; = I (i > 2) unchanged and is also
realized by an automorphism of B) and some further change of the
lattice of the general fiber we obtain the desired representations of the

monodromy matrices since A; is still a power of some periodic matrix.
Q.E.D.

In the case of a geometric Seifert 4-manifold S = I'\ X over a hyper-
bolic base orbifold B = I'\X, X is complex analytically equivalent to
H x C ([11], [12] and see the proof of Theorem A below) such that the
lattice I'g of the general fiber of S acts on the C-factor as translations.
Furthermore the lifts of the elements of T to I' induce the orientation-
preserving automorphisms of the C-factor (up to translations) which
do not depend on the choices of the lifts and which preserve the lat-
tice in C defined by I'y. Then we have a homomorphism from T to
GL™(1,C) = C* which we call the monodromy representation of I'\ X
and denote by ¢. The relation between ¢ and the monodromy matri-
ces of S = I'\X is explained in Theorem A and its proof below. To
describe the Teichmiiller space of I'\X we introduce the following extra
notations.

T(T,Isom™ X) the Teichmiiller space of B = T\ X
HY(T,C?) the 1st cohomology group of T with coefficients C?.

Here C? is C twisted by ¢, 7(T,Isom™ X) = R2(39-347) x Z, where g
is the genus of B and r is the number of the cone points of B. Let 7y ,

be the identity component of 7 (T, Isom™ X). (It is well known that 7,
which is also the Teichmiiller space of the orbifold B depends only on g
and 7.)

Theorem A. 7T (T',G) for a Seifert 4-manifold S = T\X over a
hyperbolic 2-orbifold B = f\y has a structure of a trivial fiber bundle
of the following form.

F - T(T,G) — T(T,Isom™X).
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Here the fiber F is isomorphic to H*(T, C%) x T1 where

Rt xHx Zs, if X=H?xE?and¢==id
T, ={ R* x Z,, f X =H?x E? and ¢ # +id
H x Zo, if X =S8Ly x E

and T corresponds to the deformations of the lattice of the general fiber
generated by ¢ and cA™! with c € R, A € C and S\ # 0. Ty has two
components according to the sign of SX. The monodromy representation
¢ satisfies ¢p(&;) = £1 if the monodromy matriz A; corresponding to o
is £1. If A; # +I for some i, the lattice I'g in C of the general fiber
1s uniquely determined up to scalar multiplication and ¢ is also uniquely
determined once the sign of S is fized. HY(T, C®) satisfies

C2  if¢=

C29-2  otherwise.

H%icﬂz{

The identity component Ty of T (T, G) is T, » x H*(T, C?) x T where T
s the connected component of T and is homeomorphic to a euclidean
space.

Proof. We may assume that S satisfies the conditions'in Proposi-
tion 1. First suppose that the type X of the geometry of S = '\ X is

H? x E? which is identified with H x C. In this case G = Isom”H? x
Isom"E2. Let p € R(T, G) be any element for S = I'\ X. Then p induces

the representation 5 € R(T, G) with G = Isom"H? = PSL,R. p gives
the representation of the base B as the hyperbolic orbifold B = I'\H.
Then for the coordinates (z,w) € H x C, we have

(0 p(0)(z,w) = (2w + ©)
1 p(h)(z,w) = (z,w + d)
( (
( (

~ ~—

2) p az)( ) (ﬁ(az)z))‘zw"f'wz) (7“ = 17"‘729)
3) p(g;)(z,w) = (p(g;)z, w — (ajc + bjd)/my)

where ¢,d € C are linearly independent over R, A\; € 8! ¢ C,w; € C
which satisfy the following relations. We note that (3) comes from the
relations q;™i 0% hb =1, [q;,€] = [g;,h] = 1. Put ¢ = u+iv,d = v/ + iv’
and P = (Z/ Z,) € GLyR. Then we deduce from o;(£, h)a; ' =
(¢,h)A; that

PAP! = (cosOi —sm&i)

sin 6; cosf;
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where \; = exp(v/—16;). Thus we have \; =1 for ¢ > 2 since 4; = I. If
A; = %1, then A; = %1 and there is no further restriction on (¢, d). For
the remaining cases we have (c,d) = (¢, \™1c) with

(4) A1 = A =exp(£27i/6) if A; = (_i (1)>

(5) A = exp(£27i/6),\; = N2 if A; = (_(1) _i)
. 01

(6) )\1=>\=’:‘:’L lfA1=<_1 O)

The monodromy representation ¢:T' — C* is defined by é(a;) = \; ,
#(q;) = 1. We note that ¢ is uniquely determined if A; = £1. If A # 1
we have two choices of A above according as SA > 0 or S\ < 0. Hence
the parameter space for the lattice of the general fiber (represented by
c and A) has two components and is homeomorphic to C* x Z,. The
monodromy representation ¢ depends only on the choice of A\. If A; =
+1, (and if we write (c,d) = (¢,cA™!) ) then (c, \) ranges over C* x H x
Z-. In this case we have two components according to the sign of .
Finally from the relation []7_, [ag;—1, ag;] [T}—; ¢j = £*h® we deduce

g g
Z 052] 1) - ]. ’l.UQJ Z CVQJ - 1 ng 1
j=1 j=1
@ 7 .
=(a+ Zaj/mj)c+ (b+>_bj/m;)d

j=1 j=1

Clearly we can find w; satisfying (7) for any p since the right hand
side on (7) is 0 if ¢ = id. Hence p defined by (0)—(3) satisfying (4)-
(7) defines a discrete faithful representation from I' to G. Conversely
every p € R(T,G) has a lift p € R(I', G). Hence the natural projection
p:R(T,G) — R(T,G) is surjective. Next we describe the fiber F of p.
Pick up p, € R(T,G) and fix a lift pg € R(I',G) of p satisfying (0)-
(7) as a base point of the fiber over p,. Hereafter the parameters in
(0)—(7) for po are denoted by the same symbols with suffix 0. We can
choose w;.) in (2) for pp so that w? =0if ¢ =id or w? =0 for j # 2
and w§ = ((a-+ X az/my)e + (b + X by /my)d)/(6(a) — 1) if ¢ # id
under the assumption in Proposition 1. Take p € R([', G) such that
P = Po, (¢,d) = (co,dp) and the monodromy representations for p and
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po are the same. Put m(ay) = w; — w§, m(g;) = 0. Then m(a;) satisfy

9

(8) Z ¢(0iz2j—1) — 1)m(diz;) Z p(aizj) — Dm(@zj—1) =0

=1 =1

and m can be extended to a crossed homomorphism m:I' — C satisfy-
ing m(@B) = m(@) + ¢(@)m(B) for @, 3 € T. Let C*(T, C?) be the i-th
cochain of T' with coefficients C twisted by ¢. Then m is contained in the
kernel of the coboundary map §: C*(T', C%) — C?%(T, C%). Conversely if
m € ker § then m(g;) = 0 since c_I;nj = 1 and ¢(g;) = 1. Furthermore for
any such m, we can define a faithful discrete representation p satisfying
P = Po» (¢, d) = (co,do), wj = w? 4+ m(@;). The choice of m does not
depend on the choice of (¢g, dp) if ¢ is fixed. Thus the fiber F is homeo-
morphic to (ker §) x T, where Ty = C* x Zy if ¢ # +id or C* x H x Z,
if ¢ = +1id. We note that the choices of the parameters of T, (and the
choices of w} in (2) satisfying (7) for the fixed lift po of 7, ) do not
depend on p. So the projection p: R(T',G) — R(T,G) gives a product
fibration and R(T', G) = R(T, G) x ker § x T;. Next we check the action
of Inn G on R(I', G). The action of Inn PSL;R is nonrivial only on the
first factor R(T, G) of R(T, G) and yields a Teichmiiller space 7 (T, G) of
the base orbifold B. T (T, G) has just two components which correspond
to the Teichmiiller spaces of the hyperbolic structures on B and B with
opposite orientation. Each one is identified with the Teichmiiller space
T, » = R%39-3+47) of r_pointed Riemann surface of genus g. Next we pick
up p € Isom* E? defined by p(z,w) = (z,0w + w') with 0 € S*,w’ € C
(acting trivially on the first coordinate). If p € R(T', G) satisfying (0)-
(3), then we have

up(Op" (z,w) = (2,w + oc),

pp(R)p~ (2, w) = (w,w + od),

pplag)u™ (z,w) = ((@;)z, \jw + ow; + (1= M),

pe(g;)u~ (z,w) = (B(T)z, w — (asoc + biod) /my).
where \; = ¢(@;), d = cA~! as in (4)—(6). Then (c, \) are transformed
to (oc,A) and w; is transformed to ow; + (1 — ¢(&;))w’. Thus if the
representative of ¢ in Inn Isomt E2\F is fixed so that ¢ € R*, then
m(a;) ’s are defined modulo the image of §°: C°(T, C?%) — C(T, C?%) in
Inn Isom™* E2\F. Therefore we obtain

T(T,G) =T (T,G) x (T1 x H'(T, C?%))
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where T(T', G) is parametrized by p (mod Inn G) € T(T,G), (¢, \) €
T; = Rt xH x Zy or R x Z5, and m(a@;) (mod Imé°) € H*(T,C?) as
desired. H(T, C?) is a vector space over C whose dimension is easily
computed by (8) under the assumption of Proposition 1 as indicated in
Theorem A. We note that H*(T, C?) is the same as H'(m;|B|, C?) since
the coefficient of the cohomology is torsion free and the monodromies
along the torsion elements g; in T are trivial.

Next we consider the case when S = I'\X with X = SL, x E
and G = SL, x R x R. In this case X is identified with H x C with
/

coordinates (z,w),z € H,w € C so that w corresponds to logdz ([13}).
Here the imaginary part of logdz corresponds to the lift of the unit
tangent vector at z € H? to the fiber of the natural projection m: 5*12 —
H?. This projection is defined via the identification of PSLyR with
the unit tangent bundle Ty H2 of H2. The real part of log dz belongs to
the E-factor of X. Then p in R(T, G) induces the element p in R(T, G)
where T' = 79"™* B and G = PSLyR. Moreover p must be of the following
form:

(0)(z,w) = (z,w +¢)
(h)(z,w) = (z,w + d)
(a;)

(

T DD

(2, ) = &j(z7w) + (vaj)
;) (z,w) = G;(z,w) + (0,y;)

where &;(z,w) is a lift of p(@;): z — (a;2+ b;)/(c;z + d;) defined by

Qj

p

a;(z,w) = (p(a;)z, w — 2log(c;z + d;)).

Here the imaginary part of the second factor is chosen so that it is con-
tinuous and it coincides with the image of Sw by the parallel translation
from z to p(;)z along the axis of the hyperbolic element 5(a;) (which is
defined as the lift of that on T) H? via the projection SLo — Ty H 2)if 2
lies in this axis. These conditions determine the choice of the branch of
log in the image of &;. A lift §; of p(g;) is taken so that qu =1in G (cf.
[11], [13]). Note that §; is uniquely determined since the R x R-factor
of G lies in the center of G. Then

y; = —(ajc +bid)/m;

from g; "/ £% hb = 1. We have chosen ¢, h so that a + Y a;/m; = 0,
b+ > bj/m; # 0 and hence we also deduce from [][ag;—1, 25| [1g; =
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£°hY that
d = (2mix"*B)/(b+ > bj/m;) # 0

where x°™ denotes the orbifold euler characteristic. Therefore the pa-
rameters y;,d are fixed, ¢ = u + iv is an arbitrary complex num-
ber with u # 0 (since ¢ and d must be linearly independent over R),
and w; are arbitrary complex numbers. Then the natural projection
p:R(T,G) — R(T,G) defined by p(p) = p is surjective and the fiber
F of pis CY(T',C) x T; where T; = H x Zy which corresponds to c
(or equivalently ic). T; has two components according to the sign of
Re. Since every translation (z,w) — (z,w + s + ti) commutes with
any element g € G, the action of Inn G on R(T', G) yields the following
isomorphism;

TT,G)=T(T,G) x HYT,C) x T,

which proves Theorem A.

§2. The cases with euclidean base orbifolds

Suppose that S is a Seifert 4-manifold over a closed orientable eu-
clidean 2-orbifold B. In this case S has always a geometric structure of
type X where X = E*, Nil® x E, Nil* or Sol® x E ([10]). But in this
paper we restrict our attention to the cases when 7.5 = I is a subgroup
of G = Isom°X. Then by the results in [10] we have only to consider
the cases when S is diffeomorphic to one of the followings (note that the
fibration of S is not unique when B is not hyperbolic).

(1) B =T2.

1) S=T% X = E4

2) S ={I,1,(a,b)} with (a,b) # (0,0), X = Nil’ x E;
3) S={(}}) (@b} A#0,b#0, X =Nil"

4) S ={A,I;(a,b)} with tr A >3, X = Sol® xE.

(IT) B has genus 0.

(1) The rational euler class e of S equals (0,0), X = E4;
(2) e#(0,0), X = Nil*> xE.

Here S is diffeomorphic to a hyperelliptic surface in case (II-1), a
primary Kodaira surface in case (I-2), and a secondary Kodaira surface
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in case (II-2). We note that

Isom® E* = R4 % SO, if X = E*,

o Nil® x SO, x R if X =Nil® x E,
Sol®> x R if X = Sol® x E,
Nil if X = Nil*.

Theorem B. For the Seifert 4-manifold S = T'\X in the above
list we have the list of T(I', G) as follows.
(1) The cases when B = T?.

SO\GL4R, in case (I-1),

T(r.G) = Ti0 x F, in case (I-2),
’ (R*)? x R?, in case (I-3),
(R*)? x (Z2)®2 xR, in case (I-4).

Here in case (I-2) T o = SO\GL:R = RT xH x Zy, F = R2x Hx Z,.
(2) The cases with the base orbifolds of genus 0. Let r be the number
of the cone points of B (r =3 or 4). Then we have

T(,G) =T, x Ty

where
_ { R23) x Rt xZy ifX=NiPxE
" R2(—3) x R+ if X = E*
and
T1={HXZ2 if X =Nil> x E
Rt xHxZy if X=EFE%

Proof. In case (I-1) we have I' = Z* whose generators «; are given
by translations a;z = x +¥¢; for z,4; € E*. Here ¢; are mutually linearly
independent and hence I is parametrized by GL4R. The action of Inn G
is given by (€1,...,44) = (0l1,...,04,) for 0 € SO,4. Hence T(I',G) =
SO4\GLsR which has two components and each one is homeomorphic
to R1O.

Next consider case (I-2). In this case X = Nil® x E. Here we recall
the structure of Nil®> x E. The point of X is represented by (w, z) € C?
such that the action of G = (Nil*> xR) x S is defined by (w’, 2')(w, z) =
(w'+w—iz'z, 2 +2) for (w',2') € X, and t(w, z) = (w, tz) for t € S C
C. We can assume that S = {I,I;(a,0)} for a #0 and T = {e, 3,4, h |
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[6,h] = [, €] = [, h] = [B, €] = [B,h] =1, [, B] = £*}. The subgroup Iy
generated by £,h is the center of I' and the projection Nil®> xE — R?
defined by (w, z) — z induces the structure of a T'2-bundle over 7 of the
form Ty\R x E — I'\ Nil® x E — Z?\R? which gives the above fibration
([12]). Thus p € R(T', G) must have the following form:

p(£)(w, z) = (w + Lo, 2)

p(h)(w, z) = (w + ho, 2)

pla)(w,z) = (ag + w — ibyz, by + 2)
p(B)(w,z) = (a3 +w — ib12,by + 2)

where £y and hg, by and b; are linearly independent over R. Since
p([e, B)(w, z) = (w + i(boby — boby),2) must be equal to p(£%)(w, z),
we have £y = i(bob; — bob1)/a and since this is a nonzero real number hg
is an arbitrary number with $hg £ 0. Thus we have

R(T,G) = F x R(Z2,G)

where F = Hx Zy x C2 which is represented by hg, ag, a1, G = Isom® E2,
and R(Z?,G) = GLyR represented by by and b;. Next taking the con-
jugation of p by v = (wo, 20) and t € S we can see that the parameters
are transformed as follows:

ap — ag + i(EZO - %bo)
a1 — a1 +i(b1z0 — 20b1)
by — tho
b1 — tby.

Thus to get the representation in 7 (I, G) we can assume that by € R
(choose t € S! appropriately). Then i(bgzg — Zobo) = —2boSz and
hence choosing 2z so that Szp = Rao/2bp then ag + i(bozo — Zobo) is
pure imaginary. On the other hand i(b129 — Zob1) = 2((Sb1)(Rz0) —
(Rb1)(Rao/2bp)). Since Tb; # 0 by the assumption we can choose 2
so that both ag and a; are transformed to pure imaginary numbers.
Consequently we have T(I',G) = F x T (T, G) where F = R2 x H x Z,
represented by iag,ia1,ho and 7(T,G) = SO:\GL:R = Rt x H x Z;
represented by bg and b,.
In case (II) we can assume that

5= {(0,0), (ml,al, bl), . (mr,ar, b'r)}
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with » = 3 or 4 and

I'= {ql’”-’Q’r’)£7h l [eah] = [qza‘e] = [qzah] = 1,

g e h" =1, [ =1}

Here if » = 3, then (mq,me,m3) = (2,4,4),(2,3,6), or (3,3,3) and
if = 4 then (m1,mg,m3,my) = (2,2,2,2). Furthermore in this case
X = E* or Nil® xE. In either case the subgroup Iy generated by £ and
h are the center of I' and the exact sequence 1 — I'y - I' = T — 1
(where T' = 7¢™ B) yields the original Seifert fibration. First suppose
that X = E*, G = R* x SO4. Pick up p € R(T, G). Then the holonomy

group of p(I') which is the image p(I') of p(T') under the natural map
G — S0, is cyclic (since S is diffeomorphic to a hyperelliptic surface).
Since p(I'o) must be contained in the translation parts of G we can
assume that there is a decomposition C x C of E* such that p(To) acts
trivially on the first factor. Since p(I'p) commutes with any element in
p(T') we can see that any element of p(T') is contained in SOy x 1 C
SOz x SOy C 50,. If we take another p' € R(T',G), then there exists
o € SOy such that op’(T'g)o ™! satisfies the above condition for the same
decomposition of E* and hence the image of op/(I')o~! under the above
map is also contained in the same subgroup SOz x 1 C SO4. Therefore it
suffices to consider the representation p satisfying the above conditions
for the fixed decomposition of E4. Thus p projects to p € R(T', G) where
G = Isom® E? and we must have

p(8)(2,w) = (z,w + o)
p(h)(z,w) = (z,w + ho)
p(@:)(z,w) = (p(T)zw +s:), (1<i<r)

where £y and hg are linearly independent over R, @ € T is the image
of g; under the projection I' — T', s; € C. Then from the relation
g"i¢%h% = 1 we deduce s; = —(a;lo + b;ho)/m;. Next we must see
exactly when the two representations p and p’ of the above forms are
in the same orbit under the action of Inn G. Suppose that there exists
0 € G such that opo~! = p/ with ox = x4 so, 7 € SOy, 5o € R*
and x € R%. Then we can see that x = (012, 02w) where 01,02 € SO2
or 01,00 € Oy — SOy and x = (z,w) with z,w € C. Suppose that
o(z,w) = (012 + ag, 02w + by) with 01,02 € SO2, ag,by € C. Then p’
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satisfies

o' () (z,w) = (z,w + 024p)
o' (R)(z,w) = (2,w + a2hg)
p'(a:)(z,w) = (a15(@) (07 (2 — a0)) + a0, w + 028;).

Next suppose that o(z,w) = (01Z + ag, 02W + by) with 01,02 € SO,
ag, by € C. Then

P (0)(z,w) = (z,w + o2ko)
¢ (h)(z,w) = (z,w + o2ho)

P'(qi)(z,w) = (0 (g:)(2), w + 025;)

where p/(g;) is in the component of R(T, G) different from that contain-
ing 7. On the other hand the identity component R°(T,G) of R(T, G)
is homeomorphic to R2("=3) x R+ where the first factor coincides with
the Teichmiiller space for the flat structures of area 1 of the base orb-
ifold B and the second factor corresponds to the area of B. Thus we have
T(T,G) = RX 3 xRt xRt xHx Zy where Rt xHxZy = SO,\GL;R
corresponds to the deformations of the lattice of the general fiber.

On the other hand in case (IT) with X = Nil® x E the natural projec-
tion X — C represented by (w, z) — z for the coordinates defined above
yields a given fibration for S = {(a,b), (m1,a1,b1),...,(Mm,a.,b.)}.
(In fact we can assume that a = b = 0.) Here we can assume that
a+>Y a;/m; =0,b+> b;/m; # 0. Take an arbitrary representation
p € R(T,G). Then p induces a representation p € R(T,G) where ' =
{@, .. & |g" = =g =g,---q, = 1} and p(T) C G = Isom" E*.
Here r and (my,...,m,) satisfy the same conditions as in the case with
X = E*. Each p(g;) has the following representation:

p(q5)z = pi(z — 2;) + 25

for p; € S1, z; € C such that the order of p; is m; and [] p; = 1. Thus
p must be of the following form:

p(O)(w, 2) = (w + 4o, 2)
p(h)(’w, z) = (w + ho, z)
p(g;)(w; 2) = (w + w; + iz (z — p;(z — 2;)), P(q5)2)

where £y and hg are linearly independent over R, w; € C. Then we have

P(q;'nj)(w7 z) = (w+ mj(wj + i‘zjlz)’ z).
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Thus form q;nj 0% b =1 we deduce
(1) wj = —ilz[* — ajbo/m; — bjho/m;
Suppose that » = 3. Then from []g; = 1 we have

2) (1= p1)z1 + (p1 — p1p2)2z2 + (p1p2 — p1p2ps)zs = 0.

Thus we can see that
3

p(919293)(w, 2) = (w+ Y w; +iU, 2)
j=1

where
U= pjlzl* +Z2s(1 — pa — ps + paps) + Ziz2(1 — p1 — p2 + prp2)+

z123(1 — Py — P3 + P1P3)-
Thus from (1) p is well defined if and only if

(3) iV =(a+Y_aj/mi)o+ b+ Y b/mj)ho
where V =U — 3 |72
Claim. 1V is a nonzero real number.

Easy computation (using (2)) shows that ¢V is invariant under trans-
lations along the real line (21, 22,23) — (21 + A, 22+ X\, z3+A) for A€ R
and the rotations in the origin. Therefore to prove Claim we can as-
sume that z; = 0 and 23 is a nonzero real number r. Then again by
easy computation we can see that V = r2(p; — 1)(p2 — 1)/(p1p2 — 1)
and V is a nonzero pure imaginary number. Thus we deduce that
ho = iV/(b+ >_bj/m;) # 0 from the normalization a + Y aj/m; = 0.
Then £y is an arbitrary number with 3¢, # 0. The case with r = 4
(m; = 2,p; = —1 for all j) can be treated by a similar computation
and we can see that hg is some fixed real number and ¢, is also an ar-
bitrary number with $/y # 0. In any case p € R(T', G) can be lifted to
some p € R(I', G) and we have R(T,G) = R(T,G) x H x Zy where the
factor H X Zy corresponds to £y. The action of Inn G on R(I', G) can
be determined as in case (I-2). For any element v € G the conjugation
by 7 acts on the factor 5(g;) as the inner automorphism of G and acts
trivially on p(£), p(h). Since these parameters determine the remaining
ones uniquely and the natural map Inn G — Inn G is surjective we have

T(T,G)=T(T,G) x H x Zs.
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The proofs for the other cases are done by similar methods and hence
are omitted.

§3. The Teichmiiller spaces and the complex structures

In this section we consider the Seifert 4-manifolds over closed ori-
entable hyperbolic or euclidean 2-orbifolds which admit complex struc-
tures. The arguments in [12, §7] show that any elliptic surface S with
¢z = 0 and with x = 0 or 1 is biholomorphic to '\ X where a geometry
X has a complex structure such that any element of G = Isom°X acts
on X as a biholomorphism and I' C G. (We need to restrict G to U(2)
when X = E%.) Here we start with such a Seifert 4-manifold S = I'\ X
with a given compatible complex structure. Let g be the genus of B and
r be the number of the cone points (with the prescribed cone angles) of
B =T\X. In this section let R = R*(T,G) and 7 = 7°(T',G) be the
connected components of R(I', G) and of 7(I', G) containing S = I'\X
with given geometric structure py € R and its equivalence class [pg] € T
respectively.

First suppose that B is hyperbolic. In this case X = H? x E?
or STE//Z x E each of which is identified with H x C as in §1. Here-
after we adopt the same notations for I', T and S as in §1 and we
assume that the monodromies of S satisfy the conditions in Proposi-
tion 1. Now we will describe 7°(T, G) as a differentiable family of the
complex structures on S. Let S, be the Seifert 4-manifold S with the
geometric structure corresponding to p € R and [p] be its equivalence
class in 7 respectively. For simplicity put Sy = S,, and let ©y be the
sheaf of germs of holomorphic tangent vector fields on Sy. First recall
that 7 = 7 x To x HY(T, C?). Here T is (the connected component
of) the Teichmiiller space of B = I'\H or equivalently of the Fuchsian
group T, ¢ is the monodromy representation for S, and Ty is the identity
component of T; in §1. Put

TO_{H if ¢ =+id

1  otherwise

and let 7 = T x To x H!(T, C*). Then 7 denotes the Teichmiiller space
of the geometric structures which fix the area of the general fiber (if X =

H? x E?). On the other hand the Teichmiiller space 7 for the Fuchsian
group T is realized as a bounded domain in C39=3+", Moreover there is
a fiber space C = {(2,7) € C x T | z € D(1)} over T where D(7) is a
domain in C on which a quasi-Fuchsian group T corresponding to 7 acts
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([1]). C has a complex structure such that the map (z,7) — (7(a)z,7)
for any @ € T is holomorphic. Here 7(a) acts on z € D(7) via T . It
follows that for any 7 € 7 we have a biholomorphism h,: H — D(1) and
a representation p € R with [p] = 7 such that 7(a) - h.(2) = h,(p()2)
for any 2 € H,a € T.

If X = H? x E? then h, is lifted to h, xid: H x C — D(7) x C such
that it commutes with the translations in the C-factor. On the other
hand we can choose the elements my, ..., mg of C*(T, C?) which maps
to the basis of H(T', C?) where d = dimc H*(T, C?). Thus we have the
family of representations of I" on C x C x C% x T as follows. Let o € T
be the equivalence class of the element py € R determined by po. Then
So is biholomorphic to T °\(D(70) x C) where po is represented (via T °)
as follows;

po(£)(z,w) = (z,w +19),
po(R)(z,w) = (z,w + roho),
polai)(z,w) = (10(@)z, $(@i)w + w),
po(4:) (2, w) = (10() 2, w — airo/mi — biroho /m;)

where (z,w) € D(70) x C, 7o € R, ho € H and w§ € C is defined as
in the proof of Theorem A. Then we have the following representations
p = p(T,7,h,s) from T to the group of the biholomorphisms of D(7) x C
where s = (s1,...,84) € C%, 7 €T, (r,h) € To (h = hg if ¢ # £id).

p(f)(z,'w) = (Z’ w + 7‘),
p(h)(z,w) = (z,w +rh),

d
plos)(z,w) = (1(@%)z, p(@)w + wf + Z s;m;(07)),

(%) (z,w) = (7(@)z, w — air/m; — birh/m;).

Here H'(T, C?) is identified with C?. Thus we get the fiber space C over
T obtained from Cx Cx Ty x H!(T, C?) by the actions of p defined above
such that the fiber of C over ¥ € 7 is an elliptic surface corresponding
to 7. Also we have the fiber space C over T by restricting the above
representations to the cases with r = ry (the constant). The above
representation depends holomorphically on all the parameters except for
r € RY (if T has the R*-factor). Therefore we have the differentiable
family C — 7 and the complex analytic family C — T of the complex
structures on S respectively.
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IfX = .STEIZ x F then X is identified with H x C with coordinates
(2, w) so that w corresponds to log dz. Hence in this case h,: H — D(7)
is lifted to the biholomorphism h,:H x C — D(7) x C defined by
hr(z,w) = (hr(2),w + log(Bh,/8z)(z)) where the branch of the log is
chosen so that 7{; depends holomorphically on 7 € 7. Again hNT com-
mutes with the translation (z,w) — (z,w + ¢) with ¢ = a constant.
On the other hand we can define j(a)Hx C — Hx C for a € T
such that &; = p(a;) (where @; € T is hyperbolic), ¢ = p(g:) (where
g; € T is elliptic) satisfy the same conditions as @&;, ¢; stated in the
proof of Theorem A. Thus for p € R with [p] = 7 € 7, we can define
7(a): D(1) x C — D(7) x C for @ = «; or ¢; which covers 7(@) such
that h,7(a) = ﬁ(a)hNT where @ is the image of « in T. Using this lift we
can define the family of representations parametrized by 7 (in this case
T = T since there is no R-factor in 7) as in the case with X = H? x E2.
Thus we also get the analogous family of complex structures on S.

Next we will describe the Kodaira-Spencer’s infinitesimal deforma-
tion map

d: T()T — HI(SO, @0)

where T¢7 is the tangent space of 7 at Sy (or equivalently at [po]).
Since the base orbifold B of S is hyperbolic in our case here 7 is homeo-
morphic to a euclidean space and is homeomorphic to To7 . To describe
H'(So,©0) we recall some results in [8]. Let T' be the complex torus
of dimension 1. For a holomorphic Seifert fibering S = I')\X with
I', = p(T') C G, the base orbifold B is naturally a nonsingular curve B,
of the form T,\X where X =H or C, T, = #{™B. (In 8], 5,X,B,T
are denoted by M, W, V| N respectively.) Then S — X induced by the
covering projection X — B is a principal T-bundle and S = X x T* ([8,
§1,87] in which S is denoted by B). Let 22, O, T! be the sheaves over X
of germs of local holomorphic maps from X into Z2, C, T respectively.
Then the action of T on S is defined by the element m € HY(T,T%).
Here H'(T,7') = HY(T, H°(X,7")?) where the coefficients H°(X,7!)
on the right hand side is the space of global holomorphic maps on X
and is twisted by the monodromy representation ¢:I' — GL;C. The el-
ement m is represented by a crossed homomorphism m: T — H°(X,T%)
such that m(z, ) for a fixed a € T is a holomorphic map from X to T?!
(z € X) satisfying

m(z,af) = (a)m(a"z, B) + m(z,a) for a,B €T

where T acts on X via 5 and ¢(a) gives the automorphism of T? since
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it preserves the lattice of the fiber. The action of T’ on S=XxTis
given by

a(z,t) = (az, p(a)t + m(az,a)) forael,ze€ X,tc T
(see [8, 7.2]). From the exact sequence
022505750
we have the exact sequence
H\(T,H*(X,0)%) 5 HY(T, H(X, T")%) > H2(T, 22°)

where c(m) represents the extension 1 — Z? — I' — T — 1. On the
other hand H*(Sp, ©9) is described by the following exact sequences ([8,

§2]).

(1) 0— D — H(Sy,60) = G—0
(2) 0--F—-G—-H-—0
(3) 0-C—-D—E—0

where the exact sequence (3) splits ([8, §4]). Here
(4) E ={a € C;a¢(a) = ¢(a)a for alla € T}

corresponds to fiber deformations ([8, Theorem 7.10, §4]). Note that in
our cases ¢(a) is a root of unity for any « when the base is hyperbolic
(81) and it suffices to consider the cases with trivial monodromies when
the base is not hyperbolic (in the case of euclidean base orbifolds, we
have only to consider the cases (I-1), (I-2), (II-1) and (II-2) in §2). Thus
the kernel of ¢ has finite index in I' and then the assumption in [8, §7]
is automatically satisfied. Hence we have

E_{C, if () = %1 for any a € T
- 0, otherwise.

The subspace C in (3) corresponds to the twist deformations com-
ing from the the complex analytic family of the form m + n(sf) €

HYT,H°(X,TY)?) for £ € H'(T, H°(X,0)%),s € C ([8, §3]). In our
case by [8, §7] we have

(5) C =H\(T, H(X, 0)%)
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unless g = 1,7 = 0. The subspace F in (2) corresponds to the base
deformations and by [8, §7], we have

(6) F=H'(T,6%) = H'(B,Op4)

where B = B, is considered as a nonsingular curve, d = Y_;_, p; is the
divisor corresponding to the cone point p; and © g4 is the sheaf of germs
of holomorphic tangent vector fields on B which vanish on d. Finally the
element of the space H represents (if it is not obstructed) a deformation
of S which destroys the fiber structure. By [8, Theorem 7.13] we have

(7 H=0 unlessg=1,7r=00rg=0,r <3.

Now we consider the Kodaira Spencer map ®: To7 — H!(Sp, ©p) for
the case with X = H? x E?. The tangent space To7 is homeomorphic
to ToT x Fo where Fy = Tox HY(T,C?) and Ty = Rt xH if ¢ = +id,
Ty = RT if ¢ # +id. The derivatives of the family of representations
defined above span To7 and the discussions in §3-§5 in [8] show that
the Kodaira Spencer map preserves the fiber structure as is indicated
by the following commutative diagram.

o
ToT —_— HI(SO, @0)
(8) ! !

ToT L) F
Here the vertical maps are the projections of the fibrations and ® gives
the infinitesimal deformation map for the Teichmiiller space of the r-
pointed Riemann surface of genus g at B = B,,. We have Ty =
R2(9-3+7) ([6]), dimc F = 39 — 3+ r ([8, Lemma 7.3]) and ® is a
homeomorphism. Here we note that if two geometric Seifert 4-manifolds
S =T\X,S =T"\X (with X = H x C) over the hyperbolic 2-orbifolds
B, B’ are biholomorphic then B and B’ are isometric. For, any biholo-
morphism ¢: S — S’ is lifted to a biholomorphism ¢ from H x C to itself
such that there is an automorphism ¢¥: T — TV satisfying ¢(v(z,w)) =
Y(7)(@¢(z,w)) for (z,w) € Hx C, v € T'. Here I and I have the exact
sequencesl——>I‘0—>F-—»f——+1and1—>F6—>F’—>fl—>15uch
that T' = 9™ B, T = 7¢™ B’ and T'y, '}y correspond to the fundamental
groups of the general fibers respectively. Moreover 7 induces the isomor-
phism between Iy and I'yj and also induces the isomorphism :T" — r.
On the other hand T’y and I'j; act on H x C by the translations in the

C-factor since S and S’ are geometric (of type H? x E? or SLo x E).
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Hence if we write ¢(z,w) = (h(z,w), k(z,w)) € H x C, then h(z,w) is
invariant under the action of I'y in the w-coordinate. Since I'y has rank
2, h(z,w) depends only on z, i.e., h{z,w) = h{z) which gives a biholo-
morphism from H to itself and @ descends to an isometry h: H — H.
Since we have h(¥(z)) = ¥(F)h(2) for z € H, ¥ € T we can see that B
and B’ are isometric. Thus by the fact that the action of Aut I" on the
Teichmiiller space of B is properly discontinuous we can see directly that
the kernel of ® induced from ® above is zero. Thus ® is an isomorphism
(compare the dimensions of the spaces in (8)). Moreover ® induces the
map between the fibers of the projections in (8) of the form

— Dy xP
9) H'Y(T,C%) x Ty ——2 ¢ x E.

If ¢ = £id then E' = C such that small s € C determines the complex
structure of the general fiber whose period matrix is given by Q(s) =
(1 + s,hg + shg) where Q(0) corresponds to that for the original Sy
([8, Lemma 4.5] ). We have the representations p parametrized by s
in the above family whose Ty-component h(s) satisfies h(s) = (hg +
sho)/(1 + s) and ®(9/9s) corresponds to 1 ([8, §4]). Thus ®, maps
T, onto E whose kernel is the RT-component of Ty represented by the
parameter detecting the deformation of the area of the general fiber. On
the other hand C = HY(T, H°(X, 0)%) and ®, is the map H' (T, C?) —
HY (T, H°(X,0)?) induced by the natural inclusion C C H°(X,0).
Moreover by the naturality of the spectral sequences (used in [8]) we
have the following commutative diagram.

HI(T,C%) —2 . H\(T,H(X,0)%)
Te1 T2

7

H'(B,C(Q) ——  H(B,0(Q)

Here @ is the flat C-bundle over B = B,; determined by the mon-
odromy representation ¢ which can be considered as the representation
of m1(B,,) (see §1). The coefficient C(Q) (resp. O(Q)) is the sheaf of
the germs of locally constant (resp. holomorphic) sections of @ and ¢4
and ¢ are the isomorphisms ([8, §7]). The map ® is the part of the
following exact sequence (in which the base B is omitted)

0 — HO(C(Q)) — H°(0(Q)) — H°(QX(Q))

— H'(C(Q)) = H(0(Q)) — H'Q'(Q))
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which comes from the exact sequence

0 — C(Q) — 0(Q) > '(Q) — 0.

Here Q! is the sheaf of the germs of holomorphic 1 forms on the non-
singular curve B. By the Riemann-Roch theorem (and since ¢1(Q) = 0)
dimc H°(QY(Q)) = dimc HY(O(Q)) equals g if ¢ = id and equals
g — 1 otherwise (cf. [8, §7] ). Comparing this with dimc H'(C(Q)) =
dimg HY(T, C?) which equals 2g if ¢ = id and 2g — 2 otherwise we
deduce the exact sequence

7

0 — HYQLQ)) — H(C(Q)) — HY(O(Q)) — 0.

Hence the kernel of @ is isomorphic to H(B, 2'(Q)). The same argu-
ment holds for the case with X = SLy x E except for the fact that the
kernel of ®, is trivial since there is no RT-component in Ty. Thus we
have

Theorem C-1. The Kodaira Spencer map ® for the Teichmdiiller
space T for the Seifert 4-manifold S over the closed orientable hyper-
bolic 2-orbifold B with any given representation p € T 1is surjective
and the kernel of ®: ToT — H(S,0) at S = S, is homeomorphic to
H°(B,QY(Q))xR* (if X = H2xE?) or H(B,Q1(Q)) (if X = SLyx E)
for the base curve B determined by p. The subspace T of T defined above

gives a locally complete complex analytic family of the complex structures
on S.

The last statement comes from [4]. We can see directly that amy
deformation in the subspace H°(B,Q(Q)) of To7 (which depends on
the choice of p € T) does not change the complex structure as fol-
lows. Take any w € H°(B,QY(Q)). Lift w to the 1-form on H which
is represented as dv for some holomorphic function ¥ on H satisfying
diy(az) = ¢(a)d(z) for any o € T,z € H. Taking the integral we de-
duce that b(a) = ¢¥(az) — ¢(a)(z) is a constant. Furthermore we have
b(af) = bla) + ¢(a)b(B). If a is a torsion then we can choose the fixed
point of o as z and hence b(a) = 0. The image of b(a) in H*(T, C?)
maps to 0 in H(T, H°(H, ©)?) since b(a) = ¥(z) — ¢(a)(a~12) and
conversely any element in the kernel of ®; can be represented by the
above way. Then the biholomorphic automorphism of H x C defined
by (z,w) — (z,w + s¢¥(z)) for s € C descends to the biholomorphism
between S, and Sy such that the difference m, —m, of the parameters
in H'(T, C?) is sb and all the other parameters are the same.
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Next consider the case when B is euclidean and S has a complex
structure. If g = 1, 7 = 0 (B is a torus) then we can assume that S
is either T* (a complex torus) or a primary Kodaira surface. In the
first case X = E*, G = Isom® E*. However since the complex structure
of X is not preserved by G but is preserved by G’ = E* x U(2) we
consider 7' = the identity component of 7(I', G') in this case. Then
T' = U(2)\GLJR and this is realized by the family of translations p
defined by

plai)(z,w) = (2 + wit, w + wi2)

for the generators oy, (i = 1,...,4) in I' = Z* such that
Wig = 0, w11, Wag € R+, det(%‘:wij, %wz]) >0

where (Rw;;, Sw;;) is the matrix of rank 4 defined by Rw;;, Sw;; for
i,j = 1,...,4. Thus we have a differentiable family C over 7’ of the
complex structures on S. 7’ contains the subfamily (which is complex
analytic) consisting of the representations with

wi1 = wag = 1, w12 = wa1 = 0, det(S(wij)s,j=3,4) >0

which is complete and effectively parametrized ([3]). It follows that the
Kodaira Spencer map for 7’ at any point is surjective. In the second case
X = Nil® xF and 7 is homeomorphic to Rt x Hx R? x H. Here the R*-
factor, the first H-factor, the last H-factor and the R2-factor correspond
to the area of the base, the period of the base, the period of the fiber
(the image of one of the lattices of the fiber is uniquely determined and
not deformed) and the twisting parameters for the fibrations respectively
(see §2). Hence we have a differentiable family C — 7 of the complex
structures. On the other hand in the decomposition of H!(S, ©) we have
E = F = C ([8]). Since the canonical divisor K of S is trivial there is
an isomorphism © = Q! and hence dimg H!(S,©) = h!'! = 2 since the
Hodge numbers satisfy h%2 = h?0 = 1 and by = h?0 + K02 + B! =4,
It follows that C' = H = 0 and as in the cases when B is hyperbolic the
Kodaira Spencer map is surjective with kernel = Rt x R2.

Finally consider the case when B is euclidean of genus 0. In this case
T=T,xHxRTif X =E*and T =T, x H if X = Nil® xE. Here
Tor = R?"3) x Rt (with r = 3,4) denotes the Teichmiiller space of
the base orbifold B where the first factor corresponds to the Teichmiiller
space of an r-pointed Riemann surface of genus 0 (with fixed area) and
the RT-factor corresponds to the area of the base B. The other factor
in T corresponds to the deformations of the lattices of the fiber (in the
case with X = Nil® xE one of the lattices of the fiber has the fixed
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image and hence there is no R*-factor). If r = 3 then the base B is
parametrized by the area only and if » = 4 then the R2("3)_factor is
identified with the Teichmiiller space of the double covering torus of B
which is isomorphic to H. In either case we have the differentiable family
C — T of the complex structures of S as in the arguments in §2. (In the
case with X = E*, g = 0 we can choose the representatives p for 7 such
that the image of p lies in E* xU(1) and hence we do not need to restrict
G to the subgroup E* x U(2).) On the other hand in the decomposition
of H'(Sg,8) we have C = H = 0,E = C,F = C"2 and we can argue
as in the case when B is hyperbolic. Thus we obtain

Theorem C-2. Let S be a Seifert 4-manifold over some orientable
hyperbolic or euclidean 2-orbifold B which admits a complex structure.
Then S has a geometric structure of type (X,G) with X = H? x E?,
g\/Lz x E, E* or Nil®> XE and G = Isom® X. Let T be the identity compo-
nent of the Teichmiller space T (T, G) where T’ = m1 X. (In the case when
S = T* restrict G to E* x U(2).) Then T gives a differentiable family
of complex structures on S such that the infinitesimal deformation map
at any point in T is surjective.

Remark. The statements in Theorem C-2 do not hold in general for
a Seifert 4-manifold S over a closed orientable spherical or bad 2-orbifold
B. In this case S is either a ruled surface of genus 1 (with X = $? x E?)
or a Hopf surface (with X = S3 x E). In either case not every complex
structure on S comes from the geometric one nor every differentiable
family of the complex structures containing the geometric one comes
from the Teichmiiller space of the geometric structures. In general the
dimension of H(S, ®) (which is not constant) can be greater than that
of the Teichmiiller space (cf. [9], [14], [2], [12]).

§4. A remark on the moduli spaces

In this section we give a remark on the moduli space M(T', G) for
a geometric Seifert 4-manifold S = I'\ X over a closed orientable hyper-
bolic base orbifold B = T\X with I' C G = Isom” X. We adopt the
representations of I" given in §1 and also assume that the monodromy
matrices Ay, ..., Ay, satisfy the conditions in Proposition 1. In this case
the fibration of S is unique and then every element ¢ of Aut I induces
the automorphism % of T and also induces the automorphism of Z2
generated by £, h. Put 7, = [[[az;—1, a2;] [T gj-

Proposition 2. Any element ¢ € Aut I' must be of the following
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form.

p(es) = pa;)l* h"
©(q5) = ¢(g;)€" h*?
(e(6), o(h)) = (¢, h)P.

Here P € GLyZ and (o), $(g;) are the words of o, ..., Qaq, q1,. .-, qr
satisfying

@(a5) = miagm;

@(me) = prlp
where 0 = *1, p,p; are some words of oq,...,x24, q1,...,¢, and
vi(1l,...,7) = (v(1),...,v(r)) is a permutation. We have further con-

ditions on the above parameters and the words as follows. Let €;, n;, n
be the exponent sums of oy in P(oy), pj, p respectively.

(0) My @) = My
(1) P7lASP = A,

o ()= ) - Gn)
@ op(§) v ar (o) 4y - () =

by () /M)
p(® + > ai/m;

Sketch of Proof. The proof is similar to that of [7, §5, Lemma 4,
Theorem 5] . (1) and (2) are derived from the relations a;(¢, h)a; ! =
(£, h)A;, q;nj £% h% = 1. (3) comes from (1), (2) and the remaining rela-

tion H[O{Qj_]_, C!zj] qu = é“hb.

The map ¢ — % induces the homomorphism ¢: Aut I' — Aut T
which descends to a homomorphism g: Out I' — Out T. Let Aut (T, q)
and Out (T,g) be the images of ¢ and § respectively. Also put K =
¢~ !(Inn T)). Then since ¢ maps Inn T onto Inn T the natural projection
m:AutT' — Out I’ maps K onto K = kerg and we have the following
commutative diagram with exact rows and columns.
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1 1
! !
1 Inn T K -, K —_— 1
| 1 !
1 Inn T AutT —— Owl ——1
! 12
Out (T,g) ——— Out(T,7)
! !
1 1

It is easy to see that the action of Aut I' (resp. Out I') preserves
the product fibration 7 — R — R for R = R([,G), R = R(T,G)
(resp. F =T — T for T = T(I',G), T = T(T,G)) (given in §1) and
induces the natural action of Aut (T, q) (resp. Out (T, ¢)) on R (resp. 7).

Now we will check the action of K on F (note that K acts trivially
on T). First suppose that X = H? x E2. Define pg = po(fo, \) € R by

po(£)(z,w) = (z,w + bo)
po(R)(z,w) = (z,w + LA™ 1)
po(a1)(z,w) = (po(@1)2, $(@r)w + wl)
pola)(z,w) = (Po(@i)z,w + wy) (i >2)
po(g5)(z,w) = (Bo(q;) 2z, w — (alo + bloA™") /my)
where
f e R, SN\ #£0,
w?z()foranyj ifA =1
and if Ay #1

0_ { bo((a+ 3 ai/ms) + (b+ 3 bi/mi)A~)/(¢(@r) — 1) if j =2
710 if j # 2.
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(We can choose such 'w?. See the proof of Theorem A in §1.) Further-
more by the assumption in Proposition 1 we have

A= ¢(ay) = exp(£27i/6) if A; = (_} (1))
A= ¢(@) = exp(£2mi/4) if A, = (_‘1’ (1))

A= exp(£2mif6), p(@) = A* if A = <—(1) —})

There is no further restriction on A if A; = +I. Then the image [po] € T
of py belongs to the fiber (22 F = T; x HY(T, C?)) of T over the image
[Po] € T of pg. Its Ti-coordinates are detected by (£o, ) and it corre-
sponds to 0 in the H*(T, C?%)-component. Now we take the subfamily
Ro of R with a fixed image B, in R whose elements p = p(£y, A, m) are

defined by
p(0)(z,w) = (z,w + )
p(h)(z,w) = (z,w + £pA™")
pla1)(z, w) = (Po(1)z, p(ar)w + wi)
plas)(z,w) = (Po(@i)z, w +w;) (i > 2)
p(g5)(z,w) = (Po(T;)7, w — (ajbo + bjloA™") /my).

Here (4o, \) satisfies the same conditions as before and
w; = wy + m(a;)

where m is a crossed homomorphism from T' to C? (with m(g;) = 0)
satisfying

(There are no restrictions on m(a;) if A; = I.) Hence we have

w; =m(a;) for any j if ¢ =id.

We note that if A; # I then wy = w9 is fixed once (£o, \) is fixed by
the relations (7), (8) in the proof of Theorem A (§1) and any crossed
homomorphism n:T' — C? with n(a;) = 0 for j > 2 is contained in the
image of 6: C°(T,C%) — CT, C?). Therefore the m’s satisfying the
above conditions descend isomorphically onto H'(T', C?). Taking these
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facts into account we can see that the family Rq generated by p(€o, A, m)
whose parameters satisfy the above conditions is the subfamily of the

fiber over p, € R whose F -components give the representatives of F. To
check the action of K on F, it suffices to find the element x € Inn G for
given p € Ry, ¢ € K (¢ may depend on p and ) such that p-p-v € Rg
and examine the action of - p - ¢ (which is independent of p, in the
w-coordinate). Since the action of K commutes with that of Inn G, it
suffices to consider the element ¢ € K of the following form.

o(a;) = a5 Rt
(4) ¢(g;) = ;0% b

(p(€), p(h)) = (£, R)P

where s;,t;,u;,v; € L, P € GLyZ satisfy

(5) PA P = A

Uj a;/m;
6 J) =(I—-P < J .7)
©) (Uj ( ) b;/m;

S2 a+ > a;/m;

7 A —1T =(P-1 .
™ (4 )<t2) ( )<b+ Zbi/m)
For such ¢ € K and p € Rq denote the first and the second factors of

p-o(a)(z,w) by p- p(a)(z,w); (¢ =1,2) respectively for & € I'. Then
we have

Po(@)z if a=ay org;

8 ﬂﬂ@@whz{

z fa=~forh
and
p-elen)(z,w)z = ¢(@)(w +Lo(s1 + 11 A7) +
p- () (z,w)2 = w +w; + Lo(si + A7) (6> 2)
©)  pe(g;)(z,w)2 = w — Lo(aj +bA™1) /my + Lo(uj + ;A7)
p-o(l)(z,w)2 = +56
p-p(h)(z,w)s = w -+ h

where (€5, k) = (lo,€oA"1)P. Let K; be the subgroup of K consisting
of the elements satisfying (4)—(7) with P = I and let K, be its image in
K. For any ¢ € K, we deduce u; =v; =0and if A; # 1, s =12 =0.
Also let Ko be the subgroup of K; generated by the elements of the
above forms with s; =t; =0 for j > 2 and K be its image in K. Note
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that Fl = Kl/(Kl N Inn F), Fo = KO/(KO N Inn P) and KijNInn IT' =
KoNInn T = Inn Z? where Z2 is the subgroup of I' generated by £ and
h. (This comes from the fact that T is centerless.) The element ¢ € K

comes from Inn Z? if (i1> =(AT'-1) (i) and hence
1

K, is finite if A; # I and moreover Kg =1 if A = <_} (1)>

Given p € Rg and ¢ € K; we take an inner automorphism u by the
element (z,w) — (z,w + ¢(@1)(s1fo + t1loA"1)/(p(@1) — 1)) if A1 # I
Then we can see by the conditions on w; above for (8), (9) that the
correspondence p — p-¢@ (if Ay =T)or p— p-p-¢ (if Ay #1I) gives a
map from Ry to itself such that the parameters are changed as follows.

(€0, A) — (Lo, \)
m(a;) — m(a) + s:bo + tloA"!

fori > 1if A; =1 and for i > 3 if A; # I. (We can see from (7) that
the wq-parameter of i - p - ¢ is the same as that for p if A; 5 I.) Since
siy t; (1 2 1if Ay =T and ¢ > 3 if Ay # I) are arbitrary integers this
gives the action of K; on F. Hence

F/K, =T, x H\(T,C*)/H\(T, 2*%)

with

_ - T')29 if Ay =1

H'(T,C%)/H'(T,2*") = { ., b
(TYH29-2 if Ay #1

where T! & C/Z? is the complex torus of dimension 1 whose lattice is
generated by £, and £yA~!. Here we note that if A; # I then K, is
the subgroup of K; which acts trivially on F. Hence K; (or K,/Kg
if Ay # I) acts effectively and properly discontinuously on F. Next
consider the action of ¢ € K not decending to K.

Case (1). Ay = +I. Put P = <f Z) € GL,Z for ¢ € K defined

in (4). Here uj;, vj, sz, t for ¢ must be defined as elements in Z
according to (6) and (7) (if A; = I then (7) becomes obvious since the
right hand side of (7) is 0 in case X = H? x E?). Then considering (8),
(9) for p € Ry and ¢ we can take an inner automorphism p of the form
(z,w) = (z,0w+c) for some ¢ € C with o = [p+7A7Y|/(p+7rA~1) such
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that the the correspondence p — - p - ¢ gives a map from Ry to itself
of the form

A= (pA+r1)/(gA+5)
b — lp+rA7 e
m(a,) — U(m(ai) + silo + tieo)\_l)

fori>1if Ay=1and fori>3if A; = —1.

Case (2). Ay # £I. In this case we deduce from the conditions on
A above that

(o, LA™ 1) AL = (Mo, £o) forA;=(_} (1))

if A, = (_(1) _i) and

(Lo, LoA™1) A1 = (Mo, Lo)

otherwise. Furthermore for the presentation of ¢ in (4) we must have

P = A} (in case A; = (_(1) _1)) or P = A¥ (otherwise) for some

k € Z by the condition (5) and

uj,vj,82,t2 €74

where these numbers are defined by (6) and (7) for the above P (we
have assumed that P # I since ¢ ¢ K;.) Then in the presentation (9)
for p € Ry, v € K we have

(€' 1) = (Lo, LA™ H)P = (\ly, \E14p)

for P = A¥ or P = Allk as above. Hence taking an inner automorphism
u by the element (z,w) — (2, \"Fw + c) where

c=X"Fg(a1)(s1bo +t1loA ™)/ (p(a1) — 1)

we can see that the correspondence p — p - p - ¢ gives a map from Ry
to itself of the form

(Lo, A) = (£o,A)
m(az) — )\”k(m(a,) + s:lo + tie())\_l) (’L > 3)
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In the cases when A; = +I the above correspondence shows that the
action of K on F preserves the product fibration of the form H(T, C?) x
Rt — F — H x Z, (where T; = Rt x H x Z,) which induces the
properly discontinuous action on H x Zy (which is identified with {\ €
C | SX\ # 0}) of the form A — (p\ + r)/(g\ + s) for some matrix

(Z Z) € GLyZ. In the cases when A; # I we have at most finite

number of possible choices for P in the presentation of ¢ above since A;
(or AY) is periodic. Hence by the above correspondences and the action
of K (and taking the fact that K is finite if A; # I into account) we can
easily see that K (or K /K if ¢ # id) acts properly discontinuously on
F in either case. Finally counsider the action of Out I" on 7. The group
Out T acts on 7 so that it preserves the product fibration F — 7 — T
and induces the action of Out (I', §) on 7 which is properly discontinuous
since the action of Out (T') on 7 has, as is well known, the same property.
Since K (which is the subgoup of Out I' which induces the identity on
T) acts properly discontinuously on the fiber of 7 as above we can see
that Out I' acts also properly discontinuously on 7. The cases with
X = S”Ez x E (in this case A; = I) can be treated similarly and we omit
the details. Thus we have

Proposition 3. Let S = T'\X be a geometric Seifert 4-manifold
over a closed orientable hyperbolic orbifold B with T C G = Isom® X.
Then Out T' (or Out T'/K, in case the monodromy representation ¢ of
S is not trivial where K is a finite subgroup of K defined above) acts
on T(T,G) properly discontinuously and the muduli space M(T',G) is
Hausdorff. ,

On the other hand if K; # K then we must have ¢ € K of the form
(4) satisfying (5)—(7) with P # I. In particular s, %2, u;,v; defined by
(5) and (6) for some appropriate P # I satisfying (4) must be integers.
From these conditions we can deduce some extra conditions on the Seifert
invariants of S and derive the following proposition. Here we omit the
details of the computations.

Proposition 4. Let S = T\X be a geometric Seifert 4-manifold
as in Proposition 3. Then if the monodromies of S satisfy the con-
ditions in Proposition 1 and if the Seifert invariants of S do not sat-
isfy the conditions below then K = K, and M(T,G) is a Seifert fibra-
tion over T(T',G)/ Out (T',q) (which is defined above) with general fiber

T, x HY(T, C?%)/H\(T,2*%).
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(1) A; = (_i (1))

(1) There are no multiple fibers;
(2) (mi,ai,b;) = (3,€,€), ¢ = £1 for any 3;
(8) m; =2 for any i.

(ID) 4; = (_‘1) _i)

(1) There are no multiple fibers and a = b mod 3;

(2) (ms,a4,b;) = (3,€;,€) with ¢, = £1 for any i and > ¢, = 0
mod 3;

(8) m; =2 foranyi and ) a; —2a =) b; —2b mod 3.

(ITD) A, = (_‘1) (1))

(1) There are no multiple fibers;
(2) m; =2 for everyi and 3 a; =>_b; mod 2.

(IV) A = +1I.
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