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Having proved that F: X — Z is in general quasi-surjective, it re-
mains to apply the topological lemma of Demailly in (3.8) to conclude
the proof of Theorem (4.8) to give a compactification of (X,w).

(4.12) Bézout estimates on complete Kihler manifolds of
positive Ricci curvature

Recall from (3.7) we considered the problem of compactifying com-
plete Kahler manifolds (X, w) of positive Ricci curvature, quadratic cur-
vature decay and Euclidean volume growth such that [, Ric" < oo.
We sketched the scheme of a proof that X is biholomorphic to a quasi-
projective variety. In the step of desingularizing a quasi-surjective em-
bedding there was the difficulty that the uniform multiplicity estimate
may fail for a countable union of compact subvarieties of positive di-
mension. In order to overcome this difficulty, we resort to the technique
of Bézout estimates of (4.9). Recall that we use the algebra R(X, K1)
arising from pluri-anticanonical sections of polynomial growth. From the
Siegel’s Theorem (generalization of Proposition (3.3.2)) we know that
R(X,K~') = C(f1,..-, fn, h), where f; = s;/s, for some s;, 3, of class
L2 and h is finite over C(f1,---,
frn). By using the algebraic relations one can reduce the problem to
pluricanonical sections of class L*, for some o > 0. We have

Proposition (4.12). Let s;,...,8% be pluricanonical sections of
class T™ for some a > 0. Then, there are at most a finite number of
compact irreducible components {E;} of [Zs1)N- - -N[Zsy] of codimension
k.

We explain how Proposition (4.12) can be formulated as a problem
on Bézout estimates. For simplicity assume that at each E; the zero-
sets Zsi1,...,Zsy intersects at normal crossings at some point. The line
bundle K ! is positive over X and hence E;. For a compact complex
manifold M and a positive line bundle L the Chern number f[,, c?(L)
is a positive integer. For M singular this remains true when integration
is performed over the smooth part, as can be seen by desingularization.
Thus, to show that E; is a finite set it suffices to prove that the total in-
tegral of Ric™~* over UE; is finite. In the notations of (4.9) the problem
is reduced to showing that there exists a constant C such that

/ GleN-*Alre ANRiC™F < C
X

independent of ¢ > 0. Recall here that ;. — [Zs;] as closed positive
currents. We can use the technique of (4.9) to get such an estimate. The
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assumption of the finiteness of volume of (4.9) is now replaced by the

assumption that [ « Ric™ is finite. When Ric? appears with 1 < ¢ < n,
we can only use the information that

. Cw \?
R'lcq S (1+RZ) ;

which is not integrable when ¢ = n. For the gradient estimate we proceed

n—j
inductively (in j) with the non-closed form (1—:?5) , and obtain the

weaker gradient estimate

V—10e%% A 9e®¥ A1 e A ANj—1,e A (1+wR2)
B(R)

=e2*O(log R) + C.

for some a > 0 depending on j and for constants C. depending on e.
This weaker gradient estimate is however enough for the Bézout estimate
that we need.

With the Bézout estimate of Proposition (4.12.1) we conclude the
proof of the embedding theorem for positive Ricci curvature (Theorem
(3.1.3)). It is interesting to know whether the finiteness of [, Ric™ is
really necessary for the proof. In the uniform multiplicity estimate, the
assumptions of quadratic curvature decay and Euclidean volume growth
are sufficient. However, in both the proof of the Siegel’s Theorem and the
Bézout estimate above the finiteness of [, Ric™ is used. Even when X
is assumed to be Stein, it is not known whether the uniform multiplicity
estimate can be used to deduce Siegel’s Theorem.
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