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Arithmetic of Some Zeta Function Connected with
the Eigenvalues of the Laplace-Beltrami Operator

Akio Fujii

§1. Introduction

Let 2,=0<2,<2,< --- run over the eigenvalues of the discrete
spectrum of the Laplace-Beltrami operator on L*(H/I"), where H is the
upper half of the complex plane and we take I'=PSL(2, Z). It is well
known that 2,>%. We put 2,=%47r} for j=0. In our previous work
[7], we have introduced and studied the zeta function defined by

z,()= xS,
>0 1]

where « is any positive number and the series is convergent for Re s> 1.
Using the Selberg’s trace formula, which will be stated below, we have
shown that Z,(s) is an entire function for any positive «. In this paper we
are concerned with the arithmetical properties of the values of Z,(s) at
s=1or s=0. In particular, we obtain some new expressions of the values
of Dirichlet L-functions at s=1 and a new proof of Dirichlet’s class
number formula for the real quadratic number fields.

To explain a general principle, we recall a primitive situation. Let
Z(s) be the Riemann zeta function and let 7 run over the positive imaginary
parts of the zeros of &(s). We have introduced in [5] the zeta function
defined by

sin (oz?’)

>0

L9)=

where « is any positive number and the series is convergent for Re s>0.
We have shown under the Riemann Hypothesis that this is entire for any
positive «. The value of {.(s) at s=1 has been known long before by
Guinand [9]. Namely, £,(1) as a— o0, is essentially

—ge M (3] An)—e),

nsex
where A(n) is the von Mangoldt function defined by
Received April 24, 1986.
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%-(s): -—i A(m) for Re s>1
n=1 ns

and

log p if n=p*
An)= {
() 0 otherwise ,

where p runs over the prime numbers >2 and k runs over the integers
=>1. On the other hand, as a by-product of the proof of the analytic
continuation of &,(s), we can show that

lim (a—log )¢, (0)=— f/(%l

The zeta function Z(s) which corresponds to {(s) has been introduced
by Selberg:

z()= I1 [T A—=N(P)*),

where {P,} runs over all primitive hyperbolic conjugacy classes in " and
N(P,) is the square of the eigenvalue (greater than one) of a representative
element P,. The Selberg’s trace formula describes the location of the zeros
and the poles of Z(s) and we see that Z,(1) and Z,(0) will describe some
properties of the distribution of the von Mangoldt function A(P) of Z(s),
where we put

for a hyperbolic conjugacy class {P} satisfying P= P with an integer k>1
and we put N(P)=N(P,)*.

Here we state the Selberg’s trace formula as follows. Let A(r) satisfy
the conditions;

1) A(r)y=h(—r)

2) h(r) is analytic in the strip |Im r|<<3+e, e>0

3) A(r)=O0(1+|rP)~'"*) in this strip.
Then we have

22y

_ %_Ifw r th(zr)h(r)dr +Jl<‘;‘ + 35_3

S log N(P,) .
2 B ) sk log N))

(enr/3+e— nr/S)) h(r) dr

e#?‘ + e— T
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4 51; j "~ k) % (3+ir)dr — %F h(r) Z—]:—'(l ir)dr

—21log 2-g(0)+ (1 — (G )A(0),
where the left hand side is over all the solutions r; of all the equations 2,
=%+FJ2 for j=0,1,2, ...,
I'(s—3L2s—1)
I(s)2(29)

glwy= %Jl e h(r)dr and o(s)=47

(Cf. Selberg [16] and Hejhal [10]).
Using this formula we obtain first the following expressions of Z (1)

and Z (0).
Theorem 1. As a—> o0,

1 A(P) B
Za(l)———4 x/;mgogm) NG sgn (¢ —log N(P))

1 (1/4)(a—1logN(P))2
()L )

0
et 1)+ Aa cos a+ O(1),
where

Az_l—re‘”(Z——3x‘2—3x‘3)dx.
48 J1

Theorem 2.
(1) lim,_spn(@—2log n) Z,(0) = (1/z)(A(n)/n).
(ii) lima-»logN(Pl)(a'—log N(P)Z,0)
=(1/2x) Z(P},N(P)=N(P1) (/I(P)/«/N(P)),
where {P,} is any hyperbolic conjugacy class.
(i) lim,..,(1/(1/a)log(1/a))Z,(0)= —2/x.

From Theorem 1, we can deduce the following

Corollary 1. As q—> o0,

Z (D=3 ¥P( 2, AB) =€)+ ().

Thus we see that Z (1) plays the same role in the theory of the distri-
bution of A(P) as does ,(1) in the theory of prime numbers.
By the way, we must recall here an important Kuznecov’s version of
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the Selberg’s trace formula which may be stated as follows (Cf. Kuznecov
[12], [13]). Let A satisfy the following conditions;

1) A(r)y=h(—r)

2) K(r) is analytic in the strip |Im r|< 4 with 4>>3/4

3) A(r)=0(r|"*"*) as |rj—oo, for some ¢>0.
Then we have

Sh(r,) = _é_ f: rth(zr)h(r)dr

-~ _1__ 2 xr/3 —m/s) h(r) d
+J"—m(2 +3ﬁ(e +e ) e;;r+e—#T d

1( = I L1
+_7;J_w<log2 F(I-l—zr) F(2+zr)
_ %(1 12ir)— %’(1 —2ir)>h(r)dr
F3(0)+4 3 B(n)g (2 log ’ﬂ;zz_‘!)

where g is the same as before and B(n) is the residue at the point s=1 of
the function £(2s) >, 4,(c)/c?, A,(c) being the number of the solutions of
the congruence

xX4-nx4-1=0 (mod ¢).

If we use this formula instead of Selberg’s, we obtain different ex-
pressions for Z, (1) and Z,(0). Namely, we get the following results.

Corollary 1/, As q—> o0,

z,(H=( Bn)—e®) 4 O(a).

n<ell/2)

Theorem 2. For an integer n=3,

lim <0( —21og Ei:éi:i) Z.(0)=LB(n).
s

a—210g (n+4/n2—4)/2

It is important to combine (ii) of Theorem 2 and Theorem 2/. It
gives first the following

Corollary 2. For an integer n =3,
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1 /I(P)
2 1uFT nx/N(P) =5,

where tt P=a-+d if (Z 2) is a representative of {P}.

We remark that B(n) can be rewritten explicitly using the value of
Dirichlet L-function L(s, X) at s=1. Thus Theorem 2’ and Corollary 2
implies the following theorem, which gives some new expressions of L(1, X).

Theorem 3. Let n be an integer >3. Suppose that n* —4=0QD and
D is square free. Let X be the character of the quadratic number field

O(Wn*=4). Then

L, X)=zF@)~* lim (ae—2 log %—_4)2“(0)

a—2log (n+ Jn2—4)/2

g n++n*—4

-2 pmFm),

N

where we put

Foy=(1-510) 11 (1=—2)ot,m (143

T v, n>(1+%)'1,

p|n2—4
v (S, n)_1+Z n(p ) (D(n)-:]trPl=n1J—(1}T)’

and v(P) is defined by P=Py‘") with the primitive hyperbolic class {P,}
attached to {P}.

We remark that the second expression of L(1, X) in the above Theorem
can be rewritten in terms of the quadratic number fields. For this we
introduce some notations (Cf. Andrianov-Fomenko [1]). Let d be a positive
integer satisfying d*|n*—4. Let h(n*—4, 2d) be the number of the classes
of the quadratic forms ax®4-2bxy-cy? with b*—ac=n>*—4 and (a, 2b, ¢)
=2d. Let7, be the fundamental unit of Q(+/n*—4). Let k be the integer
such that (n+vn*—4)/2=xk. Let v(n, d) be defined by

d}.

k/v —k/v

: K-k
v(n,d):Max{v; vk and DT _
M



242 A. Fuijii

Then we can rewrite Theorem 3 as follows.

Theorem 3’. Under the same notations and assumptions as in Theorem
3, we have

log n++Vn'—4
2 ( h(n*—4, 2d)
Vnt—4 @ v(n, d)

L, 1) = )F(n)".

From this Theorem we can derive the following corollary.

Corollary to Theorem 3’ (Dirichlet). Let D be a square free integer
>2. Let X be the character of Q(WD). Let D be the discriminant of this
field. Let &(D) be the fundamental unit and h(D) be the class number (in the
wider sense) of this field. Then

L, x)zw,

Thus we have obtained Dirichlet’s class number formula using the
spectral analysis.

We shall prove Theorem 1 in the section 2, Corollary 1 in the section
3, Theorem 2 in the section 4, Corollary 1’ in the section 5 Theorems 3
and 3’ and its corollary in the sections 6 and 7.

We remark that the results of the present paper have been announced
in “Zeros, Eigenvalues and Arithmetic” [6].

Finally, the author wishes to express his thanks to Professor
Bruggeman who has kindly sent the author a Kuzencov’s [13] which was
hard to obtain.

§ 2. Proof of Theorem 1
Here we evaluate Z,(1). We remark that for Re s>3/2,

Z.(25—DI'(s) =J: X7 (3 €7 sin (ar)r)dx

1 0
= (I +I )(x‘“1 > e ™ sin (ar)r)dx
0 1 r>0
=1I,(s)+L(s), say, where r runs over r,.

LH=3 sin (ar) -

r>0 r

Using Selberg’s trace formula with
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h(r)=e (W +m™7 sin (ar)r
and

(u @) em @z -z UTA) (u+a) e~ (wraz o= (/T

A/— 3/2 «/~ 3/2

I(s) can be written as

gw)y=

Ii(s) = 1,(8) 4 1,(8) + Is(5) + L1o(5) + 111(5) -+ L1(5),
where each term is defined below and of the form
1
16.10) = 7119 ax.
0
Our evaluation of each term at s=1 is as follows.

ILDOH=I(1, —5 > hr)e™»o)

1/4)+r3=0

— (ea/Z _ e—a/z)(em _ 1).

()= 1(1, L eame ir . th(m’)h(r)dr)
2 6J--
-_-1(1, % J s (ozr)e”“dr)
[i}

( f r’sin (ar)e” dr)
3 an+1

=I(1)+1(1), say.
— _1__ ! 2 o1 —-r2r )
15(1)_1(1, : Lr sin (aer)e~"dr

+I<1, %—Jwrz sin (ozr)e"“”dr)
1
=IL(1)4-I(1), say.

1

(= _é_J sin (@r)G(r?, 1)dr, where we put
0

G(x, s)=ry"’1e‘”dy.
0

We remark that
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61,(s) = SiI;a G(l,s_1)+(acosa n sin )G(l,s—-2)

4 4
o COS ¢ a2$in0‘>
_ G(l,s—3
+< 8 8 (he=d
_ a’cosa G, s—4)-——1—F1(S—‘3)"—1—0‘F2(S"4)
16 4 4

4 3
+%6—F1(S‘_5)+%—Fz(s—5)~
where we put
1 o 1
F1(S—3)=J x*“"(j F~%sin (ocr)e"“dr)dx:f x°~3By(x)dx, say,
0 1 0

and

F(s—4)= ﬁ x5 4<JT r=% cos (ar)e~""*dr )dx =I;x3 ~*By(x)dx, say,

By evaluating the Laurent coefficients at s=1 of each term in the right
hand side, we get

61,(1) = Si‘;“ (—C, —E(O))+(“°°S“ 4 Sina )(co—l—E(—l»

4 4

acosa__a%ina)(__l_c -??-——E——Z)
+( 8 8 5 Cot g —EH=2)
_aSCOSa<}_CO__11___E(__3))_—1_A1

16 6 36 4
_1 (COS“(_E le E—l)— )+ Laa
405 5 4+2 o+ ( ) 132()‘1“26(2
_l_cos(x_sina)

2 o 20

1 .
TR

ls(_l nel '(_1.1__‘70 lE_3)
+8a 2/32()+2cosOc = 12-!-2 (=3

1( cosa sina cosa) sin o 1 )
— - — —ad
+2(x ot ot + 2w + 1205-‘-46(s

o COS re—r(z—3x—2— 3x-Ndx+O(1),

1

1
8
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where we put
a‘Al.—_—8<—§_A4+‘Bl(1)+—1—sin a(l—e")-}-—l—aCOSa———l—(xﬁZ(l))
2 2 4 2
—20’ sin +a® cos a(Co —1— E(—1))+2a°B(1),
a:"AZ:ozAl_i__;_cos o+ 2api(1)+2a sin a(-}—l——;—(Co—l—E(-—l)))

ot cos a(—_;_co+§——E<—2))+a2ﬂz(1>,

(;(ZA3= -2— ‘31(1)+C¥ COsS a(——é— Co—é‘é—‘ —E(——3))+%—O(}92(1)

_1 a”¥(—10 cos ¢ — 10 « sin 4+ 50 cos ¢ — 12¢°4;)

+_;. sin a(—1+12(—é—co+%— E(—2))).

A, =Iw sin (er)r~*(1—e~"")dr,
1
G(1,5)=I"(s)—E(s) and C, is the Euler constant.

Ly—=—L J Sl;:r(i”l ) G2, ydr.

— 1 (1/4)1_[ (1 xr/3 —m/3> h(r) )
19(1)_1( T 3\/3 (e mr)) L dr

(1 2773 1:1/3) sin (ar) G(r%, 1) d
—_f ( 3«/3(8 +e) et e " r "

1 A(P)
4«/—{ ax10g N (P) x/N(P)

1 (1/4) (a—1og (N (P))2 e
X(F<7>_jo y~ e ”dy)

sgn (¢ —log N(P))

1 AP) (= ~p-v gy
+ 44/ 7 7 +/N(P) s ogHIS ’

11,(1)51(1, et/ r h(r)ﬁo—i(—l—-i—ir)dr

ez

f h(r)—— (1 —i—lr)dr)



246 A. Fujii

=I<1, log 7 J.w e "% sin (ar)rdr)
2r J--
—|—I(1 ——J ~7%% sin (ar)r ?(r)dr)

—|—I(1, —;J_we’f’f sin (ar)r- E(1 +2ir)dr)

=I,(1)+1,(1)+1,,(1), say, where we put

g(ﬁ:%(l-w‘r)-{—%(l —-ir)+£(—12—+lr)+ ?l (5——”)~

logn  __ss _ (/s ) log J‘ _ _
I.(1 —_—I(l, L ax e~ (/Hatz=1 x~WDe-2dx,
o) 4/ x * 2/ 7 Jama

1 An)
21
2»\/ T ax2logn R Sgn (“ Og n)

1 (1/4)(a—-21logn)2 —an
(g )

+ 1 &A@ (- y~2e=vdy

2«/—; n=2 R (1/4) (a +2log n)2

I,(1)= I(l —.—I e~ sin (ar)r- g(r)dr)

114(1) -

—|—l(1, —-—J e~ "% sin (ar)r log rdr)
1
b —-r2z -1
—~———I<1 I ™% sin (ar)r dr)
2r 1
+I<1 -——I e~ sin (ar)r- ?l(r)dr>
=1 (1)+ (1) — 'ﬂln(l) +1,(1), say, where
we remark that by Stirling’s formula,
9()=4logr+ 2+ 9, and gl(r)=o(_14.> as r—»co.
r r
L) = — J sin (@r)r1G (Y, D)F(r)dr.
2z Jo

I(1) = _% j j sin (ar)r=" - Zy(r)(1 —e-")dr.
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L (D=« *(a cos a(l—e)— aJ. g———)cos (ar)dr

8V I x~¥er zdx—l—Zocafjlxe"’” cos (cx")drdx)-
0J0

1/4)a2

In a similar manner, we get

L()=— COS“J. logx-e *dx+ j b “’”e"‘/"“"’”( ———;—log x)dx

0(\/71'

__I_I J cos (ar)e”*"*(2+log x — o*r® log r-log x)drdx
e JoJo

_ 0(__ (on x‘“/z)(J.le“l’e‘(‘/“)“” e aZI/4(1+‘tI)) dy dx
4y 7 \1 0 Vity /oy

+ij e~ (‘/‘)“”(E(O)+log X+ ——-lf/%_x e"‘””’)dx

8 J‘ -ZJ‘aﬂx/a yyl/Z d d )
— X }.
o« =@y

Finally, we get

L,()=1I(1, —log 2-g(0))
log2
24 & Jama

x~ e~ 2dx,

This completes our explicit evaluation of Z,(1).
Taking the order of the magnitude as ¢— oo into account, we get our
Theorem 1.

§ 3. Proof of Corollary 1

In this section we shall study further the main term in the formula
of Z,(1) in Theorem 1.

AP)
4«/ T <Ny o vV N(P)

axlogN

1 (a—log N(P))2/4
() )
0

1 eSa/2 —am 1 (a—logy)2/4 2y -z
==yl rer(3) =[] e sas)ao ROy

F(a) = sgn (e —log N(P))
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L ,-am 1 (@B ag-a
gyl (r(3) =) e as)ao-ro)

=242+ (2,+2), say, where we put
> A(P)—y=R().

N(P)<y
21 _ 4)\]/~ en/zj‘(l/z)a eOﬂ)U(Z’(%) _J'(1/4) yzx_ (1/2)e—a;dx)dy'
™ 0 0
= 4; e“’ZJ(I/Z)ﬂe"‘/Z’”(F<%—>-—J(1/4>y2x‘<‘/2>e‘”dx)dy.
™ 0 0
1 a /2 1/Dea - (174 1 /16 -(1/2) =z
21+23=——~—2«/#e/(e(/>+e ROV _é_>— x™ D=2 dx
™ 0

1 enf et Ama (I -1 - a1y
tymenr(5) =] te My

v (174 172 oo
I(Z) ell/Z e /4) +(1/2)a

— e~ Whaidx L O(e= ¢+
“Vax V7 J. )
=e**(1 —e'")+ O(e~°*"), where C is a positive absolute constant.

ll(eﬂ)]—'(_zl_) - Cal 1 enelt
ot =—— 2 4 0 4 R(Y)H(y)d
: 2/ zel ) 4y 7 La DHO)My

1 I
- R(O)H)dy,
Ward R (WH(»)dy

where we put

I R Y E TN
2 2 2 Jo

=y ""Hy(y), say.
Here we remark the following lemma which can be proved in a

standard way (cf. Section 11 of Hejhal [10}).

Lemma.

R(x)= O( >, AP))+O0(e*T~ 1)+ O(x” (log x)™*)

N{(P)—-z|se—«
1/Z+ir xo/2

+ 2

TA
=T 2—i—zr Im(er2)i=T pf2

where p runs over the non-trivial zeros of {(s), >0, T satisfies T>x*> 1,
T=cr or 7/2 and
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CI
—C-—(oii2T)<<log2T Jor —1<0<2.

Now

e3a /2
=" ROHO)

e3a /2

= 3 APHHGM +fi“’20(e“2’]-f-)H(y)dy

e IN(P)—yige—«

e3a/2
+0( yqu(y>/1ogydy)+ 5 j YO (3)dy

2" yorH )y

IImF/ZléTp
=3 S S 3+ 3, say.
S, el ST J(P)Le .

N(P)<2e3ai2

2’7<<elﬁn/4 LT,

2—|—l}’

XL
L ([0 [ ey
Z§: +ir ([ La ir i)y
1
ms T\_—}—mZ‘;T[r\"’
LlogT.
Sk 5 1<[< e L I PR O
1
€ rf
L1

Thus we get, by choosing 7'=e%* with some positive constant C,
2k .

Similarly, we get
Jeh/zm R(J/)H(y)dy<<a'

Thus we have proved that
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Flay=etmn(1—e)+ 2 1 o)
ea

Since

A(P) ( <1) j(n—logmz’))m _ ) )
~ (' =}— Wnp-vg
N(P)ge*IﬂIZ,N(P)geu/zm«/N(P) 2 0 y e y

Le %,

we get our corollary.

§4. Proof of Theorem 2

We shall evaluate Z (0)I'(3). We use the same notations as in the
section 2. 'We shall write down explicitly the values of I,(s) at s=% for
each j.

I,

>0

1) > sin (ar) y”(‘ﬂ)e vdy.

o

(3
<_;_{_ _;4[‘_(8(1/2)& e—(l/l)l?f)J~ “(1/2)6(1/4)1'dx
(%) =% I r sin (ar) G<r2, _;—)dr.

1

1
G’B(s—z‘)

I
sin e - G<1 —%—) —(ozcosa—i—sma)G( _-)

—}Z—é—(ozcosa o smoz)G(l —%)

renals-3)-r(-5)-erl-D

()b -2),

where

(-t 30 22 (- 3)H(-)
dueolr(-3)-H(-2) 5 0)

) Blo (- h 2 (-3 (-2)
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e (r(-2)-5(-2)) -5 500,
9 20( ( ) sma< 5) ( 5))
Fl|—-= )= |(2F(—— 1 ——)—-El—=
(=5)=2(2R (1) +a0+5(r(-3 >
-}—loz cos a(F(—l)-E(——Z— &
20 2 2 5

A(=g) =3 (2 p0eosa(r(=3)=(=3))-er(- )

H(-5)=- Hesorssoe ((-1)-+(-3)
n(-3)

(_1_>: 1 f —(1/2)J‘°o r’sin (ar)e” ™" drdx.
2 e2zr_l__ 1
_1__) Jq -(1/2)! (_1_ 1 wr/3_y p-nr/3 )e ¥ sin (Olr)"d dx.
9(2 X - 4 + 3\/ 3 (e +e ) 7L'T+e zr
I <i): 1 /I(P) 1 e~ ((at1og N (P))2)/4
2/ 24w B VN(P) (a+log N(P))
+ 1 A(P) 1 .o~ (a=log N (PND/A

24 7 axtsgiveey / N(P) (a« —log N(P))

I (___) IOg T e~ hat,
\2 Vra

I 1) 1 A(n) 1 o~ ((a=tlogm)t)/4
. '\/TL'aﬂFZIOg'ﬂ n ((x 210gn)

—

Il

+ 1—_ S A(n) 1 e-((a+210gn)2)/4
vz it n (at2logn)

1 1
):: — | x (Wj e~"% sin (ar)r&(r)drdx.
2r Jo 0

1
2

()l
— ITA = Y+I. | =—)=—_""{(cos e Tdx
2z "\2 t e 2 2z @ ox

oo 1
cos (ar — -
—2[ Eoc ) e dr—2 n J e~ (Whara =t gy
1 r 0

+ 4Jl x/? rcos (ar)e=*""dr dx)
0 0
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—_1— e ™ sin (ar)r - G,(r)dr

1 j 1/2I gl(r)e"’” sin (ar)drdx.

Im(l) ~_1 (cos «- G(l — _-> +2f r-*cos (ar)e™" dr)

2 o

a e . —(aZZ/4(1+1/>)> dy
e e~ Ve~ Uhatz __ dx
47:(«/7FJ‘1<J~0 Vi4y y
+ J “ememata(\/ 7 log x+ E(0))dx

1
4 «2/8 —
a \Jo

_S.a‘grx—tﬁmrwg Y g dx)
1 o 1—(4y/(a’x))

1
__Z_OLG e cos (er) log rdr
T 0

1 1
+J x“"z’f r’e=""* cos (ar) log rdrdx).
0 0

119(_1—) — 1082 e
2 av @

Combining all these together, we get an explicit expression of
I'$)Z.0). Taking into account of the dependence on «, we get our

Theorem 2.

§ 5. Proof of Corollary 1

We shall prove Corollary 1’ using Corollary 1 and Corollary 2. Let
R(x) be the same as in the section 3.
By Corollary 2, we get

AP)
Z B(n )__Z—N({:'sae\/N(P)
- —j »~9Pd(y+ R(3))+ O(1)
iy 3 X-UPR(X)+ 711 jcy-sf“uR(y)aw~ o),

where we put
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X= (&@)
2
The last integral can be treated by the section 3 and is
O (log %).
We put e*=%. Then by Corollary 1, we get
Z () =1e"PaR(e")+ O(a)
= >, Bm—e"+0(a)

£
n<exi2qeg—al2

=( 2, B(m)—e)+ O(a).

nsex/2

§ 6. Proof of Theorems 3 and 3’ and Corollary to Theorem 3’

Suppose that n*—4 =D with the square free integer D. Let D be

the discriminant of the field Q(v/#*—4). We use the same notations as in
Theorem 3. We remark first that

£(2s) TJ v, (s, )
=229 1] (1+§)(1——1—(”2“4))"‘ 32 (s, oG5, )

o PP Ho
2_ -1 -1 -1
=2 ] (1—.{.(” 4)) | (1+—1;) v,(s, n)(1+§1;) vs, n),
-\ P\ p /g T p
2
where ( w—4 ) is the Legendre symbol (cf. Kuznecov [13]). Hence we get
p

wom 1 () 1102 2
(1, X)(l—Jz_x(z)) I <1—%X(p))p!n];[_4(1+é—>—lvp(l, )
x(1+%>_1v2(1, n)

=L(1, \)F(n).
On the other hand we see that
n4vn’—4
1 ey 83— .
2 m;:n VNPT /=4 (n).

Hence, by Corollary 2, we get
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S
log v —2 + ¢2’1 —4
This proves our Theorem 3.

Let d be an integer satisfying d*n*—4. Let H(n, d) be the number of
the classes {P} such that |tr P|=n and A(P)=(a—3, B, p)=d, where

(Z fg) is a representative of {P}. Then we remark first that
H(n, d)y=h(n*—4, 2d) (cf. Andrianov-Fomenko [1]).

To prove Theorem 3/ we have only to prove the following lemma, where
we use the same notations as in the introduction.

Lemma.
v(P)=v(|tr P|, A(P)).

Proof.

Suppose that |tr P|=n, 7, is the fundamental unit of Q(+/n*—4) and
nt=(n-++/n*—4)/2 as in the introduction. We denote v(n, 4(P)) by v,. We
put m=ykro Ly . For each v|k, we put C(v)=(nF—n; ")/ —9;*").

Let (Z g) be a representative of {P}. We put
i)
2 Cly,) Clvy)

) ’;'<m_%(%)

A=

Then it is easily seen that

w_ {0 B
AcSL2, Z) and 4 _(# 5).

Here we remark that if {4’}’={P}, then v|k and
AP)=A(4")=C(v)AHA4").

Hence, the conjugacy class {4} must be primitive, since otherwise]there
exists some integer v/ >1 such that

Vivlk
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and
Cw)| A(P),
and it contradicts with the definition of y,. Q.E.D. of Lemma

We now proceed to prove Corollary to Theorem 3. Let D be a
square free integer =2. We use the same notations as in Corollary. We
choose the integers » and Q (=1) such that

n*—4=0'D

and (n+Q+/D)/2 is the smallest among (#/, Q’)’s which satisfy

Wzl Q'>1,n"—4=0"D and ”'+_—Q2iD_>1.

We remark that if Ne(D)=1, then

s(ﬁ):_ni_ﬂz__i
2

and if Ne(D)= —1, then

(D)= n4++/nt—4 )
2

Under the present situation we see that y(P)=1 and

Bny= 3 h(n*—4, 2d).

d2|n2—4
a0

We shall rewrite @(n) further as follows. For d*|n*—4, let f, (=1) be
defined by

2__4 ~
n—z“=Df5~

Then
fd_—_i‘% if D=4D,

and
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By Theorem 4 in Chapter 2 and Problem 20 in Chapter 3 of Borevich-
Shafarevich [2], we have

h(r—4, 2d)=2op(D) L 1] (1_1(1’_)),

€s, Plifa 14

where we put

0 if Ne,,=—1,

5d={
@=y; if Ne,,=1,

¢, is the fundamental unit of the order ¢,, and e,, is the index of the
unit group of @,, in the unit group of the maximal order (cf. Borevich-
Shafarevich [2]). Hence if D=D, then

D) > d]] ( X;”)) when Ne(B)=1,
WD) 3 d] (1—";_1’)) when Ne(D)= —1.

If D=4D, then

WB) 3T d (1_1@) when Ne(D)=1,
a1(Q/2) pld

B(n) = P

WD) 5 dn(1—x_(1’l> when Ne(D)= — 1.
21(Q/2) qld p

Thus we have shown that

log nM+JjT-T4
/o SO
21(D) log (D) _XUp) it P
[oE® %dﬁ(l ; ) if D=D,
~ [21(D) log (D) _XDY i pe
©Q2VD d;(Q/2>az1a|d (1 T> i D=4D.

Thus our problem is reduced to show that

(1—-;—)((2));]0(1 X(P))L' a, n)(1+ ) Il (1+%>”1v,,(1,n)
»>2
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15y (1—"(_1’)) if =D,
Q alQ  »la P

1 sy (1—"_(?1) if B—aD.
la P

We shall prove this in the next section.

§ 7. Completion of the proof of Corollary to Theorem 3’

We shall prove the last formula in the last section. We suppose first
that n is odd. Then D=D and D=5 (8). Hence 1 —1X(2)=1+44% and
U1, n)=1. Thus we have to show that

1%(1—&%)(”%)”1”@“’ ">=égg a1 (1—"_;1'2),

Suppose that Q=p&ps...p& with different odd primes p,, p,, - - -, p;-
Then the right hand side is

127 5 d I (1-429).

j=1 dwgl pld p

So it is enough to show that for p¢|| Q,
- x(p’) “(p) 1\~
p-eS'd (1_ ):(1-— 1+=) v, (1, n).
P Iz p p/ 7

If p\D, then p*||n—2 or p*||n+2.
If p| D, then p*¢**||n—2 or p*¢*'||n+2.

We remark that if n= +2 (p*€), then

p+1 if 1(p)=1,
Up(17 n)=

(1+l)1_"’_g+p-g if 1(p)=—1
p/l=p™

and that if n= 42 (p**"), then

1\1—p-&*
v, n)=<1+;—)Tp—_l——.

Thus if p\D, then
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(1 —1%)(1+§.>_lvp(1, n)
1 if X(p)=1,
={<1+i>1—1"" +pr AP =—1.

-1

p/1—p

On the other hand, if p\.D, then

pe5an(1-100)

dip¥  p'ld p
(- (1-20)5)
p /=
1 if X(p)=1,
=(1+.l)1—1’“g+p—g if 1(p)= —1.
S p/l—p!
If p| D, then
(1_@)(1+}_>_1vp(1,n)=1—1’——(_g:”
P )4 L p
and
/ g __p-(g+1)
p—gZdn<1_ X(e))zp‘g}_'_,p’.—_—l D ‘
dipg  p'ld p 7=0 I—p

Thus we have proved our assertion for odd n.
We suppose next that n is even. We devide the present case into
the cases I-1, I-2-1, . .. and III as follows

U vV W
n=8k+2 | k=2%k’ 2 2+c I-1
k=2%*1k" | k'=1(4) 1 3+¢ I-2-1
k'=3(4) 3 3+c [-2-2
n=8k—2 | k=2*k' 2 2+4c¢ 11-1
k=2 | k'=1(4) 3 3+c¢ 11-2-1
k=34 1 3+c¢ I1-2-2
4\n 3 1 It
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In the above table k=1, ¢=0 and 24k’. The column U denotes the residue
class of D mod 4, the column ¥ denotes the exponent of the power of 2 in
Q and the column W denotes the number of the classification which we
shall use below.

As is seen in the odd case, we have only to check the 2-part of Q.

(I-1) and (II-1). D=4D. Q2=2'*¢Q’, 210"
27 ] (1—M>=2—2—1-c.
pld p

dj2i+e
_ 1\1—2-¢2
ulh = (143 25
(I =@yl (1 +$)'=2-27"".
(1-2-2) and (I1-2-1). D=4D. Q2=2*°Q’, 240,
2--¢ 37 4] (1—1@)=2_2-2—v.
d|22+¢ pld P
v(l, M)=(1+32—27°").
A—=32@)vo1, m)(1+3) ' =2-27°""
(I-2-1) and (I[-2-2). D=D. Q=2*°Q’, 240"
2-¢ 37 4] (1—2@1)=2—2-3—c.
FAVERR pld p
v(l, m)=(1+$H(2—27°).
(I =@yl M1 +3) =227
(). D=4D. 2{QJ2.
A=322v, (1, (1 +3) =1
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