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Every 3-Manifold Admits a Transverse Pair
of Codimension One Foliations Which
Cannot be Raised to a Total Foliation

Atsushi Sato

§1. Introduction

Let M be an n-dimensional C* manifold with or without boundary
and let % be a C" foliation of codimension k of M (r>1). If dM=+40,
then for each connected component (6M), of dM, each leaf of F is
assumed to be transverse to (M),, thatis, T, F +T,0M=T,M, x e OM),,
or assumed to be tangent to (0M),, that is, T,.F CT,0M, x e (@M),,
where T, % denotes the tangent space of & at x. In the former case, the
restriction of & to (M),

Flow,={LNE@M);; L e F}

is a C7 foliation of codimension k (in this case we say & is transverse to
(@M),), and in the latter case, % |;y4,, is a C foliation of codimension
k—1 (in this case we say % is tangent to (6M),;). Let & be another C”
foliation of codimension /. We say & is transverse to & if at every point
xeM,dim (T, F NT,%)=max{n—k—/,0}. In this case wesay ¥ is a
transverse foliation for F or (¥, %) is a transverse pair of M. If (#, %)
is a transverse pair, let F N¥ denote {FNG; Fe #,Ge%}. Then
F N % is a C™ foliation of codimension m, where m=min {k+/, n}. For
each leaf F of & (resp. G of %), the restriction of # % to F (resp. G) is
a C7 foliation of codimension k’=min {n—k, I} (resp. I’=min {k, n—1}).
In [13] we classified codimension one foliations transverse to the
Reeb component of S'XD? and using this result we proved that the
3-sphere S*® has a codimension one foliation which does not admit a
transverse foliation of codimension one. Following this result, in [8] and
[9] Nishimori investigated foliations transverse to a wider class of foliations
of 3-manifolds containing the Reeb component, and he showed many
other examples of foliations which admit no transverse foliations. Using
a result in [8], Tamura showed that every 3-manifold has a codimension
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one foliation which admits no transverse foliations ([12, Theorem D]).

Let #,, .-, %, be C” foliations of codimension one of an n-dimen-
sional manifold M such that for each j=1, - - -, n, &, is either tangent or
transverse to each connected component (M), of dM. Then we call
(F,, ---, F,) a total foliation of M if for every point x e M, dim (T, %N
- NT,%#,)=0. In contrast with the results stated above, for every
closed orientable 3-manifold Hardorp [5] constructed a total foliation.

In these contexts the purpose of this paper is to prove the following
theorem.

Theorem 1.1. Let M be a C= closed orientable 3-manifold. Then
there exists a transverse pair (¥, 4) of transversely orientable C* foliations
of codimension one of M satisfying the following condition;

(*) There does not exist a C' foliation A of codimension one such that
(F, %, ) is a total foliation of M.

We say a transverse pair (%, %) of a compact 3-manifold M with or
without boundary cannot be raised to a total foliation if (¥, %) satisfies
the condition (*) of Theorem 1.1. Then we see easily that a transverse
pair (£, %) cannot be raised to a total foliation if and only if the one
dimensional foliation # | ¥ admits no transverse foliations of codimen-
sion one.

In Section 2 we construct a model transverse pair. In Section 3 we
present a criterion which will be used in Section 4 to show that the model
in Section 2 cannot be raised to a total foliation. Section 5 is devoted to
the proof of Theorem 1.1.

In the following sections, manifolds are assumed to be orientable and
of class C~, and foliations are assumed to be transversely orientable and
of class C= unless otherwise stated. We sometimes call a leaf of a one
dimensional foliation an orbit.

The author wishes to thank Professor I. Tamura for his valuable
advice and encouragement. He is also grateful to T. Nishimori and K.
Yano for their helpful comments.

§2. A construction of a model

Let A,: T°—T% k e Z, be an orientation preserving C* diffeomor-
phism of the two dimensional torus 7°=R*/Z* defined by

Ak((x’y))z(x+k'y= y), (x7 y)eRz/Zz'

Let & be the one dimensional foliation of T all leaves of which are parallel
to x-axis:
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E={2,;ceSY,

where 2,={(x, y) e T?; y=c}.

We see A, preserves &:

AEE=¢.

Then by constructing an isotopy which preserves &, we easily obtain a C=
diffeomorphism A7 : T°— T7* satisfying the following conditions:

(1) Aj is isotopic to A,

(2) Aj preserves &, and

(3) the support of 4 is {(x, ¥) e T%; 1/4<y<3/4, x e S},
where the support is the closure of the open set {(x,y) e T?; Ai(x, y)+
(x, y)} (see Fig. 2.1).

|

y _

A, for k=1
Fig. 2.1.

Let P, be the total space of the T%-bundle over S* with A; as monodromy:
Pk =T*X [09 1]/(x’ Vs 1) ~(Alfz(xa y)a 0)’ (xy y) eI

In what follows, when there is no confusion, we use the coordinate
(x, y,t) of T*X [0, 1] to specify a point of P,. Letrn:P,—>S'=R/Z be the
projection map defined by

n((x, y, 1))=t (mod 1),

and g: T* X [0, 11— P, be the quotient map. Let &, be the bundle folia-
tion of P,:

’ Fo={z"(t);t S,
and let ¢, be the codimension one foliation of P, obtained by the suspen-
sion of € by 4;:

g0={q(zc >< [07 1]): ce Sl}

Since A;, preserves &, ¥, is well defined. Then all leaves of %, and ¢,

are diffeomorphic to 7% and ¥, is transverse to &%, Furthermore, all
leaves of F,N ¥, are circles. Since &, and %, are foliations without
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holonomy, we have a locally trivial S*-bundle 5 over T* whose fibers are the
leaves of #,N %, Then by calculating the obstruction to the existence
of a cross section of 5, we easily have the following lemma.

Lemma 2.1. The Euler class X(y) of v is equal to k-[T*] ¢ H(T*; Z)
with a suitable orientation.

Remark. From Lemma 2.1 and a result of Milnor [7] and Wood
[14], we see that for k=0, the transverse pair (%, ,) cannot be raised to
a total foliation.

In the following, we will modify %, and 4,. Let b and c: S'—P,
be oriented simple closed curves in P, defined by

b(»)=(1/8,y,1/8),ye S, and c()= (7/8,1/8,1),te S"

We denote the image b(S?) (resp. ¢(SY) also by b (resp. ¢). We see b is
transverse to %, and c¢ is transverse to %, (Fig. 2.2). Let

N@®)={(x, 7, t) € P; (x—(1/8))*+( —(1/8))* < (1/16)}
and

N@Y ={(x,», 1) & Py; (x—(1/8))*+(t—(1/8))* < (3/32)*}
be two solid tori containing & as their core circle. Let

N(@)={(x, 3, 1) € P;;; (x—(7/8))"+(y—(1/8)y’ < (1/16)*}
and let

N ={(x, 3, 1) & P; (x—(/8)+(y—(1/8))’<(3/32)%}.
By the condition (3) of A4}, these are also solid tori containing ¢ as their

N

!

oIwioTmm/o1¥/¢\

N(o) : O

Ay

1~

Fig. 2.2.
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core circle (Fig. 2.2).
Now we modify %, and %, in two steps as follows.

Step 1. First we recall the notion of turbulization briefly according
to [8]. Let K;: S'X S'X [0, 1]— P, —int N(b) (resp. K,: S' X S* x [0, 1]
—N(b)) be a collar of dN(b) defined by

Ki(6, y, $)=(((1/32)-s+(1/16)) - cos 226 +(1/8), ,
((1/32)- s+ (1/16)) - sin 2z0+(1/8)) € P, —int N(b)
s (resp. Ky(0, v, s)=(((1/16)—(1/32)-5)-cos 2z8+(1/8), y,
((1/16)—(1/32) - 5) - sin 270 +(1/8)) € N(b)).

Let £ 10, 1]1—[0, oo be a C*~ function satisfying the following conditions:
() f(r)=0forall te[l/2,1],
(f2) lim,,(f(r)=+ oo,
(3) dfjdt<<0in]0, 1/2], and
(f4) the submanifolds RX {0} and

F(f)={(f()+c,1); t]0, 1T}, c & R, of RX[0, 1]

form a C= foliation of R X [0, 1].

Let s#, (resp. #,) be a codimension one foliation of K,(S'XS'X
[0, 1]) (resp. K, (S* X S'X[0, 1])) defined as follows: ##; consists of a com-
pact leaf K,(S* X S* X {0})=0N(b) and non-compact leaves

(K@, /O] +w, 1); 6 S, 1e]0, 1]}

for w e S'=R/Z, where [z] means z mod 1. 2#, consists of a compact
leaf K,(S' X S' X {0})=0N(b) and non-compact leaves

{Kz(aa _[f(t)]+W, t); 0 € Sl: te ]05 1]}

forwe S'=R/Z.

Now let us remove %|x,sixsixo1nurasixsixrop, and put 5, and
H, instead. Then we have a codimension one foliation %; described in
Fig. 2.3. We call ¢, a foliation obtained by turbulizing %, around
ON(b). Note that Z{|y,, is a Reeb component.

We can easily see that there are points on dN(b) at which £, is not
transverse to %;. Next we wish to modify % so that it becomes trans-
verse to %5 Let S, S,: 8'XS'X[0, 1]+P, be embeddings of S'XS*
%[0, 1] defined by

Sl(x’ Vs S):(X, Y, (1/8)_(3/32)S):
SZ(x’ s S):(xa Y (1/8)+(3/32)S)’
(x, y,5) € S S'X]0, 1].
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.

gl
% slice at x=1/8 ¢

Fig. 2.3.
Let g: [0, 1]—[0, 1] be a C* diffeomorphism of [0, 1] satisfying the follow-
ing conditions:
(gl) t<g(t)forallte]0, 1],
(g2) g is infinitely tangent to the identity at r/=0 and t=1.
Let a: S*—P, be an oriented simple closed curve defined by

a(x)=(x,0,1/8) e P,.
Let
F,={(x,y,1/8) e P,;xe S, ye S}
be a leaf of #,. Let &, (resp..%,) be a codimension one foliation of
S(S*' X S*X[0, 1) (resp. Sy (S* X S*X[0, 1])) such that &, (resp. &) is

transverse to all [0, 1]-factors S;({(x, )} X [0, 1]} (resp. S.({(x, »)} X
[0, 11)), (x,») € S'X S, and the total holonomy homomorphism #,: =,(F;)

b b

N ) /

b

t N t
. ©®) F

slice at x=1/8

Fig. 2.4.
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—Diff [0, 1] (resp. #,: = (F,)—Diff [0, 1]) is given by A([a])=id, h,(b]) =g,
hz([a]) = ld, and hz([b]) =g. Now remove 3{’-0 IS1<S1>(SI><[0’1])USg(SIXSIXEO,lj)
and put &; and &, instead. Then we have a codimension one foliation
F 4 described in Fig. 2.4 such that &7 is transverse to %.

Step 2. Since Fily is a product foliation by 2-disks, we obtain a
codimension one foliation %} by turbulizing &, around 9N(c) as in
Fig. 2.5. Next we modify ¢;. From the construction of the step 1, we
see Zolp—ins vy =0 lpi—tint way-  Let ‘

D={(x, 1) € T% (x— (1/8))"+(t— (1/8)* < (3/32)"}
be a 2-disk in T2 Let S{ and S;: (I*—int D) X[0, 1]—P,—int N(bY be
embeddings defined by
Si(x, 1, y)=(x, (1/8)—(3/32)-y, 1),
Sé(xa Z y)z(xz (1/8)+(3/32) Vs t)a
(x,t) e T*—int D and y € [0, 1].
Then we can define a codimension one foliation & (resp. &) of
S{((T*—int D)X [0, 1]) (resp. S,((T* — int D) [0, 1])) similar to the one
in the step 1 as described in Fig. 2.6. Let ¢ be the codimension one
foliation obtained by removing g6|51((T2—int D)X[0,17) U S2((T2—int D)x[0,1]) and

putting %, and &, instead. Let a’: S'—>P,—int N(bY be an oriented
simple closed curve defined by

ad(x)=(x,1/8,0), xeS"

Then the foliations &, and & have trivial total holonomy along ¢’ and

, N L
Bl

F---A----F-------1----1 ----{¢ N(c){------- -

slice at x=7/8

Fig. 2.5.



302 A. Sato

c NE©) {<
\

4
KL

slice at x=7/8

Fig. 2.6.

have infinite cyclic total holonomy along ¢. Hence &1 and & have trivial
total holonomy along the circle

SY@(T*—int D) X {0}) = S(3(T* — int D) X {0}).

In fact using a suitable isotopy of i (resp. %) as in Fig. 2.7, we can
assume

4 7
yl !Si(an[O,lj)=g0’5{(an[0,lj)e
and
4 4
yzlszz(aux[o,lj)Zgols,f(aux[o,l])-

Thus we can glue ¢’ to 4|y, along aN(b) to obtain a codimension one
foliation ¢}” of P,. We see easily that 4" is transverse to F,/. Let

P=P,—(int N(b) Uint N(c))

and let &, (resp. ¢,) be the restriction of F{ (resp. 4;’) to P. Let T,
be the leaf of &, containing the circle

{0,9,1/8) e P; y e S}
and T, the leaf of ¢, containing the circle
{(0,1/8,t)e P; te S}

T, and T, are diffeomorphic to the 1-punctured annulus S'X[0, 1]—pt.
In the following sections, we only consider P for k=1.
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—
T =T
N AN S== N\
] 1=1/32 t=7/32
slice at x=X,, slice at x=ux,,
25/32<x,<31/32 , 1/32<x,<7/32
Fig. 2.7.

§ 3. The infinitely approximating null closed orbit property

The purpose of this section is to give a criterion for the non-existence
of transverse foliations for a given one dimensional foliation (Theorem 3.3)
which is a modified version of the one used in [12].

Let N be a (possibly non-compact) 3-manifold and let ¢ be an
oriented C! foliation of dimension one tangent to dN. We choose a
Riemannian metric g on N. Let ¢ be an arbitrary positive number.

Definition 3.1. Let (N, ¢, g) be as above. Let C: [0, 1]—>N be an
oriented smooth curve (resp. an oriented smooth closed curve). Then Cis
called an e-orbit segment (tesp. e-closed orbit) of (N, ¢, g) if the following
condition holds:

(*) For every point x of C([0, 1]), we have
| 1 _gx(ua l))|<6,

where g, is the metric on the tangent space 7,N at x, u and v are the
positively directed unit vectors tangent to ¢ and C at x respectively.

An e~closed orbit C is called an e-null closed orbit if C is homotopic
to zero in N.

Definition 3.2. (N, ¢, g) has the infinitely approximating null closed
orbit property (0-N.C.O.P. for short) if for every positive number ¢, there
exists an e-null closed orbit C of (N, ¢, g).

Theorem 3.3. Let M be a compact 3-manifold and let F be an
oriented C* foliation of dimension one tangent to M. Let E(@) denote the
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union of all closed orbits with infinite holonomy of ¢. If (M — E($), ¢ |u- £
&lu-zw) has 0-N.C.O.P., then ¢ does not admit a transverse C* foliation of

codimension one.

Remark. Since M is compact, the statement that (M — E(@), @|u- 2>
glu-x) has 0-N.C.O.P. is independent of a choice of g.

For the proof, we need some lemmas.

Lemma 3.4. Let (S'X D% & ) be a Reeb component of S'XD* and
let ¢ be an oriented C* foliation of dimension one transverse to %  and
pointed inward along 9(S'X D?. Then there exists a closed orbit with
infinite holonomy of .

Proof. Let T be a solid torus in int (S* X D?) such that 07 is parallel
to 8(S*'x D?), 0T is transverse to % 5, and 87 is near enough to 3(S* X D?)
such that ¢ is still pointed inward along d7. Since F |, is a product
foliation by 2-disks, we have a projection map p: T—S* such that
{p7'(t);te S} is F|r. For each closed orbit / of ¢, we associate an
integer k such that p,[l1=k-[S"], where [/] is the homology class of /.
We call k& the degree of I. Choosing an orientation suitably, we can
assume the degree is a positive integer. Let Dy=p~'(0), 0 e S’, be a leaf
of #|r. By considering the first return map of ¢ on D,, we have a
diffeomorphism f of D, into itself. By applying the Brouwer fixed point
theorem for f, we have a closed orbit /, of ¢ whose degree is equal to 1.
If the holonomy group of /; is infinite, we are done.

Consider the case when the holonomy group of /, is finite. Let U be
the union of all closed orbits with finite holonomy and let U, be the con-
nected component of U containing /,. Since the holonomy group of an
orbit with finite holonomy is conjugate to a cyclic subgroup of SO(2) (see
for example [1]), we have

(i) U is an open subset of int 7, and

(ii) the closed orbits with non-trivial holonomy are isolated in U.
Moreover

(iii) if /is a closed orbit with holonomy of order £k and the degree
of [ is m, then the orbit I’ near [ is a closed orbit without holonomy and
the degree of I’ is k-m. Let d be the degree of a closed orbit without
holonomy in U,. d is well defined from (ii). Then from (iii), we have

(iv) the order of the holonomy of each closed orbit in U, divides d.
Let z: ($, T, Uo)—+(¢ T, U,) be the d-fold covering and let f: D,—D, be
the first return map of ¢, where D, is a connected component of z='(D,).
Note that fis conjugate to f¢ via the covering projection. Let J, be an
orbit through a point of bd(U,)=cl(U,)— U, and /, be a connected com-
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ponent of z='(l)). From (iv), Flaens, is the identity map and hence f also
fixes the point /; N D,. Thus /, is a closed orbit. Since /, contains a point
of bd(U,), the holonomy of /; cannot be finite. Thus /, is a desired orbit.

Proof of Theorem 3.3. Suppose that there exists a codimension one
C* foliation & transverse to ¢. We will have a contradiction later. We
may assume oM=0. For, if 0M==f, then we consider the double
(DM, DF) of (M, F), where DM=MU ;,, M and DF =F U 130 F
which is transverse to Dg=¢ U, ,»$, and we can apply our argument to
(DM, D&F). Since M is compact, there exists a positive number ¢ small
enough such that every e-closed orbit is transverse to 4. Thus the
assumption that (M — E(¢), ¢|x -z &lu-r) has 0-N.C.O.P. implies that
there exists an e-null closed orbit C: S'—>M — E($) which is transverse to
& . That is, we have a continuous map F: D*—>M —E(¢) such that
Fl,:=C. Then by a well-known method- (see [3], [10], [11] and [2] for the
C'-case), for any positive number 8, we have a C' map F: D*—>M satisfying
the following conditions:

(F_l) FjaszIam-

(F2) F is an immersion.

(F3) F is in general position with respect to &% ; that is, for every
point x ¢ D? there exists a foliation chart (U, ) of & around F(x); F(x) ¢
U, n: U—>R, such that = o F is a Morse function.

(F4) F is d-near to F, thatis, d(F(x), F(x))<é for every point x
D?, where d is the distance on M induced from g.

We choose 6 so that for every Reeb component (R, & |z) of &, R=
S'x D?, every point which is d-near to dR is contained in a tubular
neighborhood of 9R.

By the simply-connectedness of D? and the condition (F3), we see
that the Haefliger structure F*# defines a C* vector field X on D* whose
singular points are a finite number of centers and saddles (Fig. 3.1).

From (F1) and the fact that C=F]|,,. is transverse to &, we see X'
is transverse to 0D*. We assume X is pointed inward on dD® Further-
more, by choosing F suitably, we can assume that for distinct singular

center saddle
Fig. 3.1.
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points x, x’ of X, F(x) and F(x’) are on distinct leaves of #. Then X
has no saddle connections; that is, there are no orbits with the a-limit set
and the @-limit set being two distinct saddle points.

Then by the Poincaré-Bendixson theorem, the «-limit set or the
w-limit set of an orbit of X is one of the following types;

{(a) acenter

(b) a non-singular closed orbit

"(¢) aunion of a saddle and a non-compact orbit

(d) a union of a saddle and two non-compact orbits.
We divide (d) into (d,) and (d,) according to Fig. 3.2; that is, (d,) is the
case that a non-compact orbit is surrounded by the circle consisting of the
‘saddle and another non-compact orbit, and (d,) is otherwise.

' O <D

(@) ‘ (b) ©)

SO )

(dy (dy)
Fig. 3.2.

Then from the Novikov compact leaf theorem ([10]), we have the
following statements:

(N1) There exists a vanishing cycle, that is, a continuous family of
maps f;: S'—M, 0<t <1, such that

(1) f,(SY) is contained in a leaf L, € &,

(ii) f,: S'=L, is not null homotopic, and

(i) f,: S*—L,, 0<<r<1, is null homotopic.

Furthermore f,(S*) (0<¢<1) is contained in F(D? and F-'(f,(SY)
is a union of a finite number of circles of type (a), (b), (c) and (d) above.

(N2) For every vanishing cycle f,: S'>L, e #, 0<t<1, such that
o is not null homotopic in L, and f,(0<{¢#<1) is null homotopic in L,, the
leaf L, is the boundary leaf of a Reeb component (R, #|;) and L, is an
interior leaf of (R, & |).

We will show that the immersed disk F(D?) intersects E(¢). For this,
we need the following assertion which is proved by considering an
“Inner-most™ vanishing cycle on (D?, F*%) (see [4] and [10]).
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Assertion. There exists a subset D, of D* which is a disk or a disk
glued at two points on its boundary (Fig. 3.3) satisfying the following condi-
tions:

(i) 9D, is a circle of type (b), (c) and (d,), and int Dy= J, I,, where I,
is a circle of type (), (b) and (d).

(ii) F(@D,) is not null homotopic in L,, and F(l)), I, Cint D,, is null
homotopic in L,, where L, (resp. L,) denotes the leaf of & containing F(0D,)
(resp. F(1)).

> ® <D

disk glued at two points
on its boundary

Fig. 3.3.

We show that for D, in the assertion, the image F(D,) intersects
E($). By the condition (ii) of the assertion, there exists a collar N of
oD, in D, such that N—9D, is a union of circles of type (b) and the
restriction Fly: N—M gives us a vanishing cycle. Hence by (N2) of the
statements of Novikov’s theorem, there exists a solid torus R (=S' X D?
in M such that %, is a Reeb component and F(3D,) is contained in dR.
Furthermore we easily see that the homology class [F(@D,)] in H,(0R; Z)
represented by F(3D,) is equal to a multiple of the meridian;

[F(@Dy)]=k-[{x} X2D"] ¢ H\(3R; Z),

where we identify R with S*X D* and k € Z—{0}. By Lemma 3.4, there
exists a closed orbit / of ¢ such that /Cint RN E(¢). Moreover the homo-
logy class [/]1 € H(R; Z) (== Z) of [ is not zero.

Assume F(D,) does not intersect /. First consider the case F(D)CR.
Then since [F(6D,)] is a non-zero multiple of the meridian in H,(dR; Z),
F,[D,, 8D,] represents a non-zero element in H (R, 0R; Z) (= Z). Thus
the intersection number of {/] and F,[D,, aD,} is non-zero and this con-
tradicts the assumption. Next consider the case F(D,)Z R. Take the
connected component S of F-(F(D,)N R) which contains D,. Let 3S
denote S—int S. F(8S) is contained in dR. By the condition (i) of the
assertion, 5S—4aD, is a union of a finite number of circles of type (b), (d).
By (ii) of the assertion, F maps these circles to null homotopic circles on
0R. Then we can extend Fl|g: S—R to a continuous map F’: D—R
such that F/|=F|s; and F/(D,—S) is contained in 0R. If F'(D,) does not
intersect /, then we have a contradiction by the same way as in the case
F(D)cR. This shows that F(S) intersects I. Hence F(D,) intersects /.
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By (F4) and the choice of §, the same argument shows that F(D,) or F(S)
intersects /. Since F is-a map into M—E(¢) and [ CE($), we have a
contradiction. This completes the proof.

Proposition 3.5. Let (M, ¢, g) be a triad of a (possibly non-compact)
3-manifold, a C* foliation of dimension one tangent to dM and a Riemannian
metric on M. Let p; M—M be a finite covering and let §=p*¢ (resp.
&= p*g) be the induced one dimensional foliation (resp. the induced metric)
by p. If (M, ¢, g) has 0-N.C.O.P., then (M, §, §) also has 0-N.C.O.P.

Proof. 1f C, is an e-closed orbit of (M, ¢, g), then each lift C. of C,
is an e-closed orbit. If C. is null homotopic, then each lift C, is also null
homotopic. Thus for every positive number ¢, we have an e-null closed
orbit C, of (M, ¢, ).

§4. Main lemma

Let P=P,—(int N(b) Uint N(c)) in Section 2 and let ¢ be the one
dimensional foliation determined by the intersection of leaves of &, and
g,

¢=F . NY,.

We will choose an orientation of ¢ later. Let E(¢) be the union of closed
orbits with infinite holonomy of ¢. Choose a Riemannian metric g of P.
The following lemma is important to the proof of our result.

Lemma 4.1. (P—E($), dlr-rw)» &lp-nw) has 0-N.C.O.P.

In order to prove Lemma 4.1, we need to observe the behavior of ¢
near 9N (b) and near dN(c). We observe it according to five cases (O-1)
to (0-5) (Fig. 4.1).

(O-1) Let L, be a leaf of &, containing a point (1/8,0,¢) e P, 0<"
t<1/32. Then L, is diffeomorphic to a 1-punctured torus 7°—pt, and
the foliation ¢,|,, of L, is described in Fig. 4.2.

(0-2) Let L, be a leaf of &, containing a point (1/8, 0, ¢), 1/32<¢
<1/8. Then L, is diffeomorphic to co-punctured S'X R— U, where U is
diffeomorphic to ]0, 1[ X R, and %, |,, is described in Fig. 4.3.

(0-3) Let L,=T, be the leaf containing the point (1/3,0, 1/8). L,
is diffeomorphic to 1-punctured annulus S'X[0,1]—pt and %,|,, is
described in Fig. 4.4.
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Fig. 4.1.
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Vi

//hole

Fig. 4.2.

(0O-4) Let L, be a leaf of #, containing a point (1/8, 0, 1), 1/8<¢<
7/32. L, is diffeomorphic to co-punctured S'X R—U as in (0-2) and
.., is similar to ,],,.

(O-5) Let L, be a leaf of &, containing a point (1/8, 0, t), 7/32<¢
<1. L, is diffeomorphic to 1-punctured torus 7°—pt and 4, |z, is similar
to ...

The behavior of ¢ near dN(c) is similar to (O-1) to (O-5).

Lemma 4.2. E(¢$)=(T,NINB)U(T.NIN(c)) = {(x,y,1/8) e P; x
=1/16, 3/16, y € S} U{(x, 1/8, t) € P; x=13/16, 15/16, t € S'}. Therefore
E($) is a union of four closed orbits on dN(b)UdN(c). In particular,
7(P— E(@)) is isomorphic to n,(P).
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Proof. Leaves of &, (resp. %) with non-trivial holonomy are dN(c)
(resp. ON(D)), T, (resp. T.) and two leaves which are diffeomorphic to
T?—pt. By the observation (O-1), (0-3) and (O-5) of this section, we see
that closed orbits with non-trivial holonomy are only on T, U T, and then
we have E(¢)=(T, NoN(B)) U(T.NIN(c)). This completes the proof.

The following is a presentation of the fundamental group of P. For
two loops & and B, aff denotes the loop S followed by «.

Lemma 4.3. Let p,=(0, 1/8,1/8) e T,N T, be a base point of w,(P).
Let a, B, 7, 1 and v be the homotopy classes of loops based at p, in Fig. 4. 5
Then we have a presentation of z,(P) as follows:

D e, B, 7, 1, v} is a set of generators.

(2) the fundamental relations are as follows

(1) pla™'pa=y,
(II)  pp=pu,
) e Ta=gp,
avy r'efr=_;.
N®)

)| =

8
Do Q

| ! | T

L - (
R
l " ;

LJ RN ~
y \

.X‘\ PR
N()
Fig. 4.5.

Proof. Let P’ be the compact 3-manifold w1th corner obtained by
cutting P along T ={(x, y,0) ¢ P}, and let T,= {(x »,0)e P’} and T,=
{(x,y, D e P’}. Tis diffeomorphic to 7*—int D By moving p, along a
path to p;=(0,0,0) and applying the HNN construction (see [6]) re-
peatedly, we have the following presentation of m,(P). Leta, 5, 4 and v
be the homotopy classes of loops in P’ described in Fig. 4.5. Then,
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1) A{a, B, p, v} is a set of generators.
(2) the fundamental relations are;
(1) pla~'fa=v,
(1) p8=pp.
‘We see that the generators of #,(T}) are & and B, and that the generators
of z,(T}) are the homotopy classes «’ =[a’] and g’ =[b’], where o, b': S*—
T, are defined by

a'(s)=(s,0, 1),

b(s)=(,s, 1), seS'=R/Z.
Let c: [0, 11— P’ be a path defined by

c(5)=(0,0, s), se[0, 1]
Then we have |

o =au™', and ¢f'=p,

where ¢, denotes the isomorphism ¢,: z,(P’, pt)—n,(P’, py), py =c(1)=
(0, 0, 1), defined as follows:

clal=[c " eaoc], [a] &€ =,(P’, i),

where ¢ o a o ¢ denotes the loop based at p; obtained by the conjugation
of a loop a by the path ¢. Since the monodromy map is A;: 7°—T17 of
Section 2, we have

fa'=a,  fig=ap,

where f: T)— T, is the gluing map. Then by the HNN construction, we
have;
(1) {a, B, 1, v} U {1} is a set of generators.
(2) the fundamental relations are;
(1) gaBa=v,
(IT)  pB=py,
(1LY fi =7(c,2)r7",
(IVY fiff =T(c)1 "
(IIY is rewritten as a=7ap~'7"", and then
am rlere=p.
(IVY is rewritten as «8=7gr"", and then
@V) 71afr=4,.
This completes the proof.

Lemma 4.4. For every positive number e, the following homotopy
classes in (P — E(¢))=n(P) can be represented by e-closed orbits, where
m and n are arbitrary integers;
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0) e

@ a@pmg,

2 apy g,
3 awmp,
@ ' p g

Proof. (I) First we prove (0). Let
o={(x,1/8,1/8) e P; 1/4<x<3/4}

be a segment with its end points p,=(1/4, 1/8, 1/8) and p,=(3/4, 1/8, 1/8).
By the construction of %, and ¥, in Section 2, we have sC T,N7T,. We
construct an e-closed orbit representing « by joining the following five
e-orbit segments.

(i) Choose a point

Po,e=(1/32,1/8,8,0), 0<(1/8)—1,,.<(1/2)-(1/32)-¢,

so that the linear segment p,p, . is an ¢/2-orbit segment. Let L be the leaf
of &, containing the point p, .. L=L,—U, where L, is oo-punctured
S'XR and U is an open disk in L, (Fig. 4.3). Let 4,. be an e-orbit
segment joining p, to p,,. obtained by smoothing p,p,, . near p, and p, . so
that 4, is contained in the slice {(x, 1/8,¢) € P} and is tangent to T,
(resp. L) at p, (resp. p,,.) (Fig. 4.6 (i)).

(ii) Let 2,,. be the orbit segment of ¢ on L which starts from p,
and hits the slice {(7/32, y, t) € P}, and let ¢, .=(7/32,1/8, ¢;,;) be the
other end point of 2,,. (Fig. 4.6 (ii)). By the symmetry of the construction
in Section 2, we have ¢} .=t, ..

N()
/
¢
N(b)

P0>\ é = -

2o,¢
x———'—
slice at y=1/8 A,

Fig. 4.6 ().
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/\ /hole

Po.e s,

Fig. 4.6 (ii).

(iti) By (i) and (ii), we can assume the linear segment g, .p, is also
an ¢/2-orbit segment. Let 1, , be an e-orbit segment joining g, . to p, similar
to . so that 4, . is contained in the slice {(x, 1/8,¢) ¢ P} and is tangent
to L (resp. T;) at g, . (resp p,) (Fig. 4.6 (i)). :

(iv) We join p, to p, by o.

(v) We construct an s-orbit segment joining p, to p, by usmg <,
near oN(c) instead of %,. Choose points p. .=(25/32, y.,., 1/8), and
q.,.=(31/32, y..., 1/8), 0<(1/8)—,,.<(1/2)-(1/32)-e. Let 2,, and 2.
be e-orbit segments obtained similarly to (i) so that 2, . (resp. 4, ) is con-
tained in the slice {(x, y, 1/8) € P} and is tangent to the leaves of ¢, at its
end points. Let 1, . be the orbit segment joining p, . to ¢, . similar to (ii).

By joining the s-orbit segments 2y ¢, 45,6 Ai,es O, Ap,es Ae,e @nd 4, in
that order, we have an ¢-closed orbit representing the homotopy class .

(II) Next we construct an e-closed orbit representing «f" for
arbitraryn € Z. Fix n and e. Let p,=(1/32, 1/8, 1/8) be a point on T,
and let §': S'—T, be a loop on T, defined by

B(s)=(1/32,s+(1/8),1/8)e P, seS'.
Let J={(1/32, 1/8,t) e P; 3/32<Ct < 1/8} be an arc one of whose end point
is p,. By the construction of & in Section 2, we see that the leaf T, ¢ %,

has holonomy along B and that the holonomy map f,: (f3)'(J)—>J
associated with 8’ is an expanding diffeomorphism:

fe(1/32, 178, )=(1/32, 1/8,1"),
t/<tfor (1/32, 1/8, t) e (f3)"'(J)—{p,}, and
fﬂ'(Pb)=Pb-
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’
26

fp'(P,b)

()(2)

Fig. 4.7.

(i) If we choose a point p; e J—{p,} near enough to p,, then the
point (f;)*(p}), for every k e Z satisfying |k|<|n|, is contained in J.

(ii) Let L be the leaf of &, containing p; ¢ J. If we choose p; =
(1/32, 1/8, t,) e J—{p,} near enough to p,, then a point of o(p;) and a
point of o((fs)"(p;)) is joined by an e-orbit segment on L, where o(p)
denotes the orbit of ¢ through p (Fig. 4.7).

(i) Let 2; . be an e-orbit segment on L comnstructed as above so that
;.. starts at pj, moves on o((f3)"(p;)) and hits the slice {(7/32, y, t) € P}
on o((fp)"(py). Let g;,.=(7/32, 1/8,¢;.) be the end point of 2; . dif-
ferent from p;. If n=£0, then ¢} .+1¢,. Butif we choose #, near enough
to 1/8, we have ¢} . arbitrary near to 1/8. Thus, if pj is near enough to
Ds, then there exists an e-orbit'segment 2, , in (iif) of (I) joining ¢}, . to p;.

(iv) Letp,.=(1/32,1/8,¢,.), t,,.<<1/8, be a point of J near enough
to p, satisfying the following conditions: '

(a) there exists an e-orbit segment 4, . in (i) of (I) joining p, to p, .,

(b) p,,. satisfies the conditions of p; in (i), (ii) and (iii) of (II).

Let g, 2,,. be orbit segments and let 4, ., 4, be e-orbit segments in
(I). By joining the e-orbit segments 2, ., 45 ., A1, 0, Ay, 4, and 4;, in
that order, we have an e-closed orbit representing af”.

(III) By changing an orbit segment 1., for an e-orbit segment 2/,
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similar to ;. in (iii) of (II), we have an e-closed orbit representing
a(rp)™B" for an arbitrary pair (m, n) € Z*.

(IV) 1In order to represent apu~', we choose p, . =(1/32,1/8, 7,..).
0<7, . —(1/8)<(1/2)-(1/32)-¢ instead of p, .. Then we construct an e-
orbit segment on the opposite side of 7, to (I), and we have an e-closed
orbit representing ey,

By a construction similar to (II) and (IIT), we have an e-closed orbit
representing a(p)™p~'p". If we construct an e-orbit segment on the
opposite side of T, to (I), then we have av~' and then av~'(7p)"p". Lastly
composing these constructions, we have aw='(7)™¢'8". This completes
the proof.

Note that a homotopy class represented by composing those in
Lemma 4.4 is also represented by an e-closed orbit.

Proof of Lemma 4.1. By the relations of Lemm 4.3, the classes of
(1) and (4) of Lemma 4.4 are rewritten as follows:

(1) a@p"f"=alaTe)"s" by (III)
=I"af".
@) a T p g =p"afrw ' by ()
=B aplr ) TR
=B afa 1 ar B* by (III).
We set m=1,n=—2 for (4). Then B~'afrB~? is represented by an e-
closed orbit. Set m=—1, n=2 for (1). Then r'af* is represented by
an e-closed orbit. Hence the composition
T 'af B lafrB =7"aBafrB?
=("'afryp*
=g-p* by (IV)
=1 )
is represented by an e-closed orbit. This completes the proof.

Theorem 4.5. (F,, 9,) cannot be raised to a total foliation.

Proof. This follows from Lemma 4.1 and Theorem 3.3.

§S. Proof of the main theorem

In this section we prove Theorem 1.1. For this purpose we need
some constructions used in [5].
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e

Fig. 5.1.

3

Let #=L,UL,UL, be the Borromean rings in S* described in Fig.
5.1, where L,, L, and L, denote the connected components of #. Let
N(&)=N(L)UN(L,) UN(L,) denote a closed tubular neighborhood of #.
Let p, (resp. 2,) be a simple closed curve on dN(L,) which represents the
meridian (resp. the longitude) for i =1, 2, 3, that is,

‘i*[#i]=0 in H(N(L,); Z),
£:[2,]=0 in H(S*—int N(L,); Z),
where [p,] (resp. [4;]) e H(ON(L,); Z) denotes the homology class of g,

(resp. 4,), and ¢;. (resp. £,+) denotes the induced homomorphism of the
natural inclusion

42 ON(L)—N(L)),
k,: ON(L,)—S*—int N(L,).

Let P, and P=P,—(int N(b) Uint N(c¢)) be the 3-manifolds constructed in
Section 2 for k=1 and let

U={(x,y,1) & P;; (y—(1/2)y+2*<(1/4)}.

Then we see that P—int U =P,—(int UUint N(b) Uint N(c)) is diffeomor-
phic to T°— (int N(x) Uint N(v) U int N(w)), where u, v and w are mutually
disjoint circles parallel to three coordinate axes of the 3-dimensional torus
T°. Let py:S'—0oU and A,: S'—0U be oriented simple closed curves
defined by

Lo (0)=(0, (1/4)-sin 2z64-(1/2), (1/4)-cos 2z6),
2,(60)=((1/4)-6,0,0), 6eS'=R/Z.

Let [¢] and [B] (resp. [v] and [1'4]) be the homology classes of H,(0N(b); Z)
(resp. Hi(ON(c); Z)) defined by the homotopy classes ¢ and S (resp. v and
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7w) in Lemm 4.3. Then the following proposition holds. For a proof,
see [5].

Proposition 5.1 ([5, Proposition of Part Three of Chapter 5]). There
exists a diffeomorphism

h: P—int U—S°*—(int N(L,) Uint N(L,) Uint N(L,))

satisfying the following conditions:
(a) h@EU)=0N(L), W@EN®D)=0N(L,) and h(@ON(c))=0N(L,),
(b) if we choose suitable orientations of u, and 2, for i =1, 2, 3, then
the following (i) and (ii) hold:
() Cho)a(e) =01 (Gloo)y(—[AD =[],
(h laN(b))*([ﬂD =[], (hlswen)(—[8D= [/.12],
Blay@)«@D=I[4], oy (— D) =[ps],
(ii) the linking numbers

T2, p)=+1, for i=1,2,3,
with the right hand rule.
The following lemma is also contained in [5].

Lemma 5.2. (1) The closed 3-manifold obtained by the Dehn surgery
with the coefficient +1 along each connected component of the Borromean
rings & =L,UL,UL, is diffeomorphic to the Poincaré homology 3-sphere

0%
(SS— Q)l int N(LZ-)) U Q SixDi=0,

where [{x} X 0D =[2,]+[p.) in H(GN(L,); Z).

(2) Let 1,=S;%x{0} be a core circle of S} XD} (i=1,2,3), and let
p: S*—>@® be the universal covering of Q° which is of 120 sheets. Then
p7'() (i=1, 2, 3) is a union of 12 fibers of the Hopf fibration of S*:

12
p_l(li)zulz’j fOl" 1215 27 39
i=1

1,; is a trivial knot, and Ik(I,;,[,)= +1 (j #k).

(3) Let p, CON(L,) be the meridian curve of L, chosen in (b) of Pro-
position 5.1 (i=1, 2,3). Then p~*(y,) is also a union of 12 fibers of the
Jibration, and each connected component fi;; (j=1, - - -, 12) together with
I,y (j'=1, - - -, 12) forms a Hopf link such that

Iy 1) =+ 1.



Transverse Pair of Foliations 319

:

L-

Fig. 5.2 ().
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Fig. 5.2 (ii).

Theorem 5.3 ([5, Main Theorem]). Let M be a closed orientable
3-manifold. Then M has a total foliation (¥, %, #) satisfying the following
conditions:

(1) F,%, and S are transversely orientable and C~.

(2) There exists a compact codimension O submanifold R of M such
that

(a) R is diffeomorphic to S* X D?,

(b) F | is a Reeb component, and

(©) €| (resp. S |z) consists of two half-Reeb components (Fig. 5.2
() (for the definition see [13]) and 4|, (resp. #|,z) is a foliation described
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in Fig. 5.2 (ii), where the orientation of S* is suitably chosen.

Though the condition (2) is not stated in the main theorem of [5], we
can construct such a total foliation by using a method in [S]. We omit a
proof of Theorem 5.3.

Theorem 5.4. There exist C codimension one transversely orientable
foliations F' and 4’ of S' X D* satisfying the following conditions:

(a) (F', 9) is a transverse pair,

(b) F’ is tangent to 3(S* X D?),

(©)  9'|;sixpey IS a foliation as in Fig. 5.2. (ii), and

(d) (&', &) cannpt be raised t9 a total foliation.

Proof. Let &, and 4, be codimension one foliations of P with
k=1 constructed in Section 2. First we extend %, and ¢, to the Poincaré
homology 3-sphere Q°. We easily verify the simple closed curve

C={(0, (1/4)-cos 2z0+(1/2), (1/4)-sin 2z0); 6 € R/ Z}

on dU is homotopic to zero on U. By the definition of the oriented
closed curves 2y, py: S'—>0U in the beginning of this section, we have

[Cl=l]—[e]  in H(U; Z).
From Proposition 5.1, we have
hy[Cl=—[pw]—[4]  in H@N(L); Z).
Hence P is diffeomorphic to the manifold
(S*—(int N(L) Uint N(L,) Uint N(L,)) aNL(gl) S'x D?
obtained by performing the + 1 Dehn surgery along L, and then deleting

int N(L,) and int N(L,). In particular we can consider PC Q® By the
construction in Section 2, we see F |,y and % |;x, are as in Fig. 5.3.

\ [nu]T / W

—

)

—
TN

D))

TN

)

1

ol

)

Filavew Gilancer
Fig. 5.3.
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From Proposition 5.1, we see F,|,y, and % |,5., are as in Fig. 5.4.

Bl it

[S—

<<l

Filana [re]

[

gvllaN(La)

Fig. 5.4.

Let /, (i =2, 3) be the core circles in Q° defined in (2) of Lemma 5.2.
Since [4;]+[p,]=0 in H(N(,); Z), by choosing on dN(l,) a meridian
which is homotopic to zero in N(I,), and a longitude which is homotopy
equivalent to N(/,) suitably, we see F,|;x, and % |,y are as in Fig. 5.5.

long.r S long;r B \C
X <
% (\C

—— —_—

Filovaw mer. mer.

gxlazv(zz)

Fig. 5.5.

Let & » and %, be codimension one foliations of S* X D? such that

() % is transverse to & g, -

(B) &z isa Reeb component, and

() %y consists of two half-Reeb components (Fig. 5.2 ().
Since both of foliations on the boundaries are coincident, we can glue
F 5 (resp. 95) to &, (resp. &) along dN (/) and also glue F (resp. ¥z)
to &, (resp. ¢,) along dN(/,), and then we obtain codimension one folia-
tions &, and %, of Q° satisfying that &, is transverse to F,, F,|,=%,
and %,|,=%,. Then. by Theorem 4.6, we see that (¥,, %,) cannot be
raised to a total foliation. Let &,=p*%, and %,= p*%, be the foliations
induced by p: S*—Q°. Let $=%,N %, be the one dimensional foliation
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in Section 4. Let P denote p~'(P) and let § (resp. §) be p*¢ (resp. p*g).
Since p is a finite covering, E(¢)=p (E($)). Since (P—E($), ¢lr-rw»
&lr-z) has 0-N.C.O.P. by Lemma 4.1, we see by Proposition 3.5 that
(P—E(J), 3|5-£@» E|p-r() has 0-N.C.O.P.. Hence by Theorem 3.3 and
the fact that PCS® we see that (%, &,) cannot be raised to a total
foliation. From (2) of Lemma 5.2, p~(N(};)) is a tubular neighborhood
of a union of 12 fibers of the Hopf fibration of S°. Let N(,) be one of
12 components of p~i(N(L,)). Then since N(l,) is unknotted, S°—int N(,)
is difftfomorphic to S'XD:. Consider F'=%F,|ss_int5an and %=
Dylss-ins v+ Since ON(c) is a compact leaf of %, of P, &’ is tangent to
a(S*—int N(1)), so the condition (b) is verified. The condition (a) is
obvious. Since S*—int N(J) contains P, the condition (d) is verified.
Now verify the condition (c).

Note that the homology class represented by a compact leaf of
@, |5, oOriented as in Section 4 is [7y] € Hy(9N(c); Z). Hence by Proposi-
tion 5.1, this is equal to —[g,] in H,(dN(L,); Z). Hence by (3) of Lemma
5.2, a compact leaf of %’|,4,, and the core circle of N(/;) form a Hopf
link. This shows that a compact leaf of ¢’|,5,,, and a core circle of the
solid torus S®—int N(/,) also form a Hopf link. This shows that if we
choose a longitude of 3(S*—int N(1,)) suitably, then % |,ss_ins Ny 1S @s in
Fig. 5.2 (ii), and we have (c). This completes the proof.

Proof of Theorem 1.1. Let M be a closed orientable 3-manifold.
By Theorem 5.3, we have a total foliation (%, ¢, s#) of M satisfying (1)
and (2). Let #’, 9’ be codimension one foliations of S*x D* of Theorem
5.4. Since & (resp. #') is tagnent to 9R (resp. 3(S* X D*) and %|,
coincides with %', g1 ps), We can replace F |, (resp. 4|z) by F'(resp. ),
and then we have the desired foliations.
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