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nothing to prove. In the case I¢(p=g), we will give a proof of (ii) in
Lemma (A. 2) of Appendix. On the other hand, we can show (iii) by an
argument similar to that in Case (c).

Case (). A symmetric pair satisfying this condition but not treated
in Cases (a)—(d) is contained in one of the following classes.

III, (m: even), III¢ (m: even).

From now on we restrict our attention to the pairs contained in these
classes. As in Case (c), we take X € go(j; @) and Y e go(j; —6a) so that
X+Yeg. Put g =exp(X+60Y). Multiplying X+ Y by a constant if
necessary, we may assume that Ad(g’)|j is the reflection with respect to
«. Under the assumption, we find that a4 6, a+oa, a+foa ¢ 2(}).
This implies that any two of g/, 0(g’), ¢(g’) and fo(g’) commute with
each other. We put g=g’6(g)a(g")bs(g’). Then it is easy to see that
g € K and g normalizes j, a, and j. Hence (i) is shown. Next we prove
(ii). In the case III(m:even), itis clear that fa~« for any « e 3(j).
This implies that 3(j),=@ and therefore we have nothing to prove. In
the case III¢ (m: even), we will give a proof of (ii) in Lemma (A.2) of
Appendix. Last we show (ili). Put pg=1i(a—6fa—osa+ fox) e X(a).
Then {u, p)=%{a, ay. Noting this, we see from the assumption that
58008, a850a(¥) =Y —2(p(Y)/{pt, )Y, for any Y ea. Hence Ad(g)|a=
SSpaS.4504¢ | 0 1S the reflection on a with respect to p.

Let (g, ) be an irreducible symmetric pair of split rank 1. Then by
the classification given in Section 6, we find that (g, §) is contained in one
of the classes given in Cases (a)-(¢). Hence the lemma is completely
proved.

(7.8). Let (g, §) be a symmetric pair of general rank. Let ¥(a) be a
fundamental system of roots in X(a). For each fundamental root 2 ¢ ¥F(q),
we consider the symmetric pair (g(4), H(2)) (cf. § 4). This is of split rank 1.
Then it follows from Lemma (7.6) that there exists an element g € K such
that Ad(g) normalizes (1), a,(2) and {(2), that Ad(g)|a(2) is the reflection
with respect to 2 and that Ad(g)|(2) leaves M, (@, ¢)* invariant. Here
M (6, 0)* is the set defined for the pair (g(2), H(2)) similar to M (4, o)* for
(g, b). For this g ¢ K, we have the following lemma.

Lemma (7.8.1). (i) Ad(g) normalizes i, a, and i.
(ii) Ad(g)|a is the reflection with respect to A.
(i) Ad(g)|j leaves the set 3(3); =2 (1), N X(H)* invariant.

Proof. (i) and (ii) follow from the remark before the lemma. In
fact, for example, we show that Ad(g)j=]. Let {()* be the orthogonal



Restricted Root System 483

complement of j(2) in j. Then it follows from the definition of g that
Ad(g) leaves each element of j(2)* invariant. Hence Ad(g)j=j.
We are going to prove (iii). Let x e X(f); and put

m={pe 3 P78 —pl.

Since fp =y, 0(B—opf)=p—ap for any B e M. This combined with the
condition (C) implies that #3=8. Hence M C3(j);. Let R,(1<i<p)
be the connected components of 3(j), which intersect with M. On the
other hand, let R, (p<<i<r) be the connected components of X(j), which
do not intersect with M. Put 3,={J?_, R, and 3,=J;>, R;. Then it
follows from the definition that 3,NX(j; )=@ or 3, c3(j; 1), First
assume that 3,N3(j; A)=0. Then it is clear that w(g)=g. Here w=
Ad(g)|i. On the other hand if X', 3(j; 1), it follows that M C M(, 0)*.
Hence we see from the discussion before the lemma that w(g8) € M,(4, o)*
for any 8 e M. Here w=Ad(g)|j. This implies that w(g) € 3(});. We
have thus proved that w(2'(});)=2();. g.e.d.

Let ¥'(a)={A4;, - - -, 4,} and for each i (1<i</), we take an element
g, € K satisfying the conditions (i)-(iii) in Lemma (7.8.1) for 1=21,. We
now consider the subgroup W(a) of K generated by g,, - - -, g,. Then it
is clear that W{(a) is a finite group. Moreover we put

Z(a)={g € W(a); Ad(g)|a=id}.

Then it follows that W(a)/Z(a)=~ W(a).

We next consider the group W(a,),. Clearly W(a,), is generated by
the reflections with respect to the roots of 2'(a,),. Let {, ---, y,} bea
fundamental system of X(a,),. Then by definition, oy, =p, (1Zi < p).
For any p,, there exists 8, € 3(j) such that o8, =p, and 8, —08,=2p,.
Then it follows from Lemma (7.6) that there exists 4, € K N (G”), satisfying
the conditions described there. Let W(a,), be the subgroup of K generated
by &, - - -, h,. Then W(a,), is clearly contained in H. We put Z(a,), =
{g e W(a,),; Ad(g)|a,=id}. Then W(a,),/Z(a,), = W(a,),.

Theorem (7.9). For any we W°(a,), there exist g e W(a) and he
W(a,), such that Ad(hg)|a,=w.

Proof. By definition, w normalizes a. Hence w|a € W(a). Then
there exists g € W(a) such that Ad(g)|la=w|a. We now put w’=Ad(g)|a,.
Clearly w’ is contained in W(a,). Since ww'~! leaves each element of a
fixed, there exists # € W(a,), such that Ad(h)|a,=ww’~’. Then Ad(hg)|a,
=w and the theorem is proved. q.e.d.
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Corollary (7.10). Let w,=e, w,, - -+, W, form a complete system of
the representatives of the coset W(a,; H)\W°(a,). Here we put

r=[W(a,): W(a,; H)]

Then for any i, there exists a representative W, € Nx(a,) of w, such that the
Jollowing conditions hold:

Adw)i=1, Ad@)i=} wEON=20;.

This is a direct consequence of Theorem (7.9) and the definition of
W (a,). |

(7.11) In the course of the discussions in the paragraph (7.8), we
have shown by considering the case where §=g¢ the following claim which
seems to be known.

Proposition (7.11.1).  There exists a finite subgroup W of K satisfying
the following conditions:

(i) Each element of W normalizes both ] and a,.

(i) IfZ={ge W;Ad(g)|a,=id}, then W|Z coincides with the Weyl
group W(a,).

§ 8. A parabolic subalgebra connected with a symmetric pair

In this section, we introduce a standard parabolic subalgebra p, of g
which plays a basic role in Fourier analysis on the symmetric space as a
minimal parabolic subalgebra does a role in Fourier analysis on a Rieman-
nian symmetric space.

(8.1) First we recall a minimal parabolic subalgebra of g. A
standard one is given by m+a,+n, where

m=Z(x), n=_>; aa;d.
1€ 2 (ay)+

In the study of a symmetric pair, we frequently need another parabolic
subalgebra of g. A standard one is defined by p, =Z(a)+1n,, where we
put n,=> esw+8(a; 2). It is clear that p, is actually a parabolic sub-
algebra of g. Let p,=m,+a,-+1n, be a Langlands decomposition of §,.
‘We may assume without loss of generality that a, Ca, and m, is generated
by m and {g(a,; 2); 2 € 2(a,),}-

In this section, we closely study the structure of the reductive sub-
algebra m,. In particular we will show in Theorem (8.8) that [m,, m,]=
g(e)+u(e)+m° is a direct sum decomposition, where g(o) is a semisimple
Lie algebra of the non-compact type and 1(¢) and m’ are semisimple Lie
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algebras of the compact type with some additional conditions. Moreover
we shall show in (8.9) that there is a duality between g(s) and u(o).

(8.2) We fix a (6, ¢)-order on X(j) and compatible orders on 3(a,),
() and X(a) as we introduced in Section 2. Let ¥(j) be the (6, ¢)-fun-
damental system of 3(j).

It follows from the argument in [W, p. 23] that 3(j), is a root system
and T(§) N 2(j), is a fundamental system of X(j),. It is clear that 4(2(j),)
=3(),. LetZ,, ---,3, be the totality of the irreducible components of
2({),. We divide 3, (1<i<r) into two sets by the condition whether
a|a,=0 for some « € ¥; or not. For the sake of convenience, we may
assume that if 1 <i<p, then «|a,=:0 for some « € X'; and if p<<i <r, then
a|a,=0 for any @ € ;. Then we put (f)=\J?_, ¥, and [0]=T () N 6).
It is clear from the definition that [6] is a fundamental system of the root
system {f). We denote by g({f>), the subalgebra of g, generated by

{8c(; @); a € <6)}.

Lemma (8.3). We put g(6)=g({0))¢Ng. Then g(o) is generated by
{a(a,; D); 2 € 2(a,),} and is semisimple of the non-compact type. Further-
more §(o) is contained in .

Proof. First recall that
7' (E()) ={x € 3(); @] a,7#0, a|a=0}.
Then it follows from Lemma (2.8) that
(8.3.1) ri'(E@))=CEMH—2MD) N 20,

Comparing this equality with the definition of (§), we conclude that g(o)
contains the subalgebra g(¢)’ of g generated by {ga(a,; 2); 2 € 2(q,),}. It
follows from [W, Lemma 1.2.3.14] that g(¢)’ is semisimple of the non-
compact type. Let g(o); be the complexification of g(o)’ in gc. Then we
find from the definition that the root system of g(o); coincides with (6).
Hence g(¢)’ must coincide with g(g). It follows from Lemma (2.7) and
the equality (8.3.1) that g(¢) is contained in §j. Hence the lemma is com-
pletely proved.

(8.4) By exchanging the roles of a, and j, and those of § and ¢, we
define [g], (o) and g({c))¢ similar to [4], () and g({f)).

Lemma (8.5). (i) The Lie algebra g({o))¢ is generated by
{aG; @); a € 2(), a| @, =0, a| j0}.
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(i) We put wWo)=0g((o))cNg. Then u(o) is semisimple of the com-
pact type and is contained in m.

Proof. First remark that if « is a root of X(1),, then g¢(j; ) is
contained in nm,. Noting this, we can prove the lemma by an argument
quite similar to that of Lemma (8.3). Hence we do not enter into its
proof. q.e.d.

(8.6) 1Itis clear that X(5),N 3(]), is a root system and Z(}) N 2(),
N 2(j), is its fundamental system of roots. Let X(8, o),, - - -, 3(6, 0);, be
the irreducible components of 3(}), N 2(5),. We may assume that 3(4, o),
(1<i<j) are orthogonal to both [d] and [¢] but X(8, o), (j <i<k) are
not to [f] and [¢]. Then we put

(6, 0> =Cj S0, 0) [0, d1=<6, &> NTE).

It follows that [4, ¢] is a fundamental system of {4, c)>. We denote by
(m")¢ the subalgebra of g, generated by {g¢(j; @); @ € {4, o)} and put
m? =g N (m)e.

Lemma (8.7). ° is semisimple of the compact type and is contained

inmNY.

Proof. 1t is clear that m° is contained in m and is semisimple.
Hence to prove the lemma, it suffices to show that m° is contained in §.
If @ € [8, o], then a(0X)=a(eX)=a(X) for any X e {. This in particular
implies that o(go(J; @))=ge(j; ). If there exists an element X(3£0) of
ac(i; @) such that ¢X=—X, then X is in q, and commutes with the
maximal abelian subspace j; of qc. This implies that X e j,, which is a
contradiction. Since dimgg(j; @)=1, we find that ¢X=X for any X ¢
ac(i; @). Hence m°Ch. g.e.d.

Theorem (8.8). (i) If Z(m,) is the center of m,, then
Zm)={YeiNE;a(Y)=0 for any a ¢ X(3),.}.

(i) [m,, m,J=g(e)+u(e)+m° is a direct sum decomposition and §(c),
u(e) and m° commute with each other.

Proof. It is easy to check (i). We are now going to prove (ii). By
definition, Z,(a) is generated by { and {g¢(i; @); @ € 3(1),,,}. Then due to
the definition of g(s), u(s) and m°, we find that (imn,)¢=(g{e) +u(e)+m°
+Z(m,))e. (Cf. Lemma (4.1.1) and the proof of Theorem (B.6).) Hence
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if we show that g(e¢), u(s) and m° commute with each other, the claim in
(ii) follows. By definition, it is clear that m” commutes with both g(o)
and u(¢). We now prove that g(¢) and u(e) commute with each other.
It follows from Lemmas (8.3) and (8.5) that g(a)¢c=a({6>)¢ (resp. u(o)¢
=g((0))e) is generated by {ge(f; a); a € (X(G) — 2(1)y) N 2(),} (resp.
{8c(; @); @ e (Z()—2(3),) N 2(),}). This implies that if we show that

CEH-2OINZE., and  EH—2G.) N0,
are orthogonal, then [g(o), u(¢)]=0. If not so, there exist
ae(CH-2DINZGH, and e EH—2()) N0,

such that (@, f>0. We may assume that <{a, 8> >0. Then it follows
from [W, Prop. 1.1.2.1] that «—§ is a root of 2(j). Moreover we have
(x—Pp)|a,=a|a,#0, (@—p)|i=—pB|i#0, (x—p)|a=0. This contradicts
Lemma (4.1.1). Hence (X()—2(}),) N 2(), and (X(G)—2().) N 2(), are
orthogonal and therefore [g(s), u(¢)]=0. We have thus proved the theo-
rem completely.

(8.9) We recall the symmetric pair (g% §%) dual to (g, ). Then
there is a kind of duality between Z(a) and Z «(a). From now on, we
explain this duality. First we put

a’=a,NY, t"=Zm,)Ng, 3" =Z(m,)Ny.
Then due to Theorem (8.8), we have a direct sum decomposition
(8.9.1) Z(@)=g(0)+u(e)+m’+3 +t" +a’+a.

Here we used that a is contained in a,. In fact, it follows from the defini-
tion that a,={Y € a,; A(Y)=0 for any 2 € 3(a,),}. Putting

g(0)* =u(0)cNg* (=8 Ng({0>)c)
u(0)* =g(0)cNg* (=g*Ng({o>)c)
(ao)d _ F o
ta)d [ a s
we obtain a direct sum decomposition of Z(a):
(8.9.2) Z (@) =g(0)* +u(@)* +m’+3°+ () + (@) +a.
Moreover we have that

(8.9.3) g(0)? is of the non-compact type,
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8.9.4) u(o)? is compact,
(8.9.5) (meNgt=mo,
(8.9.6) @)eNg*=3".

There exists a duality between the decompositions (8.9.1) and (8.9.2). We
now explain this duality.

Proposition (8.9.7).  If we decompose Z,.(a) as we did for Z{a) of the
Jorm (8.9.1), we obtain the decomposition (8.9.2) and the correspondence
of the factors are given by

a(e)—g(0)?, u(e)—u(e)?, m’—m’,
37—, =174, a’—(a7)¢, a—a.

Proof. It is easy to check the correspondence relations between
g(0), a(0)%, u(o), u(s)* and m".

The center 3 of Z(a) coincides with Z(m,)+a,. Since a, is contained
in p and since it follows from Theorem (8.8) that Z(m,)Cf, we find that
3NENY=3’, 3NENg=1’, 3NHNp=a’, 3NpNg=a. These imply the
rest of the claim. g.e.d.

Owing to the duality between g(¢) and u(e) given in Proposition
(8.9.7) and the argument before in this section, we find the following.

Proposition (8.9.8). (i) The restriction of 8 to (o) is a Cartan in-
volution of g(o).

(ii) The restriction of o to (o) is non trivial on each simple factors
of u(o).

1ii e restrictions of 8 and o to m’ are trivial.
Th trict 6 and ¢ to m° t /

Proof. The claim (i) follows from the definition of g(¢) and [W,
Lemma 1.2.3.14]. Due to the duality between g(¢) and u(s), we see that
(ii) is reduced to (i). The claim (iii) follows from Lemma (8.7). q.e.d.

(8.10) In Table VI, we collect all the informations on the sub-
algebras g(o), u(o), etc. for all the symmetric pairs of split rank 1. There
we use the notation mZ=m’+3° for short. (In Table VI, we omit the
symmetric pairs of Type (f.).)

(8.11) We take a connected Lie group G and its closed subgroup H
as we did in Section 1. We put fi=6(n). Let 4,, N and N be analytic
subgroups of G corresponding to a,, 1t and i, respectively. Moreover we
take the maximal compact subgroup K of G whose Lie algebra is f. Then
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Table VI

g(0) (o) —;&—w dimts dim '(; i
L &o(p, q) 0 0 0 0
I 0 30(p+q) 0 0 0
I au(p, q) 0 v —1R 0 0
¢ 0 3u(p+q) v—1R 0 0
I 20(p, 9) 0 2p(1) 0 0
E 0 sp(p+9) s 0 0
I 3l(m, R) 0 0 0 1
w0 sum) 0 1 0
I, &m, R)+sp(l, R) O 0 0 0
m o 8p(m)-+3p(1) 0 0 0
Il 30(4, 3) 0 0 0 0
m o 30(7) 0 0 0
L sum, C) 0 0 1 0
g 0 so(m)+so(m) 0 o 1
oL  s(m, C) 0  v-IR 1 1
o o Bu(m)+8u(m) v=IR 1 1
I, 8p(m, C)+39(1,C) O 0 1 0
o o 2pm)+28p(1) 0 0 1
M, 87, C) 0 0 1 0
me o 80(7)+-80(7) 0 0o 1
IV,  80*(m) o a2 0 0 0
V¢ 82, R) s0(2m) 0 o o
IVs  sui(2m) 3u(2)+ 8u(2) 00 1
v - 82, 0) Bu(2m) 0 1 0
IV 0 %0(8) 0 0 1
IVE 87, 1) 0 0 1 0o
Vi 0 0 vZiR 1 1
Va 812, C)+3l2, R) 0 0 1 0
vi 0 38u(2) 00 1
Vi (5,3) 0 0 1 0
vi 0 50(8) 0 0 1
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G=KA,N is an Iwasawa decomposition of G. As usual, we put M=
Z(A,), M*=N,(4,). Clearly m is the Lie algebra of M. The P=MAN
is a minimal parabolic subgroup of G. Now we define a parabolic sub-
group P, by

P,= |J PwP.

wWEW (ap)g

Here w denotes a representative of w in M*. Let P,=M_,A,N, be the
Langlands decomposition of P, with 4,CA4,. It follows from the defi-
nition that p,, m,, a, and n, are the Lie algebras of P,, M,, 4, and N,,
respectively. We put N, =6(V,) and denote by G(¢), U(o),, M, T° and
Z° the analytic subgroups of G corresponding to g(e), u(s), m°, t° and 3°,
respectively. Moreover we put U(s) = U(0)(K Nexp (v — La,)).

Lemma (8.12).
(i) GlSH, Ulo)sM, M'S M.
@iy M,=U(e)G(e)M°TZ".

Proof. Since Z(m,) is contained in m, the claim (i) follows from
Lemma (8.3), Lemma (8.5) and Theorem (8.8), and (ii) does from (i), the
definition of U(¢) and [W, Lemma 1.2.4.5]. g.e.d.

Lemma (8.13). For any we W<(a,), we take an element w of M*
such that w=wM. Then HwP,=HWwP.

Proof. It follows from the assumption that Ad(w)(a(s))=ga(s).
Hence due to Lemma (8.12), we find that

HwP,Z HwG(¢)P = HG(¢)wP=HWwP.
The converse inclusion relation is obvious. g.e.d.

Remark (8.14). Since the set HwP, only depends on w € W°(a,), we
frequently write HwP, or HwP instead of this set.

Lemma (8.15). We take representatives w,, - - -, w, of the set
Wia,; H)\W*(a,)
as in Corollary (7.10). Then for each i (1<i<r), Hw, P, is an open subset

of G and
Hw,P,NHw,P,=0 (i#J).

Moreover the union \ J;_, Hw,P, is dense in G.
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Proof. 'This follows from Lemma (8.13) and [Ma, Prop. 1].
Lemma (8.16). If A, =exp (a,N), we have
HOP,=M,NH)A4,NH)
=Zynu(@)AxZy(a).

Proof. By definition, we have that HNP,=HNP,Na(P,). On the
other hand, o(M,)=M,, ¢(4,)=A,. Hence we find that

HNP,Na(P)=(M,NHYA,NH)N,Na(N,)N H).

Since 2(a,)* is fo-compatible, it follows that N, Na(N,)={e}. Therefore
we have

HNP,=(M,NH)A4, NH)=Z(a) N H.

Noting that H=(KN H)A5;(NN H) is an Iwasawa decomposition of H,
we find that

Z()NH=Z¢,g(0)AzZy z(0).

On the other hand, since Lemma (2.7) implies that Z . (a)=Z,(a), it
follows that

HNP,=Zy~u(@)A4Z(a). q.e.d.

Proposition (8.17).
(i) G=KAH=HAK.
(i) Let k;eK, a,e A, h,e H (i=1,2) and assume that k.ah, =
k.ah,.  Then we have
kitk,=hh;*e KN H,
a,=(ki'k)a (ki k)

Proof. (i) follows from [F-J] and (ii) is shown by an argument
similar to that in [O-S].

Appendix A. A lemma on the root systems

In this Appendix, we show a lemma which is used in the proof of
Lemma (7.7).

(A.1) Let (g, b) be an irreducible symmetric pair. Retain the nota-
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tion in the text. Let X(j) be the root system of g. We introduce a (6, ¢)-
compatible order on 3(j) and fix it. For any a ¢ X(j), we denote by s,
the reflection with respect to «. We now put

M0, o) ={B € 3(1)*; 68=p, of+p}
as in Section 7.

Lemma (A. 2). (i) If (g, ) is contained in the class 1i (p+q: even,
PF4q, p, 4 >0), there exists a € (1) satisfying the conditions:

i.1) foe=ga, <{a,fay=0.
(i.2) s (M@, 0)*)=M(®, 0)*.

(ii) If (g, §) is contained in the class 1¢ (p=q), there exists a ¢ 3(j)
satisfying the conditions:

@ii.1) {at, Gy =0, oa=—a.
(ii.2) $,85,(M(8, 0)")=M(8, a)*.

(i) If (g, b) is contained in the class 11I{ (m:even), there exists o &
2(3) satisfving the conditions:

(iii.1) Lat, Bory ={a, ooy == (e, fgar) =O0.
(iii.2) 848 0a854S00a(M (6, 0) ") = M(6, 0)*.

(v) If (g, §) is contained in the class IV,, there exists o € 3(3) satisfy-
ing the conditions:

@iv.1) o =gc, {a,fa)=0.
(iv.2) 8,8,(M(8, 0)*)=M(0, 0)*.

Proof. (i). In this case, g=80(p+g+1,1) and Hh=3o(p+1)+
30(q, 1). Putl=(p-+q-2)/2 and r=min(p, g)+1. By the assumption,
1<r<I. Then the root system 3(j) is of type D,. Let T={a,, ---, &}
be a fundamental positive system of 3(j). Let j,=+ —1(fN])+a, Then
as was already remarked in (3.7), every root of 3(j) is real-valued on j,.
By taking a suitable orthonormal basis {e,, -- -, e;} on the dual vector
space 1 of §,, we may put @, =e; —e,,; (1<i<l) and a;=e,_,+¢,. We
may assume that ¥ is a (4, ¢)-fundamental system. Then it is clear from
the definition that the Satake diagram of (3(]), (—6)) and that of (2(}),
(—0)) are given by
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3 -1
(Z(I)s ('—0)) O * s+ @ s s s
a0 Oy Opyy o2 ay
3 o1
H —_ ¢ OO 4 8 8 e s e e
). (—o): g2 e e

Then it is clear that M(0, 0)* ={+k(e; te,); 1<i<j,i<r}. In particular,
if r =1, then M (6, ¢)* =0 and therefore we have nothing to prove. Hence
assume that r >1. We take a=e,—e,. Then it is clear that fo=¢a=
—e,—e; and {a, o) =0. Moreover, by direct computation we find that
s(M(8, 0)*)=M(6, 0)*.

Proof of (ii). The proof of (ii) is quite similar to that of (i). Hence
we omit it.

Proof of (iii). Let (g, §) be a symmetric pair contained in the class
III (m: even). Then g=3o(m+1, )+30(m—+1,1) and H=38o(m+1, 1).
In this case 3(}) has two irreducible components and each of them is of
type D,, where /=(m-+2)/2. Let X be one of the irreducible components
of 3(j). Retain the notation in the proof of (i). Let ¥={a,, -+, a;}
be a fundamental system for ». Then we may assume without loss of
generality that ¥ U ¢¥ is a (0, o)-fundamental system of 3(j). If we denote
the restriction of 4 to 2 by the same letter, the Satake diagram of (2, (—6))

is given by
L1881
O——0— =+ - - —<:
(25 4 xp-2 oy

In this case, M0, 0)* =M UoM, where M={+e,+e;; 1<i<j}. Put
a=e,—e;. Then it is clear that (w, fa) =<a, o) ={a, foay=0. On
the other hand, we find by direct computation that s,5,,(M)=M and this
implies (iii.2).

Proof of (iv). Let (g, §) be a symmetric pair contained in the class
1V,. Then g=3u*(2(m+2)) and h=3u*2(m+1))+3u*(2)+R. In this
case X(j) is of type 4,, where  =2m--3. By taking a suitable choice of
a basis, we may take ¥ ={a, =e;, —e¢,,, (1 £i £I)} as a fundamental system
for 3(f). We may assume that this is (6, ¢)-compatible. Then the Satake
diagram of (2(7), (—6)) and that of (3(}), (—o)) are given by

(@), (—o):

- v e —
0 az O3 Oy Cp-2 Q-1 Q1
EO),(—a): £ T N

@ @ a3 oy ap-2 011 O
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From this, it is clear that M(0, 0)* ={e,—e,, e,—e,,,}. Wetake a=e,—e¢,.
Since fa =g = —e,+e,.,, it follows that (&, o) =0. On the other hand,
we see that s,5,,(e,—e,)=¢,—e,,;. Hence 5,5,.(M(8, 0)*)=M(6, o)*.

We have thus proved the lemma completely.

Appendix B. A decomposition of the Levi part of a parabolic subalgebra

(B.1) Let g be a semisimple Lie algebra. As usual, G denotes a
connected linear semisimple Lie group with its Lic algebra g. Let g=f-+
a,~+n be its Iwasawa decomposition. Let § be the Cartan involution of
g corresponding to f. In this appendix, we study a fine structure of
the Levi part of a parabolic subalgebra of g. We already studied such
a fine structure of the parabolic subalgebra p, in Section 8. The result of
this section is weaker than this but as a corollary, we obtain a procedure
to determine the Satake diagram of the Levi part of an arbitrary parabolic
subalgebra. The result of this appendix seems to be known (cf. [Mm]).

(B.2) Let ] be a Cartan subalgebra of g containing a,. Let 3(j) and
3(a,) be the root systems of j and a,, respectively. We fix compatible
orders on 3(j) and X(a,) and denote by X(j)* and 3(a,)* the sets of
positive roots with respect to these orders. Let ¥'(j) and ¥(a,) be the
fundamental systems for 3(}) and 3(a,), respectively. Let W be the Weyl

group of (g, a,).
(B.3) Let O be a subset of ¥'(a,). We denote by W, the subgroup

of W generated by the reflections with respect to the rootsin ©. Let g(®)
be the subalgebra of g generated by {g(a,; 2); 1 € (@)}, where

(6)=(@ Ra)N 3(a,).

It follows from [W, Lemma 1.12.3.14] that g(®) is semisimple. We note
that (®) is the root system of the pair (g(0), a, N g(O)).

(B.4) We define

ap={Y e a,; a(¥Y)=0 for any « e 6},
g =g(6)+m,
Mg = Z g(av; 2)
PR ACHERNCN
Let A,, (Mg)s, N} be the analytic subgroups of G corresponding to ag,
My, g, respectively. Moreover put My=(M,),Z(a,), where Z(a)=
exp (v —1a,)N K (K is the maximal compact subgroup of G' with its Lie
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algebra f). If Po=PW,P, where P is the parabolic subgroup of G with
its Lie algebra m+a,+n*, then Pa=MyA4A N} is its Langlands decom-
position.

(B.5) We define

Z(Mo={x € 2G); 1] a,=0},
3(Ma,e={rr € 20); ptlae=0}={u € 2(); 1|, € <B) U{0}},
Z(i; O)={ne 26)0,9; {4, /1> =0 for any 1 ¢ Z(i)o,e"‘z(i)a}'

It is clear that 3(f; ©) is a root system. We define subalgebras m(0) and
3¢ of g by
m@=gn<{ 3 gl )
rEZX(j; )

go={Y € IN¥; x(Y)=0 for any p € 3(j),,6}.

Theorem (B.6). (1) 34 is the center of m,.
Q) 1me=g(O)+m(O)+3e is a direct sum decomposition.

Proof. 1t is easy to see that 3, is the center of ni,.
We are going to prove (2). It follows from the definition that
me=m+ >, g(a,; 2)+a,Ng®).

2€(6)
Now let g e 3(7), and 2 € 2(})5,6 — 2(j), be such that (2, ) #0. We may
assume that (2, x> <0 without loss of generality. Then it follows from
[W, Prop. 1.12.1] that 2+p e Sy Since [ge(i; —2), goi; 2+ )=
ac¢(3; 1), we see from the definition that gu(j; p) is contained in g(@),, the
complexification of g(@). This implies that

> e CeO)c+m(O)

resMg,0

and therefore that
(Me)e =(a(0)+m(0)+36)c-

Hence to prove the theorem, it suffices to show that g(@) and () com-
mute with each other. For this purpose, take « € 3(5; 0) and B e 2(}),.6
—23(),. By definition, (&, §>=0. Assume now that [g¢(}; @), gc(i; B)]
#{0}. Then a+B e 2(})se— 2(j), and therefore {a, a+ ) ={a, ay+0.
This contradicts the definition of 3(j; ©). Accordingly, g(8)¢ and m(6)¢
commute with each other. Therefore the theorem is completely proved.

(B.7) From now on, we discuss on the Satake diagram of
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[m(6), m(6)]=¢(6)+m(6)

and the dimension of 3,. For this purpose, we give the indices of the
simple roots in the following manner.

?p(‘i)z{al, ] aR}’
THNZ@)e={x: e T(); RO)<I<R},
THNZG06={a, e ¥(); RO, O)<i<R}.

Here R(O) are R(f, ©) are certain numbers such that R(9, O)<R(BG)ZR.
Then

THNIE; 0)={a, e ¥(); (1) ROIKIZR,
(2) «, is contained in the connected component of the Dynkin
diagram of {a,; R(4, ©)<j<R}}.

Let S(T(}); —6) be the Satake diagram of the (—6@)-system of the
roots (2(1), (—6)). We erase all the white circles corresponding to the
roots &, € ¥'(}) such that &, | a, ¢ O and also erase the lines and arrows con-
nected with the vanished circles. Then we obtain a new Satake diagram.
It is easy to prove the followings.

I. dim 3,=The number of arrows which are erased in the procedure
above.

II. The Satake diagram of the semisimple Lie algebra [ni(®), m(6)]
is the one obtained in the procedure above.

(B.8) We give here an example.
We consider the simple Lie algebra e;_,,,. The Satake diagram and
the Dynkin diagram for the restricted root system are given by

5 o -
ST®; —6): S(a): oo
oy % ) [
Here g, =« |a, (=1, 2).
2] dim 36 The Dynkin diagram of [ute, tg] [mg, o]
1] 1 e———o 3u(4)
{8} 1 I 80(7, 1)
{82} 0 S 8u(5, 1)
Vg Y

{B1, fa} 0 o—'—__I_——.'_O €5(~14)
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Remark (B.9). Let (g, §) be a symmetric pair and let ¢ be the in-
volution for it. Take a Cartan involution @ of ¢ commuting with ¢ and
use the notation in the text without notice.

If we take O=2(a,),N¥(a,), then P,=Pq, 3(a,),=<O), 2(1)s.,=
ZDs6> 8(0)=8(0), u(0)+m’=m(6), 3°+1°=3,. Needless to say, we
find that in this case, Theorem (8.7) give a finer structure than Theorem

(B.6).
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