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where t=(t,, t, - - -)=GFx;—»), F(x;—y), - - -), and

b

- 25
f](p):ZZ (p*—p="t,, aNi(S)=aiTL‘
n=1 pi—1

o o o (Pi—p%);
b = H C, . C,,= -t i
ety 1=p<v=l K 4 (pi pj—- 1)2

The BTL, CTL hierarchies: Define

. . 4 —a -+ A4y —dy .
83X, Y)=1{8; » Xy 9
783 %, 3) T( Dy —q1 qi, —DP1***Pyy —qn Gn>» —Px y)

—qi'a, —pra - —qy¥ay —Pyay . v)_
Py —qy qu —DPi c Py —qy s =Py’ "

(4.1.45)
{85 X, ¥)= r(s;
Then we have

Proposition 4.8. The ¢ functions t4s; x, y), t(s; x, y) have the sym-
metries,

(4.1.46) ta(—585 %, Y)=15(s+1; e(x), «(»)),
(4.1.47) te(—53 X, Y)=1(s; o(x), «(¥)).
Proof. Note that there are more general symmetries,

L4y e ay
T(S’plql- N >

— . a, e ay . _
r(s, L =), ,(y))

(4.1.48)

4.1.49 2ges iy, o ) o(yr; @ O )
R T(S’ pai - pagx )T T b pug Y

A /5
T<S’P1q1 quN,x,y)

(4.1.50)
= z-(——s—}—l

LT —Ay .
2V 2R 5 2 o y)'

It is an easy task to verify these symmetries. Applying these to our case,
we see that

Ta(s+1; dx), «(3)

_ R 1 a4y -,
T<S+1’pl, g g —py - OO )))
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_ .o —ay e 4
r(s—{—l, L s, y) (by (4.1.48))
—(—s; TH Gy by (4.1.50
(=5 g gl x) (by (4.1.50))
=75(—s5; X, )).
Likewise we can show the symmetry of the C-type (4.1.47). Q.E.D.

The = function (4.1.45) are N-soliton z functions of the BTL, CTL
hierarchies [23, 26]. These = functions may be thought of to come from
the following RH decomposition (however, it is impossible to achieve it in
a rigorous sense):

We set

XB,qu'm;QZ {(—')nEm,—n"‘(_)mEn,—m}pmq_n

=X, -q—Xq,-p € 0((0)),
XC’ZMI:m;&Z {(—)nEm,~n-1}_(_)m+1En,—m—l}pmq-n

=—q7'X,,_—P"' Xy, -, € 3p((0)).

We apply the RH decomposition to the matrices

H,(x, y)=exp (E0x, 4)+ 0. 47143 4 X,
X exp (§(—x, A)+&(—y, 47),

H, p)=exp (65 A+E00 AT+ 0, ,)
xexp (§(—x, A)+&(—y, 47).

Then Proposition 4.7 suggests that the resulting z functions should be
given by (4.1.45).

At the end of this section, we give some remarks.

Remark 1. Though we have not considered here, it is possible to
generalize the RH decomposition to the multi-components. In the -
reduced KP or TL hierarchy, the RH decomposition reduces to the ordinary
Riemann-Hilbert problem. These topics will be investigated in detail in
a future paper.

Remark 2. Taking into account the remark after Lemma 4.2, the ¢
functions in Propositions 4.4, 4.7 take the form
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z(s)=det (45 exp &(x, D)4 exp §(—x, 4)4,)

where A is the matrix that appeared in (4.1.11) or (4.1.24). The rect-
angular matrices A¥, A, are defined by

A;k:(amn)m<s7 Asz(amn)meZ'
nezZ

n<s

In fact, it is known [33, 34, 22] that the ¢ functions of the KP hierarchy
are expressed in the above form (see also the Appendix 1 in this paper).

Remark 3. Let X(p, g) be the vertex operator [22]

X(p, q)zes(z,p)—ew,q) e-¢@p D +e@gm Y

By a simple calculation we see

N eb;X(pz,qw,eXp (_i nx,y >=r<0' ay e ay y)

i=1 , = > Pigr s Paqn’

where b,=((¢,/p))/(1—q,/p,))a,. Expanding X(p, ¢) into a formal Laurent
series in p, ¢, ' o

(4.1.51) glp X(p,9)= 25 Zyp'q7,
1—g/p ez

then we see that the coeflicients Z,; satisfy the same commutation relations

that the matrix units E,; do [22]. Hence X,, (4.1.25) can be identified

with (4.1.51).

4.2. Special solutions of the Wronskian type

In this section we shall show a direct method for the construction of
special solutions of the Wronskian type, which is a modification of the
construction in [33] of rational solutions to the KP equation (see Appendix
1) and in a special case coincides with Date’s method [6] for the soliton
solutions.

In the following we shall mainly consider the one component case.

Consider the following functions

“.2.1 Px, y)zjépnj(x)l’j(J’) (ie ).

p«x) and p,(y) are polynomials, while p,(x, ¥) is an infinite series of x and
y with the generating function

“422) % pix, )3 =exp [§(x, D)+&(p, 1)
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As the data for the solution we give constant vectors f;=(f; )iecz
j=1, -- -, N, of infinite size, and set .

(4.2.3) Jis: %, )= 20 pi-o% Doy
Furthermore we assume the following condition

@249 det [fy(s+i—1; %, )i j-1,...s 0, s€Z

Then we can define the functions wi(s; x, »), - - -, wx(s; x, ¥) such that

N-1
4.2.5)  fi(s+N; x,y)+:=£a wy_ds; X, Nfis+i;x,»)=0, j=1,---,N.

Using Cramer’s formula we have

, =1, .-,k
f,(s—l—z——l;x,y) (;-:1, . -,N)

..........................

(4.2.6) Wy-=—det|fi(s+N;x,») (=1, ---,N)

..........................

. kD .
fis+i—1;x,%) (]l-=]1€:l?,’,,N’N)

/det [fi(s+i—1; %, i je1,eew
for k=1, - .-, N. In particular

wy=—det [f;(s+7; X, M]i,jo1,m

4.2.7)
[det[fi(s+i—1; x, Vi, j-1,..., v EO

for any s e Z.
Now we set

N
(428) WN(x’ y)=Zo dlag [WJ(S; X, y)]AN_j9 Wo(s§ X, J’)= l’
7=

W (x, y)=Wy(x, y) A~ exp [§(x, H)+&(y, A7),
WO(x, y)=Wy(x, y) exp [6(x, )+&(y, 4]

Then we have

(4.2.9) {

Theorem 4.8. W and W® solve the linear problem (1.2.8) for
certain suitable matrices B, and C,, so that they solve the Toda lattice
hierarchy. The corresponding t function t'(s; x, ) is given by

(4.2.10) o(s; x, y)=det [fi(s+i—1; %, V] jo1,... 3
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It is remarkable that the z function is obtained in the Wronskian form
(cf. Lemma 4.11). Therefore we call the solution obtained above a
special solution of the Wronskian type.

Example 4.9. Suppose that f; ; takes the form

M
(4.2.11) fuy=2, ki,

where &k, and g, ; (=1, ---, M, j=1, - - -, N) are constants. Then

(4212)  flss %)= Ky, exp [60x k) +E0 k)

and we obtain a soliton-type solution.
Furthermore if M =2N and

01,5 (I1=<I<N), {qz (I=I<N),
a, ;=— —
"G ne; (NH1ZIZ2N), Doy (N+1<ZI<2N),

1=

then we recover the classical soliton solution of the Gram determinant type
(up to simple exponential factors)

N
s; %, 9)=I1 e"*?qi- [1 (2:—4))

X det [5ij+cjev<w>-v<w(l’f—)

s (pi—ap) ] (pj—qz)]
L(#J5)
q; Dyf=1,eee,

(p;—44) l(];[i) 9:—q) ~

Applying the expansion formula for det (1 + X), remarked in the previous
section, to the last determinant, we get

N
o(s; %, )= ]:[1 e g 11 (:—qy)
(4.2.13) = =7

N

X35 T o cauls): -auls) exp 2 (r(p) (0.

120 61<a e <y

Here the notations are the same as in (4.1.35) and
¢ 11 (pi—q)
a,= — LD
l_[ (9:—q)
L(+#1)

Thus we get the soliton solution (4.1.35) up to the trivial multiplier
12, er@9gs. [ >, (9. —¢,) which can be absorbed in the trivial arbitra-
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riness of wave matrices indicated in Theorem 1.2.

Remark 4.10. In the expression of the solution there appeared
infinite series of the form 3,7 ¢, p.(x, »), where c,(n e z) are constants.
Using the integral representation

— 1 —j=1 -1
Ps D=5 A DTG D0, 1,

we can estimate | p;(x, y)|, where the integration contour is chosen to be
in the convergence domain of the Laurent series &(x, D)+&(y, 27Y). In
this way we can easily prove, under the condition lim. sup,,....|¢, /"< co,
that the series D,z ¢, P.(X, ¥) converges absolutely in the domain

lim. sup. [x, [ lim. sup. |c,[/"<1,

lim. sup. |y, [/*-lim. sup. |¢,| /"1,

lim. sup. |x, [/ lim. sup. |y, ['*<1.

T~ 00 n—

Now we proceed to the proof of Theorem 4.8.
We prepare two lemmas.

Lemma 4.11. We have the following formulas.

04;04(%, V) =Ds- (X, ¥), 3,,0x, Y)=Pps. (X, ),
0,085 %, V)=F8+75 %, ¥),  0,,1u(55 %, »)=1uls—J; x, V).

This is an immediate consequence of (4.2.2) and (4.2.3).

Lemma 4.12. For any matrix U=>,., diag [u,(s)]4’ there exist two
matrices Q and R uniquely such that

{U:QWN+R,

(4.2.14) Nt
0 =J4E0diag [g,()] 4, R=JZ=0 diag [r,(s)] 4.

Similarly, for any matrix U’'=73,, diag [uj(s)]4’ there exist two matrices
Q' and R’ uniquely such that

U'=0'Wyd " +R,
(4.2.14)

0= ]?'E,Odiag [g5()]4°, R =j =$N diag [r}(s)]4’.

Proof. Equating the coefficient matrices of 4’ in the equalities



Toda Lattice Hierarchy 83

U=QWy+R, U'=Q'WyA"+R,

we get a series of linear equations for g;, r;, g5, r}. Since w,=1 and wy
is invertible (cf. (2.2.7)) we can solve them recursively and uniquely. This
proves Lemma 4.12. Q.E.D.

Let us prove, by use of these lemmas, that there exist an upper
triangular matrix B, and a lower triangular one C, of infinite size such
that the following equations are satisfied for n=1,2, - - ..

(4.2.15) 0, Wy+Wyd*=B, Wy,
(4.2.16) 0y W+ Wyd"=C,Wy.
Rewrite (4.2.5) in the form

(4.2.17) Wyfix,»)=0 (j=1,---,N),

where we set f,(x, ») =(fj(i; x, ¥):cz. Differentiating (4.2.17) with respect
to x, and using Lemma 4.11, we have

(aonN'*' WNAn)fi(x’ y)=0 (.]=19 i 9N)

On the other hand the former half of Lemma 4.12 implies that there exist
certain matrices B, and R, of the form

B,— 3 diag b,.,(5: %, DA, R,= 2 ding [r (55 %, )1
such that
00, Wy+ Wyd"=B,Wy=+R,.
Hence
R.fix,»)=0 (j=1,---,N),
or equivalently,

(o == =5 Py-)(f5 (8415 %, V)i, j=1,0., v =0.

In view of (4.2.4) we conclude R, =0, and hence (4.2.15).
Similarly, from the equalities

@pu(Wad )+ (Wyd )AL f(x, )=0  (j=1, -+, N),

we can show (4.2.16), using the latter half of Lemma 4.12.
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(4.2.15) and (4.2.16) implies that W and W® defined by (4.2.9)
solve the linear equations (1.2.8). Hence B, and C, solve the Toda lattice
hierarchy (cf. (ii) of Theorem3.3).

For the proof of (4.2.10) it suffices to prove the following.

X1 . oy det [fi(s+i—15 x—e@™, Wasoseew
14+ DT wy (s x, A= i _ =1y
&, Wr-isi %) det [f(s+i—15%, M)so1,....n
=t . det [f-(S+i; X, y—e(z))]i =1,vee, N
A wy_is; x, A= ] ] FEIRIN 2
= det [f(s+i—1; % Mo oon

If we notice the formula

fi(s; x—eQ@7Y), )= fi(s; x, ) =2 fi(s+15 x, p),
Sis5 x, y—e(D)=fi(s; x, ) — 2fi(s—1; x, y),

we can show (4.2.18) by a simple calculation of linear algebra, comparing
(4.2.6) with the right hand side of (4.2.18). (4.2.19) is an immediate
consequence of the formulas

{pj(x—e(l‘l), »)=p;(x, »)—27p;_«x, ),
Pi(x, y—e(D)=px, ) —2Ap;.(x, ¥),

b4

(4.2.18)

(4.2.19) {

Which are derived from (4.2.2) and the formula
exp &(—e(Q), )=1—22".

Thus we have proved Theorem 4.8.
Next, let us consider a condition for the l-periodicity, i.e. a condition
under which we have

(4.2.20) [, 41=0, [WO, A41=0.
Theorem 4.13. Suppose that for the ZXN matrix f=(f,)icz,
7=,

wee,

there exists a constant N X N matrix C such that

(4.2.21) A{f=fc'
Then (4.2.20) holds. Moreover we have
W ) AZ =0,
4.2.22) {[ w> 4]
00 Wy=0, 9, ,Wy=0, n=1,2,--..

Proof. Set f(x,»)=(fi; %, Wiez, - (2.2.21) implies
j=1,0e0,N
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A f(x, y)=Ff(x, y)C,
and in view of (4.2.17) it leads to
Wy A f(x, y)=0.

Then we can show, as we derived (4.2.15), that there exists a matrix Q=
>k, diag[g,(s; x, ¥)]4? such that

(4.2.23) WA =0W,.
Hence we have two expressions for Q in terms of L=W AW -1 and
M=W oL WO,
Q=W A @=L Qe WO - ro-1— 1,
which immediately imply the following.
4.2.24) L'=M-t=4, Q=A4.

From (4.2.23), (4.2.24), (4.2.15) and (4.2.16) we have (4.2.21) and
(4.2.22). 'This proves Theorem 4.13.

At the end of this section we shall briefly comment on the multi-
component case. Also in this case special solutions of the Wronskian
type are constructed in the same way as we have just discussed. We shall
show only the results:

In the r component case f; ; and w, are replaced by matrices of size
r Xr, and we set

(4.2.25) fis; 0= 2, 2, Pi-sx, Y)E Sy

w; (i=1, - - -, N) are defined by (4.2.5) under the condition (4.2.4).
Since Lemma 4.12 is also valid in the multi-component case under the
condition that wy is invertible, we can derive

a_,(mW W AnEazB;a)W )
(4.2.26) { o Wor k- W »

8y Wi+ Wyd"E,=C© Wy,

for the matrix Wy=>_7_, diag[w,(s; x, ¥)] 4"~ with w,=1,. Hence W
and W defined by

W =Wy A~ exp (Z §0, DB+ 3 80, 4DE. ),
a=1 a=

W=, exp (3 67, DEA+ 3 60, 4E,),
a=1 a=1
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solve the linearized equation of the r component theory.

Similar argument as in the proof of Theorem 4.13 leads to a con-
dition for the reduction to the system of the Zakharov-Mikhailov type:
If there exists a constant matrix C of size Nr X Nr such that

(4.2.27) Af=fC for f=(fidiez, -

then we have

(4.2.28) (W, A|l=[WO, A]=[Wy, A]=0.

Appendix. A Brief Summary of the KP Theory.

In this appendix, for the reader’s convenience, we shall briefly sum-
marize the recent results [12], [20-25], [33], [34] in the study of the KP
hierarchy.

1.1. Microdifferential operators.

Let O be a differential algebra with a derivation 9. A microdifferential
(or pseudodifferential) operator with coefficients in @ is, by definition, a
formal sum ;.5 a,6’ with a; € @ and a,=0 for any sufficiently large j
(the integer m=max {j; a;70} is called the order of } ;. a;0’), and the
sum and the product of two microdifferential operators are defined by the
following.
; “1314‘; b;o'=>7 (a;+b,)%’,

J

A. 1 2.a;0"-2 b0" =37 ¢;0° where
J J 7
o= 2 (1 )a oo,
BieZazo \ &

We denote by & (resp. 2, £°") the totality of microdifferential
operators (resp. differential operators, microdifferential operators of order
<0). Then 9 is a subalgebra of &, and there is a direct sum decomposi-
tion

= -1
(A.2) {é’ DDED,

JjeZ Jj20 J<0

We denote by (). the projections to £ and £¢Y;
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A3 (5 ad). =X a, (3 ap).=3 ap.
jez jz0 jez FA

The formal adjoint P* of a microdifferential operator P is defined by

(A. 4 (L ad) =2 (= a,,

J

which induces an anti-isomorphism of &.

1.2. One component theory

In this case @ is a suitable differential algebra consisting of functions
in the independent variables x=(x;, x,, - - -) with the derivation

(A.5) 8=2,,.

As the dependent variable we introduce a microdifferential operator
L of the form

(A.6) L=0+4u_ 0 '"+u_ @+, wu;=ux)ed.
We set
(A.7) B,=(L",, n=1,2,---.

Then the one component hierarchy is defined by the system of the Lax-
type equations

(A 8) aL/aznz[Bna L]9 T’l:l, 2> Y

where /3., denotes the differentiation of the coefficients of L with respect
to x,.

(A. 8) is equivalent to the system of the Zakharov-Shabat type
(A.9) 9B,,[d,,—3B,3,,+[By, B,]J=0, m,n=1,2,--.

The equation 9B,/d,,—0B,/0,,+[B,, B]]=0 is nothing but the KP
(Kadomtsev-Petviashvili) equation

(A. 10) 3u,,+(—4u,+u,,+6uu,), =0,

where u=u_, and (x, y, t)=(x;, x5, x;). Thus (A.8) and (A.9) give a
hierarchy for the KP equation.
The linearization is achieved by the system

(A. 11) ' Lw= 2w,
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(A.12) d,w=Bw, n=1,2, .-,

where w=w(x; ) is a formal Laurent series of 1 of the form

oo

w(x; )= (Z wj(x)Z’j) exp &(x, 2),

j=0

{A. 13) .
wj(x) € @a Wo(x)': 15 E(xa 2) = Z_ xnzna

or equivalently, given by

{w(x; =W (x; d) exp &(x, 2),

A. 14 . o
{ ) W(x;d)=> w,(x)3~ e &.

J=0

Remark. Here we used the convention that the action of microdif-
ferential operators on exp &(x; ), or on a series of the form

Zj: b2 exp &(x, 2) (; b3’ e &),
is defined by the formulas
(; a,;0%) exp &(x, 2) = Z,: a;A’ exp &(x, 2),
{(; ajaf)(; b, exp &(x, 1))=; ¢, A7 exp &(x, 2),

(A. 15)

where c; is the element defined in (A.1). Thus exp &(x, 2) generates a
free £-module of rank one.

We notice that in terms of W, (A. 11) and (A. 12) are rewritten in
the form

(A. 16) L=WoWw-,
(A.17) oWw/e, =BW —Was, n=1,2,---.

The equivalence of three systems (A. 8), (A. 9) and (A. 11)4(A. 12)
are established in the same way as we did in the case of the Toda lattice.
We call a solution to (A. 11)+(A. 12) a wave function of the KP hierarchy.

The wave function w(x; 2) is characterized by the following bilinear
equation

(A. 18) fﬁ w(x; YIw*(x’; )dA=0 for any x and x’,

where the integration contour is a small circle around A== oo, while
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(A.19) wH(x; D= (x, 8)*)" exp &(—x, 2),

and W* is the formal adjoint operator of W. (A. 18) is a generating
functional expression of infinitely many equations with the indeterminate
x—x'. )

The 7 function = (x) is consistently introduced by the formula

. _T(X—E(Z"))CXPE(XJ) oy fq-1 A2 278
(A.20) w(x; )= o . )_(3 A )

Then the original hierarchy for the dependent variable L is transformed
into the bilinear equation for the z function of the form

A.21) 3 pA—2up, . D) Pz . c=0, 5z=(1),1, D,, D, )
=0

2

which is a generating functional expression, with the indeterminate u=
(us, Uy, + - ), of infinitely many bilinear equations of the Hirota type.
The first one is .

(A.22) D:,+3D%,—4D, D, )c-7=0,
which is equivalent to (A. 10) with u=d*(log 7)/dx3.

Remark. The wave functions of the BKP and CKP hierarchies [23-
25] are characterized by the following bilinear equations
(A. 23) ff wCx, Dw(x’, —DA"da=8,, for any x, X',
(n=0 for BKP, n=1 for CKP), where the evolution is restricted to the
odd sector {x,=x,=---=0}

Sato [34] discovered a remarkable fact that the structure of the ¢
functions is completely discribed in terms of the (infinite-dimensional)
Grassmann manifold as follows:

o(x)=det (:f; exp (x, A+ x4 - - ) f)
= 2. Xy(X) Sy,

Y:Young diagram

(A. 24)

where f and f, are constant matrices of size Z XN®, f=(fi)iez » Jo=
JENe
0:)iez » N°={—1,—2,.--}.  fy is the Pliicker coordinate of the
jEne

“frame” f corresponding to the Young diagram Y. y(x) is the character
polynomial (the Schur function) which we encountered in Section 4.1.
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We omit the precise definitions of these concepts (cf. [34]).

The rational solutions, i.e. the solutions with polynomial ¢ functions,
are constructed and parametrized as follows [33]: As the data we give'a
constant matrix f=(/)ic—mi-m.....u1 Of size (m-+n)Xm (m and n are

1

F=—myl=myeen, -

positive integers), and set

(A.25) f(x)=(fzj(x))};:z,l_m,...,,i_ll=exp (i d+x, 24 ),

JLmmyeen,

where A=(8;_;.1)1,j=—m,1-m,...,n-1- INOtice that we have the Wronskian
structure

(A. 26) [ (X)=0""f_p x), i=—m,1—m, -, n—1.
We assume the condition
(A.27) rank f=m.

Then det (3, ;,(X))z, j= - m,1-m, ..., -1 7Z=0. Hence the functions w,(x), - - -, wn(x)
are uniquely determined by

(A 28) (am+wlam—1+ Lot +Wm)f—m,j(x)=03j=_m, Tty —1.

Furthermore in the same way as we discussed in Section 4.2, using a
division theorem for differential operators instead of that for matrices of
infinite size, we can conclude that the microdifferential operator W=1+
w4 - - +w,d"™ solves (A. 7). Hence the L defined by (A. 16) solves
the hierarchy. The corresponding = function is given by

o) =det (y exp (vl + x4+ -+ )8)
= 2. ) SRR €3 ST

—MEl e <o <l-1<n

(A. 29)

where

So= (aij)]zji M=l X e () =det (P, - 5(X))s, 5= —m,eery -1
and fi_,..i,=det (f1, 6,52 —m,ee,1-

The transformation f+ fC(C e GL(m)) changes ¢ into z det C. Thus
the polynomial = functions are parametrized, up to constant multipliers,
by the equivalence classes of “frames” f (i.e. (m-+n) X n-matrices with
(A. 27)) with respect to the equivalence relation f~ fC(C e GL(m)),
namely by the Grassmann manifold GM (m, n).

We note here that the method stated above is also valid in the case



Toda Lattice Hierarchy 91

n=oco, m<oo. Then we obtain the special solutions of the Wronskian
type to the KP hierarchy (cf. § 4.2).

The formula (A. 24) is established in a suitable limit procedure as
m, n—co.

An alternative expression of the ¢ functions is given in terms of the
vacuum expectation values of Clifford operators [20, 22].

1.3. Multi-component theory

In the r component theory we introduce the independent variables
x=(x", .., xM), xO=(x®, x{?, --.) (=1, - -+, r), and O is a suitable
dlﬁ'erentlal algebra consisting of matrlx-valued functlons of x of size r Xr
with the derivation

(A. 30) 0=3" 8,0
a=1

As the dependent variables we consider microdifferential operators L
and U, (a=1, - - -, r) of the form (cf. § 3.1)

1
L= w9’ with u;e0, u,=1,, u,=0,
j=—eo

(A.31)

0
U,= >, u;,0/ withu;,e0,u,,;=E,,

j=—oo

(our notations are slightly different from those used in [34]), and assume
the following algebraic conditions

[L7 Ua] =0: [Uaa Uﬁ] = O,

A. 32 -
( ) Z: Uazl»,-g UaUﬁ=6aﬁUﬂ> a, ‘le’ ceey r
a=1
We set
(A. 33) B&=(L"U),, a=1, - -, r,n=1,2, -

Then the r component hierarchy is defined by the system of the Lax type

OL[3u=[B", L], 3U4d.0=[BS, Uy,

A. 34
( ) C{,‘B=1,"',r,n=l,2,"',

which is equivalent to the system of the Zakharov-Shabat type

9B[3,4 — B340+ [BL, BY]=0,

A.3
( 2 a, p=1, ---,r, mn=1,2,-..
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The linearization is achieved by
(A. 36) LW=w, UW=WE, a=1,---,r,
(A 37) a,;.szB;IwW’ C(=1, ceer, n_——_l’ 2’...’

where W= W(x; 2) is a matrix-valued formal Laurent series of 2 of the
form

(A.38)  Wix; D=3 #,(x)2~7-exp (}: E(x, z)Ea), W, €0, wy=1,.
7=0 a=1
Using the microdifferential operator
(A.39) W(x;8)=3 w,x)o~,
Jj=0

we can rewrite (A. 36) and (A. 37) into

(A. 40) L=WoWw-, U,=WEW-,
(A. 41) W3 0 = BOW —WE, o,

In the r component case we need several ¢ functions ¢(x) and z,4(x)
(== B) which are consistently introduced by

(x—e, (A7) exp §(x©, 2) .
T(X) (C(— 18)3

Tap(Xx—e4(271) exp §(x?, 2) (@=B),
7(x)

(A. 42) W(x; 2),,=

where e,A")=(0, - -, 0, é(2-), 0, - - -, 0), and the subindex (a, §) indi-
cates the (a, f) component of a matrix of size r Xr.

The = functions have a parametrization like (A. 24) in terms of the
(infinite-dimensional) Grassmann manifolds. Also in terms of the vacuum
expectation values z,(x) (=, - -+, 1,) e Z" with > 7_, [,=0) introduced
in [22] they are parametrized as follows.

(A. 43) {T(x) =(a signature factor)-z,...,(x)

7,.4(x)=(a signature factor)-z,...1..._s...o(X)
@

The wave functions Wi (x; 2) and W¥(x; A) are introduced by the
formula
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(A. 44)
| W(x; l)a,s‘: o'aﬂ(l)rlx--ola+1~--l,9~1---lr(x_€ﬂ('2—1))1l‘a+§aﬁ_l exp &(x®, 2)

Wzk(x; 1)4,9= O'ap(l)fll..‘la_l...lﬁ+1.,,l,r(x+Eﬂ(l_l))l_lﬁ""’“ﬁ'l exp 5(—x(‘8), 2)

(%)

t4

7(x)

and satisfy the bilinear equation

(A. 45) ff Wi(x; )'W#(x'; 2)dai=0 for any [, I’, x and x’,

where ¢, 4(I)=(—1D'*"(a<p), 1 (a=p), (—1)#+**(a>p), and
(L1 -1, 1- - -1) is replaced by (/;- - -1,) when a=p. (Here our
normalization of wave functions is slightly different from the original one
used in [22].)
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