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Now we shall consider equation (5.1) under the assumptions (A.1)~
(A.4). We keep the notations of those assumptions. In the following,

let us prove that if the integral J Q(»)dy is finite and the integral
‘ D

Jw {‘[ ( *(s) expj (T—}—C)(u)du)ds / expf (r—f—C)(u)du}dt

is also finite, there are positive solutions of equation (5. 1) on M, and more-
over if D is compact, there is a unique solution U, of equation (5.1) such
that Uy(x) approaches to 0 as p,(x) tends to co.

Proof. We first remark that M possesses the Green function Gy(x, y)
oo t
of Ly, because the integralf {1 / expj (r-i—C)}dt is finite. Set
0

v =J‘j {IZ q*(u) exp I: (T,+ O)du / exp ﬁ) (r—{—C)}ds.

Let {M},_i,,... be an increasing family of compact domains M, M such
that for each i, the boundary M, is smooth and intersects transversally the
boundary aD if the intersection M ;N 0D is not empty, and M=\, M,.
Now we fix a point x, of M. We may assume M, contains x,. Let us
consider the case when X, is not contained in D. We write {2, ;}i-1.....x0
for the connected components of M,\D and 8, for the solution of equa-
tion:

Ly0,+0=0 on M\D,

6,=0 on dM\D,
0,=7(0) on oD\Int (M)).
Then we have
(5.17) 8, < o p,

on M,\D. In fact, by the assumptions (A.1)~(A.4), we see that ¥ o g, is
of class C* on M\D and satisfies Ly¥ o 0,+0=<0 on M\D. Therefore
inequality (5.17) follows from the maximum principle for L,-subharmonic
functions. Moreover by (5.17), we get

(5.18) Fpn, 7O <¥"(0)=0

on DN Int(M,). Since X, is contained in M, but not contained in D, we
may assume X, is a point of £,,. Then it follows from the Green’s for-
mula that



Laplacian and Hessian Comparison Theorems 373

L' 1 O(»)G(x,, Y)dy (G (x, y):=the Green function of Ly on M)
=, ~LO.0)G L 1)y
=00)=FO [, .65 )G 3K, )y
+IaDnani,1 G (%, YV ,0.dy,

where v denotes the outer unit normal vector field on 9D. Therefore we
have by (5.18) and (5.19)

J Q(»)Gxo, V)dy
(5.20)
<T o py(x)—T(0) LDW {7,600 )G o, XX, ).

Similarly for the other components {2, .};_..... 1y, We get

o, LOVG L5, )y

(5.21)
—¥(0) j 17,6 (%0, ) — Goloxor YX X, D).

aDNI 1
Noting that
—FO |, {7,640 )=Cxo XX, )}y
aDNM;
—TO|, 7.6 =0,
aMiﬂD

where v, denotes the outer unit normal vector field on dM,, we obtain by
(5.20) and (5.21)

62 [, 00IC(r DT opsx)+[  00IG o ).

i i
Thus, taking the limit of the both sides of (5.22) as i 1 -+ o0, we have
(523) [, 00l NYST o 0+ [ | Q)G ).

In the case when x, is contained in D, the same calculations as above

show us again inequality (5.23). By the assumption: I O(»)dy <+ oo,
D
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we see that the right-hand side of (5.23) is finite, and hence so is the left-
hand side of (5.23). This implies that M possesses a positive solution

UQ(x):zf O(NGy(x, y)dy of (5.1). Moreover if D is compact, it fol-
M
lows from (5.23) that Uy(x) tends to 0 as p,(x) } +oo. The uniqueness of

such a solution is clear because of the maximum principle. This com-

pletes the assertion.
By the assertion which has just proved and Examples (5.14) ~(5.16),

we have the following

Theorem 5.4. Let M be a connected, complete and noncompact Rie-
mannian manifold of dimension m, X a smooth vector field on M and Q(=£0)

a nonnegative smooth function on M.
(1) Suppose M is simply connected and the sectional curvature is

nonpositive. We fix a point o of M. Let p, and f, be as in Example (5.14).
If, for some ¢,>0 (i=1, 2, 3),

X< (m—1—e)(log £5) © po,
and
O=e{(log foy (1)t~} o p,

outside a compact set. Then there exists a unique positive solution U, of

equation (5.1) such that Uy(x) tends to 0 as p,(x) T + oo.
(2) Suppose the sectional curvature of M is bounded from above by
some negative constant K and M contains a totally convex subset C. Then

if, for some ¢,>0 (i=1, 2, 3),
| XS (m—1)V —K —e,

and
O<e/oi*

outside a compact set and further if the integral j Q(y)dy is finite, M pos-
c

sesses positive solutions of equation (5.1). Moreover if C is compact, there
is a unique solution U, of equation (5.1) such that Uy(x) tends to 0 as
po(x) 1 +oo.

(3) Suppose the volume of M is finite and the sectional curvature of
M is bounded from above by some negative constant K and from below by
some negative constant k (k< K<0). Let D be a compact domain as in
Example (5.16). Then if, for some ¢,>>0 (i=1, 2, 3),

<X> VAOD>_2._(m_ I)W/Tk‘]‘en
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and
O=e/op™
outside a compact set, or if, for some e, >0 (i=1, 2, 3),
(X, Vo) ze0p™
and
0=,

outside a compact set, there exists a unique positive solution U, of equation
(5.1) such that Uy(x) tends to 0 as pp(x) T + co.

Corollary 5.2. Let M be as in the first assertion of Theorem 5.4.
Suppose the sectional curvature of M is bounded from above by —e p3**
and || X|| is bounded from above by e, outside a compact set, where
efi= 1, 2, 3) are positive constants and p, denotes the distance to a fixed
point 0 € M. Then there is a unique solution U, of the equation: Lyu+1=0
on M such that U(x) tends 0 as py(x) T + oc.

Proof. Let ", and f, be as in Example (5.14). By the assumption,
we can take " (t)= —¢,t***2. Then the same calculations as in the proof
of Theorem 5.2 show that (log f;)(¢#)=2¢'** for some &>0 (=1, 2).
Therefore the corollary follows from the first assertion of Theorem 5.4.

Remark. Let N be a connected compact Riemannian manifold
without boundary. Let f be a smooth function on R such that f(#)=
a, exp a,t for t+<0 and f(t)=a, exp a,t*** for t >a,, where a’s are all
positive constants. Set M:=R X ,N (the warped product of R and N) and
D:={(t,x) e M: t<a;}. Then the assertion after Theorem 5.3 and its
proof tell us that M possesses a positive solution U, of equation: Ju+1=0
such that U,(z, x) tends to 0 as # 1 +oo. On the other hand, since the
Ricci curvature of M is bounded from below by some constnat on D, we
see by Corollary 3.2 (1) that any positive solution of the above equation
tends to +oo0 as ¢} —oo. (See [5: pp. 26-27] for the curvature formula
of warped products.)

5.4. 1In this section, we shall consider the Dirichlet problem ‘“at
infinity”* of visibility manifolds. Let M be a complete connected Rieman-
nian manifold of dimension m. Suppose M is simply connected and the
sectional curvature is bounded from above by a negative constant K.
Two geodesic rays 7, and 7, are called equivalent if dis (7,(¢), 7.(¢)) is
bounded for 1 0. The set of all equivalence classes of geodesic rays is
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denoted by M(co0). We assume that M= M M (o) is equipped with
the “cone topology” (i.e., a subbase for the topology is the set of open
cones of geodesic rays), which makes M homeomorphic to a cell (cf. [19:
Theorem 2.10]).

Let us consider the Dirichlet problem on M for the elliptic differential
operator Ly =4+ X, using the Perron-Wiener-Brelot method (cf. [7: Chap.
V] or [8]). The following lemma is obvious, since M is compact.

(5.24) Lemma. For any Ly-superharmonic function ¢, the condition:

lim inf ¢(p)=0 for every x e M(oo) implies ¢=>0.
M2p-x
Let ¢ be an extended real valued function on M(o0) and X, a family
of lower bounded L -superhramonic functions ¢ such that lim inf,, 5, ..4(p)
=>¢(x) for any x € M(co0). Then the lgwer envelope D, of X, U {+ oo_}_ is
+ 00, — oo or Ly-harmonic, and D, < D,, where D, is by definition —D_,
(cf. [7: Theorem 16]). If D, is finite and D,=D,, ¢ is called resolutive.
We call a point x € M(co) (Ly-) regular if for any function ¢ bounded
above,
lim sup D,(p) < lim sup ¢(y)
M3p~2x M(x)dy—z

(cf. [8: Sec. 18]). We see that if every point of M(oo) is regular, any
continuous function ¢ on M(oo) is resolutive and

lim D,(p)=¢(x) (D,:=D,)
; M3p-zx
for every x € M(oo), because of Lemma (5.24) and
o(x)= lim inf ¢(y)<lim inf D (p)<lim sup D,(p)
M (o) dy—a M32p-x M3p-zx
= lim sup ¢(»)=p(x).
M () dy—z

In [32], we have considered the case of Ly=4 (i.e., X =0) and shown that
if m=2 or M has constant curvature outside a compact set, every point
of M(c0) is regular. Let us now generalize this result.

Theorem 5.5. Let M be a complete, simply connected Riemannian
manifold of dimension m. Assume the sectional curvature is bounded
from above by some negative constant K and the length || X|| of a smooth
vector fleld X on M is bounded from above by (m—1)¥ —K —¢ for some
positive constant ¢>0. Suppose m=2, or the following conditions holds:
there exist a point 0 € M and positive constants «, B, 1 and & such that
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15—3‘9— log x/f?‘ <ap-fexp 2/ —Kp.
(5.25) ;
E érp"l“a,
26,
where (0, 0y, - -, 0 _y) (p:=dis (0, %)) is a polar coordinate system around

oeM, G:=det(g,;), (89):=(g;;))™" and g,;:=(3/00,,0/30,>. Then for
every point of M(co) is regular, so that for any continuous function ¢ on
M((o0), there is a unique Ly-harmonic function D, such that lim, ., D,(p)
=o(x) for each x € M(o0).

Before proving Theorem 5.5 we shall give examples of M which
satisfies (5.25).

Example. Let M be a complete, symply connected Riemannian
manifold whose sectional curvature is bounded from above by a negative
constant K. Suppose the Riemannian metric g is rotationally symmetric
around o € M, that is, g can be written in the form:

g=dp*+1(o)d6"

in a polar coordinate system (p,6,, - - -, 6,-;) around o, where f is a
smooth function on [0, co) satisfying f(0)=0, f/(0)=1 and —f”’/f <K, and
de*:=3 771 g,,,d0,d0, denotes the standard metric on the unit sphere

of Euclidean space R™. Then M satisfies the condition (5.25), since
g¥=f"%p)g¥ and f(t)=sinh / —Kt/s/ —K. Therefore another metric
on M which is close enough to the above metric g in the sence of C=-
topology satisfies all the conditions of Theorem 5.5.

Example. Let M, be the unit ball in C"” with Bergman metric g,.
That is, My:={z=(z,, - - -, 2,):|2|<1}, gy:=go,:;dz:dz; and

n+1 -
go,ij:='(1——%lz—){(1_]le)aij+zizj}'
Then it is not hard to see that M, satisfies (5.25). Therefore if Misa
strictly pseudoconvex domain in C™ with smooth boundary which is close
enough to the unit ball M,, M with the Bergman metric satisfies all the
conditions of Theorem 5.5 (cf. [24]).

Proof of Theorem 5.5. The key of the proof is to construct a
“barrier” at each point x € M(co).

(A) Suppose the dimension of M is 2. Then every point x € M (o)
has a fundamental neighborhood system % such that the complement of
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each U e % is totally convex, because every pair of points of M (e0) can
be joined by a unique geodesic line (cf. [19]) and a domain whose bound-
ary is a geodesic line is totally convex. Moreover for each totally convex
set C of M, there is a Ly-superharmonic function F, on M such that
F,=1on Cand Fy(p) tends to 0 as p,(p) 1 + co(ps:=dis (C, *)). In fact,
we put F,=1 on C and '

oo

{l/exp j: (r+e— J‘—*K)(u)du}dt

on M\C, where z(t):=+ —K sinh v/ — K t/cosh ¥/ — Kt and

a::(f {l/exp J: (r+ 5—«/—7)(u)du}dt>—l.

Then by the assumptions, we see that F, is Ly-superhamonic on M (cf.
Example (5.15)). Therefore the theorem follows from the same arguments
as in the proof of Theorem (7.3) in [32].

(B) In order to prove the theorem in the case when the metric satisfies
the condition (5.25), it suffices to show that for each point x € M(o0),
there exist an open neighborhood U of x e M(c0), and a positive Ly-
-superharmonic function Z, on U N M such that #,(p) tends to 0 as p—x
and the infimum of &, over the complement of any neighborhood U’ U
of x is positive (cf. [8: Theorem 15]). For the sake of brevity, we call
such a function a (L,-) barrier at x. In the following, let us consider the
Dirichlet problem at infinity of a Riemannian manifold which satisfies
more general assumptions than that of Theorem 5.5 and seek certain con-
ditions which ensure us the existence of a barrier at each point of infinity.

(C) Let M be a connected, complete Riemannian manifold of di-
mension m and X a smooth vector field on M. Suppose there is a domain
D with smooth boundary 9D such that the exponential map expz;, restrict-
ed to v*(@D):={tv,(x): t >0, x € 6D} induces a diffeomorphism between
v*(@D) and Q:=M\D, where v, denotes the outer unit normal vector field
on dD. Moreover suppose there exists a continuous function z: [0, oo)
such that the Hessian /'?p of the distance function p to D satisfies

Fo(p)::aj

ec(p)

(5.26) (7*0),(V, V) =z o p(p)| VP

for any point p ¢ 2 and every tangent vector V e M,, where we write J'+
for the component of ¥ perpendicular to Vp (i.e., V+:=V—(V, Vo)l p).
Let & be a positive smooth function on [0, co) such that the integral

r 1/9(u) du is finite. Set ¢(t)::j’ 1/9(u)du (¢ € [0, 00)). Then a map
©&: 2-[0, ¢g(c0)) X3D defined by G(exprptvy(x)):=(4(t), x) induces a
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diffeomorphism between 2 and (0, ¢(o0)) X 0D. We write M(oo) (resp. M)
for ¢(c0) XD (resp. MU M (o)) and assume M has the natural topology
induced by ®. Now we fix a coordinate neighborhood {U, §=(@@,, - - -,
0.,-1)} of dD. We may assume 6(U) contains the closed unit ball around
©,---,00eR™". Set Wi={peU: > ,"7*0(p)<1/4} and fix a point
p,of W. Then(s,0,, - --,0,_,) (s:=¢(p)) is a coordinate system on #":=
expyp({tvp(x): t >0, p e W}). Then the Laplace operator 4 of M can be
expressed as follows:

1 [# 3
A=———[ 9o o(dp—(log 9) o _] s
Fop o T9°p(dp—(log9) p)as +

where

n 19 (e d
A'L:—: = ( G ’Lj;>9
2 ve )\ a0,

G=det(g,,), g,;,=<0/00,,9/30;) and (g)=(g;;)"". For two positive con-
stants a and b such that a<b<min {1/2, ¢(c0)}, we put

Bopi={s—ge)—ar+3] 0.~04p))}" —a

and
B,,:={pew: %, ,(p)<a+b}.

Then %, , is a positive smooth function on #~ such that #Z, ,(p) tends to
0 as p e #" approaches to p,:=(¢(0), p,) € M(o0), and the infimum of
A, over the complement of any neighborhood of p, in ¥ is positive,
where # denotes the closure of %" in M. Moreover there exist positive
constants ¢, and ¢, such that

&<l
a.@u,b éel—l

(5.27) as
* 7, ,

<e,
os*

on B, ,. Therefore if (m—1)r—(log9)+n)ep=0 on B, ,, we have by
(5.26) and (5.27)
Ly, <L le—(1—e)90 p((m—1)z—(log 9 +7)o ]
(5.28) Fop
+Alga,b+X-Lga,b
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on B, ,, where r is a continuous function on [0, co) satisfying
(X, Voyzmop
on #". Leto, X and o be continuous functions on [0, oo) which satisfy,
respectively,
X+ <a0p

max Mlé){op

1=is=m-1

max
1=i,jsm—-1

on #°. Then there are positive constants ¢, (k=3, 4, 5, 6) such that

(5.29) X1, ,|<eoT "o p (T(t)::exp f z‘(u)du)
0
(5.30) b
) zél aﬁiaﬁj ‘0
m=1 dlogv/G 0% -
5.31 yZ eV T TPeab | e (AT %o
(5.3 nglg %, %, Ze(XTHop
m-—1 a ij agg
5.32 987 0%an | <epo
(532 S o0, a0, 10

on B, ,. (The proof of the above inequalities (5.29) ~(5.32) will be given
at the end of the proof for Theorem 5.5). Therefore we see by (5.27) ~
~(5.32) that

LB, ,< 9} S (1—e)8(0n— e —(og 8 +)} o0

{9 (es0+e,+eX)T % 0 p+e(Fw) o o]
on B, ,, and hence L;%, ,<0 on B, , for sufficiently small a and b if the
following conditions hold:
im Z()=+oc0 (&:=9((m—1)r—(log I +r)),

t— oo

Fo)(t
Gay  lmsuwp GD=0
T
P T
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and

- 0@ _
11{3 sup W =0,

' Fo)t)
fim sup -FOE) _q
[0

(5.34)

Thus we have seen that there is a (Lg-) barrier at each point p:=(¢(c0), p)
€ M(o0) N under the conditions (5.33) and (5.34).

(D) We shall now return @ the proof of Theorem 5.5. We keep the
notations as above. At first, we put 9(¢):=(t+1)'***(0<5,<min {8, 8}).
Moreover by the assumptions of the theorem, we can take D:=a metric
ball around o € M,

o(t):=+ —Ksinh v/ —K t/cosh ¥ —Kt, z(t):=c¢—(m—1)v/—K,
o(t):=(m—1)v —K —e¢,
X(@t):=at ' Pexp2v/—Kt and o(t):=7t"'"%.

Then the arguments of the preceding paragraph (C) show that for each
X € M(o0), there is a (Lx-) barrier at x, that is, every point of M(o0) is
regular.

(E) It remains to show the inequalities (5.29) ~(5.32). Inequalities
(5.32) is clear because of the choice of w. The inequalities (5.29) and
(5.31) are direct concequences of the lemma below. Moreover inequality
(5.30) follows from the positive semidefiniteness of the matrix (0°4,, ,/06,06,)
and the following lemma again.

Lemma. Under the assumptions of the paragraph (C), let Y be a
tangent vector at p € W such that (Y, Vp)=0 and f a smooth function
defined near p. Then:

m—1 (») m=1
W 1YE=3 ey vz e [ 2 (5 1Y),

p(p) m—1 1/2
@ rsizeten [~ YI{E @nonr)”
where Y= 77 Y¥0/00,)(p) and « is a positive constant independent of p,
Y and f.

Proof. We identify #~ with [0, co) X W by the coordinate system
(0,01, -+, 0n_y). Letc:i[—e, e]l=>W,,:=p(p)X W be a smooth curve
such that ¢(0)=p and ¢(0)=Y. Define a smooth map £ :[0, o)X
[—e, el>W by F (o, u)=(p, 0,0 c(u), - - -, 0, 0c()). Set ¥:=F ,(3/ou).
Then we have
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s =~ o o
£< Y, Y5=205,,Y, ¥)

=2V 3Vp, ¥
=2rp(¥, ¥)
=2tep || Y|* by (5.26).

Therefore we get
d
——(log || Y|[(p, 0)) =7 0
dp
and hence, integrating the both sides, we have
o p (D)
1Y 1*Ce(p), )= Y IO, 0) exp L 2c(u)du
m—1 . 0 (p)
gxz(z |Y* IZ) exp f 2¢(u)du
i=1 0

for some £>>0. This proves the first assertion, from which the second
assertion follows. In fact,

vr=l5r jj;
=B 5G]
< exp [ et V11 {5 (2 )1

Before we state a corollary to Theorem 5.5, we recall some definitions
in [19]. Let I" be a freely acting, properly discontinuous group of iso-
metries of a complete, simply connected Riemannian manifold M whose
curvature is bounded from above by a negative constant K. We write
M|I for the quotient manifold of M by I'. A unit speed geodesic 7(¢)
t=0)in M/I" is called an almost minimizing geodesic if there is a positive
number ¢ such that dis (7(0), 7(¢))=¢—c for t 0. Two unit speed geo-
desics 7, and 7, in M/I" are called equivalent if dis (7,(¢), 7,(¢)) is bounded
for t=0. The set of all equivalence classes of almost minimizing geodesi-
cs in M/I" is denoted by M/I'(o0). Let 7 be an almost minimizing geo-
desic in M/I" and 7 a lift of 7 in M. If 7 represents an equivalence class
in M(o0)-L(I"), where L(I") is the cone limit set of I', ¥ represents, by
definition, a class of F(M/I'). We assume that M/I":=M/I" U M/I"(c0)
is equipped with the topology induced from the cone topology and the
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“horocycle topology” (i.e., a subbase of the neighborhoods of a point
X € M(oo) with respect to the topology is the set of all limit balls at x) on
M. Then the covering map =: M —M/I" extends naturally to the covering
map also denoted by =, from M UO(I") onto M/I"UF(M/I') and the
restriction map z: O(I')—F(M/I") is again a covering map, where O(I")
=M(o0)—I(I"). Then by the same arguments as in the proof of Theo-
rem 5.5, we have the following

Corollary. Let M be a Riemannian manifold which satisfies all the
conditions of Theorem 5.5. Let I be a freely acting, properly discontinuous
group of isometries of M. Suppose the length of a smooth vector field X
on M|T" is bounded from above by (m—1)X+ —K —e for some positive
constant ¢ and M|T" is compact. Then there is for any continuous function
¢ on M|I'(c0) an Ly-harmonic function D, on M/I" such that

lim  D,(p)=¢(x)
/I'2p—-x

M

for any x e F(M|T).

We remark that M/ is compact, for example, if M/I” is corecompact,
that is, M/I" contains a compact totally convex set, or if the dimension
of M is equal to 2 and [’ is finitely generated (cf. [19]).

We shall conclude this section with the following

Remark. (1) Let M be a complete, connected and noncompact
Riemannian manifold and X a smooth vector field on M. Let (£,, ¢, P,,
x € M) be the minimal diffusion process on M with the differential gene-
rator Ly:= A4+ X, where { is the explosion time of Z',(w). If there is a
positive solution U of the equation: LyU+1=0 on M, it follows from
the Dynkin’s formula that U(x)=E,[¢] for any x € M (cf. e.g., [21]: Pro-
position 8B]), and hence { is finite almost surely, for every starting point
x e M. For example, if M and X are as in Corollary 5.2, we see that { is
finite almost surely (cf. [30, II] in the case when X =0). On the other
hand, if M and X satisfy, for instance, the condition (3) of Theorem 5.2,
it turns out from the proof of the theorem and the approximation theorem
due to Greene and Wu [26] (cf. the proof of Proposition 4.1 in Section 4)
that there is a smooth function @: M —[0, co) such that @(x)—+co as
x—+4oo in M and Ly O<« on M, for some constant «, and hence we
see by Theorem 6A in [21] that  is infinite almost surely for every starting
point x € M (cf. [30, 1] in the case when X =0).

(2) Let M be a complete, simply connected Riemannian manifold
of negative curvature. Recently, Sasaki [44] has proved that if the sec-
tional curvature is “asymptotically negative constant”, the Dirichlet prob-
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lem for harmonic functions can be solved on M=M U M (o). However
both his condition and ours in Theorem 5.5 seem to be very restrictive,
and it would be wishful to solve the Dirichlet problem on M under a
weaker condition. Moreover it would be interesting to describe the Martin
boundary of M from a view point of geometry.

Added in proof. After the completion of this paper, the author
recieved a preprint [52] from M. T. Anderson on May 7, 1983. In his
paper, it is proved that a complete, simply connected Riemannian mani-
fold whose sectional curvature is pinched by negative constants admits a
wealth of global convex sets so that the Dirichlet problems for the
Laplacian can be solved at infinity (cf. Theorem 5.5). The author would
like to thank M. T. Anderson for sending him his preprint.
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